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ABSTRACT. It is proved that every positive operator R on a Banach lattice F
dominated by a strictly singular operator T' : E — FE satisfies that the fourth
power R* is strictly singular. Moreover, if F is order continuous then the square
R? is already strictly singular.

INTRODUCTION

A classical question in the setting of positive operators between Banach lattices
is the “domination problem”: if R and T are positive operators between Banach
lattices E' and F', such that R < T : E — F, what properties of T" does the operator
R inherit?

Recall that for compact operators P. G. Dodds and D. H. Fremlin [5] proved that
if £ and F' are Banach lattices, such that E* and F' are order continuous, then
0< RZT:FE — F with T compact implies that R is also compact. In the same
direction, A. W. Wickstead showed in [18] that if E* or F are order continuous and
T is weakly compact, then R is also weakly compact. In addition, N. Kalton and P.
Saab proved in [11] that if F' is order continuous and 7" is Dunford-Pettis, then R is
also Dunford-Pettis.

In the particular case that £ = F, hence R and T are endomorphisms on FE,
it is interesting and useful to study whether some power of R inherits properties
of T', under no assumptions on the Banach lattice E. This is called the “power
problem” relative to a certain operator class. This approach was developed by C. D.
Aliprantis and O. Burkinshaw in [2] and [3], where the following results for compact
and weakly compact operators were obtained.

Theorem 1. ([2]) Let E be a Banach lattice. If 0 < R < T : E — E and T is
compact, then R? is also compact.

Theorem 2. ([3]) Let E be a Banach lattice. If 0 < R <T :E — E and T is
weakly compact, then R? is also weakly compact.

For the class of Dunford-Pettis operators, N. Kalton and P. Saab proved the
following.

Theorem 3. ([11]) Let E be a Banach lattice. If 0 < R<T :E — E and T is
Dunford-Pettis, then R? is also Dunford-Pettis.

These results are optimal in the sense that it is possible to produce counterexam-
ples when the powers are lower.

Our aim here is to study the domination and power problems for strictly singular
operators. Recall that an operator T': X — Y between Banach spaces is said to
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be strictly singular (or Kato) if for every infinite dimensional (closed) subspace M
of X, the restriction T'|j; is not an isomorphism into Y. This class of operators
forms a closed operator ideal (in the sense of Pietsch), which properly contains the
ideal of compact operators. Moreover, it is well known that an operator 7': X — Y
between Banach spaces is strictly singular if and only if, for every infinite dimensional
subspace M of X there exists another infinite dimensional subspace N C M such
that the restriction T'|y is compact.

The domination problem for strictly singular operators has been studied by the
first two authors in [8] and [9], where positive results were obtained for a large
class of Banach lattices. In this paper, using factorization techniques we are able
to improve some of the results given in [9] in two directions. Firstly, we give new
domination results for strictly singular operators between Banach lattices F and F.
Secondly, we obtain a power domination result for strictly singular endomorphisms
without any assumption on the Banach lattice involved. Precisely, our main results
are the following.

Theorem 4. Let E be a Banach lattice with the subsequence splitting property, and
F an order continuous Banach lattice. If 0 < R < T : E — F with T strictly
singular, then R is strictly singular.

Theorem 5. Let E be a Banach lattice and 0 < R < T : E — FE two positive
operators. If T is strictly singular, then R* is also strictly singular.
Moreover, if E is order continuous, then R? is strictly singular.

The proof of this result will be obtained as a consequence of the following more
general result for composition of operators.
Theorem 6. Let
Ty Ty T3 Ty
Ey "Ry Ey TRy By "Ry E, TR Es

be operators between Banach lattices, such that 0 < R; < T; fori=1,2,3,4.
If Ty, T3 are strictly singular, and Ty, Ty are order weakly compact, then RyR3 Ry Ry
15 also strictly singular.

The paper is organized as follows: in the first section we introduce the terminology
and tools needed for the proofs. The second section is mainly devoted to the proof of
two domination theorems for strictly singular operators that will be used afterwards.
In the third section we present the proof of Theorem 6 as well as some consequences
and remarks.

We refer to [4], [13] and [14] for unexplained terminology.

