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ABSTRACT. A subset A of a Banach space is called Banach-Saks when every sequence in A has
a Cesaro convergent subsequence. Our interest here focusses on the following problem: is the
convex hull of a Banach-Saks set again Banach-Saks? By means of a combinatorial argument,
we show that in general the answer is negative. However, sufficient conditions are given in order
to obtain a positive result.

1. INTRODUCTION

A classical theorem of S. Mazur asserts that the convex hull of a compact set in a Banach
space is again relatively compact. In a similar way, Krein-Smulian’s Theorem says that the same
property holds for weakly compact sets, that is, these sets have relatively weakly compact convex
hull. There is a third property, lying between these two main kinds of compactness, which is
defined in terms of Cesaro convergence. Namely, a subset A of a Banach space X is called
Banach-Saks if every sequence in A has a Cesaro convergent subsequence (i.e. every sequence
(n)n in A has a subsequence (yy ), such that the sequence of arithmetic means ((1/n) Y1 | i)n
is norm-convergent in X ). In modern terminology, as it was pointed out by H. P. Rosenthal [27],
this is equivalent to saying that no difference sequence in A generates an ¢;-spreading model.

The Banach-Saks property has its origins in the work of S. Banach and S. Saks [6], after whom
the property is named. In that paper it was proved that the unit ball of L, (1 < p < o0) is a
Banach-Saks set. Recall that a Banach space is said to have the Banach-Saks property when
its unit ball is a Banach-Saks set. This property has been widely studied in the literature (see
for instance [5], [8], [15]) and more recently in [4] and [12]. Observe that since a Banach space
with the Banach-Saks property must be reflexive [25], it is clear that neither L; nor L., have
this property. However, weakly compact sets in L; are Banach-Saks [30], and every sequence of
disjoint elements in L, is also a Banach-Saks set.

Since every compact set is Banach-Saks, and these sets are in turn weakly compact, taking
into account both Mazur’s and Krein-Smulian’s results, it may seem reasonable to expect that

the convex hull of a Banach-Saks set is also Banach-Saks. We will show in Section 4 that this
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is not the case in general. We present a canonical example consisting of the weakly-null unit
basis (un)n of a Schreier-like space Xz for a certain family of finite subsets F on N that we call
a T-family (see Definitions 2.7 and 4.4). The role of the Schreier-like spaces and such families
is not incidental. There are several equivalent conditions to the Banach-Saks property in terms
of properties of certain families of finite subsets of N (see Theorem 2.4), and in fact we prove
in Theorem 2.8 that a possible counterexample must be of the form Xz for a T-family F.
Therefore, an analysis of the families of finite subsets of integers is needed to understand the
Banach-Saks property.

The example of a T-family we present is influenced on a classical construction P. Erdds
and A. Hajnal [13] of a sequence of measurable subsets of the unit interval indexed by pairs
of integers. These sequences of events behave in general in a completely different way than
those indexed by integers, as it can be seen, for example, in the work of D. Fremlin and M.
Talagrand [16]. Coming back to our space, every subsequence of the basis (uy,), has a further
subsequence which is equivalent to the unit basis of ¢y, yet there is a block sequence of averages
of (upn)n generating an ¢;-spreading model. There is also the reflexive counterpart, either by
considering a Baernstein space associated to F, or from a more general approach considering a
Davis-Figiel-Johnson-Pelczynski interpolation space of X r.

As far as we know, the main question considered in this paper appeared explicitly in [19],
where the authors also proved that every Banach-Saks set in the Schreier space has Banach-Saks
convex hull. We will see in Theorem 3.5 that this fact can be further extended to Banach-Saks
sets contained in generalized Schreier spaces.

The paper is organized as follows: In Section 2 we introduce some notation, basic definitions
and facts concerning the Banach-Saks property, with a special interest on its combinatorial
nature. In Section 3 several sufficient conditions are given for the stability of the Banach-Saks
property under taking convex hulls. This includes the study of Banach-Saks sets in Schreier-like
spaces X, defined from any generalized Schreier family S,. Finally, in Section 4 we present a
canonical example of a Banach-Saks set whose convex hull is not, as well as the corresponding

reflexive version.

2. NOTATION, BASIC DEFINITIONS AND FACTS

We use standard terminology in Banach space theory from the monographs [1] and [21]. Let
us introduce now some basic concepts in infinite Ramsey theory, that will be used throughout
this paper. Unless specified otherwise, by a family F on a set I we mean a collection of finite
subsets of I. We denote infinite subsets by capital letters M, N, P, ..., and finite ones with
s,t,u,.... Given a family F on N, and M C N, we define the trace F[M] of F in M and the
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restriction F | M of F in M as

FM]:={sNM : seF},
FIM:={seF :sC M},

respectively. A family F on [ is called compact, when it is compact with respect to the topology
induced by the product topology on 2/. The family F is pre-compact, or relatively compact,
when the topological closure of F consists only of finite subsets of I. The family F is hereditary
when for every s C t € F one has that s € F. The C-closure of F is the minimal hereditary
family F containing F, i.e. F := {t Cs: se€ F}. Itis easy to see that F is pre-compact if and

only if Fis compact. Typical examples of pre-compact families are
(1" :={s C1I:4#s=n},

(15" :={s C I:#s <n},

[I]°¢ :={s C I:#s < oo}

A natural procedure to obtain pre-compact families is to consider, given a relatively weakly-

compact subset K of ¢y and &, > 0, the sets

supp . (K) :={supp .z : = € £},
supp . 4 (K) :={supp. 1z : z € K},
supp 2(K) :={supp . 1 : @ € (K)},

where supp .z = {n €N : |(z),| > ¢}, supp. 42 = {n €N : (2), > ¢}, (K)! := {2z €K :
En¢suppsx |(2)n] < 6}, and (), denotes the n'® coordinate of z in the canonical unit basis of
€00-

In particular, when (x,), is a weakly-convergent sequence to x in some Banach space X, and
M is an arbitrary subset of Bx- the family K := {(z*(x,, — ))n : 2" € M} C ¢y is relatively
weakly-compact. Given €, > 0 and M C Bxx, we define

Fe((xn)n, M) :=supp .(K),
F2((2n)n, M) :=supp?(K).
When M = Bx= we will simply omit M in the terminology above.
Given n € N, a family F on [ is called n-large in some J C I when for every infinite K C J
there is s € F such that #(s N K) > n. Or equivalently, when F[K] € [K]<"~! for any K C J.

The family F is large on J when it is n-large on J for every n € N. Perhaps the first known

example of a compact, hereditary and large family is the Schreier family

S :={sCN: #s <mins}.
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Generalizing ideas used for families of sets, given I C ¢y and M C N, we define K[M] =
{1ar -z : € K} as the image of K under the natural restriction to the coordinates in M. The
following is a list of well-known results on compact families, commonly used by the specialist,

which are necessary to understand most of the properties of Banach-Saks sets.

Theorem 2.1. Let I be a relatively weakly-compact subset of co, €,6 > 0. Then there is an
infinite subset M C N such that
(a) supp . (K[M]) = supp $(K[M]) and supp .(K[M]) is hereditary, and
(b.1) either there is some k € N such that supp .(K[M]) = [M]=F,
(b.2) or else (S [ M) := {s\{mins} : se€ S| M} C supp.(K[M]), and consequently
supp . (KC[M]) is large in M.

The proofs of these facts are mostly based on the Ramsey property of a particularly relevant
type of pre-compact families called barriers on some set M, that were introduced by C. ST.
J. A. Nash-Williams [24]. These are families B on M such that every further subset N C M
has an initial segment in B, and such that there do not exist two different elements of 5 which
are subsets one of the other. Examples of barriers are [N]", n € N, and the Schreier barrier
S :={seS : #s=mins}. As it was proved by Nash-Williams, barriers have the Ramsey
property, and in fact provide a characterization of it. The final ingredient is the fact that if F
is pre-compact, then there is a trace F[M] of F which is the closure of a barrier on M (we refer
the reader to [2],[22]).

