INTERPOLATION OF BANACH LATTICES AND FACTORIZATION OF
p-CONVEX AND ¢-CONCAVE OPERATORS

YVES RAYNAUD AND PEDRO TRADACETE

ABSTRACT. We extend a result of Sestakov to compare the complex interpolation method
[Xo, X1]o with Calderén-Lozanovskii’s construction X&feX 9. in the context of abstract Banach
lattices. This allows us to prove that an operator between Banach lattices T : E — F which is
p-convex and g-concave, factors, for any 6 € (0,1), as T = TyTy, where T is ( 6,Jr(l#_e)p)—convex
and T} is (7Z5)-concave.

1. INTRODUCTION

In [10], J. L. Krivine showed that the composition 7577 of a p-convex operator 77 : X — F
and a p-concave operator Ty : £ — Y, where X, Y are Banach spaces and E is a Banach
lattice, factors always through a space L,(p). Motivated by this fact, in this note we study
factorization properties of p-convex and g-concave operators. More precisely, we consider the
following question: if an operator between Banach lattices T : E — F' is both p-convex and
g-concave, does it necessarily factor as T' = TyT] where T3 is p-convex and T g-concave? Note
that such a product is always p-convex and g-concave, hence we are interested in a converse
statement.

In general, the answer to this question is negative (see Examples 4 and 5). However, we show
that for every 6 € (0,1), the operator T can be written as T" = T3T; where T is (m)—
convex and 71 is (7%;)-concave (see Theorem 15). To prove this fact, we exhibit first a canonical
way in which a p-convex (respectively g-concave) operator factors through a p-convex (resp.
g-concave) Banach lattice. Afterwards, we present some interpolation results regarding the
complex interpolation method and the Calderén-Lozanovskii construction for Banach lattices.
In particular, we prove a comparison theorem between these two constructions that had been
apparently known in the literature only in the case of Banach lattices of measurable functions.
Thus, we extend this comparison theorem due to Sestakov (see [19]) to the more general setting
of compatible pairs of Banach lattices which need not be function spaces (that is, ideals in the
space of measurable functions on some measure space). This will constitute a key ingredient in
our proof of the main factorization result.

The problem of factoring an operator through p-convex and g-concave operators had also been
considered, although in a quite different manner, by S. Reisner in [17]; in particular, Theorem
1 was essentially proved in [17, Sec. 2, Lemma 6]. Moreover, this author showed that for fixed
p, q, the class of operators between Banach spaces T : E — F' such that the composition with
the canonical inclusion jz : F' — F** factors as jpI' = UV with V p-convex and U g¢-concave,
forms an operator ideal. However, his approach to an analogous statement of Theorem 1 for
p-convex operators is not satisfactory for our interests, because in [17] this is only considered
as a dual fact to that of factoring g-concave operators, and, as we will show in Section 3, these
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factorizations do not behave in an entirely dual way. Moreover, from Theorem 1 we can only
get that for a p-convex operator T : ¥ — F', the bi-adjoint T** : E** — F** factors through
a p-convex Banach lattice, which suffices for the purposes in [17], but are not enough to prove
our main result on factorization (Theorem 15). We mention that our proofs of Theorems 1 and
3 have been inspired in fact by the work of P. Meyer-Nieberg in [14] on factorization of cone
p-summing and p-majorizing operators (see also [15, 2.8]). Then we realized that some of the
main ideas of our work were already present in the paper [17].

The organization of the paper goes as follows. Section 2 contains the proofs of the basic
factorizations for p-convex (resp. g-concave) operators. It is also shown that these constructions
can be equivalently obtained by means of maximality properties of factorization diagrams. The
next section, Section 3, is devoted to the study of the duality relation between the factorization
spaces for p-convex and g-concave operators. Next, Section 4 is mainly devoted to the proof
of the extension of Sestakov’s result to compatible pairs of Banach lattices. Then, in Section
5 we prove the main theorem on factorization of operators which are both p-convex and ¢-
concave. Here the extension of Sestakov’s result is used for interpolating operators which are
not necessarily positive (at the difference of the situation in [17]) between Banach lattices which
are perhaps not representable as ideal function spaces. In this section we show also how some
examples can be used to see that in general the factorization cannot be improved much further.
Finally, in Section 6 we show the connection between the constructions of the first section and
the factorization theorem of Krivine.

We refer the reader to [11], [15] and [18] for any unexplained terminology on Banach lattice
theory, and to [4] and [9] for those of interpolation theory.

Aknowledgement: We thank Prof. F. L. Herndndez for bringing the reference [17] to our
attention after that a first draft of the present paper was completed.

2. TWO BASIC CONSTRUCTIONS

Let E be a Banach lattice and X a Banach space. Recall that an operator T': £ — X is
g-concave for 1 < g < oo, if there exists a constant M < oo so that

n 1 n 1
(annq)q SMH(me)q ) if 1< g < oo,
i=1 i=1
or .
g%ﬁHT:UZH <M \/1 |||, if ¢ = oo,

for every choice of vectors (z;)"; in E (cf. [11, 1.d]). The smallest possible value of M is
denoted by Mg (T).

Similarly, an operator T : X — FE is p-convex for 1 < p < oo, if there exists a constant
M < oo such that

H(Z|Tx,-|p)pH§M(Z||x,-||p>p, if 1 <p< oo,
=1 =1

n
\/ 1Tz
i=1
for every choice of vectors (z;)%_; in X. The smallest possible value of M is denoted by M ®)(T).
Recall that a Banach lattice is g-concave (resp. p-convex) whenever the identity operator is
g-concave (resp. p-convex).

The following result was essentially proved in [17, Sec. 2, Lemma 6]. However, we include a
similar proof for completeness, since we will be using the explicit construction throughout.

or

< M max |l if p = oo,
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Theorem 1. Let E be a Banach lattice, X a Banach space and 1 < q < oo. An operator
T : E — X is q-concave if and only if there exist a q-concave Banach lattice V', a positive
operator ¢ : E — V (in fact, a lattice homomorphism with dense image), and another operator

S:V — X such that T = S¢.
E X
N
Vv

Proof. Let us suppose ¢ < oo. The proof for the case ¢ = oo is trivial because every Banach
lattice is oo-concave. However, the precise construction carried out here for ¢ < oo has its
analogue for g =
For the “if” part let (x;)f, in E. Since V is g-concave and ¢ is positive, by [11, Prop. 1.d.9]
n .
(E1ralr)” < 15 (1)
i=

we have )
n q
()]
which yields that T' is g-concave.

Now, for the other implication, given x € E, let us consider

ol —sup{(ZHszuq) : (im!q); <fel}.

=1

If M) (T') denotes the g-concavity constant of 7', then for (z;);-, in E, we have

() <mar| (£

In particular, for all x € £
T[] < p(z) < Mg (T)|]].

Moreover, p is a lattice semi-norm on E. Indeed, for any x € E and A > 0 it is clear that
p(Az) = Ap(x). In order to prove the triangle inequality, let z,y € F and z = |z| + |y|, and
denote I, C F the ideal generated by z in E, which is identified with a space C(K) in which z
corresponds to the function identically one [18, 11.7]. Now, for every ¢ > 0 let zy,...,2, € E

n 1
such that (}"[z]7)* < |z| and
i=1

1

) < ZHMH )+

Since z,y € I,, they correspond to functions f, g € C(K) such that |f(¢)| + |g(t)| = 1 for every

1

t € K. Similarly, z; corresponds to h; € C(K) with (Y7, |hi(£)[9)¢ < 1 for every t € K.
Hence we can consider
{ filt) = hi(t) £ (1),
g9i(t) = hi(t)g(t),
which belong to C(K) and satisfy (Y., |fi(t)|q)% < |f(t)| and (ZZL Lai(t) )% < |g(t)|. This

lg9(
means that we can consider (z;)7_, and (y;)7_, such that (Y1, |z;|? )q < |z|and (D7, || ) <
ly| in £, with z; + y; = 2;. Thus, it follows that

plr+y) <plr)+ply) +e,

and since this holds for every € > 0, the triangle inequality is proved.
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1 1
n q n q
Now, if |y| < |z|, then for any (z;)?_, such that (Z|$Z|q) < ly|, it holds that (Z|[L‘Z|q) <
i=1 i=1

|z|, hence for any such {x;}!, (ZHTm,Hq) ' < p(x). This implies that p(y) < p(z).
i=1

Let V denote the Banach lattice obtained by completing E/p~!(0) with the norm induced
by p. Let ¢ denote the quotient map from F to E/p~1(0), seen as a map to V. Now, for x € F
let us define S(¢(z)) = T'(z). Since ||Tx| < p(x), S is well defined and extends to a bounded
operator S : V' — X, such that T'= S¢.