1. TooLs

Given a Banach lattice E and a Banach space Y, an operator T : E — Y is order
weakly compact if T[—x, x| is relatively weakly compact for every x € F,.

Order weakly compact operators can be characterized as those operators which
fail to be invertible on any sublattice isomorphic to ¢y with an order bounded unit
ball (see [14, Cor. 3.4.5]). Also, if X is a Banach space and F' a Banach lattice, an
operator T : X — F does not preserve an isomorphic copy of ¢; complemented in
F if and only if its adjoint 7% is order weakly compact (see [14, Thm. 3.4.14].

We now recall two basic constructions of factorization for positive operators, which
are in a sense dual to each other (see [10] and [4]).
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Theorem 1.1. [10, Thm. 1.2] Let E;, Ey be Banach lattices and operators 0 <
R <T:FE, — FEy. Then there exists a Banach lattice F', a lattice homomorphism
¢ : By — F and operators 0 < RF <TF with T =T"¢ and R = RF ¢

such that F is order continuous if and only if T : E1 — Es is order weakly compact.
Moreover, if Ey does not contain an isomorphic copy of co neither does F'.

Theorem 1.2. [10, Thm. 1.6] Let Ey, Ey be Banach lattices and operators 0 <
R < T : FE, — FE,. Then there exist a Banach lattice G, a lattice homomorphism
Vv : G — Fy and operators 0 < RE < T with T = yT¢ and R = ¢ R®

E1 —————— > E2
N\ T¢
; "
R
G

such that G* is order continuous if and only of T* : E5 — EY is order weakly compact.

Recall that the Banach lattice F' is obtained by completing the normed lattice
Ey/I where I = {x € E; : T|z| = 0}, under the norm gr(x + I) = ||T|z|||. On the
other hand, the Banach lattice G is obtained by interpolating F, with its norm and
the Minkowski functional of the solid convex hull of T'(Bg, ). See [10] for details.

We will also make use of the Kadec-Pelczynski disjointification method in the
setting of order continuous Banach lattices (see [7]).

Theorem 1.3. Let X be any subspace of an order continuous Banach lattice E.
Then, either

(1) X contains an almost disjoint normalized sequence, that is , there ezist a
normalized sequence (,)5°, C X and a disjoint sequence (2,)5°, C E such
that ||z, — x,|| — 0, or,

(2) X is isomorphic to a closed subspace of L1(Q, %, ).

Notice that if X is separable, then it can be included in some ideal I of F with a
weak order unit (see [13, 1.a.9]). Therefore, this ideal has a representation as a Kothe
function space over a finite measure space (€2, %, ) [13, Thm. 1.b.14], and in this
case the previous dichotomy says that either X contains an almost disjoint sequence
or the natural inclusion j : I — Li(2, %, p) is an isomorphism when restricted to
X.

Recall that, given a Banach lattice £ and a Banach space Y, an operator T :
E — Y is called disjointly strictly singular if it is not invertible on any subspace of
E generated by a disjoint sequence. Clearly, every strictly singular operator is also
disjointly strictly singular. Although this class is not an operator ideal, it only lacks
being closed by composition from the right.

The following domination result for disjointly strictly singular operators will be
used.
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Theorem 1.4. ([8]) Let E and F' be Banach lattices such that F' is order continuous.
If T s disjointly strictly singular and 0 < R < T : E — F, then R is also disjointly
strictly singular.

Freudenthal’s theorem states that, under certain conditions, an operator R, such
that |R| < T, can be approximated in the sense of order by components of T' (see
[14, Section 1.2]). This means that there exists a sequence (5,)22, of components
of Tsuchthat 0 < R— 5, < %T for each natural number n.

Under some extra properties of the operator T', it is possible to replace the previous
order approximation with an approximation in norm. Recall that an operator 7" has
order continuous norm whenever every sequence of positive operators with |7 >
T, | 0in L(E,F) satisfies ||T,,]] | 0 (here L(FE,F) denotes the space of bounded
linear operators between F and F' endowed with the natural norm). Let

Ir:={S € L(E,F) : there exists n € N such that |S| < n|T|},

and denote by Ring(T) the closure of the set of operators in L(E, F') of the form
>y RiTS; with S; € L(E), R; € L(F).