Definition 2.2. A subset A of a Banach space X is a Banach-Saks set (or has the Banach-Saks
property) if every sequence (), in A has a Cesaro-convergent subsequence (yy)n, i.e. the

sequence of averages ((1/n) Y y_; Yk )n is norm-convergent in X.

It is easy to see that compact sets are Banach-Saks, that the Banach-Saks property is heredi-
tary (every subset of a Banach-Saks set is again Banach-Saks), it is closed under sums, and that

it is preserved under the action of a bounded operator. It is natural to ask the following.
Question 1. Is the convex hull of a Banach-Saks set again a Banach-Saks set?

Using the localized notion of the Banach-Saks property, a space has the Banach-Saks property
precisely when its unit ball is a Banach-Saks set. A classical work by T. Nishiura and D.
Waterman [25] states that a Banach space with the Banach-Saks property is reflexive. Here is

the local version of this fact.
Proposition 2.3. Fvery Banach-Saks set is relatively weakly-compact.

PROOF. Let A be a Banach-Saks subset of a Banach space X, and fix a sequence (x,), in A. By

Rosenthal’s ¢1 Theorem, there is a subsequence (yy,), of (x,), which is either equivalent to the
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unit basis of ¢1 or weakly-Cauchy. The first alternative cannot occur, since the unit basis of ¢; is
not a Banach-Saks set. Let now 2** € X** be the weak*-limit of (y,,),. Since A is a Banach-Saks
subset of X, there is a further subsequence (zy), of (yn), which is Cesaro-convergent to some

x € X. It follows that 2** = x, and consequently (z,), converges weakly to x € X. O

As the previous proof suggests, the unit basis of ¢; plays a very special role for the Banach-
Saks property. This is fully explained by the following characterization, due to H. P. Rosenthal
[27] and S. Mercourakis [23] in terms of the asymptotic notions of Spreading models and uniform

weakly-convergence.

Definition 1. Let X be a Banach space and let (), be a sequence in X converging weakly to

x € X. Recall that (x,), generates an ¢1-spreading model when there is 6 > 0 such that
| > anen—o)|| 2 6" Jan] (2.1)
nes nes

for every s C N with #s < min s and every sequence (an)nes of scalars.
The sequence (xy,), uniformly weakly-converges to x when for every e > 0 there is an integer

n(e) > 0 such that for every functional z* € Bx~
#({n eN: |z"(z, — )| > €}) < n(e). (2.2)

The notion of ¢; spreading model is orthogonal to the Banach-Saks property: Suppose that
(zn)n weakly-converges to x and generates an ¢;-spreading model. Let § > 0 be witnessing that.
Set y, = x, — x for each n. Since ||y,| > ¢ for all n, it follows by Mazur’s Lemma that there is
a subsequence (zp)n, of (yn ), which is a 2-basic sequence. We claim that no further subsequence
of (zp)n is Cesaro-convergent: Fix an arbitrary subset s C N with even cardinality. Then the

upper half part ¢ of s satisfies that #¢t < mint. So, using also that (zy,), is 2-basic,

1 1 0 #t
%Z’Z" %Z’Z” > =

nes net

(2.3)

1 d
> — =—.
— 2 4

= 245
This immediately gives that no subsequence of (z,), is Cesaro-convergent to 0.

On the other hand if (z,,), is uniformly weakly-convergent to some z, then every subsequence
of (zp)n is Cesaro-convergent (indeed these conditions are equivalent [23]): Suppose that (y,)n
is a subsequence of (x,),. Now for each € > 0 let n(e) be witnessing that (2.2) holds. Set
zn = yn — @ for each n. Now suppose that s is an arbitrary finite subset of N with cardinality

> n(e). Then, given z* € Bx~, and setting ¢t := {n € s : |z*(z,)| > €}, we have that

1 L 1 o nle)
Hence,
=S| < 5o+ 2
75 nes T #s
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This readily implies that (z,), is Cesaro-convergent to 0, or, in other words, (yn), is Cesaro-

convergent to x. Next result summarizes the relationship between these three notions.

Theorem 2.4. Let A be an arbitrary subset of a Banach space X. The following are equivalent:
(a) A is a Banach-Saks subset of X.

(b) A is relatively weakly-compact and for every weakly-convergent sequence in A it never
generates an {1-spreading model.

(c) A is relatively weakly-compact and for every weakly-convergent sequence (xy)n in A and
every € > 0 the family F-((xn)n) s not large in N.

(d) A is relatively weakly-compact and for every weakly convergent sequence (xy,), in A there
is some norming set N such that for every e > 0 the family F-((xn)n, N) is not large.

(e) For every sequence (an)n in A there is a subsequence (by)n, and some norming set N such
that for every € > 0 there is m € N such that F-((bp)n, N') C [N]=™.

(f) Every sequence in A has a uniformly weakly-convergent subsequence.

Recall that a Ad-norming set, 0 < A < 1 is a subset N' C By~ such that

A|z|| < sup |f(z)| for every z € X.
feN

The subset NV C By~ is norming when it is A-norming for some 0 < A < 1. Note we could
rephrase (e) as saying that the sequence (by,), is uniformly weakly-convergent with respect to
N.

The equivalences between (a) and (b), and between (a) and (f) are due to Rosenthal [27] and
Mercourakis [23], respectively. For the sake of completeness, we give now hints of the proof of
Theorem 2.4 using, mainly, Theorem 2.1:

(a) implies (b) because we have already seen that if a sequence (zy,), converges weakly to
x, generates an {1-spreading model and is such that (z,, — z), is basic, then it does not have
Cesaro-convergent subsequences. We prove that (b) implies (c¢) by using Theorem 2.1. Let (xy,),
be a weakly convergent sequence in A with limit x, and let us see that F.((x,)) is not large for

any € > (. Otherwise, by Theorem 2.1, there is some M such that
(ST M) C F2((wn)n)[M] = Fe((wn)n) [M].

Set yy, := x, — x for each n € M. Tt follows that (y,)nens is a non-trivial weakly-null sequence,
hence by Mazur’s Lemma, there is N C M such that (y,)nen is a 2-basic sequence. We claim
that then (y,)nen generates an f1-spreading model, which is impossible: Let s € S | N, and
let (Ax)kes be a sequence of scalars. Let ¢ C s be such that Ay - \; > 0 for all k,1 € ¢,
| D ket Akl = 1/43 oo [Ak| and t € (S | N). Then let 2* € Bx~ be such that

€

*(yn) > e f t, and ()| < Z.
x*(yp) > € for n € ¢, an Z|x(y)|_4

neM\t
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It follows that

> M

kes

> D e (ve)

ket

> M

kes

S

ket

(3" M)

kes
e
ZZ kZ: M| — ¢

and consequently,

19 E
_£ Al > _£ A
7 max Al > e 7 72 [

;)\kyk ] Z\ k- (2.6)

Now, we have that (c) implies (d) and (d) implies (e) tr1v1a11y. For the implication (e) implies

(f) we use the following classical result by J. Gillis [18].

Lemma 2.5. For any e,6 > 0 and m € N there is n := n(e,d,m) such that whenever (2,3, u)
is a probability space and (A;)?_; is a sequence of p-measurable sets with p(A;) > € for every
1<i<mn, there is s C{1,...,n} of cardinality m such that

p(()Ai) = (1= 0)e

i€s

Incidentally, the counterexample by P. Erdés and A. Hajnal of the natural generalization of
Gillis’ result concerning double-indexed sequences will be crucial for our solution to Question 1
(see Section 4).

