Geometry, invariants, and linearization of mechanical

control systems

Witold RESPONDEK

Normandie Université
INSA de Rouen, France

ICMAT, Madrid, December 9, 2015



To discuss three structural problems

m When is a control system mechanical?

m To analyze compatibility of two structures of control systems:
mechanical structure and linear structure

m To describe equivariants of mechanical control systems



m Problem description

m Mechanical control systems

m Linearization preserving the mechanical structure

m Control systems that admit a mechanical structure

m Linearization of Mechanizable Control Systems

m Lagrangian linear control systems

m When a control system is a nonholonomic mechanical system

m Equivariants of mechanical control systems



Problem statement

m Assume that a control system Y. is equivalent to a mechanical control
system (MS)
Y +— (MS)

m Assume that ¥ is equivalent to a linear control system A

Y+ A

m Question: Are the linear and mechanical structures of ¥ compatible,
i.e., is ¥ equivalent to a linear mechanical control system (LMS) 7

Y+ (LMS)

m Two variants of our problem: we may wish (MS) and (LMS) to have
equivalent mechanical structures or we may allow for non equivalent
ones (the latter possibility being, obviously, related with the problem of
(non)uniqueness of mechanical structures that a control system may
admit).

m To make the problem precise: define the class of systems X, linear
systems A, mechanical control systems (MS), linear mechanical control
system (LMS), and the equivalence.



m We will consider smooth control-affine systems of the form

¥ 2= F(z)—i—ZurGr(z), zeM
r=1

mYand X 2= F(2) + 37 4G (2) on M are (locally) state-space
equivalent, shortly (locally) S-equivalent, if there exists a (local)
diffeomorphism ¥ : M — M such that

DU(z) - F(z) = F(2) and D¥(z)-G.(2) =G.(3), 1<r<m.

m U preserves trajectories.

m X is S-linearizable if it is S-equivalent to a linear system of the form

mé:m+imm
r=1



Mechanical Control Systems

A mechanical control system (MS) as a 4-tuple (Q, V, go,d), in which
(i) @ is an n-dimensional manifold, called configuration manifold,
(ii) V is a symmetric affine connection on Q;
(iii) go = (e,91,---,9m) is an (m + 1)-tuple of vector fields on Q;
(iv) d: TQ — T'Q is a map preserving each fiber and linear on fibers.
defining the system that, in local coordinates (z,y) of T'Q, reads

) %

x =y
it = @yt + )y + @) + 2 wgi(@).

[ I‘;k are the Christoffel symbols of V (Coriolis and centrifugal forces)

m the terms d}(z)y’ correspond to dissipative-type (or gyroscopic-type)
forces acting on the system,

m e represents an uncontrolled force (which can be potential or not)

® g1,...,9m represent controlled forces.



Examples: planar rigid body

Ospatial 31

Figure: The planar rigid body



Examples: planar rigid body

m Configuration: ¢ = (0,71, 22) € S' x R?, where

0 = relative orientation of Ebody w.r.t. Zspatial

(x1,22) = position of the center of mass

m Equations of motion:

h
0 = —U2—
J
. cos 6 sin
1 = U —Ug——
m
sin 6 cos
Tg = U—— 2

m no d-forces

m The Christoffel symbols I‘;k of the Euclidean metric
Jdf ® df + m(dz; ® dzq + dae ® dzg) vanish



Examples: robotic leg

Figure: Robotic leg



Examples: robotic leg

m Configuration: ¢ = (r,0,%) € R* x S! x S!, where

r = extension of the leg
0 = angle of the leg from an inertial reference frame
¢ = angle of the body

m Equations of motion:

. 1
Po= rf?+ —us
m
2 .
0 = —=r0+—5w
r mr
. 1
Y = _jul

m no d-forces

m The Christoffel symbols of the Riemannian metric
mdr @ dr +mr?df @ df + Jdy @ dy are 'y, = —r and T'Y), =T9 =1/r.



