co-SINGULAR AND /;-SINGULAR OPERATORS BETWEEN
VECTOR-VALUED BANACH LATTICES

PEDRO TRADACETE

ABSTRACT. Given an operator T : X — Y between Banach spaces, and a
Banach lattice F consisting of measurable functions, we consider the point-wise
extension of the operator to the vector-valued Banach lattices Tg : E(X) —
E(Y) given by Te(f)(w) = T(f(w)). It is proved that for any Banach lattice
FE which does not contain cg, the operator 7' is an isomorphism on a subspace
isomorphic to ¢g if and only if so is Tg. An analogous result for invertible
operators on subspaces isomorphic to #; is also given.

1. INTRODUCTION

In the 1970’s S. Kwapien [13] and G. Pisier [16] gave the following results for
vector valued L, spaces.

Theorem 1.1. For 1 < p < oo, L,(u, X) contains an isomorphic copy of co if
and only if X does.

Theorem 1.2. For 1 < p < oo, L,(u, X) contains an isomorphic copy of ¢y if
and only if X does.

These results were also proved in a different way by J. Bourgain in [3] and [4].
More generally, given a Banach space X, and a Kothe Function space F over a
measure space (€2, 3, 1), we denote by F(X) the space of X-valued p-measurable
functions f, such that the mapping w — || f(w)||x belongs to E. E(X) equipped
with the norm

1/l 2c) = [HIF @)l xle

forms a vector-valued Banach lattice. W. Hensgen proved in [9] that E/(X) contains
a subspace isomorphic to ¢y if and only if £ or X do.

The relation between X and F(X) has been extensively studied by several au-
thors, see for instance [6], [15], and [17].
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Our aim in this note is to study whether this kind of results can be extended
to the operator setting. Precisely, given an operator T': X — Y between Banach
spaces, we will consider the operator

Ty : B(X) — E(Y),

defined by Tg(f)(w) = T(f(w)) for any f € E(X) and w € Q. Thus, we want to
study which invertibility properties are shared by 7" and Tg.

Given a Banach space Z, we say that an operator T' : X — Y is Z-singular
whenever the restriction T'|y; is not an isomorphism for any subspace M C X
isomorphic to Z. The notion of ¢,-singular operator are of particular importance,
since these have been used recently to study certain properties of strictly singular
operators (see [7] and [11]).

The main results of this note are the following:

Theorem 1.3. Let E be a Banach lattice which does not contain a subspace iso-
morphic to ¢y, and let T : X — Y be an operator between Banach spaces. The
operator Tg : E(X) — E(Y) is co-singular if and only if so isT : X — Y.

Theorem 1.4. Let E be an order continuous Banach lattice, such that E* is also

order continuous, and let T': X —'Y be an operator between Banach spaces. The
operator Ty : E(X) — E(Y) is {1-singular if and only if soisT : X — Y.

As an application of Theorem 1.3, we also give a version, in the context of
operators, of a result by Hoffmann-Jorgensen [10] for sums of vector-valued random
variables (see Theorem 3.5).

Notice that the hypothesis imposed on Theorems 1.3 and 1.4 in the Banach
lattices involved, allows us to use the techniques considered in the second section,
where order continuity plays a key role. Recall that a Banach lattice which does
not contain c¢q is in particular order continuous [14, 1.a], while for a dual Banach
lattice E* being order continuous and not containing ¢, are equivalent statements.
Remarks 3.2 and 3.4 will further clarify these requirements.

We refer the reader to [2], and [14], for unexplained terms and notation on
Banach lattices, and to [5] for a detailed survey on vector-valued L, spaces and
related questions.

The author thanks Professor J. Mendoza for very useful conversations and help-
ful remarks.

2. TooLs

Recall that an order continuous Banach lattice F with a weak unit can be
considered as a Kéthe Function space, that is, an (in general not closed) order ideal
of Li(2, %, u) for certain probability space (£, %, ), such that E < L(€2,%, )
is continuous with norm smaller than or equal to one (see [14, Prop. 1.b.14] for
details). Recall also that in an order continuous Banach lattice every ideal is
complemented by a positive projection (see [14, 1.b]).
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For the proof of Theorem 1.3, we need the following vector valued version of
Kadec-Pelczynski disjointness method (see [8] and [12] for the classical version of
this result).