We pass now to see that (e) implies (f): Fix a sequence (x,), in A converging weakly to x
and £ > 0. By (e), we can find a subsequence (y,)n of (25,), and a A-norming set N', 0 < A <1,
such that (y,), uniformly-weakly-converges with respect to A/. Going towards a contradiction,
suppose (Yn)n does not uniformly weakly-converge to x. Fix then & > 0 such that there are
arbitrary large sets in F((yn)n). In this case we see that then Fy.1_s)((yn)n,N) has also
arbitrary large sets, contradicting our hypothesis. Set z, := y, — « for every n € N. Now given
m € N, let * € Bx+ be such that

oA 1
s:={n€ M : |2"(z,)| > €} has cardinality > n(Z—K, §,m)7
where K := sup,, ||z,]|. By a standard separation result, there are f1,...,f; € N and v4,...,1
such that Eizl lvil < 271 and
l 5
‘ Zuifi(zn) >e(l— 5) for every n € s. (2.7)
i=1

Now on {1,2,...,1} define the probability measure induced by the convex combination

(z 1“\“')

For each n € s, let

A= {j € L0} £ 15z 2 (1 - 8)}.
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Then, for every n € s one has that

l
-9 < S vhi)| < X ik 40 -0,
j=1

JEAR
Hence,
e
Ap) > —.
By Gillis’ Lemma, it follows in particular that there is some ¢ C {1,...,1} of cardinality m such
that (,,c; An # 0, so let j be in that intersection. It follows then that |f;(z,)| > Ae(1 —0) for

every n € t, hence t € Fae(1-5)((Yn)n, N).
(f) implies (a) because uniformly weakly-convergent sequences are Cesaro-convergent. This
finishes the proof.

Hence, Question 1 for weakly-null sequences can be reformulated as follows:

Question 2. Suppose that (zy,)n, is a weakly-null sequence such that some sequence in co({y }n)
generates an {1-spreading model. Does there exist a subsequence of (xy), generating an ;-

spreading model?

As a consequence of Theorem 2.4 we obtain the following well-known 0-1-law by P. Erdos and
M. Magidor [14].

Corollary 2.6. Fvery bounded sequence in a Banach space has a subsequence such that either

all its further subsequences are Cesaro-convergent, or none of them.

To see this, let (x,,), be a sequence in a Banach space. If A := {x,}, is Banach-Saks, then,
by (e) above, there is a uniformly weakly-convergent subsequence (y,)n of (zn)n, and as we
have mentioned above, every further subsequence of (y,), is Cesaro-convergent. Now, if A is
not Banach-Saks, then by (b) there is a weakly-convergent sequence (yy), in A with limit y
generating an ¢1-spreading model. We have already seen that if (z,), is a basic subsequence of
(Yn — Y)n, then no further subsequence of it is Cesaro-convergent.

We introduce now the Schreier-like spaces, which play an important role for the Banach-Saks

property.

Definition 2.7. Given a family F on N, we define the Schreier-like norm || - ||z on ¢oo(N) as

follows. For each x € ¢qg let
]| 7 = max{||z||o, sup Y _ |(x)nl}, (2.8)
seF nes

where (), denotes the n'M-coordinate of z in the usual Hamel basis of cgo(N). We define the

Schreier-like space Xz as the completion of cgp under the F-norm.
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Note that Xz = X 7 for every family F, so the hereditary property of F plays no role for the
corresponding space. It is clear that the unit vector basis (uy,), is a 1-unconditional Schauder
basis of Xz, and it is weakly-null if and only if F is pre-compact. In fact, otherwise there
will be a subsequence of (uy,), l-equivalent to the unit basis of ¢;. So, Schreier-like spaces will
be assumed to be constructed from pre-compact families. It follows then that for pre-compact
families F, the space X r is ¢p-saturated. This can be seen, for example, by using Ptdk’s Lemma,
or by the fact that Xz = Xz — C (F) isometrically, and the fact that the function spaces C(K)
for K countable are cp-saturated, by a classical result of A. Pelczynski and Z. Semadeni [26].

Observe that the unit basis of the Schreier space Xs generates an ¢1-spreading model, so no
subsequence of it can be Cesaro-convergent. In fact, the same holds for the Schreier-like space
X of an arbitrary large family F. However, it was proved by M. Gonzalez and J. Gutiérrez
in [19] that the convex hull of a Banach-Saks subset of the Schreier space Xs is again Banach-
Saks. In fact, we will see in Subsection 3.1 that the same holds for the spaces X where F is a
generalized Schreier family. Still, a possible counterexample for Question 1 has to be a Schreier

like space, as we see from the following characterization.

Theorem 2.8. The following are equivalent:

(a) There is a normalized weakly-null sequence having the Banach-Saks property and whose
convez hull is not a Banach-Saks set.

(b) There is a Shreier-like space Xr such that its unit basis (up)n is Banach-Saks and its
convex hull is not.

(¢) There is a compact and hereditary family F on N such that:
(c.1) F is not large in any M C N.
(c.2) There is a partition |J,, In = N in finite sets I,, a probability measure p, on I, and

0 > 0 such that the set

gg‘(}') :={t C N : there is s € F such that mei?un(s NI, >d} (2.9)

1s large.
For the proof we need the following useful result.

Lemma 2.9. Let (zy), and (yn)n be two bounded sequences in a Banach space X .
(@) If 3, l|lxn — ynl| < o0, then {xyn}n is Banach-Saks if and only if {yn}n is Banach-Saks.
(b) co{zn}n) is a Banach-Saks set if and only if every block sequence in co({xy,}n) has the
Banach-Saks property.

PROOF. The proof of (a) is straightforward. Let us concentrate in (b): Suppose that co({zy }n)

is not Banach-Saks, and let (y,), be a sequence in co({zy, }») without Cesaro-convergent subse-

quences. Write y, := ) . p )\,(Cn)xk, (/\,(Cn))ke F, a convex combination, for each n. By a Cantor
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diagonalization process we find M such that (()\,(cn))keN JneM converges pointwise to a (possibly

infinite) convex sequence (A;)r € By,. Set M,gn) = )\,(gn) — Mg for each n € M. Then there is an

(n)

infinite subset N C M and a block sequence (1, )kes, )neN, Dpes, |77,E:")| < 2, such that

S5 - ) < oo (2.10)

neN keN

Setting z;, := Y e, n,gn)mk for each n, it follows from (2.10) that

> "y — 2l < o0 (2.11)

neN

By (a), no subsequence of (zy),en is Cesaro-convergent. Now set t, := {k € s, : 77,(6”) >0},
Up = Sp \ tn, z,(lo) = Zketn n,in) and zy(Ll) =z, — 21(10). Then, either {ZT(ALO)}nGN or {z,(ll)}neN is
not Banach-Saks. So, without loss of generality, let us assume that {zéo)}ne ~ is not Banach-
Saks. Then, using again (a), and by going to a subsequence if needed, we may assume that
> ket n,(gn) = n for every n € N. It follows that the block sequence ((1/7)> ¢, n,(gn)xn)neN in

co({xn}n) does not have that Banach-Saks property. O

PROOF OF THEOREM 2.8. It is clear that (b) implies (a). Let us prove that (c) implies (b). We
fix a family F as in (c). We claim that Xz is the desired Schreier space: Let (uy,), be the unit
basis of Xr, and let

Nio={tu;}n U +ul : s € Fl,

nes

where (u) is the biorthogonal sequence to (uy,),. Then
Fe((un),N) = FUN!

for every € > 0, so it follows from our hypothesis (c.1) and Theorem 2.4 (d) that {u,}, is
Banach-Saks. Define now for each n € N, @y, := 3 ;1 (ptn)rug. Then

f&((xn)nw/\/) = gt;(f)

s0 Fs((xn)n) is large, hence {zp}n C co({un}n) is not Banach-Saks.