Theorem 1.5. [4, Thm. 18.18] Let E be a Banach lattice which is either o-Dedekind
complete or has a quasi-interior point, and let F' be a Dedekind complete Banach
lattice. If T has order continuous norm, then

2. DOMINATION RESULTS

In this section we present new domination results for strictly singular operators
between Banach lattices improving some others obtained in [9]. In addition, they
will be used in next section for the power problem.

The following is a well-known fact, whose proof we include for the convenience of
the reader.

Lemma 2.1. Let (2, %, 1) be a finite measure space and (f,,)52, be a weakly conver-
gent sequence in Li(p). If (f.)22, converges to zero in measure, then it converges
to zero in norm.

Proof. Assume p(2) = 1. The sequence (f,,)%; is equi-integrable since it is weakly
convergent (cf. [6, Cor. IV.8.11]). Hence for every ¢ > 0 there exists 0 > 0 such
that ||xsfall1 < /2 for every integer n and every B € ¥ with u(B) < §. Consider
B, ={t € Q:|f.(t)] > ¢/2}. By assumption there exists an integer ny such that
w(By) < d for n > ng. Thus, for n > ng we have

g
Il = [ 18+ [ Ul < I ull + (@B <
By Q\B,
0

Recall that an operator between Banach lattices T': E — F'is M-weakly compact
if ||Tz,|| — 0 for every norm bounded disjoint sequence (x,)2 ; in E.

A Banach lattice has the positive Schur property if every positive, weakly null
sequence is convergent. Some examples of Banach lattices with the positive Schur
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property (but not the Schur property) are the L;(u) spaces, the Orlicz function
spaces L*1°8"(14+2)[0 1] for p > 0, and the Lorentz function spaces LP'[0,1] for 1 <
p < oo (cf. [19]).

Proposition 2.1. Let E and F be Banach lattices such that F' has the positive
Schur property. Given operators 0 < R < T : E — F with T strictly singular, then
R s strictly singular.

Proof. Note that F' cannot contain an isomorphic copy of ¢q. Indeed, if this were not
the case F' would contain a sequence of positive, pairwise disjoint elements (e,,)%
equivalent to the unit vector basis of ¢y [13, pp. 34-35], hence weakly null and
yet not convergent in norm. Since F' has the positive Schur property we obtain a
contradiction. In particular, F' is order continuous [13, pp. 6-8].

Suppose that R is not strictly singular. Then there exists an infinite dimensional
(separable) subspace X in E such that R|x is an isomorphism. From the lines above
it follows that R(X) cannot contain an isomorphic copy of ¢q. Moreover, if R(X)
contained an isomorphic copy of /1, then R would be an isomorphism on the span of
a disjoint sequence equivalent to the canonical basis of ¢; ([16]); but this would be a
contradiction to Theorem 1.4 and the fact that 7' is disjointly strictly singular and
F order continuous. Therefore, R(X), hence X, must be reflexive [13, Thm 1.c.5.].

Consider now the ideal Ex generated by X in E. We claim that the restriction
T|gy is M-weakly compact. Indeed, by Theorem 1.1 we have the factorization

T F
N
H

where ¢ is a lattice homomorphism and the Banach lattice H does not contain an
isomorphic copy of ¢y. Let Bx denote the closed unit ball of X, which is a weakly
compact set. Thus, ¢(By) is also weakly compact, and [4, Thm. 13.8] implies that
the solid hull so(¢(Bx)) is also weakly compact. Since ¢ is a lattice homomorphism,
the inclusion ¢(so(Bx)) C so(¢(Bx)) holds, and therefore ¢(so(Bx)) must be rela-
tively weakly compact. So, if (z,)2, is a normalized positive disjoint sequence in
Ex, the sequence (¢(x,))22 , which is pariwise disjoint as ¢ is a lattice homomor-
phism, must have a weakly convergent subsequence which in fact converges weakly
to zero by [13, Thm 1.b.14] and Lemma 2.1. Since T is positive and F' has the
positive Schur property it follows that (7'z,)%, converges in norm to zero. This
proves that T'|g, is M-weakly compact, as claimed.