Proposition 2.1. Given a Banach space X. Let E be an order continuous Banach

lattice over a finite measure space (2,3, ), and let M be a separable subspace of
E(X). If we consider the formal inclusion i : E(X) < Li(X), then one of the
following holds:

(1) the restriction i|p is an isomorphic embedding,
(2) or there exist a normalized sequence (f,)22, in M and a disjoint sequence
(gn)py in E(X), such that || fn, — gnllEx) — 0 when n — oo.

n=1

Proof. Given € > 0, and f € E(X), let us consider the set
o(f,e) ={w e Q:[[f(W)llx = ell fllex) }-

Now for € > 0, let us also consider the Kadec-Pelczynski sets

KP(e) = {f € B(X) : ulo(f.<)) = e}.
Now, given a separable subspace M of E(X), let us suppose first that M C
KP(e), for some € > 0. Hence for every f € M we have

Iz = [1fllz e = /||f(w)||xdﬂ > / 1f@)llxdn > [ fllc).
Q o(fe)

Therefore, in this case, the inclusion ¢ : E(X) < L1(X) when restricted to the
subspace M is an isomorphic embedding.

Suppose now that M is not contained in KP(e), for any € > 0. Therefore, there
exists fi in M with f; ¢ KP(472) and || f1||g(x) = 1. Thus,

p(o(fr,47%) <472,

and

X (a2 fill oo <472
Since E is order continuous, there exists §; > 0 such that |[xafil|px) < 473
whenever p(A) < d;. Let jo < 2 = j; be such that 4772 < §;. Hence, there exists
fo € M with || f2]|px) = 1 and fo ¢ KP(477), which in turn means that

p(o(fa, 4772)) <472 <4y,
and so

X (g a-ia) frll < 470D,
Moreover,

IX\o(faa-i2) 2l ECX) < 11472 X 000 (a2 | E ) < 4772

We can continue this construction inductively and we get a normalized sequence
(fn)o2, in M, and a sequence (j,)5°; of natural numbers such that
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(1) plo(fudin)) < 47,

(2> HXQ\U(an*J'n)anE(X) < 44_]",

3) IXo(pna-in) fill 2y < 4=Un—141) forj=1,...,n — 1.
Now, if we consider

o

Op = O-(fn747jn) - U O-(fi747ji)7

i=n+1

then o, N o,,

= () whenever n # m. Let us define g, = o, fn, which is a disjoint
sequence in F(X).

Moreover, it holds

1o = gnllect) = IXovon fall Ex) < IXa\o(f,a7m) fallECX) + HXU;’;LHa(fi,4*fi)fn||E(X)
<A+ D o ulleen S 47 3 476

i=n—+1 i=n—+1
< 147(.7'71*1)‘
=3
Therefore, || f, — gn|| = 0 when n — oo, as claimed. O

Notice that if E is an order continuous Banach lattice defined over an infinite
measure space (€2, 3, ), and M is a separable subspace of E(X), then there exists
a closed order ideal I of E, which can be considered as a function space over a
finite measure space (€1, X1, i11), such that M is a subspace of I(X) C E(X) (see
[14, Prop. 1.a.9]).

The following property of disjoint sequences in E(X) will be useful.

Lemma 2.2. Let E be a Kithe Function space over (2, %, 1), and X a Banach
space. Suppose that (f,)>2, is a normalized disjoint sequence in E(X), and denote
on(w) = || fu(w)|| which is also disjoint and normalized. Then (f,)5, and (¢n)2
are 1-equivalent unconditional basic sequences.