Finally, suppose that (a) holds and we work to see that (c) also holds. Let (x,),, be a weakly-
null sequence in some space X with the Banach-Saks property but such that co({z,},) is not
Banach-Saks. By the previous Lemma 2.9 (b), we may assume that there is a block sequence
(Yn)n with respect to (zy), in co({z,},) without the Banach-Saks property. By Theorem 2.4

there is some subsequence (zy,), of (y,)n and € > 0 such that
Fe((zn)n) is large. (2.12)

By re-enumeration if needed, we may assume that | J,, supp z, = N, where the support is taken
with respect to (z,,). Let
Fi=Fe((@n)n)
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On the other hand, since (zy), is weakly-null, it follows that F is pre-compact, and, since it
is hereditary by definition, it is compact. Again by invoking Theorem 2.4 we know that F is
not large in any M C N. Now let I, := supp z, and let u, be the convex combination with
support I, such that 2z, = > ;o (in)r7) for each n € N. Then (I,,), is a partition of N and pu,,
is a probability measure on I,,. We see now that (2.9) holds for ¢ := £/2: Fix an infinite subset
M C N, and fix m € N. By (2.12), we can find 2* € Bx~ such that

s:={ne€ M : |z%(z,)| > e} has cardinality > m. (2.13)

We claim that s € 95/2(.7:): Fixn € s, and let s, :=={k € I, : |2*(zy)| > ¢/2} and t,, := I, \ sp.
Then
. € €
e<a’(z) < Z (1n )k + Z(Hn)k§ < Z(ﬂn)k + )
k€Esn kEty k€Esn

hence pi,(sn) > €/2, and so s € 95/2(.7:). O

3. STABILITY UNDER CONVEX HULL: POSITIVE RESULTS

Recall that a Banach space X is said to have the weak Banach-Saks property if every weakly
convergent sequence in X has a Cesaro convergent subsequence. Equivalently, every weakly
compact set in X has the Banach-Saks property. Examples of Banach spaces with the weak
Banach-Saks property but without the Banach-Saks property are L' and cq (see [30]).

The following simple observation provides our first positive result concerning the stability of

Banach-Saks sets under convex hulls.

Proposition 3.1. Let X be Banach space with the weak Banach-Saks property. Then the convex
hull of a Banach-Saks subset of X is also Banach-Saks.

PRrOOF. If A C X has the Banach-Saks property, then A is relatively weakly compact. Therefore,
by Krein-Smulian’s Theorem, co(A) is also relatively weakly compact. Since X has the weak

Banach-Saks property, it follows that co(A) has the Banach-Saks property. O

However, the weak Banach-Saks property is far from being a necessary condition. For instance,
the Schreier space Xs does not have the weak Banach-Saks property [30], but the convex hull
of any Banach-Saks set is again a Banach-Saks set (see [19, Corollary 2.1]). In Section 3.1, we
will see that this result can be extended to generalized Schreier spaces.

Another partial result is the following.

Proposition 3.2. Let (x,), be a sequence in a Banach space X such that every subsequence is

Cesaro convergent. Then co({z,}) is a Banach-Saks set.

PROOF. As we mentioned in Section 2, the hypothesis is equivalent to saying that (z,), is
uniformly weakly-convergent to some = € X [23, Theorem 1.8]. Now, by Lemma 2.9 (b), it
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suffices to prove that every block sequence (yy), with respect to (zy,), in co({zy},) is Banach-
Saks. Indeed we are going to see that such sequence (yy,), is uniformly weakly-convergent to x.
Fix € > 0, and let m be such that

Fe((zn)n) C [NJ5™. (3.1)

We claim that F((yn)n,€) C [N]S™ as well: So, let z* € By« and define s :== {n€N :
|z*(yn, — x)| > €}. Using that {y,}n C co({zn}n) we can find for each n € s,an integer I(n) € N
such that |2 (x4,) — x)| > €. Since (yn)n is a block sequence with respect to (2, )n, it follows
that (I(n))nes is a 1-1 sequence. Finally, since {l(n)}nes € Fe((zn)n), it follows from (3.1) that
#s < m. O

It is worth to point out that the hypothesis and conclusion in the previous proposition are
not equivalent: The unit basis of the space (€P,, £1)¢, is not uniformly weakly-convergent (to 0)
but its convex hull is a Banach-Saks set.

Recall that for a o-field 3 over a set €2 and a Banach space X, a function p : 3 — X is called
a (countably additive) vector measure if it satisfies

1. p(Ev U Ey) = u(E1) + u(E2), whenever Ey, Ey € 3 are disjoint, and
2. for every pairwise disjoint sequence (Ey), in ¥ we have that p(US2,E,) = > 07 u(Ey,)

in the norm of X.

Proposition 3.3. If a Banach-Saks set A is contained in the range of some vector measure,
then co(A) is also Banach-Saks.

PRrROOF. J. Diestel and C. Seifert proved in [11] that every set contained in the range of a vector
measure is Banach-Saks. Although the range of a vector measure ;(3) need no be a convex set,
by a classical result of I. Kluvanek and G. Knowles [20, Theorems IV.3.1 and V.5.1], there is
always a (possibly different) vector measure /' whose range contains the convex hull of pu(X).
Thus if a set A is contained in the range of a vector measure, then co(A) is also a Banach-Saks
set. O

However, there are Banach-Saks sets which are not the range of a vector measure: consider

for instance the unit ball of ¢, for 1 < p < 2 [11].

3.1. A result for generalized Schreier spaces. We present here a positive answer to Ques-
tion 1 for a large class of Schreier-like spaces, the spaces X, := Xs, constructed from the
generalized Schreier families S, for a countable ordinal number a.

Recall that given two families 7 and G on N, we define

FeG:={sUt:seg, teFands <t}
FRG:={soU---Us, : (s) is a block sequence in F and {mins;},<, € G},
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where s < t means that maxs < mint.

Definition 3.4. For each countable limit ordinal number o we fix a strictly increasing sequence
(57(1‘1))” such that sup,, ﬁ,(La) = a. We define now

(a) 80 = [N]Sl.
(b) Sat1 =Sa®S.
(C) So = UneN 857(1&) [ [TL + 1, OO[

Then each S, is a compact, hereditary and spreading family with Cantor-Bendixson rank
equal to w®. These families have been widely used in Banach space theory. As an example of
their important role we just mention that given a pre-compact family F there exist an infinite
set M, a countable ordinal number « and n € N such that S, ® [M]=" C F[M] C S, ® [M]="T1,
It readily follows that every subsequence of the unit basis of X has a subsequence equivalent

to a subsequence of the unit basis of X,. The main result of this part is the following.

Theorem 3.5. Let o be a countable ordinal number. A C X, has the Banach-Saks property if
and only if co(A) has the Banach-Saks property.

The particular case @« = 0 is a consequence of the weak-Banach-Saks property of ¢y and
Proposition 3.1. For a > 1 the spaces X, are not weak-Banach-Saks. Still, Gonzalez and
Gutiérrez proved the case & = 1 in [19]. Implicitly, the case o < w was proved by I. Gasparis
and D. Leung [17] since it follows from their result stating that every seminormalized weakly-null
sequence in X, a < w, has a subsequence equivalent to a subsequence of the unit basis of Xg,
0 < a. We conjecture that the same should be true for an arbitrary countable ordinal number
Q.

The next can be proved by transfinite induction.

Proposition 3.6. Let § < wq.

(1) For every o < 3 there is some n € N such that (S ® S) | (N/n) C Sg.
(2) For every n € N there are «y, . ..,a, < (3 such that

(Sa)<n:={s€ 83 : mins <n} CSuy @ D Sa,.

O

Fix a countable ordinal number a. We introduce now a property in X, that will be used to

characterize the Banach-Saks property for subsets of X,.

Definition 3.7. We say that a weakly null sequence (), in X, is < a-null when

for every § < a and every € > 0 the set {n € N : ||z,,||3 > ¢} is finite.
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Proposition 3.8. Suppose that (zy,), is a bounded sequence in X, such that there are € > 0,
B < a and a block sequence (sn)n in Sg such that Y e |(zn)k| > €. Then {xn}, is not
Banach-Saks.