Vertical distribution and mechanical MS-equivalence

m Any mechanical control system (MS) evolves on T'Q) and thus defines
the vertical distribution U, of rank n, that is tangent to fibers T,Q. In
(z,y)-coordinates it is given by

0 0
Q]—Span {8—:’!1”8—2/”}

Clearly, U contains all control vector fields g’ (z) aayi of (MS).

m Two mechanical systems (MS) and (/ﬁt")‘) are MS-equivalent if there
exists a diffeomorphism ¢ between their configuration manifolds ) and
Q such that the corresponding control systems on the tangent bundles
TQ and TQ are S-equivalent via the extended point diffeomorphism

® = (¢, Dy-y)".

m The diffeomorphism @, establishing the MS-equivalence, maps the
vertical distribution into the vertical distribution.



Linear Mechanical Control Systems

Systems that are simultaneously linear and mechanical form the class of
Linear Mechanical Control Systems

i = g,

(ﬁMS) g = Dj+Ez+ i Urby,

r=1

where D and F are matrices of appropriate sizes.



The mechanical system

-1
it =y, ' =,
MS . .
M8 @ =y, g?=al(l+a")+ 1+acf
on TQ, where Q = {(z!,2%) € R? : ! > —1}. is transformed via the

diffeomorphism ¥

=1 1 -
x = x, yl — yl,
2

2
=2 _ .2 _1(_ 4 =2 _ _y
z = 7 2 (1+r1 ) ’ Y 142l

into the linear control system
1 =
= P y
Notice that (LMS); is a linear mechanical system but its mechanical
structure is not MS-equivalent to that of (MS);. Indeed, ¥ does not map
the vertical distribution ¥ = span {8%1, aiy?} of (MS); onto the vertical
distribution U = span {8%17 8%2} of (LMS);. The question is thus whether
we can bring (MS); into a linear system that would be mechanically
equivalent to (MS),? q

~1 <1
i yho=
j o= il

RSN

(LMS)



Linearization preserving the mechanical structure:
main result

Theorem

The mechanical system (MS) is, locally around (zo,y0) € TQ,
MS-equivalent to a linear controllable mechanical system (LMS) if and only
if it satisfies, in a neighborhood of (xo,yo), the following conditions

(LM1) dim span{ad% Gy, 0<¢<2n—1,1<r<m}z,y)=2n
(LM2) [ad} Gr,ad% G| =0, for 1 <r,s<m, 0<p,q<2n,

(LM3) there exist dj;, € R, where 1 <i<mn, 1<r<m,
0 < g <2n—1, such that the vector fields

V= ZdT adf. G

span the vertical distribution ‘U.



(LM3) is a compatibility condition

m It is well known that the conditions (LM1) and (LM2) are necessary
and sufficient for a nonlinear control system of the form 3 :
z=F(z)+ > ", u,Gy(2) to be, locally, S-equivalent to a linear
controllable system.

m In linearizing coordinates the vector fields ad% G, are constant

m The condition (LM3) is thus, clearly, a compatibility condition that
assures that the mechanical and linear structure are conform: it implies
that well chosen R-linear combinations of the vector fields ad% G, span
the vertical distribution U that defines the tangent bundle structure of
the mechanical system.



Example - cont.

For the system (MS); of Example, we have

o 0
Y = span {a—yl, 8—y2} .
Simple Lie bracket calculations yield

2

p) p)
adpG = —g1 — Thrg,e

2 _ S, 1\_8
adFG - #Tm"f'(lﬁ-x )8_7427
ad’ G = —%, ad}. G = 0.