Now, let (z;)", in E. For every ¢ > 0 and for every i = 1,...,n there exist {y;};“:l in F

1
such that (Z?;l |y}|q)q <|z;| and

k k 1 ki

q C i Eq

plat =sup { STl s (i) < bl < Y hrugle+ =
i=1 i=1

j=1

for every + = 1,...,n. Therefore, we have

(i:ilp(asi)q)‘l’ < p((zm)) ‘e,

and since this holds for every & > 0, the normed lattice E/p~'(0) is g-concave; hence, the same
holds for its completion V. 0

Since the lattice V' constructed in the proof depends on the operator T': £ — X and ¢, we
will denote it by V7, whenever needed. Similarly we will denote pr for the expression defining
the norm of V.

Remark 1. Note that Vp, has g-concavity constant one. In particular if £ is g-concave and
T = idg is the identity, then Vp, is the usual lattice renorming of £ with g-concavity constant
one.

Remark 2. In [8], it was proved that an order weakly compact operator T' : E — Y (i.e.
T|—x,z] is relatively weakly compact for every x € E,) always factors through an order
continuous Banach lattice F'. The Banach lattice F' is constructed by means of the expression
|lz||F = sup{||Ty| : |y| < |z|}, for x € E, which yields a Banach lattice in the usual way. Notice
that if T : E — Y is g-concave, which implies being order weakly compact, then ||z||r < pr(x),

hence we can consider a natural map Vr, -~ I such that we can factor T as follows:

T

E Y
/| B
VT,q(;) F

Moreover, F' coincides with Vi, so in a sense the previous Theorem is an extension of [8,
Thm. 1.2].

The factorization given in Theorem 1 is in a certain sense maximal, as the following Propo-
sition shows.

Proposition 2. Let T : E — X be a g-concave operator. Suppose that T factors through
a g-concave Banach lattice V' with factors A : E — V and B : 'V — X, such that A is a

lattice homomorphism whose image is dense in V, and T = B o A. Then there is a lattice
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homomorphism u : vV — Vg such that $ =uo A and Sou = B.

E T X
\ /
p 4 s
u |
Y
Vig

Proof. Let us define for z € E, u(A(z)) = ¢(x). Notice that, since A is a lattice homomorphism,

n
for {z;}"_, in E, such that (Z|ml|q) < |z|, we have
i=1

(iiluTxiuq)‘l’ _ (iilnBAxinq); < 131 Slanlr) " < 1810 (17) (;":JA@»W);H
A((Sha)") | < 18130 1) LA

= || Bl| My (Iy)

Therefore,
[u(A(@))|| = |o(x)|| = pr(z) < | Bl|Mg) ()] A(z)]-
Since A has dense image, the preceding inequality implies that u can be extended to a bounded

operator u : V. — V(7,), which is clearly a lattice homomorphism and satisfies the required
properties. [

There is an analogous version of Theorem 1 for p-convex operators, which could be considered,
in a sense, as a predual construction to that given in Theorem 1 (see Section 3).

Theorem 3. Let E be a Banach lattice, X a Banach space and 1 < p < oo. An operator
T : X — FE is p-convex if and only if there exist a p-conver Banach lattice W, a positive
operator (an injective interval preserving lattice homomorphism) ¢ : W — E and another

operator R : X — W such that T'= ¢R.

X

d E
N

W
Proof. Let us suppose p < oo. The proof for the case p = oo is analogous, with the usual
changes.

As in the proof of Theorem 1, [11, 1.d.9] yields one implication. For the non-trivial one, let
T : X — FE be p-convex. Let us consider the following set

k 1 k
S={yeE: |y < (Z |Txi|p) , where Z ||z:]|P <1 and k € N}.
i=1 i=1

We can consider the Minkowski functional defined by its closure S in £
|z|lw = inf{\ > 0: 2z AS}.

Clearly S is solid, and since T is p-convex, it is also a bounded set of E. Let us consider
the space W = {z € F : ||z]lw < oco}. We claim that for any zy,...,z, in W, it holds that
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k
(Z|Zi|p)1/p belongs to W and

i=1
k 1 n 1
p P
H(E !Zi\p) H < (E H%H%) :
i=1 w i=1

Indeed, given zq,...,z, in W, for every ¢ > 0 and for every ¢« = 1,...,n there exist \; with

2 € NS, such that
517

)\fginf{up: zie,u?}—l——

foreachi=1,...,n.
This means that for every i = 1,...,n, and for every § > 0 there exists y? in E with
“Zz - nyE < 57 and

mi.s

il < (Z\Tx” ) ,

where {3:“5} 7 satisfy
mis

(Zux” ) <

for each 2 =1,...,n, and each § > 0.
Now, for each § > 0 let

S =

Wy = (Z \yf ’p)
i=1
Notice that

n
<> = ylle < né.

n 1 n
() =], < (5 -r)],
=1 =1

Moreover, note that for every 6 > 0, ws belongs to (Z)\p ) S. Indeed,

us] = (Zm) (ZmDT ) ,

=1 j5=1

and - L
(xwr) < (S0)
=1 j=1 =1

n

1
Hence, (Z\zi|p> (Z)\p ) S. Therefore, it follows that

=1
L v
(1)
=1

{0 (i‘zi’py €4S} < (ij?)i
< (ié(inf {'up; 2 € MS} + 6p)> (ZHZsz );

Since this holds for every € > 0, we finally have

n 1 n 1

P p

H(§ Izz-l”) H < (E ||Zz‘||€v> :
i=1 w i=1
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It follows that the Minkowski functional ||.||y is a norm on W. Indeed since S is bounded,
|z| — _lyl
l=llw = lyllw?

. Since ||u|lw = ||v[lw =1, a, 8 > 0 and a + = 1 we have

|z|lw = 0 implies z = 0. Moreover if z,y € W are non zero, set u =

_ _ =llw _ llyllw
a = ) B -

lzllw+lyllw lzllw+lyllw

I+ yllw < 1l + 1yl lw = (e + gl o+ Gollw < (lallw + lyllw)ll @ + 56y
1

< (el + lyllw)allulfy + Bllel?)? = el + llylhw

Therefore, (W, || - |lw) is a p-convex normed lattice. We claim that W is complete, and hence
a p-convex Banach lattice. Indeed, let (w;)2, be a Cauchy sequence in W. Since for every
z € E it holds that

21l < MP(T)||2lw,

it follows that (w;)$°, is also a Cauchy sequence in E. Let w € E be its limit. Notice that since
w; are bounded in W, there exists some A < oo such that w; € AS for every i = 1,2,... and
since S is closed in E, we must have w € AS. Thus, w belongs to W, and we will show that
(w;)$2, converges to w also in W. To this end, let € > 0. Since (w;)$°, is a Cauchy sequence,
there exists N such that w; —w; € £S when 1,7 > N. Thus, if i > N we can write

w—wi:(w—wj)+(wj—wi)
for every j € N, and letting j — oo we obtain that w — w; € €S. This shows that w; — w in

W, and hence W is complete, as claimed.
Clearly, by the definition of W we have

1Tx||w < ||z x

for every x € X. Moreover, as noticed above it also holds that ||z||z < M®(T)]||z|w for each
z € E| therefore the formal inclusion ¢ : W — FE is clearly an injective interval preserving
lattice homomorphism, and we have the following diagram

T

NS

w
where R is defined by Rx = Tz for x € X. This finishes the proof. 0

As with the Banach lattice constructed in Theorem 1, we will denote by Wy, the Banach
lattice obtained in the proof of Theorem 3.

Remark 3. The operator ¢ : Wpr, — E constructed in the proof is an injective, interval
preserving lattice homomorphism. Moreover, it satisfies that the image of the closed unit ball
©(Bwr., ) is a closed set in E. This let us introduce the class C consisting of operators T': £ — F
between Banach lattices which are injective, interval preserving lattice homomorphisms, such
that the image of the closed unit ball T'(Bg) is closed in F. The importance of this class will
become clear next.