Consider now X, the sublattice of E generated by X, which is also separable.
The restriction operator

E

T|g:X — F
is clearly M-weakly compact, hence has order continuous by [5, Thm. 5.1]. More-
over, since F'is Dedekind complete and X has a quasi-interior point being separable,
we get by Theorem 1.5 that R| € Ring(T|g). Thus R| is strictly singular because

sois T'| ;. But then R cannot be an isomorphism when restricted to X. This finishes
the proof. 0

Before stating our main domination result we recall some facts. A bounded subset
A of a Banach lattice F is said to be L-weakly compact if ||z, || — 0 for every disjoint
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sequence (x,,)5, contained in the solid hull of A. The following holds ([9, Lemma
3.2]).

Lemma 2.2. Let T be a regular operator from a Banach lattice E into a Banach
lattice F with order continuous norm. If A C E is L-weakly compact, then T(A) is
L-weakly compact.

If ' is a Banach function space with an order continuous norm defined on a finite
measure space (£, %, 1), a bounded subset A C F is equi-integrable if for every ¢ > 0
there is § > 0 such that || fxg||r < € for every B € ¥ with u(B) < § and every
feA

Lemma 2.3. Let E be a Banach lattice with order continuous norm and a weak
unit, and hence representable as an order ideal in L*(Q, %, 1) for some probability
space (2,3, ).
a) A bounded subset of E is equi-integrable if and only if it is L-weakly compact.
b) A norm bounded sequence (g,)>2, in E is convergent to zero if and only if
(9n)22, is equi-integrable and || ||1-convergent to zero.

Proof. (]9, Lemma 3.3.]) O

A Banach lattice F with an order continuous norm satisfies the subsequence split-
ting property ([7], [17]) if for every bounded sequence (f,,)5°; included in E there is
a subsequence (1), and sequences (gx)52;, (hg)72 in E with |gx| A |hx| = 0 and
fn. = gk + hi such that (gx)52, is equi-integrable and |hx| A |hy| = 0 if & #£ 1. It is
known that every p-concave Banach lattice (p < oo) has the subsequence splitting
property ([7]).

Theorem 2.1. Let E be a Banach lattice with the subsequence splitting property,
and F' an order continuous Banach lattice. If 0 < R <T : E — F with T strictly
singular, then R s strictly singular.

Proof. Since T is strictly singular, in particular, the adjoint 7™ is order weakly
compact, so by Theorem 1.2 we obtain the factorization

T
E-=———--%F
N TG
N
RG \\\ 1/1

where G* is order continuous. Moreover, since F' is order continuous, by [10, Prop.
1.4.d] it follows that G is also order continuous.

We claim that the operator T¢ : E — G is strictly singular. Indeed, since T is
strictly singular, for every infinite dimensional subspace M of E there exists another
infinite dimensional subspace N of M such that T restricted to N is compact. This
means that the set T'(By) is precompact in F', and, by [4, Thm. 17.19], this implies
that T%(By) is precompact in G (since T'(By) is contained in the solid convex hull
of T(Bg)). Hence, T is strictly singular.

Note that the operator R : E — @ is disjointly strictly singular; indeed, since
the operator T¢ is disjointly strictly singular and G is order continuous, Theorem
1.4 implies that R is also disjointly strictly singular.

We claim that R is strictly singular. Suppose the contrary, that is, RGAis an
isomorphism when restricted to some separable subspace H of E. Consider H, the
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sublattice of E generated by H, which is also separable. By [13, Prop. 1.a.9.],
RG(ﬁI ) is contained in some ideal A of G. Now, if j denotes the formal inclusion
j A — Ly, Proposition 2.1 together with the fact that 7¢ is strictly singular yield
that the operator
jRC |y H — A I,

is strictly singular. Thus, we can consider an infinite dimensional subspace H' of
H such that jR|; is compact. Because of the order continuity of E there exists
an unconditional basic sequence contained in this subspace [13, Thm. 1.c.9]. Let us
denote by X the span of this sequence, where R is invertible and jR® is compact.

Consider the subspace R%(X) of G, and let us apply Theorem 1.3. If the norms
of G and L; were equivalent on R®(X), then the operator jR® : E — L; would
be an isomorphism when restricted to X. However, this is impossible since jR%
is compact when restricted to X. Therefore, by Theorem 1.3, R(X) contains an
almost disjoint sequence.