We take V1 =G = aiyl’ that iS, le =1 and dll = d12 = d13 = 0. In order to
have U = span {V1, a2}, where Vo = do; adp G + dao ad% G + dos ad% G, we
need do; = 0 and dog = pyr%dzg S0 dog and da3 cannot be taken as real
constants, thus violating the condition (LM3) of Theorem 4. It follows that
although the system (MS); of Example 1 is S-equivalent to a linear
mechanical system, it is not MS-equivalent to a linear mechanical system,
that is, it cannot be linearized with simultaneous preservation of its
mechanical structure. <



Interpretation of linearizability conditions

m The linearizing diffeomorphism ¢ simultaneously rectifies the control
vector fields, annihilates the Christoffel symbols, transforms the
fiber-linear map d(z)y into a linear one, and the vector field e(z) into a
linear vector field. Conditions that guarantee that all those
normalizations take place and, moreover, that they can be effectuated
simultaneously must be somehow encoded in the conditions
(LM1)-(LM3). How?

m By (LM3), there exist V; = Zr’q dj, ad% G, 1 <i < n, that span the
vertical distribution U and are vertical lifts of vector fields v; on @. The

commutativity conditions
0=[adp Vi,adp V}] = [v;,v;] mod Y, 1<4,j<mn, (1)

imply that there exists a local diffeomorphism & = ¢(z) rectifying
simultaneously all v;, that is, p.v; = B%i' The extended point
transformation (Z,7)" = ®(z,y) = (¢(x), Dy - y)* maps V; into
Vi=2.Vi= 5.



m Now calculating in the (Z, §)-coordinates the commutativity relations

~ ~ 0
k
0= [Vivady 7] = T 5. )
we conclude that all Christoffel symbols vanish implying that the
connection V defining the mechanical system is locally Euclidean (its
Riemannian tensor R vanishes) and that the local Z-coordinates are flat
and, simultaneously, rectifying coordinates for the v;’s

m Finally, calculating the commutativity relations
0 = [adp Vi, ad}. V), (3)

we conclude that in the Z-coordinates, the (1, 1)-tensor d is constant
and the vector field e(z) is linear.

m All those informations are encoded in the commutativity conditions
(LM2) but they are mixed up. Passing to the vector fields
Vi=3",,d,ad} G, and using the conditions (LM2) in the form
0 = [adh V;, adf VJ], for 0 < p,q <2 (equivalent to (1)-(3)), instead of
applying directly to ad%. Gy, allows to clearly identify the conditions
responsable for the required form of, respectively, g,’s, the
connection V, d(z), and e(x).



Linearization of Mechanizable Control Systems

m So far: is the linear structure compatible with a given mechanical
structure?

m Now: we discuss general control-affine systems that admit both: a
mechanical and a linear structure.

m If a system admits a unique mechanical structure, then the situation is
that of the previous theorem

m When does a control system admit a mechanical structure and when is
it unique?



Equivalence problem

When is the control system
Y 2=F(z)+ ZurGr(z), z€ M*™ uweR™,
r=1

mechanical? That is, when does there exist a (local) diffemorphism
® : M — TQ transforming ¥ into a mechanical system (MS)?
In other words, a diffeomorphism ® : M — T'Q such that

; 0 i j i j i
OF = yg ot (<T@ + d@y + b))

0
oy’

~ 0




Links with the inverse problem

When for the control system (differential equation)
Y 2=F(2) —I—ZurGT(z), ze€M, ueR™,
r=1

does there exist a (local) diffeomorphism ® : M — T'Q) such that

9 , . . o
_ % Tt Ik d J i
; 0
.G, = g (v)—,
G 9-(®) 5,

m our problem is more specific: the right hand side is quadratic in
velocities

m our problem is more general:

m no 4 priori tangent bundle structure 7T'Q
m non potential forces go are allowed

m dissipative forces are allowed

m The vector fields G, provide additional information encoded in the Lie
algebra generated by them and F'.