Remark 4. Note that if T': X — E is p-convex, then it is also p/’-convex for every 1 < p’ < p.
Hence, if we consider the factorization spaces Wr, and Wr, it always holds that

WTJ,/ — WT,}D’

with norm smaller than or equal to one.
Indeed, this follows from the following two facts. First, the set

k 1 k
S—{yek: |y < (DTW) Cwith 3l < 1)
=1

=1
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can be equivalently described by

-

k 1 k
S={yeFE: |y < (Zai]Twi]p) , with ||lw;|| < 1,a; > O,Zai =1}

i=1 i=1

k
Furthermore, for 1 < p’ < p, and a; > 0 with > a; = 1 it always holds that
i=1

k N k 1
(Zaimwm’) < (Zaim,p) .
=1

i=1
Hence the unit ball of Wr,, is contained in that of Wr,.

Remark 5. Wr,, has p-convexity constant equal to one. If ' is already p-convexand T': £ — E
is the identity then Wr, is a renorming of £ with p-convexity constant one.

As for Proposition 2, the construction of Theorem 3 is in a sense minimal.

Proposition 4. Let T : X — E be a p-convez operator, such that there exist a p-conver Banach
lattice W and operators A : X — W and B : W — E with T = BA and B belonging to the
class C. Then there exists an operator v: Wrp, — W such that vR = A and Bv = ¢.

X 4 E
\ /
R WA/ P
| v
|
Wr.,

Proof. Let us define v. Let y € Wy, with ||y|lw,, < 1. By definition, there exists a sequence
(yn)o2, in E such that y,, — ¢(y) in E, and for each n € N,

En 1
vl < (Y171’
=1

with 32 |lz7|[% < 1. Notice that since B is a lattice homomorphism

(S mar) = (S ipasr)’ = 5(( Y 1aar)’),
=1 i=1 =1

where (Zf;l |Am?|p> ’ belongs to w. Hence, since B is interval preserving there exists w,, € w

1

with |w,| < (Zf;l ‘A.ﬁlﬁﬂ”)E such that B(w,) = y,. Notice that since W is p-convex and

Zf;l |lzi||% < 1, for every n we have

kn 1
hnliy < || (D 14w21)”
=1

Now, since the image of the unit ball of W under B is closed, and B(w,) = y, converge to

o(y) € E, there exists w € W with |wllz < MP(I)||Al| such that B(w) = ¢(y). Moreover,
this element is unique because B is injective. Let us define v(y) = w.

kn )
<M<p>1~( A”p)p<]\/[(p)[~ Al
= < MP(Iy) ;H zi||P)" < MP (L) | Al

It is clear, because of the injectivity of B, that v : Wy, — W is linear. Moreover, by the
previous argument v is a bounded operator of norm less than or equal to M® (I)||Af. It is
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clear by construction that B ov = ¢. Moreover, since BoA=T =¢poR=BovoR and B is
injective, we also get that A = v o R as desired. This finishes the proof. U

Remark 6. Notice that the factorizations given in Theorems 1 and 3 also make sense in the
more general context of quasi-Banach lattices and for p-convex or g-concave operators with
p,q € (0,00) (not necessarily p,q > 1). It can be seen that in these cases, the factorization
spaces are quasi-Banach lattices which need not be locally convex, except in the case when
p>1

3. DUALITY RELATIONS

In this section we show the precise relation between the Banach lattices constructed in the
proofs of Theorems 1 and 3. Namely we will prove the following

Theorem 5. Let T' : X — E be p-conver. By Theorem 3, T' can be factored through Wr,,;
moreover, since T* : E* — X™ is q-concave for 117 + é =1 (see [11, Prop. 1.d.4]), T* can also
be factored through Vi« 4. It holds that:

(1) Vi 4 is lattice isometric to a sublattice of (Wr,)*,

(2) Wr,, is lattice isometric to a sublattice of (Vs 4)*.

Moreover, under this identifications Vi« , is always an ideal in (Wr,)*, and if E is order
continuous Wr,, is an ideal of (Vi« ,)*.

We need some preliminary lemmas first.

Lemma 6. Let £ be a Banach lattice, x,y € E,, x Ny =0, and z* € E}. There erist u*,v*
in B such that z* = u* +v*, u* Av* =0 and

{ (z*, ) = (u*, x)

(=% 9) = (v, )
Proof. By [15, Lemma 1.4.3], there exist z*(x) and 2*(y) in E7 such that

(z*(x),u) = (z*,u) forallue E,

{ (z*(x),u) =0 for all u € {x}+

(z*(y),u) = (z*,u) foraluekE,

(z*(y),u)y =0 for all u € {y}*
where E, denotes the principal ideal generated by z in E, and {z}* denotes the orthogonal
complement of z (i.e. {z}* ={u€ E:uAz=0}).

Moreover, without loss of generality we can assume that z*(z), z*(y) < z* (simply consider
z*(x) A z* and z*(y) A z*), and that z*(x) A z*(y) = 0 (consider z*(x) — z*(z) A 2*(y) and
2*(y) — 2*(x) A z*(y)). Let then P be the band projection onto the band generated by z*(z) in
the Dedekind complete Banach lattice E* and ) be the complementary band projection. Then

set u* = Pz*, v* = Qz*. O
Lemma 7. Let E be a Banach lattice. For any 2* € EY, and x1,...,x, € K, there exist
xy, ..., @, i By, such that z* = zn:x;‘, r; Nxy =0 fori#j, and

. n n

(2", \/mz) = Z(xf,xﬁ

i=1 =1

Proof. Given z,y € F,, Lemma 6 applied to z — 2z Ay and y — x Ay yields the result for n = 2.
An easy induction on n completes the proof. [l
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Recall that given a set A in a Banach space X, the polar of A is the set A° = {z* € X* :
|(z*, )| <1, Vo € A}. Similarly, for a set B in X*, the dual of a Banach space X, the prepolar
of B is the set By = {z € X : |[(z*,x)| <1, Vz* € B}.

Lemma 8. Let T : X — E be p-convex, and let

k 1 k
S={yeE: [yl < (Z|Ta:i|f’> L with Y [lwlP < 13,
=1 i=1

Since T* : E* — X* is q-concave (with zlo + % = 1), we can consider pr«, the seminorm
which induces the norm on Vp- 4 (see Theorem 1). Hence, we can also consider the conver set
U:={y* € E*: pr«(y*) < 1}. Then

5'=u,

where S denotes the closure of S in E.

Proof. First of all, we claim that S C Uj.

Indeed, let y € E be such that |y| < (E\Txi\p> with > |jz;||? < 1. For every y* € E* such
i=1 ;

=1

3=

that pr«(y*) < 1, we have:

)l < ('l (gmp)%

= (ly*[,sup {Z%T% DY ai]? < 1})
i=1

i=1

N n n
=sup{<|y*|, V (ZarTxi) St <1, m=1,... N, NeN}.
=1

m=1 \i1=1

Where we have made use of [15, Cor. 1.3.4.ii)] in the last step.
Now, by Lemma 7, there exist (y;,)_; pairwise disjoint elements of E% such that |y*| =

Zﬁzl Y and

N n N n
ERY; (Za;%) =S e Ty,
m=1 =1 m=1 =1

N
Therefore, setting zF = a™y* . we have
bl 1 (A m?

m=1

(lyl, \7 <n1a£"T:cz-)> < (i_iHT*z;Hq);<i_fl|yxiy|p);.

m=1 \i=

1
Note that, since (y;,)_, are pairwise disjoint we have that (> 7, [27]?)? < SN vk =
1
ly*|. Since pr«(y*) < 1, this implies that (Y7, [|[T*z7]|9)¢ < 1. Therefore, for any y* with
pr-(y7) < 1,

1

q % n P n
) (ZHxin) :Z|a§”|q§1,m:1,...,N,NeN}
=1 =1

N
1™ ( > aé"%)
m=1

i=1

ol <sw{ (£
< 1.

This means that y € Uy. Since Uy is closed, this proves that S C U as claimed.
Therefore, it follows that (U)° C 5°. So in particular, U € S".
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Let us prove now the converse inclusion (go C U). Given y* € 5", we want to show that
pr+(y*) < 1. To this end, let yf,...,y; be elements in E*, such that

(Zm |q) <y

Notice that since .S is solid, then so is 5% In particular, |y*| € S° whenever y* e 5.

k
Now, for every € > 0 there exist z1, ...,z in X, such that ) ||z;||? <1, and
i=1

k
(ZHT*y:uq) < rZ Ty w)] .
=1

Moreover, by [11, Prop. 1.d.2] we have

k k 1
S Ty = rZ i T < | (Zryz rq) (Z|T:c@-|p)p> <1
i=1 =1

because |y*| € 5° Therefore, pT*(y ) < 1 for every y* € S°. This finishes the proof.
0

Remark 7. Note that the equality s'—vu proved above, yields in particular that U is weak*-
closed. Hence, by the bipolar theorem it also holds that S = Uj.

