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Valuations

Given a class of sets S, a valuation on S is a mapping V : S — R

such thatfor A,B e S,
V(A)+ V(B)=V(AUB)+ V(AN B),
whenever AUB, AnNBe S.

Valuations are an important tool in convex geometry.

P. Tradacete (UC3M & ICMAT)

2018

2/1



Hadwiger’s theorem

K" : convex bodies in R", with Hausdorff metric.
Quermassintegrals: W, : K" — R given by Steiner’s formula, for
KeK'andt>0

n

Voln(K + B) = 3 (;’) W(K)H.

j=0
Wi is an (n — j)-homogenous valuation invariant under rigid motions.

Theorem

If V. K" — R is a continuous valuation invariant under rigid motions,
then there exist (\;)[_, such that for every K € K"

V(K) = \W(K).
j=0
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Star sets

LcR"isastarsetifx e L= tx € Lforevery t € [0,1]

Given a star set L ¢ R”, we define its radial function p; : S~ — R by
pr(t)=sup{c>0: ctel},
fort € S"1.
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Star sets

A star set L is called a star body if p; is continuous.

Note, for every positive continuous function f : S"~1 — R* = [0, c0)
there exists a star body L such that f = p/ .

A star set L is a bounded Borel star set if p; is a bounded Borel
function.

8¢ := the set of n-dimensional star bodies.

S} := the set of n-dimensional bounded Borel star sets.

P. Tradacete (UC3M & ICMAT) 2018 5/1



Star sets

@ K@
L & KNL é
Given K, L € S (respectively S7), both KU Land K N L are in S
(respectively S7), and it is easy to see that

PKuL = Pk NV pL, PKNL = PK N\ PL-
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Rotationally invariant valuations

Let 6 : Rt — R be a continuous function. Then the application
V. S§ — R given by

VIK) = [ Blox(t)am(r)

is a radial continuous rotationally invariant valuation (where mis
Lebesgue’s measure on S"1).

Theorem (Villanueva 2016)

IfV 8§ — Ry is a positive, rotationally invariant, radial continuous
valuation on the n-dimensional star bodies S/, with V({0}) = 0, then
there exists a continuous function 6 : R, — R, with §(0) = 0, such
that for K € S,

VK) = [ oow()am(t)
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Valuations on Banach lattices

A valuation on a Banach lattice E is a mapping V : E; — R such that

forany f,gec E

V(F) + V(g) = V(fV g) + V(f A Q).

A valuation V : E; — R is continuous if V(f,) — V(f) whenever
Ilfa — f|| — O.

[Valuations on star bodies correspond to valuations on C(S"1).]
Properties that can be of interest:

@ boundedness of a valuation

© decomposition of a valuation

© integral representations

© uniform continuity on certain sets
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Boundedness

Theorem

Every continuous valuation V : E — R is bounded on order bounded
sets.

Theorem

Let E be a Banach lattice of measurable functions over a o -finite
measure space (2, ¥, ) with finitely many atoms. If E satisfies a lower
g-estimate for some q < oo, then every valuation on E which is
continuous at 0 is bounded on norm bounded sets.

Recall a Banach lattice E satisfies a lower g-estimate if 3IM > 0 such
that for every choice of pairwise disjoint (x;)_,

(gnxiuq):’ < MHéxf(
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Jordan-like decomposition

Let (K, d) be a compact metric space.
Definition

Given a set A C K, and w > 0, the w-rim around A is the set

R(Aw) = {te K:0<d(tA) < w}

Lemma

Let V: C(K)+ — R be a continuous valuation. Let A C K be any Borel
setand A € R™.

Jim sup{[V(f)| : f < AxAaw} = 0.
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Jordan-like decomposition
Theorem

Let V : E; — R be a radial continuous valuation with V(0) = 0. Then,
there exist continuous valuations V*,V~ : E, — R, with
V*+(0) = V=(0) = 0 and

V=vt-v-.

Sketch of proof
Define V*(f) =sup{V(g): 0<g<f}
Enough to show:
o V(A V) + V(A R) D VE(h) + Vi(h),
@ VT continuous.
Then take V— := V* — V.

Note: if V is rotationally invariant, so are V+ and V.
[From now on, we can assume V positive.]
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Control measure and extension to Borel sets
For each \ > 0, define the outer measure u%: For G ¢ S"~' open, set

1A (G) = sup{V(f) : f < Axa}-
The following defines a finite Borel measure on S™':

ux(A) = inf{u (G) : AC G, Gan open set }.

Theorem

LetV:C(S" "), — R be a continuous valuation. There is a
continuous valuation V : B(S"~"), — R extending V.

Theorem

IfV:C(S" ")y — R is a continuous valuation, then it is uniformly
continuous on bounded sets.
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Integral representation

Theorem

V: C(S" "), — R is a continuous valuation if and only if there exist
a finite Borel measure ;. on S"~' and a function K : R, x S™' - R
such that
(a) K satisfies the strong Carathéodory condition:

K(s,-) is Borel measurable for every s € R,

K(-,t) is continuous for u-almost every t € S"~';
(b) for every A > 0 there is Gy € L'(u) such that K(s,t) < G\(t) for

s < X\ and p-almost every t € S™1,

and

VN = [ KU, 0du)
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Integral representation

Theorem

Let X be an order continuous Banach lattice represented as a function
space on a o-finite measure space (2, %, ), andletV: X, — R be a
continuous valuation. Then, there exists a strong Carathéodory
function K(\, t) : R x Q — R such that, for every f € X,

/ K1), )du().
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Global measures and variation of a valuation
A valuation V : C(S""), — R has bounded variation if, for every
f,g € C(S" "), with f < g, it holds that

VI(If.g]) = sup{ZW(fk) - V(fk_m} < o0

k=1

where the supremum is taken over all finite sequences (fx);.,
contained in C(S" "), suchthatf=f <f <---<fr=g.

Given a valuation V : C(S"~1), — R with bounded variation, we can
associate the variation function | V| : C(S"~'), — R, given by

[VI(F) = [VI([O, 1]).

It is clear that |V/| is increasing, in the sense that | V|(f) < |V|(9)
whenever f < g.

Lemma
|V|: C(S""), — R is a valuation, and if V is continuous so is |V/|. J
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Global measures and variation of a valuation

Theorem

Let V : S§ — R be a radial continuous valuation. Then the following
are equivalent:

@ There exists a (signed) countably additive Borel measure v on R"
such that, for every L € Sf,

@ V has bounded variation.

© V is the difference of two increasing radial continuous valuations.

v
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Thank you for your attention.
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