Symmetric product

m An affine connection V defines the symmetric product:
(X:Y)=VxY +VyX XY € X(Q).
m In coordinates given by

0
oxt’

OX' ;i oY i yivk i viyk
(X:Y)= (&Tj YJ + 52 XT+ T XY+ T, Y7 X )
m A distribution D on Q is called geodesically invariant with respect to an
affine connection V if every geodesic v : I — @, such that
v (to) € D(v(to)) for some ¢y € I, satisfies 7'(t) € D(y(t)) for all t € I.

m Geometric interpretation of the symmetric product (A. Lewis):
a distribution D on a manifold @, equipped with an affine
connection V, is geodesically invariant if and only if

(X:Y)eD, forevery X,Y €D.

m So the symmetric products plays the same role for the geodesic
invariance as the Lie brackets for integrability.



Geodesic accessibility

Consider the mechanical control system (MS) = (Q, V, go,d). Let
SYM(g1,-..,gm) be the smallest distribution on @ containing the input
vector fields g1, ..., g and such that it is closed under the symmetric
product defined by the connection V.

The system (MS) is called geodesically accessible at zp € @ if

SyM(gly s 7gm)(x0) = T$0Q7

and geodesically accessible if the above equality holds for all g € Q. A
geodesically accessible mechanical system will be denoted by (GAMS).

m For geodesically accessibile mechanical control systems, the smallest
geodesically invariant distribution containing the control vector fields

gi, s 9m is TQ

m The planar rigid body is geodesically accessible but the robotic leg is
NOT geodesically accessible (although accessible).



The basic object

m We will call a zero-velocity point for the mechanical control system
(MS) any point of the form (g, o) = (20, 0), that is, any point of the
zero section of the tangent bundle T'Q.

m For the control system
Y :2=F(2)+ ZurGr(z),
r=1

let V denote the smallest vector space, over R, containing the vector
fields Gy, ..., G,, and satisfying
[V, adp V] cV,

where [V,adrp V| = {[V;,adr Vj] | V;,V; € V}.



Characterization of mechanical control systems

Theorem (Respondek-Ricardo)

Let M be a smooth 2n-dimensional manifold. A system Y is locally, at
z0 € M, S-equivalent to a mechanical system (MS) around a zero-velocity
point (x9,0) if (and only if (MS) is geodesically accessible)

(MS0) F(z0) € V(20),
(MS1) dimV(z) =n and dim (V + [F,V]) (z) = 2n,
(MS2) [V,V](z) =0,
for any z in a neighborhood of zg.
Moreover, under (MS0)-(MS2), the mechanical structure is unique.
m The condition (MS0) implies that the diffeomorphism establishing the
S-equivalence (if it exists) will map 2y into a zero-velocity point.

m A mechanical system (more generally, a control system that is
S-equivalent to a mechanical system (MS)) is geodesically accessible
around a zero-velocity point if and only if it satisfies (MS0) and (MS1).



m The condition (MS2) [V, V] = 0, is always necessary for S-equivalence to
a mechanical system (MS) and sufficient provided that (MS1) and
(MS2) hold.

m It states that the Lie algebra £ = {F,G1,...,Gn}La contains an
abelian subalgebra V (that spans a distribution of rank n) which is the
structural condition reflecting the existence of a mechanical structure.

m The conditions (MS0)-(MS2) are veryfiable: define
Vi = {G.|[1<r<m}
VQ = {[GT’7 adF Gs] | 1 S r,Ss S m}

and, inductively,

Vi= | VpadpVi]. Put V= Vects | J Vi
pH+l=i i=1

m Control systems that admit a unique mechanical structure are
S-equivalent to a geodesically accessible mechanical systems
(Respondek-Ricardo). But linear mechanical control systems are never
geodesically accessible (unless the number of controls m equals n, the
dimension of the configuration manifold @) so a new approach to the
problem is needed.