Now we can give the proof of Theorem 5.

Proof of Theorem 5. We stick to the notation of Theorems 1 and 3. Let us consider the inclusion
¢ : Wr, — E. Hence, we also have ¢* : E* — (Wr,)*. Notice that for every y* € E* we have

1" W) o,y = sup{{e" (W), v) « [yllw,, <1}
=sup{{y", () : y € 5}
=inf{A>0:y* € \S}
= pr+(y"),
by Lemma 8. Thus ker o* D p;'(0), which allows us to define
AL B0 — (W)
v+ (0) — ¢ (y")
Moreover, A can be extended to an isometry from Vp« , into (Wr,)*.

Furthermore, since the unit ball of Wy, is a solid subset of £, then ¢ is interval preserving
(ie. ©([0,2]) = [0, (x)] for € Wi ). Thus, ¢* is a lattice homomorphism (cf. [1, Theorem

1.35]). Now, for v € V-, we can consider a sequence (y) in E* such that limy* + p7!(0) = v

in Vp« 4. Hence, we have
AJv]) = lim A(Jy;] + p72(0)) = lim @*(|y,]) = lim " (y;)] = Lim [A(y;, + p7-(0))] = [A(v)].

Therefore, A is a lattice homomorphism, which implies that Vp«, is lattice isometric to a
sublattice of (Wr,)*.

In order to see that Vp« , is in fact an ideal of (Wr,)*, let y € (Wr,)* with 0 <y < A(z) for
some x € Vps .. Notice that x = lim ¢(x}) in Vp« ,, where (z7) belong to E*. Thus,

A(z) =lim A(¢(z),)) = lim @™ (x,).
If we denote y, = yAp*(x,,), then we clearly have that y,, tends to y in (Wr,)*. Moreover, since

¢ is a lattice homomorphism, by [1, Thm. 1.35], it follows that ¢* is interval preserving. Hence,
since 0 < y,, < @*(x}), for every n € N, there exists v’ € [0, z%], such that y, = ¢*(u}). Notice
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that ¢*(u}) tends to y in (Wp,)*. In particular, we have pp-(u) — u},) = ||¢*(u), — ul,)|| — 0
when n, m — oo, which yields that ¢(u) tends to some u* in Vz- ,. By construction, we obtain
that A(u*) = y, which implies that A is interval preserving. This shows that V-, is an ideal
of (Wr,)*, as claimed.

On the other hand, we can also define a mapping B : Wr,, — (Vp«,)*. Indeed, given y € S
and y* € E*, since S = Uy, we have (y*, p(y)) < pr-(y*). Therefore, for every y € Wy, and
y* € E* we get (y*,0(y)) < pr-(y*)|lyllw,, Hence, there exists a unique element B(y) €
(E*/p7(0))* such that

(y" +pr:(0), B(y)) = (v, ()
for every y* € E*. Clearly, B(y) is a linear functional which is continuous for the norm in
Ve« 4, thus, it can be extended to an element of (V- ,)*, with || B(y)llv;. ) < [ly[lwy., Hence,
B:Wr, — (Vp-4)* is a linear mapping which is bounded of norm < 1. Moreover, for y € Wr,,
we have

1B vy - = sup{{v, B(y)) : [[vllvy, < 1} = sup{{y", ¢(y)) : pr-(y*) < 1}

which is the value of the Minkowski functional of Uy = S at o(y). Hence,
1Bl e = Inf{A > 02 0(y) € AS} = [yl

This means that B is an isometry.
Moreover, for y* € EY and every y € Wr,, we have

(" + p72(0), [By)]) = sup{|(z* + p72(0), B(y))| : [=*| < y*}
= sup{[{z", o(y))| : [z"| < y"}
=", le)),

and since ¢ is a lattice homomorphism we have

(" + o2 (0), IB)I) = (", ¢(lyl)) = (" + pr-(0), B(yl))-
Since this holds for every y* € E7, we have that |B(y)| = B(|y|). Therefore, B is a lattice
homomorphism and the claimed result follows.
To prove the last statement, let u € (V- ,)* such that 0 < u < B(y) for some y € Wr,. We

consider ¢ : E* — Vp« , the operator induced by the quotient map. Since ¢ is positive, so is
¢* : (V= 4)* — E**. It holds that

Indeed, for every y* € E* we have

(0"(B(y)),y") = (B(y), o(y")) = (p(y),y").

Hence, ¢*(u) € [0, ¢(y)] in £**. However, if E is order continuous and ¢(y) belongs to E, then
we have [0, p(y)] C E. Moreover, since ¢ is interval preserving, there exists z € [0, y] in Wr,,
such that ¢*(u) = ¢(x). This implies that v = B(x), which means that Wy, is an ideal in
(VT*vq)*- O

Notice that the isometries A and B given in the proof of Theorem 5 may not be surjective,

as the following examples show. Moreover, if £ is not order continuous, Wr, may not be an
ideal in (V= 4)*.

Example 1. Let T : Lo(0,1) < L;(0,1) denote the formal inclusion. Clearly, for every 1 <
p < 00, T is p-convex. First, notice that the set

S={fe L1 < (Imar) SIAI <13,
=1 =1
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satisfies that S = {f € L1(0,1) : || f|lz.. < 1}. This implies that
WT,p = Loo(0> 1)'

On the other hand, if we consider the adjoint operator T* : L1(0,1)* — L (0,1)*, which is
p/-concave (for %+% = 1), then for f € L(0,1) = L(0,1)* we clearly have |7 f||z-. = |/ f]|z,-
From here, it follows that the expression

pr-(f) = sup{(z 7 il

trivially satisfies || f||r, < pr=p
While on the other hand, for f € L (0,1) and (f;)7, with (31, | £i[P)/P" < |f| we have

n 1 n 1 n 1
(S wmsn ) = ()" < | (2 1s) ™|,
=1 =1 =1

Thus, pr«(f) = || fllz,, which implies that Vp« ,, = Ly(0,1). Hence, the isometry A : Vi« ,y —
(Wr,)* given in Theorem 5 is not surjective.

L) () <u)

<l

Example 2. Let T : ¢, — {, denote the formal inclusion. Clearly, T" is co-convex. Moreover,
it is easy to see that the set

S={yels \y|<\/\yz! \/HyzHelél}

=1

satisfies S = B,,. Hence,
WT,oo = Co

On the other hand, let 7™ : ¢% — {7 be the adjoint operator, which is 1-convex. It is well
known that ¢, = ¢;* can be decomposed as

o= J) @ J(0)*,

where J (/1) denotes the canonical image of ¢ in its bidual, and J(¢;)* its disjoint complement.

Notice that every y € J(¢;)*, viewed as an element of £%_, satisfies y|., = 0. Indeed, for every
n € N, let e, denote the sequence formed by zeros except 1 in the n'* entry. For y € J(¢;)*,
by disjointness we have

0= {lylAJ(en),en) =inf{(y|,z)+ (e, ,z> : :c,z ell, x+z=-e,}
—1<I|1f|{k<l>y| ven) +1=A: A€(0,1]}
= (Y|, en

for every n € N, which clearly implies y|., = 0. In particular, for y € J(¢;)* we have

1T (W)l = sup{{T"(y),z) : = € b1, ||zl <1}
=sup{(y,Tx) : v € by, [lzfle, <1}
=0,

since Ta € ¢y C Ly for every x € £;. Therefore, for y € J(¢1)*, since J(¢1)* is solid, we have

prat) = s { 1Tl s Yl <lol} =0
=1 =1

While for y € J(¢;) we have

pre(y) = sup{z 1Tl - 3 luil < |y|} — iyl
=1 =1
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Hence, Vp«; = {1, which implies that the isometry B : Wr o — (Vp«1)* of Theorem 5 is not
surjective.

Ezample 3. Let T : {1 — ¢ be defined by T'(z1, 22, ..., Ty ...) = (1,81 + Ty oy Y py Thy - - -),
where ¢ denotes the space of convergent sequences of real numbers with the supremum norm.
Clearly, T is positive and p-convex for every 1 < p < co. Notice that the set

S={yecc:|y < (Z’T%’p ZH%H& S

i=1

contains the constant sequence equal to one, so since S is solid, S coincides with the closed
unit ball of ¢. Hence, Wr, = c.