Let us denote this sequence by (R%(f,)) and suppose it normalized. Since G*
is order continuous, RY(f,) — 0 weakly. Hence, as R“ is an isomorphism on X,
(fn)52, is also a weakly null, unconditional basic sequence in X which is bounded
away from zero. Moreover, by the compactness of jR%|x it follows that

IR (fa)lls — 0.

Since E has the subsequence splitting property, we can extract a subsequence
(still denoted (f,,)22 ;) and sequences (g,)5, and (h,)>, such that

|gn|7 |hn| < |fn|7 and fn :gn+hn>

with {g, }°°; equi-integrable in X, and (h,,)22, disjoint. There is no loss of generality
if we suppose that ||g,| > ¢ for some 6 > 0 and every n, because if ||g,|| — 0 then
the operator RY is easily seen to be invertible on the span [h,]; however, this is not
possible because R® is disjointly strictly singular.

Now, if the sequence of absolute values (|h,|)5; has no weak Cauchy subsequence,
then, by Rosenthal’s Theorem (cf. [4, Thm. 14.24]), it has a subsequence (|hy, |32,
which is equivalent to the unit vector basis of /1. Hence, for scalars (a;)3>; we have:

(Zf)H > A K (Z|ak|2|fnk|2)
k=1 k=1 L
S A K- (i\amhnkr?)QH

k=1

= A K7Y > ag|ha, | ‘
k=1

> A KOS |yl
k=1

where A; is a universal constant (see [13, Thm. 1.d.6]), K is the unconditional
constant of (f,)>,, and C is the equivalence constant between (|h,, |)7>, and the
unit vector basis of ¢;. Hence, (f,, )72, is equivalent to the unit vector basis of
/1, and the operator RY preserves an isomorphic copy of ¢;. However, this implies
that RY preserves a lattice copy of ¢; (see [14, Thm. 3.4.17.], [16]), but since R
is disjointly strictly singular, this is a contradiction. Thus, (|h,])S2, has a weakly
Cauchy subsequence.
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Since L, is weakly sequentially complete, the sequence (|h,])?, has a weakly
convergent sequence in L;. Since it is disjoint this sequence converges to zero in
measure, so Lemma 2.1 yields that

[l = 0.

Similarly, one can prove that
IR (ha) [ = 0.

Note that (h,)2, does not converge to zero in E. Otherwise, the sequence (f,,)22
would inherit the equi-integrability of the sequence (g, )%,; since R is positive, the
sequence (RY(f,))2%, would also be equi-integrable by Lemma 2.2. But since this
sequence is also almost disjoint, this would imply that R%(f,) — 0 in the norm
of G, which is a contradiction. Therefore, we can assume that [|h,|| > p for some
p > 0.

We claim that (RE(f,))%, and (R%(h,))>2, are equivalent basic sequences in G.
Indeed, the sequence (g,)5° is norm bounded since |g,| < |f,| for all n. Moreover,
it is equi-integrable, and by Lemma 2.2, (R%(g,))%°, is equi-integrable too. On the
other hand, we have that

IR (ga)lls = IR (fn) = BE(ha) [l < 1R (fu) 1 + 1R ()l — 0.
Hence, R%(g,) goes also to zero in the norm of G (cf. Lemma 2.3). Thus, by

o
passing to a subsequence, we may assume that > [|RE(f,)— R%(h,)|| is a convergent
n=1

series. The perturbation result (cf. [12, Prop.i.a.Q]) gives a constant a > 0 such
that

o0 [e.9] [e.9]

a! ZanRG(hn) ’ < ZanRG(fn) <a ZanRG(hn) ’
Hence, we haven:1 - -
A e [
> Ba A K (il\an|2|hn|2)2H = fatAK! ilanhn

where A; is a universal constant (mentioned above), K is the unconditional constant
of (f,), and 3 is a lower bound for the operator R restricted to X. Therefore, R¢
is an isomorphism when restricted to the span of the disjoint sequence (h,,)> ;. This
is a contradiction to the fact that R is disjointly strictly singular.