PROOF. Let K = sup, ||z,||. Let n € N be such that (Sz® S) | [,00[C S,. Fix a subsequence

(xn)nEM-

Claim 1. For every § > 0 there is a subsequence (x,),en such that for every n € N one has
that

S maxd S il 3 Il p <6 (32)

meN, m<n kEsn kEsm

The proof of this claim is the following. Using that (u,), is a Schauder basis of X, and that

(sn)n is a block, we can find a subsequence (z,,)nen such that for every n € N one has that

YN @mkl <0 (3.3)

meN, m<n kEsn

We color each pair {mg < m;} € [N]? by

0 if Zkesmo (T )k =6
1 otherwise.

c({mo,m1}) = {

By the Ramsey Theorem, there is some infinite subset P C N such that c is constant on [P)]?

with value ¢ = 0,1. We claim that ¢ = 1. Otherwise, suppose that ¢ = 0. Let mg € P, mg > n
be such that mg-d > K, and let m; € P be such that ¢t = [mg, m1[NP has cardinality mg. Then

ny < mo < min Sy, and hence s = Umet Sm € S,. But then,
K > |lzm | = Y [@m)kl =Y D [@m)el = #t-6 > K,
kes met k€sy,
a contradiction. Now it is easy to find P C N such that for every n € P,
> D @kl <a (3.4)
meP, m<n kEsm
Using the Claim 1 repeatedly, we can find N C M such that

POED DD DR CANESS

neN m#neN kE€sm,

In other words, (:L‘n,zk@n Hlin)u,t)ne ~ behaves almost like a biorthogonal sequence for every

(n

sequence of signs ((6; ))kESn)neN‘ We see now that (z,)necn generates an ¢1-spreading model

with constant > £/2. We assume without loos of generality that n < N. Let t € S | N, and let
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(@n)net be a sequence of scalars such that ), |a,| = 1. Then s = |J

2 1 amm)el 2

net k€sy,

Hzanmnu >Z‘ Zanxn k| =

net kes net

ZZ |an| Z |(zn)k| —

net keSTL

net Sn € Sa, and hence,

met

2.0 >

net k€sy met\{n}

(el 223 Jan] -

net

§Z|an|.
net

w\m

The following characterizes the Banach-Saks property of subsets of X,,.

Proposition 3.9. Let (zy),
(1) Every subsequence of (zy)n
(2) Every subsequence of (xpn)n

alent to the unit basis of cg.
(3) {zn}n is a Banach-Saks set.
(4) (zp)n is < a-null.

ProOOF. (1) = (2) =
Fix € > 0 and B < « such that

M:={neN:

be a weakly null sequence in X,. The following are equivalent:

has a further subsequence dominated by the unit basis of cg.

has a further norm-null subsequence or a subsequence equiv-

(3) trivially. (3) implies (4): Suppose otherwise that (zy,), is not < a-null.

|znllg > €} is infinite.

For each n € M, let s, € Sg such that >, [(zn)x| > €. Since (zn)nen is weakly-null, we

can find N C N and ¢, C s, for each n € N such that (¢,),en is a block sequence and

> ket, |(Zn)k| > €/2. Then by Proposition 3.8, {zy}nen is not Banach-Saks, and we are done.

(4) implies (1). Let K := sup, ey ||zn||. Let (zn)nem be a subsequence of (zy,)nen. If @ =0,

Then X, is isometric to ¢y, and so we are done. Let us suppose that a > 0. Fix ¢ > 0.

Claim 2. There is N = {ny}r, C M, ni < ng4+1, such that for every i < j and every s € S,

i) (2, )kl > €/2F then > [(wn, )il <

kes

Its proof is the following: Let ng

In other words,
{s € Sa

By Proposition 3.6 (2) there are a( )

(Sa)gmo g Sa(()o) P ---

|—2]'

kes
O
= min M. Let mg € N be such that
€
Z |(xn0)k| < 5 (3.5)
k>mo
€
: Z |(Zno )il > 5} C (Sa)<mo- (3.6)
kes
. ,al((?) < « such that
(3.7)

BS (0.
alo
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We use that (z,,), is < a-null to find ny € M, n; > ng, be such that for every n > n; one has
that

2allsayem, < (3.8)

w\m

Let now my > max{ni, mg} be such that

PORICRNES? (3.9)

k>mq
Then there are a(()l), el al(ll) < « such that
€

{seS,: ; [(@na )l > 1} € (Sa)<m € Sy &+ @‘Sa;?' (3.10)

Let now ny € M, ny > ny be such that for every n > ny one has that

120 l(Sa) <, < (3.11)

1

In general, suppose defined n;, let m; > max{n;, m;—1} be such that

D [(@n el < % (3.12)

k>m;
Then,
€
{s €80 Y (@ )kl > i1t & (Sa)zm, €S0 @ DS, 0, (3.13)
kes ¢
for some a(()i), el al(j) < a. Let nj41 € M, njy+1 > n; be such that for all n > n;41 one has that

9
Izl (sa)<m, < 57 (3.14)

We have therefore accomplish the properties we wanted for V.
Now fix N as in Claim 2. Then (x,)nen is dominated by the unit basis of ¢y. To see this, fix
a finite sequence of scalars (a;)ics, and s € So. If >4, [(zn, k| < /277! for every i € ¢, then,
Z] Za,xm Kl < max\az\ ZZ| T, k| < max\al\ Z 51 < 5max|a1]
kes it kes i€t

Otherwise, let ig be the first i € ¢ such that >, ., [(zn,)k| > €/2"1. It follows from the claim
that

3 (@ il < 2‘% for every io < j (3.15)
kes
Hence,
DA S awn )il <D 10 DY aiwn)il + laiol - D 1 @n )k + D1 aiwn, x| <
kes i€t kes i€t i<ig kes kes i>ig
< max |a;| Z gt + iy, || + max |ai| Z (e + K) max [a;].
1<ig >10
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Proof of Theorem 3.5. Suppose that A is Banach-Saks, and suppose that (x, ), is a sequence in
co(A) without Cesaro-convergent subsequences. Since co(A), is relatively weakly-compact, we
may assume that z, —, x € X, weakly. Let y, := z, —x for each n € N. Then (y,), is a
weakly-null sequence without Cesaro-convergent subsequences. Hence, by Proposition 3.9, there

is some € > 0 and some (3 > 0 such that
M ={neN : |ly,||g > €} is infinite.

For each n € M, let s,, € Sg such that

> ()il > .

kEsn
For each n € M, write as convex combination, z, = ) . F, Aa - a, where F;, C A is finite. Since
(yYn)n is weakly-null, it follows that by going to a subsequence if needed that we may assume that
(8n)n is a block sequence. Let ng be such that for all n > ng one has that ), .. [(2)k| < e/2.

Hence for every n > ng one has that

e< Y el < D 1@l + D0 > Aal(@hel = D 1@l + Y- A Y (@)l <

kE€sp kE€snp kE€Esyp a€EF, kEsnp acFy, k€sy
g
<> PRORES > @l
< D @kl + max (@)l = 5 + max (@)l
kEsn kEsn kEsn

So for each n > ng we can find a, € F, such that »_, . |(as)x| > €/2. Then, by Proposition
3.8, (an)n is not Banach-Saks. O

Conjecture 1. Let F be a compact, hereditary and spreading family on N. Then the convex

hull of any Banach-Saks subset A C X r is again Banach-Saks.

4. A BANACH-SAKS SET WHOSE CONVEX HULL IS NOT BANACH-SAKS

The purpose of this section is to present an example of a Banach-Saks set whose convex hull
is not. To do this, using our characterization in Theorem 2.8, it suffices to find a special pre-
compact family F as in (c) of that proposition. The requirement of F being hereditary is not
essential here because Xz = X 2.