Proof. For each natural number n, since f,..., f, are disjoint elements of F(X),
we can consider By, ..., B, € ¥ such that |J;_, B; = Q and f; is supported on B,
for each i = 1,...,n. Hence for scalars (a;)?_,, we have:
Ji = > aifi(w) ZXB]- (w) fi(w)
=1 E(X) =1 XIE Jj=1 =1 xIE
= Z Z aix s, (W) fi(w) (W)l x
j=1lli=1 xllE E
= Zaj%( )
j=1 E
Since this holds for every n, and scalars (a;)!" ;, the proof is finished. O]

The next ingredient for the proof of Theorem 1.3 is the following extension of
Theorem 1.1:
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Proposition 2.3. Given an operator T : X — Y, if T is co-singular, then so is
TL1 : Ll(X) — Ll(Y)

The proof is based on the following version of J. Bourgain’s theorem on cgy-
sequences obtained by averaging of seminorms [3]. Recall that coo denotes the
space of sequences of real numbers which are eventually zero, equipped with the
supremum norm.

Lemma 2.4. Let (2,3, u) be a probability measure space. For every w € Q we
consider two seminorms in coy, p, and oy, such that the functions w — p,(z) and
w — o,(x) are integrable in (Q, X, 1) for every x € coy, and there exists a finite
constant C' > 0 such that

pu(r) < Coy(z),

for all x € cyp.
Let us define two seminorms on cog by

qul=:jﬁfamx>du«u>

wmzé%mww

for every x € coo. If (x;)32, is a sequence in coy which is equivalent to the cy-basis
for both || - |1 and || - ||2, then there exists a set of positive measure A € ¥ such
that for every w € A there is a subsequence of (x;)32, which is equivalent to the
co-basis for both p, and o.

Proof. First note that the set
A={w e Q:limsupp,(z;) >0}

is clearly measurable and has positive measure [3, Lemma 2]. It also follows from
[3] (see also [5, p. 53] for a more detailed explanation) that

1 n
sup/ aw<2n(t)xi)dt =B <>
0

n i=1

for almost all w € €.
Thus, for every w € A we have

1 n
lim sup p,,(x;) > 0, and sup/ pw(Zri(t)@-) dt < CB < oo.
0 i=1

n

Therefore, applying [3, Lemma 3] to the seminorm p,,, we obtain a subsequence
(x;,)72, which is a ¢y sequence for p,, and satisfies p,(z;,) > « for some a > 0
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and every natural number k. It follows from the fact that p,(z) < Co,(x) and 5,
Prop. 2.1.1. and Prop. 2.1.2.] that

1 n
ou(ri,) > Cla >0, and sup/ Jw(Zrk(t)xik)dt < B < o0,
0 k=1

n

for every k. Hence, another application of [3, Lemma 3| gives a further subsequence
(still denoted (z;,)%2,) which is a co-sequence for o,. Thus, this sequence is a co-
sequence for both p, and o, and the proof is finished. O

Now we can prove Proposition 2.3.

Proof of Proposition 2.3. Suppose that T, is not co-singular. Let (f;)2, a
sequence in L;(X) such that for some § > 0 and M > 0, and for every (a;)!; € copo:
ZaiT(fi(w))Hdu(w)

ZaiTh(fi) . /
Z aifi

azfz du(w) = 1T

< HTHMmax]ai\.
1<i<n

d max |a;| <
1<i<n

L1 (X)

Let us define for each w € €2, and each z = Z?:l a;e; € cop

n

Z a;T(fi(w))

=1

Y

Y

pw{'r) =

and
n

Z a; fi(w)
i=1
Clearly, for every = € cgp, the functions w — p,(x) and w — o, (z) are integrable
on (2,3, 1), and satisfy

o,(x) =

X

pu() < [ Tow ().
Hence, we can consider the seminorms || - ||; and || - [|2, as defined in Lemma 2.4.
It follows that the unit vector sequence (e;) in cqo is a co-sequence for both || - ||
and || - ||2, because

(e = [ | ersien]on

=[St - /Q St = [

n
E a;€; (w) =
i=1 i=1 i=1 i=1 L1(X)

Now, Lemma 2.4 implies that the set of points w € € such that (e;):2, has a
subsequence which is a ¢g-basis for both p,, and o, is a non null set. Thus, for every
w in this set, there exists an increasing sequence (ix)52; such that (f;, (w))32; and

'TLl (fz)

L1(Y)
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(T'(fi,(w)))52, are (non null) co-sequences. This implies that 7" is an isomorphism
when restricted to the span of (f;, (w))s; in X. O

Note that in fact, we proved more than it was claimed. It was shown that if 77, :
Li(X) — Ly(Y) is an isomorphism on the span of a sequence [f,|3%; C Li(X),
which is isomorphic to ¢y, then the set of all w € € such that T': X — Y is an
isomorphism on the span of a subsequence of (f,(w))s; (which is isomorphic to
co) is a set of positive measure.