Theorem

The following conditions are equivalent for a nonlinear control system of
the form ¥ : F(z) + > 1t u,G,(2) on a 2n-dimensional manifold:

(i) the system X is S-equivalent, locally at 2z, to a controllable linear
mechanical system (LMS);

(ii) ¥ satisfies, in a neighborhood of zy, the following conditions

(LM1) dim span {ad% G,, 1<r<m,0<q¢<2n—1}(z)=2n,
(LM2) [adp G,,ad%, G} 0, for 1<r,s<m, 0<p,q<2n,

(LM3)" there exist di, € R, where 1 <i<mn, 1 <r <m,
0<q<2n—1, such that the distribution

= span {Zdr adf. G,, 1 <i<n}
is of rank n, contains GT, for 1 <r <m, and satisfies

U+ [F, 0] =

(iti) ¥ satisfies (LM1), (LM2) and
(LM3)” dim span {G,,adr Gy, 1 <r < m}(z) =2m.



Interpretation of the conditions

m The difference between the condition (LM3) and (LM3)’ (or (LM3)”)
explains very clearly the difference between the problems considered in
this and the previous theorem.

m If a mechanical system is given (the case of the former theorem), then n
vector fields of the form V; = ZT’ p dfq ad% G, have to span its vertical
distribution 0.

m If a mechanical structure is not given (the case of the last theorem), it
is the distribution U = span {V1,...,V,} which will be the vertical
distribution of the mechanical structure to be constructed, provided
that U satisfies (LM3)’ (or, equivalently, (LM3)”).



Example-cont.

Clearly, the system (MS) of Example, satisfies the conditions (LM1) and
(LM2) (actually, we have given a linearizing diffeomorphism ¥ explicitly).
To analyze the condition (LM3)’, we take V3 = G = aiyl? that is, d1p = 1 and
di1 = diy = dy3 =0, and Vi = doy adp G + dag ad% G + das ads G. We look
for reals day, dag, dag such that the distribution U = span {V;, V2 } satisfies
Y+ [F, V) =TM. A direct calculation shows that this is the case if and
only if

d21d23 — d§2 75 0.

Therefore the system (MS); of Example admits infinitely many
non-equivalent linear mechanical structures whose vertical distribution can
be any distribution span {G, d2; adp G + dao ad% G + das ad% G}, where the
real coefficients da, satisfy the above condition. «



Reducing the problem to the case of linear systems

m The conditions (LM1) and (LM2) are necessary and sufficient for
S-equivalence of ¥ to a linear controllable system.

m Therefore the problem becomes that of when a linear control system
admits a linear mechanical structure.

m Therefore the last Theorem reduces actually to the following one, which
is of independent interest.



Proposition

Consider a linear controllable system of the form
A: 2=Az+ 3" usb,, where z € R*". The following conditions are
equivalent:

(i) the system A is S-equivalent, via a linear transformation, to a linear
mechanical system (LMS);

(ii) there exists an n-dimensional linear subspace V C R*™ containing the
vectors by, for 1 <r < m, and satisfying

V+ AV =R
(#1) all controllability indices of A equal at least two.

The above proposition explains that all linear controllable systems
(excepts for those possessing a controllability index equal to one) admit a
linear mechanical structure. Moreover, such a structure is, in general, highly
non unique: any n-dimensional linear subspace V satisfying (ii) of the above
proposition leads to such a structure.



m Our linear mechanical control systems are general
To=y,
(LMS) y = Dy+ Ex+ Bu,

given by any positional force Ex and any force Dy depending on velocities
(any linear controlled SODE)

m And if we want the drift of the system to be Lagrangian? (only
potential positional forces)



When is a linear system Lagrangian?

Given
To= vy,
j = Ea(+Bu),
when does there exist a quadratic Lagrangian

1
L=-y"My— -2"Px
2 ?lJcineti?cJ 2 potent.

such that

4oL L — Mi+Px = M(i— M 'Px)
M (& — Ex) = 0,

where M = MT, P = PT and M-invertible. We conclude P = M E and the
question is:

e Can we represent a given matrix F as a product of symmetric matrices
E=M"'pP?