Now, we can consider the adjoint operator 7™ : ¢* — (7, which is clearly g-concave for every
1 < g < co. Recall that ¢* can be identified with the space ¢;(N) in the following way: for an
element x = (zg,x1,...) in ¢1(N) and another element y = (y;,¥s,...) in ¢, we set

<.T, y> = Zo lim Yn + Z TnlYn-

n=1

Therefore, for a positive element x € ¢* we have

[T*x|le; = sup{(T*z,y) : [[ylle, <1}
= sup{(z, Ty) : ||lylls, <1}
> <.1’,T€1> = EZO:O Tn =

o for every positive x € ¢*. This implies that

2 (D) <t} =

Since ||T']| < 1, it holds that | 7"«

preq(w) = sup { ( Z Aty

which yields that V- , = c*.

Notice that, in particular, the operator ¢ : ¢ <— ¢ defined in Theorem 3 coincides with the
identity on ¢, and the operator ¢ : ¢* — ¢* defined in Theorem 1 coincides as well with the
identity on ¢*. Now, by the definition of the operator B : Wr, — (Vp«,)* in Theorem 5, it
follows that for every y € ¢ and y* € ¢* we have

(B(y),y") = (B(y), 9(y")) = {p(y), d(y")) = (¥, y")-

Hence, B = J, where J : ¢ — ¢** denotes the canonical inclusion of ¢ into its bidual. Now since
¢ is not order continuous, it follows that B(c) is not an ideal in (V- ,)*, and this shows that
the last statement of Theorem 5 does not hold without the assumption of order continuity on

E.

o=z

4. INTERPOLATION OF BANACH LATTICES

Throughout this section we will be using the complex interpolation method for Banach
lattices, hence we need to consider complex Banach lattices. However, our final results, which
are given in the next section, remain true for real Banach lattices by means of “complexifying”
and considering the real part after the interpolation constructions. Notice that the results
presented in the previous section work equally for both real or complex Banach lattices. We
refer to [15, Section 2.2] for the notion of complex Banach lattice.

Recall that a compatible pair of Banach spaces (X, X7) is a pair of Banach spaces Xy, X
which are continuously included in a topological vector space X. In the context of Banach
lattices, we will say that two Banach lattices X, X; form a compatible pair of Banach lattices
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(Xo, X7) if there exists a complete Riesz space X, and inclusions i; : X; — X which are
continuous interval preserving lattice homomorphisms, for j = 0, 1. In this way, the space

X()—f-Xl:{QZGXII:ZL‘O—I—JZl,WithIL‘OeXo, C(ZleXl},

equipped with the norm ||z|| = inf{||zo||x, + ||z1]|x, : * = xo + 21} is a Banach lattice which
contains Xy and X; as (non-closed) ideals.

Given a compatible pair of Banach lattices, (Xg, X1), for each 6 € [0, 1] we will consider three
different constructions:

(1) X;7%X? denotes the space of elements © € X, + X, such that
2] < Aol =[],

for some A\ > 0, 9 € X and z; € Xj, with [|zg]|x, < 1, ||z1||x, < 1. Notice that the
expressions of the form |f|'?|g|? can be defined in any Banach lattice by means of the
functional calculus due to Krivine (see [11, pp. 40-43]). The norm in this space is given

by

HZUHXéfeXle =inf{\ > 0 : |z < Ao ?)21| for some ||zo||x, < 1, [|l21]x, < 1}

(2) [Xo, X1]o denotes the space of elements © € X, + X; which can be represented as
x = f(0) for some f € F(Xo, Xy). Here F(Xy, X1) denotes the linear space of functions
f(z) defined in the strip Il = {z € C: 2z = v + 4y, 0 < 2 < 1}, with values in the space
Xo + Xi, such that

e f(z) is continuous and bounded for the norm of Xy + X; in II,
e f(z) is analytic for the norm of Xy + X in the interior of II,
e f(it) assumes values in X and is continuous and bounded for the norm of Xj,
while f(1 + it) assumes values in X; and is continuous and bounded for the norm
of Xl'
In F(Xo, X1) we can consider the norm || f|| #(x,,x,) = max{sup, || f(it)||x,,sup, || f(1 +
it)||x, }- The norm in [Xy, Xi]g is given by

HQZH[XO,Xﬂe = inf{Hfo(Xo,Xl) : f(e) = {E}

(3) [Xo, X1]% denotes the space of elements z € Xy + X; which can be represented as
x = f'(0) for some f € F(Xo, X1). Now F(Xo, X;) denotes the linear space of functions
f(2) defined in the strip Il = {z € C: z = 2 + iy, 0 <z < 1}, with values in the space
Xo + X1, such that

o ||lf(2)|lxerx, < (14 |z|) for some constant ¢ > 0 and for every z € I,

e f(z) is continuous in IT and analytic in the interior of II for the norm of Xy + X7,

e f(ity) — f(ity) has values in Xy and f(1 + it;) — f(1 + ite) in X; for any —oo <
t1 <ty < oo and

f(ita) — [f(ity) } < .
la — X

f(l+ity) — f(1 +ity)
to —t

)
X, tite

1l = mex {sup

l1,t2
The norm in [Xy, X;]? is given by

1]l o, 30 = L[] f I x0,x0)  1(0) = 2}

These spaces are Banach lattices provided that (Xo, X;) is a compatible pair of Banach
lattices. Moreover, [Xo, X1]g and [Xo, X1]? are always interpolation spaces, while X3 ?X? is
an intermediate space between X, and X; which is an interpolation space under certain extra
assumptions. We refer to [6], [9], [12], and [13] for more information on these spaces.

Next theorem extends a result of Sestakov [19], which was originally proved only for the case

of Banach lattices of measurable functions, showing how these constructions are related to each
other.
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Theorem 9. Let Xy, X; be a compatible pair of Banach lattices. For every 6 € (0,1) it holds
that

[X0,X1]e X0 x¢

[Xo, Xi]o = Xo N X, = XoN Xy ;
with equality of norms.

Before the proof of Theorem 9 we need the following.

Lemma 10. Let F : 11 — Xy + X; be a function in F(Xo, X1) of the form

N
F(z) = Z z e,
j=1

where § > 0, the \; are real, and x; € Xo N Xy. It holds that
1E©) xi-0x0 < 1F Lo

Proof. Let F : II — X, N X, be a function in F(X,, X;) of the form
N
F(z) = Z z e,
j=1

where § > 0, the \; are real, and z; € X, N X;. Let 2 = Zjvzl |zj|. We can consider the
principal (non closed) ideal in Xy N X; generated by z, equipped with the norm that makes it
isomorphic to a C'(K) space for some compact K (i.e. |ly|| = inf{\ > 0: |y| < Az}, cf. [18,
Chapter II. §7]). We clearly have inclusions

C(K) ‘—>X0ﬂX1 %XO‘i‘Xl,

which are bounded lattice homomorphisms. Moreover, since |z;| < z, we have x; € C(K), so
we can consider

N
Flw,z) = e’ Z zj(w)eM?,
j=1
as a function of w € K, and z € II. For each z € II, F(+, z) belongs to C(K). Hence, applying
6, §9.4, ii)], for any w € K we have

Foo 1-6 o0 0
Flw.0)] < [1—19 / |F<w,z’t>|uo<e,t>dt} [g [P 1+ 0.0 |

where 19 and pq are the Poisson kernels for the strip II, given by (see [6, §9.4]):

e~ sin 7l e ™ sin Tl
- 112 m(0,t) = — —rt]2”
sin® w6 + [cos 0 — e~ sin® 7w + [cos 0 + e~ 7]

Mo(ea t) =

Hence setting

+00 +oo
1 1
o) = 1 [ 1Pt 0, ad 1) =1 [ 1R+ 0.0,
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we find that ¢ and h belong to C(K). Indeed, for any w,ws in K, we have

400
g(wi) — g(w2)| < 155 [ |F(wr,it) — F(wa, it)|po(6, t)dt
+oo| N
< i 9 f Z zj(wr _xj(WQ))ei)‘jt 6_5t2u0(9,t)dt

+00N

6' f Z|£L'] w1 _$J(w2)| Mo(@,t)dt

—OO]

< ﬁ () — 2 (w2),

| /\

+o00
since f po(6,t)dt = 1—0 (see [6, §29.4]). This inequality together with the fact that x; belongs
to C'(K ) for j =1,..., N, proves that g € C(K). The proof for h is identical. Moreover,

“+o0o
5 J 1F(w,it)|po(0, t)dt

lgllx, =
Xo

+0o0
< 155 J I1F (W, it)]|x,p0(8, t)dt

+o0o
< ”F”]-'(Xo,Xl)li_e [ 10(0,t)dt

= 1 Fllx0.x0)5
and similarly
||h||X1 < ||F||.7:(X0,X1)'

Since |F(0)] < ¢'7%h? (in C(K), and thus in X, + X since Krivine’s calculous is preserved
under lattice homomorphisms), we have therefore

IE ()| x1-0x0 < 1F]l#(x0,x1)-
And the proof is finished. O

Proof of Theorem 9. If x is an element in X ﬂXl[XO’Xl]e, by the definition of the norm in

[Xo, X1]g, for every € > 0, we can take F' in F(Xy, X;), such that F(f) = z and

HFH]:(XO,Xl) < Hx”[Xo,Xﬂe +e.