3. MAIN RESULTS
Now, we can give the proofs of our main results.

Theorem 3.1. Let E be a Banach lattice not containing a subspace isomorphic
tocyg. Let T : X —'Y be an operator between Banach spaces. If the operator T is
co-singular, then the same holds for Ty : E(X) — E(Y).

Proof. Let T : X — Y be a bounded operator. And let T : E(X) — E(Y) be
such that there exists a subspace M of E(X), which is isomorphic to ¢, and the
restriction Tg|y : M — E(Y) is an isomorphic embedding.

Since ¢y is not contained in E, in particular E is order continuous [14, 1.a].
Hence, by Proposition 2.1 applied to M C E(X), it follows that either i : E(X) —
L1(X) is an isomorphism when restricted to M or M contains a normalized se-
quence (f,)22;, such that there exists a disjoint sequence (g,)°2; in E(X) with
|.frn = 9nllE(x) = 0 when n — oo.

Suppose that i : E(X) — L;(X) is not an isomorphism when restricted to
M. Therefore, passing to a further subsequence we can assume that the basic
sequences ()5, and (g,)5, are equivalent. Since M is isomorphic to ¢y, this
means that £(X) contains a disjoint sequence equivalent to the unit vector basis
of ¢g. Hence, by Lemma 2.2, F would also contain a disjoint sequence equivalent
to the unit vector basis of ¢y, which is a contradiction with the hypothesis on E.

Thus, we can assume that ¢ : F(X) < L;(X) is an isomorphism when restricted
to M. The same argument shows that i : E(Y) < L;(Y) is an isomorphism when
restricted to Tr(M) (which is also isomorphic to ¢g).

Therefore, the operator Ty, : L1(X) — L;1(Y) is an isomorphism when restricted
to M, which is isomorphic to ¢y. Hence, by Proposition 2.3, we can conclude that
T : X — Y is an isomorphism on a subspace isomorphic to cg. 0

Remark 3.2. Notice that if the Banach lattice F contains a subspace isomorphic
to ¢g, then the statement of Theorem 3.1 may fail to be true. Indeed, the identity
I: ¢y — ¢y can be seen as the extension T, of the identity map on the scalar field
T : R — R, which clearly is not an isomorphism on a subspace isomorphic to ¢
(co is just too big!).

This theorem has a natural analogue for /;-singular operators.
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Theorem 3.3. Let E be an order continuous Banach lattice, such that E* is also

order continuous. Let T : X — Y be an operator between Banach spaces. If T 1is
ty-singular, then so is Tg : E(X) — E(Y).

Proof. Let M be a subspace of E(X) isomorphic to ¢, such that Tp : E(X) —
E(Y) is an isomorphism when restricted to M. Both M and Tg(M) satisfy one
of the alternatives of Proposition 2.1. Since E* is order continuous, it follows
that E cannot contain a sequence of disjoint elements whose closed linear span is
isomorphic to ¢; (cf. [2, Thm. 14.21]). Therefore, by Lemma 2.2, M cannot contain
a normalized sequence equivalent to a disjoint sequence. Hence, the inclusion
ix : E(X) < Li(X) is an isomorphism when restricted to M, and similarly
iy : E(Y) < L1(Y) is an isomorphism when restricted to Tr(M).