Linear inverse problem

Theorem (Helmholtz, Douglas, Sarlet)

(i) SODE & = f(z,%) is Lagrangian if and only if satisfies Helmholz
conditions (algebraic and differential);

(ii) for the linear SODE & = Ex, Helmholz conditions are purely algebraic
and read: there exists M = MT such that ME = ETM (clearly, if and
only if there exists P = PT such that P = ME).

So when is E a product of two symmetric matrices?



All linear mechanical systems, with positional forces, are
Lagrangian

Theorem (Frobenius, 1910)

Any real (complex) square matriz can be written as a product of two real
(complex) symmetric matrices.

Proposition

Any SODE & = Ex (control system & = Ex + Bu is a Lagrangian system
Mi + Px =0 (control system Mi + Px = Bu), given by Lagrangian
L= 1y"My — 12" P2 (by the controlled Lagrangian

1
L= %yTMy - ;:Z}TPQT + 2T Bu).



Nonholonomic constraints

e When is the control system
¥: 2= F(z)—!—ZurGr(z), zeM
r=1

equivalent to a mechanical control systems in the presence of nonholonomic
constraints?
e Constraints: & € C = span{cy,...,cx} - constraint distribution
e Constraint forces w = Z?:_lk Aiwi, where span {w1,...,wp—k} = annC.
e Passsing to vecotor fields constraint forces we get

T =y

WHS) g — TG+ dly+ elo) + 35 wigio) + 5 Ao,

e Eliminating the Lagrange multipliers and taking the constraints into
account, we get



Poincaré representation

k )
z = ci(z)v* dimz =n
i=1

K3
m
v = —oTT(2)v+d(x)v+é(@)+ > uigs(z), dimv = k.
i=1

e The system evolves on the manifold C C TM, equipped with the
coordinates (z,v) = (z!,..., 2", v, ... v¥)

e Analogous definition of the geodesic acessibilty: the smallest
distribution containing the g;’s and closed under the symmetric product
defined by V is TQ

° f‘;k are the Christoffel symbols of the connection V, which (in general)
is not symmetric and not metrizable (although comming via projection onto
C from the metric connection connection V)



When is a control system nonholonomic?

Theorem

Let M be a smooth d-dimensional manifold. A system X is locally, at
20 € M, S-equivalent to a completely nonholonomic system (NHS) around a
zero-velocity point (z9,0) if (and only if (MS) is geodesically accessible)

(1\/180) F(Z()) € V(Z()),
(MS1) dimV(z) =k , where d > 2k and dim (V + W) (2) =d,

(MS2) [V,V](z) =0,

for any z in a neighborhood of zg.

e [F, V] stands for the involutive closure of the distribution [F,V].
e The only difference for the unconstrained case is k =n and d = 2n
e There are no new structural conditions for the constrained case



When a control system admits a mechanical structure?

Why is that question interesting?

m If system admits a mechanical structure, we can apply to it the whole
machinery of the mechanical control theory

m If we reduce or constrain a mechanical system, we want to know
whether the reduced (constraint) system is still mechanical

m For observed dynamics we define dummy input vector fields and the
properties of the virtual control system determine properties of the
observer



Affine connection control systems

Mechanical control systems subject
m neither to dissipative-type (or gyroscopic-type) forces, i.e., d = 0
m nor to uncontrolled forces, i.e., ggo =0

are called affine connection control systems and are thus defined as a 3-tuple
(ACS) = (Q,V,g), with @ and V as before and g = (¢1,...,9m) an m-tuple
of input vector fields on Q. For an (ACS), we have

T - y7

g = L@y + X urgi(e),

r=1



Let Sym(g) denote the smallest family of vector fields on @) containing
91, ---,9m and closed under the symmetric product defined by the
connection V. Elements of Sym(g) are thus iterative symmetric
products of vector fields g1, ..., gm.

Let Let SYM(g) be the distribution on @ spanned by Sym(g).

Recall that the system (MS) is called geodesically accessible at
o € Q if

SYM(g)(zo) = Tz, @,

and geodesically accessible if the above equality holds for all zg € Q.

