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INTRODUCTION

The notion of independent random variables is central in probability theory and
has many applications in analysis. Independence is also a fundamental concept in
quantum probability, where it can occur in many different forms. In terms of norm
estimates for sums of independent variables, free probability often plays the role
of the best of all worlds. This is particularly true for applications in the theory
of operator spaces. We refer to the so-called Grothendieck’s program for operator
spaces [7, 33, 44] and also to the noncommutative L, embedding theory [11, 14, 15]
due to the authors. On the other hand, other notions of independence weaker
than freeness are often enough in the context of noncommutative Khintchine or
Rosenthal type inequalities [12, 21, 24]. A first motivation for this paper was to
remove a singularity at p = 1 for the classical Rosenthal’s inequality [39] and its
noncommutative form [20, 21], which is also related to the recent work by Haagerup
and Musat [6] on a direct proof of Khintchine inequalities for the generators of the
CAR algebras. This easily follows from our main result in this paper, a general
transference method which allows us to compare the norm of sums of independent
copies with the norm of sums of freely independent copies.

Let us illustrate our transference method. If M is a von Neumann algebra, let
M®n be the n-fold tensor product and 7f,, . : M — M®» the canonical k-th
coordinate homomorphism. It is standard to extend 7, : L,(M) — L,(M®n)
for 1 < p < oo, see e.g. [20]. Similarly, we have k-th coordinate homomorphisms
w’jme : M — (M, ¢)* for free products. Our first result implies that

LIS~k ~ i ~ i
(TP) ? Hzﬂ-tens(x)H < Hzﬂfree(‘r)H Scp“zwténs(x)“
P= P k=1 P k=1 P
for x € L,(M) and n > 1, with uniformly bounded constants when p is close to 1.
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2 JUNGE AND PARCET

In the following we will write a ~. b when % < a/b < ¢. We also need an
operator-valued version of (7,,) for further applications to the theory of operator
spaces. This requires the notion of independence over a given subalgebra. Let us
formally introduce the notion of ‘independent copies’ that we will work with. Given
a noncommutative probability space (A, ) equipped with a normal faithful state
©, a von Neumann subalgebra of A is called conditioned if it is invariant under the
action of the modular group of. By Takesaki [40], this holds if and only if there
is a ¢-invariant normal faithful conditional expectation. Let N be conditioned in
A with faithful conditional expectation Exr : A — A. Let us consider two von
Neumann subalgebras My, M of A satisfying N' C M;NMsy. Then, My and M,
are called independent over N if

En(a1a2) = Ex(a1)En(az)
holds for all a; € My and ay € M. Now, if (My)r>1 are conditioned subalgebras
of A with N' C My, C A, we shall say that the system (My)r>1 is increasingly
independent if
a) <M1,M2, . ,Mk,1> and M, are independent over N.

We also need a technical notion. Given a von Neumann algebra M containing N
and a family of x-isomorphisms 75 : M — My with N/ C Mj, C A, we say that
(My)k>1 is a system of top-subsymmetric copies of M over N if

b) |, = id and

Ex(mr)(@1) - Tramy (@m)) = Ex(moy (1) - Tg(m) (Zm))
holds for all f,g:{1,2,...,m} — N satisfying

* f|{1,2,...,m}\A :g‘{ll ..... m}P\A?
o |A|<2and A= {k | f(k) = maxf} = {k lg(k) = maxg}.

Of course, when no subalgebra A is specified, we shall work with A/ = (1 4) and
Ex = ¢. Using the assumptions of conditioned subalgebras allows us to provide L,
generalizations of the conditional expectation E s and the isomorphisms 7y, see [20]
for details. Intuitively speaking, condition b) means that we are allowed to exchange
the top element in the range of f by the top element in the range of g, but only if the
top element does not occur more than once or twice. Top-subsymmetry is exactly
the technical assumption which makes the argument in [12] work. Nevertheless, as
in [12], we can consider two alternative stronger conditions:

b2) Subsymmetry: g(k) = ¢ o f(k) for any strictly increasing ¢ : N — N.
b3) Symmetry: g(k) = o o f(k) for any permutation o of the positive integers.
It is clear that the implications below hold
Symmetry = Subsymmetry = Top-subsymmetry.

Example 1. Tensor product copies. Let
(-Atens; M7 Mfensw/\/'; EN) = (N@R@n ? N®R? Wf@ns (M)7N’ Zd ® ()O%H)

where n € NU {00} and the homomorphisms 7, . are given by

h NQTEM—nRlp®..01x® z Qg ®...01lg € ME,_ .

k—th

The M£E,, ’s form an independent symmetric system of copies of M over N.
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Example 2. Freely independent copies. Consider
(Afree7 Mv M?reeaN; EN) = ( *N k (Mv EN)? Ma W?TGG(M)vN; EN)a

the reduced N-amalgamated free product of (M, Ex) with Exr : M — AN a normal
faithful conditional expectation, see e.g. [18] for details on the construction of
reduced amalgamated free product von Neumann algebras. The isomorphism w’;me
is the canonical embedding into the k-th component of the free product Ayyee. The
M s form an independent symmetric system of copies of M over N

Our notion of noncommutative independent copies is quite general. We refer to
[21] for more examples which arise naturally in quantum probability. The first form
of our transference principle is the following.

ree

Theorem A. Let1 < p <2 and let (My)r>1 be an increasingly independent family
of top-subsymmetric copies of M over N'. Then, there exists a positive constant ¢
independent of p and n such that

B @], e Bl et
k=1 P k=1

If in addition the My, ’s are symmetric, then
k
00y [t

The second form of transference is stated below.