Hence, R® cannot be an isomorphism when restricted to any subspace of F, that
is RY is strictly singular; thus, so is R and the proof is finished. O

Note that the above result improves [9, Thm 3.1], removing the order continuity
of E*.
3. POWERS OF DOMINATED OPERATORS

In this section we study the power problem for strictly singular endomorphisms.
The key result is the following.
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Theorem 3.1. Let

Ty Ts T3 Ty
BT3B, -iB - B, --%E
1 R 2 Ry 3 Rs 4 Ry 5

be operators between Banach lattices such that 0 < R; <T; fort1=1,2,3,4.
If Ty, T3 are strictly singular, and Ty, Ty are order weakly compact, then RyR3Rs Ry
15 also strictly singular.

Proof. Suppose that RyR3Rs R, is not strictly singular. Then there exists an infinite
dimensional subspace M of E; such that RyR3RsR1|y is an isomorphism. Clearly
we can suppose that M is separable.

Since 15 is an order weakly compact operator, by Theorem 1.1, we have the
factorizations

where F' is an order continuous Banach lattice, ¢ is a lattice homomorphism and
0< RE<TF.

Consider the subspace X = ¢R;(M) C F', which is separable, hence is contained
in a closed ideal A C F with weak order unit which is complemented in F' by a
positive projection, say P : F' — A. Therefore A , as an order continuous Banach
lattice with weak unit, can be represented as a dense ideal of L;(2, X, u) for some
probability measure p so that the formal inclusion j : A < L1(Q, X, u) is continuous.

We now apply the Kade¢-Pelczyriski method (Theorem 1.3) to X C F. Then
either there exist a normalized sequence (z,)5, C X and a disjoint sequence
(wy)32, C F such that ||w, — z,|| — 0 or X is a closed subspace of L;(€2, %, p).

Suppose first that X is a closed subspace of Li(€2, %, x). Then we have the
operators

0 < jPoR, < jPoT: : By — Li(§L, 5, ).

Since T7 is strictly singular, then so is j P¢T;. Now, since L;(€2, X, 1) has the positive
Schur property, by Proposition 2.1, we get that the operator jP¢R; is also strictly
singular. According to the remark following Theorem 1.3, jP is an isomorphism
restricted to X; therefore, ¢ Ry cannot be an isomorphism when restricted to M.
This is a contradiction to the assumption that Ry R3Ro Ry |/ is an isomorphism. This
finishes the proof in this case.

Alternatively, assume that there exist a sequence (x,)>2, in X, and a disjoint
sequence (w,)2, in F such that ||w, — x,|| — 0. Passing to a subsequence, if
needed, we can suppose that they are equivalent basic sequences.
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Since the operator Ty is order weakly compact, by Theorem 1.1 there exists an
order continuous Banach lattice H such that the following factorizations hold

El E2 E3 E4 —————— > E5

\ / \\ " 7,
s
P 9 Rf

F H

where 0 < R < T[.
Now, let us consider the operator

f:goT3T§:F—>H,

which is strictly singular because so is T3, in particular T is disjointly strictly sin-
gular. But clearly 7" dominates the operator

R=¢RsR) :F - H

and since H is order continuous, Theorem 1.4 implies that R is disjointly strictly
singular.

However, we are assuming that the restriction of the operator RyR3RsR1|ys is an
isomorphism, so R|sg,(a) is also an isomorphism (since it is a factor of the former
operator). Since ||w, — z,|| — 0, we can find a subsequence of natural numbers
(n;)32, such that

> 1
ZHwng - znj|| < 5017
j=1

and

2~ ~ 1
> | Rw,, — R, || < 5Ce
j=1

e}

where € and Cj are respectively the basis constants of (2,)°%, and (Ra,)>,.

This implies that the operator R is invertible on the span of the disjoint sequence

(wn, );";1, in contradiction with the fact that R is disjointly strictly singular. The
proof is finished. 0

As a consequence we get the following.

Corollary 3.1. Let E be a Banach lattice, and consider operators 0 < R < T :
E — E. If T is strictly singular, then R* is also strictly singular.

Proof. Since T is strictly singular, it cannot preserve an isomorphic copy of ¢y, so,
in particular, it is order weakly compact. Therefore, it suffices to apply Theorem

31to B;=FE, R, =R and T; =T for all i. [

Corollary 3.2. Let 0 < R<T:E—F, and0 < S<V :F —G. If F and G are
order continuous Banach lattices, and T and V are strictly singular operators, then
SR is strictly singular.