By [9, Chapter IV, Thm. 1.1], we can consider a sequence (F},)> ; in F(Xy, X1), of elements
of the form
N
€5z2 Z xje)\jZ’
j=1

where z; € Xo N X; and \; € R, such that ||[F' — F, | #(x,,x,) — 0. Then we have
1En(0) = llix0,x100 = [[Fn(0) = F(O)l1x0,x11 < 1Fn = Fllzcxo.x) — 0.
By Lemma 10, for n,m € N we have
1E52(0) = Fn(0) | xi-0x0 < 1Fn = Eunll 7x0.x00 = 0,
when n, m — oo, and

[En(O) | x1-0xo < [ Fnllrcxoxny = 1FllFoox) < M2l + €

Therefore, F,(6) also converges to a limit in X5 XY of norm not exceeding ||z|(x,.x,], + €
However, since Xy ?X? and [Xy, X1]y are both continuously embedded in X, + X, it follows
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that  is also the limit of F},(6) for the norm of X} ?X?. Hence, z € X} X? and 2]l x1-0 0 <
|z |lixo,x1]o + €- Since this is true for all € > 0, we have
||37||X3‘9Xf < |2/l x0,x100-
We will show now that X} ?X? C [X,, X1]? and the inclusion mapping
Xo ' X] — [Xo, Xy’

is bounded with norm smaller than or equal to one. Indeed, let x € Xé_eXf be such that
|2l x1-0xs < 1. Then for every e > 0 we have g € X, and h € X such that ||g||x, < 1,
|h]lx, <1, and |z| < (14 ¢)g' %% in X, + X;.

Now, if Z denotes the (non closed) order ideal generated by ¢ V h in Xy + X7, then 7 can be
viewed as a space C'(K) over some compact Hausdorff space K. Since |z| < (14 ¢)g'~%h% in
Xo + X1, we can consider

(t)
t

10 = =0
which is well defined for all ¢ € K such that g( )h(t) # 0. This allows us to define
F@@:{ﬂ><f%02ﬂmww%a

0 in any other case.

H

Note that, since g,h < g V h, we have ||g||c(x), [|hl|cx) < 1; hence, for every z € 11,
sup |F(t,2)| < 1+e.
tek

Clearly, for z € II we can consider ¢(2) € C(K) defined by ¢(2)(t) = F(t,z). It is routine to
verify that the map

¢: 11 - C(K)
is continuous. We claim that it is analytic. Indeed, note that for every ¢t € K fixed, F(t,-) is

analytic on II. Hence,

o0 = Flt.2) = o [ T4

for every t € K, and for any circumference 7 of center z contained in II. Since this identity is
valid for every t € K, we get

" omi v §— 2

This means that ¢ : [I — C(K) is analytic.
Now, let us define

ﬂmaszm&m

for t € K and z € II, where =, is any path joining % and z, with all its points except possibly
z inside II. Note that since F is analytic in IT and sup|F'(t,2)] < 1+ ¢, for all z € II, F} is
teK

independent of the path ~,, so it is well defined. Therefore, we can define ¢; : II — B(K),
where B(K') denotes the bounded measurable functions on K, by

@@:ﬂu@=/¢@%



INTERPOLATION AND FACTORIZATION OF OPERATORS 19

for z € II. Since ¢ : 1m— C(K) is analytic, so is ¢ on H and clearly ¢, (I1 ) C C(K). Moreover,
191(2) = ¢1()llew) < (1 +e)|z — 2|

for z,2’ € II. Now, for any z in the border of II, let z, € II be such that z, — z. Since
|01(2n) — &1 (2m) lor) < (1 + €)|2n — 2|, we get that ¢1(z,) is a Cauchy sequence in C(K),
hence convergent to some ¢ € C(K). In particular for every t € K, ¢1(2,)(t) — 1¥(t) and since
b1 (2,) (1) = f7 F(t,&)d¢ we get that (t) f F(t,&)d¢. This 1mphes that ¢, (1) € C(K),
and

161(2) = 1(Z) o) < (1 + )z — 2|

for z, 2/ € Il. Thus ¢; : [ — C(K) is continuous.

Now, for u,v € R, and for every a € (0,1) let 7, be the path formed by the rectilinear
segments [iu, o + iu|, [ + tu, o + iv] and [« + iv,iv]. Hence, for every a € (0,1) and t € K
such that g(t)h(t) # 0

|Fi(t,iu) — Fi(tav)| < [ |F(t€)]dE

T FEEE A [ [P ONDE + [ IF(EE)IdE
<a(l4+e)+ 1 +e)gt)*h(t)*u—v|+ a(l +e)
(9()' h(t)*u — v[ + 22)(1 +¢).

IN

Thus, letting o — 07, we get

’Fl(t,ZU) — Fl(t,ZU)‘
ju =

< (L+e)g(t)
for t € K with g(t)h(t) # 0. Since the same inequality holds trivially if g(¢) = 0, we have that
|1 (i) — ¢1(iv)]

ju =

<(l+e)yg

in Xy. Analogously we have

[91(1 + iu) — @1 (1 + iv)|
u— |

<(1+¢e)h

in X;. Since Xy and X; are order ideals, it clearly follows that W € Xy and
|61 (1+iw) =1 (1+iv)] X,

lu—v]

Therefore, since 424 |Z:9 = ¢(0) = x, we get that x € [X, X;]% and

dz
(iu) — ¢1(iv)| |01 (1 + iu) — ¢ (1 + iv)|

|u — v lu — v

)
X WY

T I——— [sup } e

X1

Since this holds for every € > 0, we have proved that X} X? < [X,, X;]? is continuous with
norm smaller than or equal to one. In particular, we have an inclusion

1—6 6 2]
X() N XlXo X — XO N Xl[XO’Xﬂ

with norm smaller than one. Now, by [3], we have

[Xo0,X1]°

Xon X, = Xonx, ol

with equality of norms. This proves the theorem. U
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5. FACTORIZATION FOR OPERATORS WHICH ARE BOTH P-CONVEX AND Q-CONCAVE

In section 2, it was proved that every p-convex (resp. g-concave) operator factors in a nice
way through a p-convex (resp. g¢-concave) Banach lattice. However, if the operator is both
p-convex and g-concave, can this factorization be improved? It is well-known that if F is a
g-concave Banach lattice and F' a p-convex Banach lattice, then every operator 7' : £ — F'is
both p-convex and ¢-concave. Moreover, if an operator T : © — F between Banach lattices,
has a factorization of the following form

E F
d>i T’df
E, i o

where ¢ and v are positive, F g-concave, and F; p-convex, then T is both p-convex and
g-concave [10]. Hence, the following question is natural:

Can a p-convexr and q-concave operator T : E — F factor always in this way? According
to Theorems 1 and 3, this is true if the operator T': £ — F' can be written as T' = T} o T,
where T} is p-convex, and T; is g-concave. In fact, it turns out that the previous question is
equivalent to the following one.

If T : E — F is p-convex and q-concave, do there exist operators Ty and Ty, such that
T =T, oT5, where Ty is p-convex, and Ty is q-concave?

In general, the answer to this question is negative, as the following examples show.

Proposition 11. Let T : E — F be an operator from an oo-convexr Banach lattice (an AM -
space) E to a q-concave Banach lattice F' (@ < oo). If T can be factored as T = SR, with R
q-concave and S oo-convex, then T is compact.