We introduce now some notions of special interest. In what follows, I = I, is a partition

neN
of I into finite pieces I,,. A transversal (relative to (I,,),) is an infinite subset T" of I such that

#(T'N1I,) <1 for all n. By reformulating naturally Theorem 2.1 we obtain the following.

Lemma 4.1. Let T C I be a transversal and n € N.

(a) If F is not n-large in T, then there exist a transversal Ty C T and m < n such that
F(To] = [To]=™.

(b) If F is not large in T then there is some transversal To C T and n € N such that
FTo) = [To]=".
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(c) If F is n-large in T, then there exists a transversal Ty C T such that [Tp]=" C F[Ty].

Definition 4.2. For every 0 < A < 1 and s € F let us define
(a) s[Al:=={n € N:#(sNI,) > M},
(b) s[+] :={neN:snlI, # 0},

and the families of finite sets of N

(c) GA(F) :={s[\] : s € F},
(d) G4 (F) :=={s[+]: s € F}.

Proposition 4.3. Suppose that F is a T-family on I. For every 0 < A < 1 and every sequence

of scalars (ap)n, we have that

)\HZanun o) < max HZan(#lln ;uj)H}_,strllpmn\ < HZanun :
n n JEIn n

PRrooF. For each n, set

. 4.1
+(F) (4.1)

Given (ay)n, by Definition 2.7, for every s € F, we have that

S|(Sa)| = ¥ ¥ - - ¥ ot L

kes nes[+| kEsﬂIn nes[+
< D al < Hzanun s
nes[+]
and
sup (Z an:cn> < supl{?é nl < sup lan <|| ZanuanJr(f
n n TL

This proves the second inequality in (4.1). Now, given ¢t € Gy\(F), let s € F be such that
s[A\] =t C s[+]. Then

S|(a),[2 © X loigp = T a7 22 S

nes[\| kesnly, nes[)| net
This proves the first inequality in (4.1). O

Observe that the use of the sup-norm of (a, ), in the middle term of (4.1) can be explained by
the fact that the sequence of averages (x,,), is not always seminormalized, independently of the
family . However, for the families we will consider (zy,), will be normalized and 1-dominating

the unit basis of ¢, so the term sup,, |a,| will disappear in (4.1).

Definition 4.4. A pre-compact family F on [ is called a T-family when there is a partition
(I)n of I into finite pieces I,, such that
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(a) F is not large in any J C I.
(b) There is 0 < A < 1 such that Gy (F) is large in N.

Observe that the pre-compactness of F follows from (a) above.

Proposition 4.5. Let F be a T-family on I =J,, I,. Then
(a) the block sequence of averages (1/#I, D el ui)n is not Banach-Saks in Xr.

(b) Ewvery subsequence (u;)ier of (ui)ier has a further subsequence (u;)icm, equivalent to the
unit basis of cg. Moreover its equivalence constant is at most the integer n such that
FTo) = [To]=".

PROOF. Set xy, := 1/#1, ) ;c; wi for each n € N. (a): From Theorem 2.1 there is M C N
such that [M]' C G\(F)[M]. This readily implies that ||z,||# > A for every m € M. Therefore,
(n)nenm is a seminormalized block subsequence of the unit basis (uy),, and it follows that
(xn)nem dominates the unit basis of ¢p. From the left inequality in (4.1) in Proposition 4.3
we have that (z,)nen also dominates the subsequence (un)nen of the unit basis of Xg, (7).
Since Gy (F) is large, no subsequence of its unit basis is Banach-Sack and therefore (zy,), is not
Banach-Saks.

(b) Let (u;)ier be a subsequence of the unit basis of Xr. Without loss of generality, we
assume that 7' is a transversal of I. Using our hypothesis (a), the Lemma 4.1 (b) gives us
another transversal Ty C T and n € N such that F[Ty] = [T5]=". Then the subsequence (u;)icr,
is equivalent to the unit basis of ¢y and therefore Cesaro convergent to 0. In fact, for every
s € F and for every scalar sequence (a;);er,

D ail = > ai < max{las| i € sNTp}#(s N Th) < nl|(a)|oo-
ics iesnTy
On the other hand it is clear that [|(a;)|[ec < || D ;cp, aicill 7. O

This is the main result.

Theorem 4.6. There is a T-family on N. More precisely, for every 0 < € < 1 there is a
partition | J,, I, of N in finite pieces I, and a pre-compact family F on N such that
(a) F is not 4-large in any M C N.
(b) Gi—e(F) = G4(F) = &, the Schreier barrier.
(c) For every s € GL(F) one has that s N I,, = I,,, where n is the minimal m such that
s Iy # 0.

Corollary 4.7. For every € > 0 there is a Schreier-like space X such that every subsequence
of the unit basis of it has a further subsequence 4-equivalent to the unit basis of ¢y, yet there is
a block sequence of averages ((1/#1n) Y ;e wi)n which is 1 + e-equivalent to the unit basis of
the Schreier space Xs.
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PRrROOF. From Proposition 4.3, it only rests to see that || anxy,| 7 > sup, |a,|, where z, =
1/#1, Zz‘eln u; for every n € N. To see this, fix a finite sequence of scalars (a,)net, and fix
m € t. Let u € & be such that minu = m and uNt = {m}, and let s € F such that s[+] = u.
Then, by the properties of F, it follows that s N I, = I,,, while sN I, = 0 for n € ¢\ {m}.
Consequently,

net kes | \net " iel,

IS s 2 Y (Zan#l[ Zul.)k = o

The construction of our family as in Theorem 4.6 is strongly influenced by the following
counterexample of Erdés and Hajnal [13] to the natural generalization of Gillis” Lemma 2.5 to

double-indexed sequences of large measurable sets.

Lemma 4.8. For every m € N and € > 0 there is probability space (2,3, ) and a sequence
(Aij)i<icj<n with p(A; ;) > € for every 1 < i < j < n such that for every s C {1,...,n} of

ﬂ A= 0.

{i.i}els]?

cardinality m one has that

PROOF. Given n,r € N let Q := {1,...,r}", and let x be the probability counting measure on
r™. Given 1 <i < j < n we define the subset of n-tuples

AP = ()i € {1y s as # ag). (4.2)
This is the desired counterexample. In fact,
(a) #AZ(Z’-’T) =7r"(1—1/r) for every 1 <i < j <n, and
(B) Nyijers AEZ’T) = () for every s € [{1,...,n}]" L.

To see (a), given 1 <i< j<mn

r

{12\ ALY = Ui € 11,2, 2 ag = a5 = 6}
0=1

being the last union disjoint. Since

#a)t, €{1,2,...,r}" ra; =a; =0} = P2,

it follows that #AEZ’T) =7r"(1—1/r). It is easy to see (b) holds since otherwise we would have
found a subset of {1,...,r} of cardinality r + 1. O

Proof of Theorem 4.6. For practical reasons we will define such family not in N but in a more

appropriate countable set I. Fix 0 < A < 1. We define first the disjoint sequence (I),. For
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each m € N;m > 4, let r,,, be such that

<1 - 1> = > (4.3)

'm
Let 4 < m < n be fixed. Let
L = {1, 1y X2 =132,
Let I, = {n} for n =1,2,3. For n > 4 let
L= [[ Imaw= [ {1.... ;)X ieem=t7,
4<m<n 4<m<n
Observe that for n # n’ one has that I,, N I, = (. Let I := J,, I,. Now, given 4 < mg < n and
2 < <jo<mp—1,let
71'5;’]?0) Ly = {12, e "

be the natural projection,

(Tl,m()) (l,m) O (lvmo)
Tio,jo (((b” ))4§m§n,1§l§n, 2§i<j§m—1) T (bio,jo )?=1 = {1’2’ T ’Tmo}n'

We start with the definition of the family F on I. Recall that & := {s C N : #s = min s} is the
Schreier barrier. We define F' : & — [I]<* such that F(u) C |J,,¢, In and then we will define F
as the image of F. Fix u ={n1 <--- <ny,, } €6:

(i) For u = {1}, let F(u) := I;.