Geodesically accessible mechanical control systems are denoted by
(GAMS). If additionally, the system is affine connection then it will be
called geodesically accessible affine connection system and it will be
denoted shortly by (GACS).



Conform frames

m The geodesic accessibility property guarantees the existence of n
independent vector fields vy, ...,v, € Sym(g) and 01, ..., 0, € Sym(g).

m Two frames (v1,...,v,) and (01,...,0,), for two systems, are conform
if each 95, 1 < j <, is constructed as an analogous iterative
symmetric product as that defining v,



Fundamental relations

m Fix a frame (v1,...,v,) and consider the fundamental equalities

(LAR) [viq, e [vi3, [vig,wl]] .. } = ozflmiq vs, and

(SAR) (Vig 1 (Vi 1 (Viy T 03)) o) = B, Uss
defining the structure functions o ; and S3; where ¢ > 2 and

lgil,...,iqg n.

ig?

m Equalities (LAR) and (SAR) give, respectively, information about the
Lie algebraic relations and the symmetric algebraic relations of the
system.

= Analogously, we can derive the structure functions &;; ; and Bfl ..i, for
(GACS). We consider the families of structure functions
5 = {aisl...iq7 /Bii...iq | ¢>2} and
s = A& i, B, la=>2}

defined by the Lie algebraic relations (LAR) and the symmetric
algebraic relations (SAR).



Rank and order of a family of functions

m A family of smooth functions {v;] ; | ¢ > 2} is of a constant rank r, in

an open neighborhood U of zy € Q, if {d’yflmiq () | g> 2} span an
r-dimensional space at any z € U.

m We call the order of a family of constant rank r to be the minimal
number p such that

dim span {d'yflmiq |2<q< P} (zo) =1



Eqivariants of mechanical control systems

Theorem

Two geodesically accessible affine connection systems (GACS) = (Q,V, g)
and (m) = (Q, @,@), whose families of structure functions s and s are of
constant rank in neighborhoods of xo € Q and &y € Q, are MS-equivalent
around xo and T, respectively, if and only if there exists a diffeomorphism
@ Wy — W;co, where Wy, and W;co are neighborhoods of xoy and Ty in Q
and Q, respectively, such that

(LAC) O%‘sl...iq = disl...iqo%

(SAC) zsl = ﬁisi...z'qo%

g

for g < p+ 1, with p being the common order of families s and 5.



m (LAC) says that the Lie modules, generated by the symmetric vector
fields Sym(g1, ..., gm) of (GACS) and and Sym(g1, ..., Gm) of (GACS),
coincide (up to the conjugation by a diffeomorphism of the
configuration manifolds @ and Q); (SAC) states that the symmetric
modules, generated by all symmetric vector fields of (GACS) and

(m), coincide (up to the conjugation by the same diffeomorphism).
m If a diffeomorphism ¢ establishing the equivalence of (GACS) and

(GACS) exists then it is unique (since it transforms the frame
(v1,...,vy,) onto the frame (¥4, ...,0,) and ¢(zg) = Zo). On the other
hand, the diffeomorphism ¢ conjugating the structure functions may or
may not be unique: we can distinguish three cases:

(i) If r = n, that is, the families s and § are of maximal possible rank, then
the diffeomorphism ¢ conjugating them is unique and ¢ and ¢ coincide;

(ii) If » = 0, which correspond to s and § consisting of constant functions
only (homogenous case), then (LAC) and (SAC) imply that the
structure functions have to be the same and, if this is the case, any
diffeomorphism ¢ conjugates them;

(iii) If 0 < r < n, then only a “part” of the diffcomorphism ¢ is determined
by the diffeomorphism .



Conclusions

m We described mechanical systems that admit a mechanical structure
(both holonomic and nonholonomic)

m We discussed linearization of mechanic and mechanizable control
systems

m Equivariants of mechanical control systems