Proof. If T': E — F has such a factorization, then by Theorems 1 and 3 we must have

FE F
¢l T<ﬁ
T
Vv w

where V' is g-concave, W an AM-space, and ¢, ¢ lattice homomorphisms.

Since ¢ and ¢ are positive and take values in g-concave Banach lattices, by [11, Prop. 1.d.9],
they are g-concave operators. Moreover, since both operators are defined on AM-spaces, by
[11, Theorem 1.d.10], ¢ and ¢ are g-absolutely summing.

Therefore, T = @ o (T} o ¢) is a product of two g-absolutely summing operators, hence it is
compact, because every g-absolutely summing operator is weakly compact and Dunford-Pettis
(cf. [2, Cor. 8.2.15]). O

Example 4. The formal inclusion T : C(0,1) < L,(0,1) is g-concave and oco-convex, but it does
not factor as T' =T} o Ty, with T7 oco-convex, and T3 g-concave.

Proof. Since T is positive, it is g-concave and oo-convex by [11, Prop. 1.d.9]. However T is
not compact since the closure in L,(0, 1) of the unit ball of C'(0,1) contains the Rademacher
functions. O

By duality, Proposition 11 immediately yields the following.

Corollary 12. Let T : E — F be an operator from a p-convex Banach lattice E to a 1-concave
Banach lattice (an AL-space) F. If T can be factored as T = SR, with R 1-concave and S
p-convex, then T is compact.
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A different argument can be used to see that the formal inclusion i : L,(0,1) < L,(0,1) with
1 < g < p < oo (which is clearly p-convex and g-concave) does not factor as i = ToT; with T}
g-concave and Ty p-convex. First we need the following lemma:

Lemma 13. Let 1 < ¢ < p < oo. There is no disjoinlness preserving nonzero operator
T:L,0,1) — L,(0,1).

Proof. Assume f :=Th # 0 for some h € L,(0,1) with ||h||, =1. If U : L,(0,1) — L,(0,1) is
a linear isometry such that Uxjo1) = h, then S :=TU is also disjointness preserving. For each
n € N, let us consider the partition {0, %, %, ..., 1}. Notice that for each n € N there must
exist k, < n such that
/]
15Oz s llp 2 77

Otherwise, by the fact that S is disjointness preserving, we would have

||f||—HZSx[kw ||—(Z||5x[m ) < (Z”f“) — 1.

which is clearly a contradlctlon
Hence, since [|xpx=1 &l =
n n

for every k =1,...,n, we have

[ P %

nl/p  nl/p—1/q

nl/q

1S (X n=t )l > X Eazt o llg-

Therefore, since ¢ < p, for n large enough we get a contradiction with the fact that S is
bounded. O

Recall that given a Banach lattice ' and a Banach space X, an operator T : £ — X is called
AM-compact if T[—z, x] is relatively compact for every positive z € E.

Theorem 14. If a lattice homomorphism T : L,(0,1) — L,(0,1) (¢ < p) can be factored as
T =TT, with T} g-concave and T p-convex, then T is AM-compact.
Proof. Suppose that we have

T

L,(0,1) L,(0,1)

X

with 7T} g-concave and T5 p-convex. Hence, by Theorems 1 and 3 we have

T

L,(0,1) L,(0,1)

where V' is g-concave, W p-convex, and ¢, ¢ are lattice homomorphisms. Now, by Krivine’s
Theorem ([11, Theorem 1.d.11]) we can factor

L,(0,1) ’ 1% W 7 Ly(0,1)

M % RLU%

Lq(ﬂ)

where ¢; and ¢; are still lattice homomorphisms. Therefore, we can consider the closure of
$1(Ly(0,1)) in L, (1), which is lattice isomorphic to some L, (1), and the quotient L, (v)/ ker(ys)
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which is lattice isomorphic to L,(7) for certain measures z and v. Thus, we can consider the
following diagrams:

L, 1)

(0,1) o Ly(p) L,(v) i L,(0,1
&\L (~/ \L (~)%
g\ p(V

Now, let R : L,(1) — L,(v) be defined by R = mp1S¢ei. It follows that R is a lattice
homomorphism. Indeed, given z € L,(j1), we can consider (z,,) in L,(0, 1) such that b1 (xn) — @
in L,(x). Since T is a lattice homomorphism T'(|z,|) = |[T'x,| for every n, and since 5 is an
injective lattice homomorphism we get that Roy (|z,|) = |Ré1(z,)|, and by continuity and the
fact that ¢, is also a lattice homomorphism, we achieve R(|z|) = |R(z)|.

Hence, considering the quotient by ker(R) we can factor R through an injective lattice homo-
morphism from some L, space to an L, space. By considering the diffuse and atomic parts of
these spaces we can decompose them as L,(0,1) @ ¢, and L,(0,1) & ¢, (lattice isomorphically).
Accordingly, every operator between them can be decomposed into four parts acting between

each of the summands, that is R = ( R Fa ) with

R21 R22
R11 : Lq(O, 1) - Lp(O, 1) R12 : Eq - Lp(O, 1)
Ry 2 Ly(0,1) — £, Roy i by — 1.

Clearly if R is a lattice homomorphism, so are R;;, and since the intervals in ¢, and ¢, are
compact, we have that Ris, Ro; and Rsy are AM-compact. Finally, by Lemma 13 we see that
Ry1 has to be the zero operator. This finishes the proof. O

Ezample 5. For 1 < ¢ < p < oo, the formal inclusion i : L,(0,1) — L,(0,1) cannot be factored
as ¢ = TyT7 with T} g-concave and T5 p-convex.

Proof. Since i is positive, by [11, Prop. 1.d.9], ¢ is ¢g-concave and p-convex. Moreover, since
i+ Ly(0,1) — L,(0,1) is a lattice homomorphism and it is not AM-compact (consider for
instance the Rademacher functions), by Theorem 14, we conclude that it cannot be factored
as ¢ = Ty, with T} g-concave and T, p-convex. O

Despite these facts, as an application of the results of section 4, we have the following
factorization for operators which are both p-convex and g-concave.

Theorem 15. Let E and F be Banach lattices, and let T : E — F be both p-convex and
q-concave. For every 6 € (0,1) we can factor T in the following way

T

FE F
Jon) J/ T Yo
Ey o Fy

where ¢g and pg are interval preserving lattice homomorphisms, Ey is (145)-concave, and Fy is

(m)—conveaa

Before the proof, we need the some lemmas first. Recall, that given a Banach space X, and
1 < p < o0, £,(X) denotes the space of sequences (z,) of X such that (||z,| x) belongs to £,.
This is a Banach space with the norm

00 1
I oo = (D leallk)”
n=1
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In order to keep a unified notation, for p = 0o, £ (X) will denote the space of sequences (z,,)
of X such that (||z,||x) belongs to ¢y, equipped with the norm

[(@n) e ) = P [[20 ]|

Notice that this space is usually denoted co(X) in the literature.
Analogously, given a Banach lattice £, and 1 < p < oo, E(¢,) denotes the completion of the
space of eventually null sequences (x,,) of E' under the norm

n 1
sup || (Slei?) |, i1 <p < o0,
Ia)llp@) =9 ™ i
sup|| V |z if p = 0.
i=1 E

The following lemma consists of standard results. In the case of Banach lattices of measurable
functions, this can be obtained from [5, Theorem 3|, however, in general we cannot use the
measurability tools and thus some functional calculus needs to be carried out.

Lemma 16. Let (F,G) be a compatible pair of Banach lattices, let r,s € [1,+00] and § € (0,1).
For =18 4+ 8 we have:

t T s’
(1) £,(F)'70,(G)? = ¢,(F*7°G?), with equality of norms.
- 1-0 0 1-6 20
@ LEnL@ " = gFae
(3) the mcluszon F(f”)1 G — F1=0GO((1) is bounded of norm < 1.
(4) E()'PE(,)? = E({,), with equality of norms.

We skip the proof of the lemma and proceed with the proof of the main result.

Proof of Theorem 15. Since T' is p-convex, it can be factored through a p-convex Banach lattice

7 as in Theorem 3:
E A F
N
A

where ¢ : Z — F is an injective interval preserving lattice homomorphism, and Rx = Tz for
all z € E. Therefore, (Z, F') can be considered as a compatible interpolation pair of Banach
lattices, and we can interpolate T' : £ — F and R : E — Z by the complex method of
interpolation (see [6]) with parameter 6, (thus, we complexify E and Z if they are not complex
Banach lattices) and we get a Banach lattice Fp = [(Z, F)]y, and an operator Ty : E — Fp.
Moreover, since ¢ is an inclusion, Fj is also continuously included in F'. Let us denote this
inclusion by ¢y : Fy — F.