Lp(Afree)

LIJ(vAfTee).

Theorem B. Let 1 <p < g < oo and let (My)r>1 be an increasingly independent
family of top-subsymmetric copies of M over N'. Then, there exists a positive
constant ¢ independent of p,q and n such that

Hiﬁk(x)@ak‘ Zﬁfm ) ® 8
k=1

We know from [12] that Theorem A holds for p = 1. The strategy consists
of applying our technique [15, 16] to provide a complete embedding L, — L;
which preserves independence. This is done in Section 1 and the rest of the paper
will be essentially devoted to the proof of Theorem B, which is similar in nature
but requires to adapt all the methods in [12, 15, 16]. As for Theorem A, our
strategy is to prove the result in the extremal case (p,q) = (1,00) and show that
the general statement reduces to it. The extremal case is a consequence of Theorem
3.7, where we characterize the norm in L;(A; €% (R)) of increasingly independent
top subsymmetric copies for any finite dimensional von Neumann algebra R. The
reduction argument is divided in two cb—embeddings

LP(A; 22) A fmn — H Ll ®ké gk mn)7

'A [’L P(Afreefzg)

both preserving independence. Note that thlS map takes values in an ultraproduct
of spaces of the form L;(A’;¢% (R)), so that we are in position to apply Theorem
3.7. The second embedding might be of independent interest and will be proved
in Theorem 4.4, while the first embedding is the content of Theorem 5.3. In both
Theorems A and B, the main new difficulty relies on keeping track of independence
in the construction of the embedding.
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The drawback is that Theorems A and B only hold for independent copies. This
restriction goes back to [12]. Any progress in the non identically distributed case
would be very desirable and thus we propose the following problem:

Problem 1. Do the scalar and mixed-norm transference hold for non i.d. variables?

Now we may revisit the singularity of certain constants mentioned above. Given
2 < p < o0, a probability space (2, 1) and fi, fa,... € L,(Q) a family of mean-zero
independent random variables, Rosenthal’s classical inequality gives

(%)) (/Qéfky”du)‘lw% max{(gjnmz) (ankn )%}

As a byproduct, we obtain for 1 < ¢ <p < o0

S ([ ) ~,, max{(infkng)’l’, (infkng);}
k=1 k=1 k=1

with the fi’s not necessarily mean-zero. Indeed, the case ¢ = 2 easily follows
from Khintchine and Rosenthal inequalities, while the general case follows from
an immediate renormalization argument. Notice that in both cases we end up
with the norm of an intersection of Banach spaces, whose dual is the sum of the
corresponding dual spaces. This simple observation produces dual inequalities for
l<p<2and1<p<qg< oo as follows

(/Q’éfk}pd,u)fl’ ~e, glfwk{(z_:”‘?kﬂ );’(éﬂﬂ)kll%)
([ Sam ) ~. %ﬁwk{(zllmllp);’(éllwkHS);}.

It is worth mentioning that the martingale version of Rosenthal inequality [2] was
extended to 1 < p < 2 from [20] and weak type estimates for p = 1 were unknown
until [25]. On the other hand, we know from [9] that the best constant ¢, in
Rosenthal’s inequality behaves like p/logp. In particular, we find for (3,) and
(Xpq) a non-removable singularity at oo which is carried over to 1 by our duality
argument. The problem is to decide whether this singularity is removable —as it
happens for the Khintchine inequality— or not, either in the classical or in the
quantum setting.

Nl

A direct argument to remove it not involving duality seems out of reach by
now. Note that precise decompositions fr = ¢ + 1, have only been studied in
[25, 34] for martingales. However, free random variables are fortunately at our
disposal and we know from [16, 18] that the free forms of (3,) and (X,,) do not
have a singularity at co and duality solves in that case our problem. The validity
of Khintchine and Rosenthal type inequalities in the extremal case p = oo is a
stamp of free probability, see [26, 38] for related results. Our transference method
in Theorems A and B solves our problem for identically distributed variables. It
is also worth mentioning that the argument requires freeness even in the classical
case with commutative f’s!

