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Let K be a subfield of C. Let F be a free finitely generated group and let A ∈ Matn×m(K[F ]) be a matrix over K[F ].
For each finite F -set X (F acts on the right side) we put

rkX(A) =
dim rkC φ

A
X

|X|
,

where φAX : l2(X)n → l2(X)m is an operator induced by right multiplication by A.
Similarly, for each quotient G = F/N of F we can define a von Neumann rank function

rkG(A) = dimG ImφAG,

where φAG : l2(G)n → l2(G)m is an operator induced by right multiplication by A and dimG is the G-dimiension on Hilbert
G-modules.

The purpose of the course is present the proof of the following theorem.

Theorem. Let {Xi} be a family of F -sets that approximates the group G = F/N . Then

lim
i→∞

dim rkXi
(A) = rkG(A).

The case K = Q̄ is due to W. Lück [4], J. Dodziuk, P. Linnell, V. Mathai, T. Schick, S. Yates [1] and G. Elek, E. Szabó
[2]. The main ideas of the proof of this case is explained in the courses on l2-invariants of L. Grabowski and T. Schick
during the Introductory School. The proof uses the solution of the so called determinant conjecture in the case of sofic
groups. This method does not work for general K.

During the course I will explain the approach, introduced in [3], that uses the theory of epic ∗-regular R-rings, and
allows to prove the theorem for an arbitrary K.

The plan of the course:

(1) The sofic Lück approximation: the explantaion of the problem and the Lück proof in the case K = Q.
(2) Von Neumann regular and ∗-regular rings. ∗-regular closure.
(3) Sylvester rank functions.
(4) Epic homomorphisms. Epic von Neumann regular rings and Sylvester rank functions. Epic ∗-regular R-rings.
(5) Natural extensions of Sylvester rank functions. The description of the proof of the sofic Lück approximation over

arbitrary field of characteristic 0.
(6) The centralizer of an operator in the space of Hilbert-Schmidt operators.
(7) The strict eigenvalue property.
(8) Applications: the Atiyah conjecture, the algebraic eigenvalue conjecture, the center conjecture and the indepen-

dence conjecture.
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