(ii) For u:={2,n}, 2 <n, let F(u) := U L,.
(iii) For u := {3,n1,n2}, 3 <n1 < ng, let F(u) :=I3U L, UI,,.
(iv) For u={n1,...,np, } with 3 <ny <ng < -+ < ny,, then let

F(u) N1y, :=1I,, for k=1,2,3,
and for 3 < k < ngq, let
ng,mi1)\ —1 Nk, 'n
Flu) NIy = [ () (A (4.4)
1<i<j<k
Where the A’s are as in (4.2). Explicitly,
— (lvm) . (ni,n ) (TL‘,TL ) . .
F(u) 0 I, = {(035™)) scmeng. 1<i<m, 2<icgjom—1 € Tm + by #0770 1< i < j <k}

Observe that it follows from (4.4) that

7 (Pu) (L) = AT € (1,2, (4.5)

for every 1 <i < j <k.
From the definition of F it follows that u = F(u)[+] for every u € &. Now, we claim that
given u € &, we have that w = F(u)[)], or, in other words, #(F'(u) N I,,) > A#I, for every

n € u. The only non-trivial case is when u = {n; < --- < ny, } with ny > 3, and n = ny, is such
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that 3 < k < nj. It follows from the equality in (4.4), (a) in the proof of Lemma 4.8, and the
choice of r,, in (4.3) that

(nkyTny) (71172)

A : ) 1

#(F(u) N In,) _ H #( nz,n:b ) _ H (1_1> > (1_1> 2 S\
#(Ink) l<i<j<k (Tm) k 1<i<i<k Tny Tny

Summarizing, G(F,\) = G(F,+) = &. Thus, F satisfies the property (b) in Theorem 4.6. For

the property (a) we use the following fact.

Lemma 4.9. Suppose that A C & is a subset such that
(a) minu = minv =ny > 3 for all u,v € A.
(b) there are 1 < i < j <ny and a set w C N such that
(b.1) #w > 1y, +2 and n; < minw.
(b.2) For every Iy < la < maxw in w there is u € A such that {ni,li,lo, maxw} C u,
#H#uwn{L,2,...;h}) =1 and #(un{1,2,...,la}) = J.
Then
Inascw N () Flu) = 0.

ueA

Proof of Lemma 4.9. Observe that for [ € u, #(un{1,2,...,l}) = i just means that [ is the
ith—element of u. For every couple {l; < Ir} € [w\ {maxw}]?, take u;,;, € A satisfying the
condition of (b.2). Since, uj, 1, ={m1 <---<ni=L <---<nj =1l < - <maxw < --- <
T, }, it follows from the equality in (4.4) that

(maxw,n1) i (max w,rn,)
T ' (F(ull7l2) ﬂIman) - All,lz v

Hence

W?Z(?axw7N1)(Imaxw N ﬂ F(U)) - ﬂ ﬂi(,njlaijnl)(]—maxw N F(ull7l2)) -
ucA {1, l2}€[w\{max w}?

(max w,rn,)
- m All,lz =0
{1 l2}ew\{max w}]?
where the last equality follows from (b) in the proof of Lemma 4.8, since #w > r,, + 2.
O

We continue with the proof property (a) of F in Theorem 4.6. Suppose otherwise that there
exists a transversal T' of I such that F is 4-large in 7. By Lemma 4.1 (c), there exists Tp C T
such that [Ty]* C F[Tp). For every k € Tp, n(k) denotes the unique integer m for which
k € I,. It is easy to see that if ki, ko € Ty with k1 < ka, then n(k1) < n(k2). Now, for each
t = {ko < k1 < ko < k3} in [Tp]?, let us choose U(t) € & such that

tc F(U®)).
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Observe that {n(ko),n(k1),n(k2),n(ks)} C U(t), and hence #U(t) < n(kg). Now, let

k :=minTy and n := n(k).

Define the coloring © : [Ty \ {k}]? — [{1,2,...,n(k)}]? for each t = {k1 < ka2 < k3} in Tp \ {k}

as

o) = (#WU{EkIut)N{1,...,n(k)}), # Uk Ut) N{1,...,n(k2)}), min U({k} U 1)).
By the Ramsey theorem, there exist 1 < i < j < n; < n(f) and T} C Ty \ {0} such that O is

constant on 77 with value {7, j,n1}. Choose k1 < --+ < ky, 12 in T1, and set
A= {U({E7kl1’ k;l2v krﬁ+2}) 1<h <l <rp+ 2}'

Notice that A fulfills the hypothesis of Lemma 4.9 with respect to the set w = {n(t;,) : 1 <l; <
Tn(9) + 2}, and therefore

Lngt,, ) N () F(u) =9, (4.6)
ucA
which contradicts the fact that

kTﬁ+2 € In(krﬁ+2) N ﬂ F(u)
ueA
The family F clearly has property (c) from the statement of Theorem 4.6 by construction. This
finishes the proof of the desired properties of F. O

A similar analysis will be used now to prove that the closed linear span of the sequence
1
Tp = —F— Z uj
#ln €L,
is not a complemented subspace of Xr. Let (x}), denote the sequence of biorthogonal func-

tionals to (xy,), on [z,]*.

Proposition 4.10. If T : [ug]x — [xn]n is a linear mapping such that

lim (a::;(k),Tum #0,

k—o0

then T cannot be bounded. In particular, there does not exist a projection P : Xz — [Tp]n.

PRrROOF. Let us suppose that T is bounded. Since limk_m(x;(k),Tuk) # 0, let @ > 0 be such
that |<a:;‘;(kj), Ty, )| > a for every j € N. Moreover, since (ug) is weakly null, up to equivalence
we can assume that (Tuy;); are disjoint blocks with respect to (z,)n-

By Proposition 4.5(b), passing to a further subsequence it holds that (uy;); is 3-equivalent to
the unit basis of ¢y. Now, let 0 < A < 1 such that G(F) = &, and take ng > % Let u e &

with minu = ng. We have

2
J

. noaA
> ; I > .
X Z |<U1,ZTU]€J>| = ||T”

1
=z 7“ ZTukj
17| r () r
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This is a contradiction with the choice of ng. O

Remark 4.11. The Cantor-Bendixson rank of a T-family must be infinite. To see this, observe
that if f : I — .J is finite-to-one ! then f preserves the rank o(F) of pre-compact families F in I.
Since n(-) : I — N, n(i) = n if and only if ¢ € I,, is finite-to-one and since n(F) = {{n(7)}ics :
s € F} = Gi(F) D Ga(F) is large, it follows that o(n(F)) = o(F) is infinite. In this way our
T-family F in Theorem 4.6 is minimal because o(F) = o(n(F)) = 0o(6) = w.

4.1. A reflexive counterexample. There is a reflexive counterpart of our example X . Indeed
we are going to see that the Baernstein space Xz o for our family F is such space. It is interesting
to note that the corresponding construction Xso for the Schreier family S was used by A.
Baernstein II in [5] to provide the first example of a reflexive space without the Banach-Saks

property. This construction was later generalized by C. J. Seifert in [29] to obtain X ,,.

Definition 4.12. Given a pre-compact family F, and given 1 < p < 0o, one defines on c¢yo(N)

the norm ||z|| £, for a vector x € coo(N) as follows:
z]l7p = sup{ (| Eiz [ 7)itillp = By <--- < Ep,n € N} (4.7)

where F| < --- < E, are finite sets and Fz is the natural projection on F defined by Ez := 1g-x.
Let X £, be the corresponding completion of (coo, || - ||7,p)-

Again, the unit Hamel basis of cyp is a 1-unconditional Schauder basis of Xz ,. Notice also

that this construction generalizes the Schreier-like spaces, since Xz o = Xr.