In particular, if 0 < R < T : E — E, with T strictly singular and E order
continuous, then R? is strictly singular.
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Proof. Since F'is order continuous, the identity I : ' — F'is order weakly compact.
Consider the Banach lattices

Ei.=FE Ey=F E;=F, E;,=G and E5 =G,
and the operators
TW=T, To=1Ip, T3=V and Ty = I5.
Then, by Theorem 3.1, we obtain that IoSIrR = SR is strictly singular. U

The last assertion of this corollary was proved under stronger assumptions in |9,
Thm. 3.17].

Notice that, in general, the domination problem for strictly singular endomor-
phisms is nontrivial ([9]).

Example. There exist operators 0 < R < T : L?[0,1] & {o, — L?[0,1] & lo such
that T s strictly singular but R is not.

Indeed, consider the rank one operator @ : L'0,1] — (., defined by Q(f) =
(Jf, ] f,-..). Take also an isometry S : L'[0,1] — s given by S(f) = (h,(f))32,
where (h,)2, is a dense sequence in the unit ball of L'[0,1], and (k)% is a
sequence of norm one functionals such that h! (h,) = ||h,| for all n € N. If J :
L?[0,1] < L0, 1] denotes the canonical inclusion, then the operator S.J : L?[0,1] —
(s is not strictly singular.

Since (o is Dedekind complete we have that |SJ|, (SJ)* and (SJ)~ are also
continuous operators between L?[0,1] and l,. It is easy to see that |SJ| < Q.J.
Since SJ is not strictly singular, we must have that either (SJ)* or (SJ)~ is not
strictly singular, so let us assume without loss of generality that (SJ)™ is not strictly
singular. Now consider the operator matrices

(s o) 7= (ar o)

which clearly define operators with the required properties.

Note that L?[0, 1] & £, is not an order continuous Banach lattice. But the square
R? is the zero operator, which is obviously strictly singular.

We now give some domination results under weaker conditions on the Banach
lattices by imposing extra conditions on the dominating operator.

Proposition 3.1. Let E and F be Banach lattices with F order continuous, and
operators 0 < R < T : E — F. If T is both weakly compact and Dunford-Pettis,
then R 1s strictly singular.

Proof. The domination theorems for weakly compact operators [18] and Dunford-
Pettis operators [11] give us that R : E — F is both weakly compact and Dunford-
Pettis (because of the order continuity of F'). And this implies that R is strictly
singular. Indeed, suppose that there exists a subspace X in E such that the restric-
tion R|x is an isomorphism. Since R is weakly compact, for every bounded sequence
(2,)22, in X we can find a subsequence (x,, )72, such that (Rz,, )%, is weakly con-
vergent. Since R|x is an isomorphism, this implies that (z,, )7, is already weakly
convergent; but R is Dunford-Pettis, and therefore (Rz,, )7, is norm convergent.
Thus, the sequence (x,, )32, must be norm convergent since the restriction R|x is an
isomorphism. We have shown that every bounded sequence in X has a convergent
subsequence, so X must be finite dimensional. O
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Notice that the previous Proposition is not true without the order continuity (see
Example above).

Corollary 3.3. Let E be a Banach lattice, and 0 < R < T : E — FE positive
operators. If T is weakly compact and Dunford-Pettis, then R? is strictly singular.
In particular, if T is compact, then R* is strictly singular.

Proof. Since T is weakly compact, in particular it is order weakly compact, so by
Theorem 1.1 we have the factorization

T T
E___R__>E___E__>E
\ TF i
] 7 nF
R

F/

with I’ an order continuous Banach lattice, and 0 < ¢R < ¢T : E — F'. Since T is
compact, ¢T is weakly compact and Dunford-Pettis. By the previous Proposition,
@R is strictly singular, and so is R?. 0

Note that along similar lines, Theorems 1.1 and 1.2, together with the Dodds-
Fremlin domination theorem for compact operators [5], provide an alternative proof
for Theorem 1.

Two natural questions remain open: Do there exist an order continuous Banach
lattice F, and operators 0 < R < T : F — E such that T is strictly singular but
R is not? Do there exist a (non order continuous) Banach lattice £ and operators
0< R<T:E — E such that T is strictly singular but R? is not?
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