Let (fn)se, in M be equivalent to the unit vector basis of ¢;. Since E and
E* are order continuous (|| fn.(*)||x)22; and (||T(fn()|ly)se, are uniformly inte-
grable sequences in Ly (cf. [2, Thm. 4.25] and [1, Thm. 5.2.9]). Hence, by [5,
Thm. 2.2.1(a)], the set A of all w € Q such that (T(f.(w)))s; has a subsequence
equivalent to the unit vector basis of ¢; is a measurable set with positive measure.

Hence, T'(X) contains a subspace isomorphic to ¢;; thus, using [18, Prop. 1] we
get that T': X — Y preserves a copy of /.

Let B C A be a set of positive measure, such that for some constant C' < oo,
and for every n € N, || f,(w)||x < C for w € B. Therefore, for each w € B, passing
to a further subsequence, that may depend on w, and for scalars (ax)}_;, we have:

o) o] < ' < OIS Jaul.
k=1 Y k=1

where a(w) > 0 for w € B. Hence, T': X — Y is an isomorphism when restricted
to a subspace isomorphic to ;. O

n

> at ()| <171

k=1

n

S (fuy (@)

k=1

Remark 3.4. As for Theorem 3.1, the identity on /1, seen as the extension 7}, of
the identity map 7" : R — R on the scalar field, shows that the hypothesis of order
continuity on E* cannot be removed from Theorem 3.3.

In connection with Theorem 3.1, we have a version for operators of Hoffmann-
Jorgensen’s result (see [10]).

Theorem 3.5. Let T : X — Y be an operator between Banach spaces, and let
(Q,3, 1) be a probability space. The following are equivalent:
(1) T is co-singular.
(2) For every sequence (X)), of independent, symmetric, X -valued random
variables on (2, X, p), if the partial sums
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are bounded almost everywhere, then (T'(Sp))e_, converges almost every-
where.

Proof. (2) = (1) is easy to see. For the implication (1) = (2), let (¢;)%2, be a
Bernoulli sequence on (€2, %, 1), that is, a sequence of independent random vari-
ables so that p(e; = 1) = p(e; = —1) = 5 for all j > 1. By [10, Prop. 2.8] it
suffices to prove that the sets

A= {(%);’il C X: (Z ejxj> is bounded in Lp(X)},
j=1 n=1

and

B = {(xj);“il CcX: Zeijj is convergent in Lp(Y)},
j=1
coincide (notice that by [10, Thm 3.1], there is no difference in the choice of
0<p<o0).
So, suppose that there exists (7;)72; in A and not in B. Since in particular,
> €;Tx; is not convergent in Ly (Y'), there exist § > 0 and a subsequence such

j=1
/ Z e; 1z,
Q
for k € N. Now, let

that
nE<j<ngii
Xk = Z €iTj, and Yvk = Z 6jT33j,
N <J <41 N <J<np41
for k € N. Clearly (X(w))s, belongs to A p-a.e. However, [10, Thm. 3.1] yields
that p(Yy - 0) > 0.
Therefore, by scaling, we can consider (z;)32; in A such that ||Tz| = 1, for
j € N. Now, by [10, Thm. 2.6], we have
1 p %
du) ;
Y

0] = ( / ||ajej<w>sz||§;du) < ( /
Q Q
p P
Ydu) < max ol K,

dp > 0,
Y

Z ajej(w)Tz;
j=1

for 1 < j <n and scalars (a;)j_;. While [10, Lemma 4.1] yields

Y
d < ;
(/] ) < (]
where
K:sup((/
n Q

n

> ajei(w)z

j=1

n

D ei(w)z

j=1

Y
d,u) )<oo,
Y

D ei(w)z

j=1

since (2;)%2, € A.
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Hence, if we consider 17, : L,(X) — L,(Y') defined as usual, then we have

max |a;| < ‘
1<j<n

< || K max a,|.
1<j<n

Tz, ( > aﬁj%’)
j=1

<7 ajeiz
Lp(Y) j=1 Lp(X)

This shows that the operator Ty, is an isomorphism on the subspace generated
by (€;2;)32, which is isomorphic to ¢y. Therefore, by Theorem 3.1, T': X — Y is
also an isomorphism on a subspace isomorphic to ¢y. This finishes the proof. [
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