We claim that Fjy is py convex, with pie = g + 1—19, that is py = 9+(1+9)p
that if Z is p-convex then F'=Z% is py-convex. This is because for any positive operator S it

holds that

. Indeed, first notice

(o] ™|21|”) < (Slwol)' = (Sl )’

This implies that for any positive operator S acting simultaneously from Xj into Yy and from
X, into Y; the interpolated operator S : Xé_eXf — Y01_9Y19 is bounded. In our particular case,
(see the discussion following [11, 1.d.3]) for every n € N, we have operators

I, (M(F) — F(m) L, 00(2) — Z()

(X1, xy) — (T, x) (T, 2n) — (T1,...,2p)
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which are bounded uniformly on n € N. Since they are clearly positive, by the previous remark
the following operators are also uniformly bounded

L )02 — Fe)-z()
(X1, ..y T) — (T1,..., %)
Using (1) and (3) of Lemma 16 we get that the operators
L (FIG) — GF)=e(2)Y — FE)2@)y — o6,

(X1, .oy ) — (X1, ) o (m,.,x,) —— (T1, ..., Tp)

are also uniformly bounded on n. This means that F'=G? is pg-convex. Now, by Theorem 9,
1-6 6

Fo=FnN ZF d , and since F'N Z is a sublattice of F179Z% F, is also pg-convex.
Now we claim that Ty is (7%5)-concave. Indeed, since T : I — Fis g-concaveand R : £ — Z
is oo-concave, the following maps are bounded:

T:E(t) — £,(F) R:E(ly) — (5(2)
(

(x1,m9,...) — (Tx1,Tx9,...) (x1,%9,...) +— (Rxy,Rxs,...)
Therefore, the interpolated map
Ty : [(E(Ly), E(lxo)))o — [(£4(F), (so(Z))]g
is also bounded (cf. [4] or [6, §4]). Note that by Theorem 9 and (4) of Lemma 16, we have
)

E(lg)' "B (ls)’

E(lg)'~° E(loo)’

[(E(lg), E(€))]o = E(£g) N E(ls) = B(ly) = E(lg);
where qie = % + 1%9‘ And by Lemma 16, we have the identity
Ly (F)' =% (2)? _ pl-6y6
[(€(F), oo (2))]0 = £y(F) N Loo(Z) =Ly (FNZ ) = Loy (Fo),
with equality of norms. Therefore, the map Ty : E({,,) — £, (Fy) is bounded, which means
that Ty is gp-concave (g = 175)-

Hence, we can now apply Theorem 1 to Ty : F — Fy, and we get the factorization

Ty

N

Ey

E

Fy

through the gy-concave Banach lattice Fy. Therefore, T' can be factorized as claimed. O

Remark 8. It is easy to see that in the case when the spaces F and F' are real Banach lattices,
after complexifying and making the previous argument, the obtained operators are all “com-
plexified” operators, i.e. Tc(x + iy) = T'(z) + iT(y). Hence, by considering the restriction to
the real part in each space, we obtain the same factorization result for real Banach lattices.

6. CONNECTIONS WITH KRIVINE’S THEOREM

Recall the classical result proved in [10]: Given Banach spaces X, Y and a Banach lattice
E, itT) : X — E is p-convex and T : E — Y is p-concave, then 15T} factors through L,(u)
for certain measure p. We remark that the factorization Theorems 1 and 3 allow us to reduce
Krivine’s theorem to the following purely lattice theoretical version:

Lemma 17. If W,V are quasi-Banach lattices with W p-convex and V' p-concave, then every
lattice homomorphism h : W — V' factors through some space L,(1), and the factors are lattice
homomorphisms.
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Proof. We may assume by renorming that the p-convexity constant of W, resp. the g-concavity
constant of V', are equal to one (see Rem. 1 and 5). Notice that by an elementary p-concavification/
convexification argument (see [11, pp. 53-54]), the proof of the Lemma reduces itself to the
case p = 1 (this is because a lattice homomorphism h : W — V' is bounded if and only if it
is bounded between the p-convexifications h : W® — V®)_ In this case, Krivine’s argument
becomes transparent: indeed, let us consider

Fi={xeW:|z|lw <1} and F, = h’l({y eV :y>0and |yllv > |h]})-

Clearly, both sets are convex and satisfy F; N Fy = (). Hence, by Hahn-Banach’s Theorem we
can find a functional f € W* such that f(x) <1 for each z € F; and f(x) > 1 for each x € F.
Thus, f is positive and for x € W we have mﬂh(:v)ﬂv < f(lz]) < [|z]|w-

This allows us to define a seminorm on W by x +— f(|x|) which induces a lattice norm norm
on the vector lattice W/{z € W : f(|z|) = 0}, the completion of which (for this new norm) is,
by Kakutani’s theorem [11, Theorem 1.b.2], isomorphic as normed lattice to a space L;(u) for
a certain measure p. Moreover, if m denotes the map W — L;(u) induced by the quotient map
W — W/{z e W: f(Jz|) = 0}, we have

1
TpIA@Ily < @)l < el

This means that we can factor

W L v
N4
Li(p)

where 7 and & are lattice homomorphisms and £ is defined so that (7 (z)) = h(x). O

Now, let T} : X — E be a p-convex operator and 75 : ' — Y be p-concave. Using Theorems

1 and 3 we have
T Ty
X FE Y
AN
w %4

where W is p-convex, V' p-concave, and ¢, ¢ are lattice homomorphisms. This diagram shows
clearly how Krivine’s theorem can be obtained from the previous Lemma.

Remark 9. The same argument plus a standard application of Maurey’s Theorem [2, Theorem
7.1.2] yields that if 7} : X — E is p-convex and 75 : F — Y is ¢g-concave, with p > ¢, then
15T can be factored through the canonical inclusion ¢ : L,(p) — L,(u) for a certain measure
o (this was essentially proved in [17, Sec. 2, Corollary 7] when Y is reflexive).

In a similar direction, as another application of Theorem 9, we have the following result
(compare with [17, Sec. 3, Proposition 2]).

Proposition 18. Let T : X — E be p-convexr and S : E — Y g-concave. For every 6 € (0,1)
we can factor ST through a Banach lattice Uy which is pg-convex and gg-concave (with as usual

be = m and qp = ﬁ)-

Proof. By Theorem 3, we can factor T" in the following way, where W is a p-convex Banach

lattice and 7 a positive operator:

w
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Moreover, since S oi : W — Y is g-concave, by Theorem 1 we have the lattice seminorm
psoi which is continuous with respect to the norm in W (psoi(z) < My (S o 7)||z||w), and such
that W/pgl.(0) with the norm that pg,; induces becomes a g-concave Banach lattice, such that
S o i factors through it. But, since W is p-convex and pg(0) is a closed ideal, it follows that
W/ pse:(0) with its quotient norm is also p-convex.

We can consider Xy = W/pgl(0) with its quotient norm, and X; = W/pgl(0) (the comple-
tion under pgo;) with the norm induced by pg.;. Note that, for all y with pge;(y) = 0, we have
that

psoi(T) = psoi(x +y) < Mg)(S )|z +yl.
Thus,

2], = psoi(x) < Mg)(S o i) inf{{[z +yl| : psei(y) = 0} = M(g)(S o 1)[x[|x,,

which means that the inclusion X, < X; is bounded of norm less than or equal to < M.
Therefore, we can interpolate X, and X;. Since X is p-convex and X; is g-concave, by [16]
we get that Uy = Xé_aXf is pgp-convex and gy-concave. The following diagram illustrates the

situation:
s

N~ A
|

Xo—— XX X,

O

Remark 10. A similar result to Proposition 18 was also given in [17, Sec. 3, Proposition 2] for
interval preserving lattice homomorphisms from a p-convex to a g-concave Banach lattice with
essentially the same proof. The idea of using interpolation to produce this kind of factorization
has been initiated both by S. Reisner in [17] and, in parallel, by T. Figiel in [7] using the real
method of interpolation.

Corollary 19. If T : E — E is p-convex and q-concave, then T? factors through a pg-convex
and qg-concave Banach lattice. In particular, it factors through a super reflexive Banach lattice.
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