Proposition 4.13. The space Xr , is £,-saturated. Consequently, if 1 < p < oo, the space Xr

is reflexive.

PROOF. The case p = oo was already treated when we introduced the Schreier-like spaces after

Definition 2.7. So, suppose that 1 < p < oo.

Claim 3. Suppose that (z,)y is a normalized block sequence of (uy,),. Then

| ZanwnHF,p > [ (an)nllp- (4.8)
To see this, for each n, let (Efn))fgl be a block sequence of finite sets such that

kn
1= Bz} (4.9)
=1

1f : I — J is finite-to-one when f~*{4} is finite for every j € J.
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(n)

Without loss of generality we may assume that Ufﬁl E; (n+1)

C supp x, hence E,(C:) < B for
every n. Set x =) a,xy. It follows that

kn
" anzallzp)? = SOSTEM 2l = S Janl.

n =1 n
This finishes the proof of Claim 3. It follows from this claim that ¢y 4 Xz ,. Fix now a

normalized block sequence (xy), of (u,), and ¢ > 0. Let (g,), be such that Y &b < /2,
en > 0 for each n. Since ¢g ¥ Xz, and since Xz is co-saturated, we can find a || - || -

normalized block sequence (yp,), of (), such that
[ynll7 < en. (4.10)
Claim 4. For every sequence of scalars (a,), we have that

lan)nllp < 11D anyal
n

Fp < (1+8)[(an)nllp- (4.11)

Once this is established, we have finished the proof of this proposition. The first inequality
in (4.11) is consequence of Claim 3. To see the second one, fix a block sequence (E;)!_; of finite
subsets of N. For each n, let B, := {j € {1,...,1} : Ejz, # 0}, and for n such that B,, # 0, let

in := min B,, j, := max B,,. Observe that i,,j, € B, for at most one m # n. Then, setting

Yy = En AnYn,

l
DByl = D 1Bl <> > 1Byl < laf Y 1Bl + 1 Ejlle+
=1

icU,, Bn n i€Bp i€B;
+ (Ianlp > Byl + 1 Ei - + IIE-nyII?:) <
n>2 i€Bp

< Z |an‘pHynH1},p + ngx |an|? Zgﬁ <(l+¢) Z |an”.
n n n
d
Proposition 4.14. Given 0 < A < 1, let F be a T-family for \ as in Theorem 4.6 with respect

to some J,, I,. Then

(a) Ewvery subsequence of the unit basis of Xr, has a further subsequence 6-equivalent to the
unit basis of £,.

(b) The sequence of averages

s,

1€lp

is A\-equivalent to the unit basis of the Seifert space Xs p.
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PROOF. (a): Fix a subsequence (up)nenr of (uy)n and let (uy)nen be a further sequence of it such
that F[N] C [N]=%. Fix also a sequence of scalars (an)nen such that z =Y, v aqun € Xz
Given a finite subset £ C N we obtain that

E <3 . 4.12
1Bz F < nissuchlglaa}t(Exn7é0|an| ( )

Now given a block sequence (Ei)ézl of finite subsets of N, and given i = 1,...,[, let A; =
{neN : Ejz, #0} and let B:={i e {1,...1} : A; # 0}. Then we obtain that

Z |Eix|F < 32 max\an\ P < 62 |an P

1€EB
the last inequality because A; N A; = 0 if ¢ < j are not consecutive in B, and if ¢ < j are
consecutive, then #(A4; N A;) < 1. The other inequality is proved in the Claim 3 of Proposition
4.13.
Let us prove (b): First of all, observe that by definition we have that Xs, = Xg,. Set
= (1/#1n) > ey, wi for each n € N, and fix a sequence of scalars (ay),. Set also

T = g anZn, and u = E Ap U, .-
n n

Let (E;)!_; be a block sequence of finite subsets of N such that

1) anunll, = IIEiUH%- (4.13)
7p
n i=1

For each i = 1,...,1, let t; € & be such that ||Fulle = >, c; g, an|- For each i =1,...,1 let
s; € F be such that s;[A] = t;, and set Fj := J,,cp. In- Notice that (F; L, is a block sequence
of finite subsets of | J,, I, = N. Then

| Zan$n||]-‘p >Z | F; ZanIn )% = Z I Z anan}-

i=1 nekE;
l
PO an@’nw > Z > anl)” = X113 anmlle,
i=1 kes; nekl; i=1 neF;Nt; n

For the other inequality, let (Fl-)é:1 be a block sequence such that

l
1) anznll, =D [ Fiz|% (4.14)
p
n =1

For each i = 1,...,l, let s; € F be such that ||Fz|r = > ;. |(Fiz)k|, and E; := {n e N :
F; N1, # (0}. Then, setting t; := s;[+] € &, we have that

iNF)NI,
Falry = Y e P < S B, < Be. (415)

nes; [+]QE1 nes; [—i—]
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Since (E;)!_; is a block sequence it follows that

l l
13" anunlls, > SO NEwls > 3 [Fall = 1S antall,,
n i=1 i=1 n
O

There is another, more general, approach to find a reflexive counterexample to Question 1.
This can be done by considering the interpolation space A,(W, X), 1 < p < oo, where W is the
closed absolute convex hull of a Banach-Saks subset of X which it is not Banach-Saks itself.

Recall that given a convex, symmetric and bounded subset W of a Banach space X, and 1 <
p < 00, one defines the Davis-Figiel-Johnson-Pelczynski [10] interpolation space Y := A, (W, X)
as the space

{zeX : |zy < oo},
where
zlly := [I([z]n)nllp

and where for each n,
x

ni=1Inf{\A >0 :
|| inf{\ > 3

1
c2"W + 273)(}
The key is the following.

Lemma 4.15. A subset A of W is a Banach-Saks subset of X if and only if A is a Banach-Saks
subset of Y := Ap(W, X).

PRrROOF. Fix A C W, and set Y := A,(W, X) Since the identity j : ¥ — X is a bounded
operator, it follows that if A is a Banach-Saks subset of Y then A = j(A) is also a Banach-Saks
subset of X.

Now suppose that A is a Banach-Saks subset of X. Going towards a contradiction, we fix
a weakly convergent sequence (z,), in A with limit = generating an ¢;-spreading model. Let
0 witnessing that, and set y, := z, — x € 2W for each n. Observe that it follows from the
definition that

(a) For every A > 0 and every £ > 0 there is ng such that for every z € AW we have that

Yo 2 < e

Since A is Banach-Saks in X, we assume without loss of generality that the sequence (yy )y is
uniformly weakly-convergent (to 0). Observe that then

(b) For every € > 0 there is n such that if #s = n, then || >° ., ynl|lx < e#s.
Consequently,

(¢) For every e > 0 and 7 there is m such that if #s =m, then > _|> 5 uklP <e.
Now let k € N be such that k'/? < 6k, and € > 0 such that k'/? + ¢ < dk. Using (a) and (c)

above we can find finite sets s; < ...s, such that
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(d) s=U,s €8.
(e) Setting z; := (1/4£s:) Y pc,, Yk for each i = 1,..., k, then there is a block sequence (v)k_,
in ¢, such that ||v;||, <1,7=1,...,k, and such that

(21 + -+ + ziln)n — (v1 4+ -+ o)l < e (4.16)

It follows then from (d), (e) and the fact that (y,), generates an ¢;-spreading model with
constant ¢ that

1 f
5k < H%Zziuyg v+ +vgllp + e < kr 4+ e < Ok,
i=1

a contradiction. O

Let now X := Xz where F is a T-family, let W be the closed absolute convex hull of the unit
basis {uy, }n of Xz

Proposition 4.16. The interpolation space Y := Ap(W, Xr), 1 < p < 00, is a reflexive space

with a weakly-null sequence which is a Banach-Saks subset of Y, but its convex hull is not. U
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