Problem 2. Are the dual forms of (£,) and (X,,) singular for non i.d. variables?
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Let us comment some further applications of transference. We recall Hiai’s
construction [8] of the g-deformed analogue of Shlyakhtenko’s generalized circular
variables. Consider a complex Hilbert space H equipped with a distinguished unit
vector © and denote by F,(H) the associated ¢-Fock space. If ¢ = £1, we find the
well-known Bosonic and Fermionic Fock spaces equipped with the symmetric and
antisymmetric structures. When —1 < ¢ < 1 we follow [1] and equip it with the
g-inner product induced by

<f1 ®®fn7 g1 ®®gm>q = 0nm Z qi(ﬂ—)<f17 g7r(1)><f7la gﬂ'(n)>
TESy

Let ¢,(e) and £;(e) stand for the creation and annihilation operators associated to
a vector e € H, see [1] for precise definitions. Assume H is infinite dimensional and
separable, so that we can fix an orthonormal basis (e4+x)r>1. Given two sequences
(Ak)k>1 and (pg)k>1 of positive numbers, set

1 1
9ai = Alg(er) + pilyle—r) and  garp = dg} gqrdy’ -

The von Neumann algebra generated by the ggi’s in the GNS-construction with
respect to the vacuum state ¢4 () = (£, - Q), will be denoted by I'y and represent the
g-deformed analogue of the corresponding Araki-Woods factor in the antisymmetric
case. Here dg, denotes the density of ¢;.

Corollary Al. Let M be a von Neumann algebra and 1 < p < 2. Let us consider
a finite sequence x1,%a,...,%n n Ly(M). Then, the following equivalences hold
for any —1 < q <1 up to a constant c independent of p,q and n

n
H Zxk ® 9qk,p

k=1

Lp(M&Ty)

2 )’ 5 2 )?
(Zk Al 1 akak) HLP(/\/[) * H(Zk Ak i b’“bk)

The weighted Khintchine type inequalities considered above were already proved
in [12, 18, 43]. The novelty of our result relies on the nonsingularity of the constants
involved. To be more precise, we explain this point with a series of remarks:

~e inf
Tp=ar+by

Lp(M)

a) In the Fermionic case, Corollary Al solves a question by Xu in [43]. More
concretely, Xu proved the weighted Fermionic Khintchine inequality for
1 < p < oo with singularities at 1 and oo. The singularity at oo is already
predicted by the classical Khintchine inequality. However, the first-named
author proved in [12] the same inequality for p = 1 applying a central limit
procedure to a Rosenthal type inequality for independent copies in Ly. This
motivated Xu to ask whether the singularity at 1 was removable.

b) On the other hand, Haagerup and Musat recently used in [6] another new
argument to prove the weighted Fermionic Khintchine inequality. Their
method is not only simpler than the one in [12], but they also managed to
improve the constant up to v/2. Unfortunately, their concrete approach in
Ly seems not to work for p > 1 and our proof uses instead the scalar-valued
version of our transference method in Theorem A, together with a central
limit procedure as in [12].
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c) In [18] Corollary Al was proved with

2 l1-2|
Cpg < (7) for —-1l<g<1.
V1=lq

Note that g here has nothing to do with the ¢ in (£,4)! It was also shown
that the same bound applies for the cb-complementation constant v(p, q) of
the subspace of L,(I'y) generated by the generalized ¢-gaussians. Corollary
A1l now provides a uniform bound for ¢, 4 as far as 1 < p < 2. Moreover,
by Corollary Al and the argument in [18], we have

Cpq ~Y(pq) for p>2.

The following question looks like the next step.
Problem 3. Find accurate estimates for v(p, ¢) near (p,q) = (oo, £1).

Our second application has to do with some recent results on operator space L,
embedding theory. Given 1 < p < ¢ < 2 and a von Neumann algebra M, the main
result in [15, 16] is the construction of a completely isomorphic embedding of L, (M)
into L,(A) for some sufficiently large von Neumann algebra A, where both spaces
are equipped with their natural operator space structure. We refer to [11, 32, 43]
for some prior results. The simplest construction uses free probability techniques
and does not produce any singularity in the embedding constants. However, these
techniques are not the right ones to show the stability of hyperfiniteness. In other
words, whenever M is hyperfinite we can also take A to be hyperfinite. Under
these conditions, all the known constructions produce a singularity in the constant
n(p, q) of the ch-embedding L, — L, as p — 1. We solve this by transference.

Corollary A2. Let M be hyperfinite and 1 < p < q < 2. Then, there exists
a completely isomorphic embedding of Lq(M) into L,(A) where both spaces are
equipped with their natural operator space structures and satisfy:

i) A is hyperfinite.

ii) The constants are independent of p,q.

So far we have provided applications of Theorem A. Our third application now
follows from Theorem B. Pisier proved in [31] that there is no possible cb-embedding
of OH into the predual of a semifinite von Neumann algebra. This was generalized
by Xu, who proved in [43] that for 1 < p < ¢ < 2 we can not cb-embed C, or R,
into a semifinite L, space. In particular, the same applies for

Sq = Cy ®n Ry.
The following result completes the previous ones by Pisier and Xu.
Corollary B. If1 <p < q <2, there is no cb-embedding of £y into semifinite L.

In fact, as it was pointed out by Pisier our techniques go a bit further, but that
will be explained in the body of the paper. Corollary B, together with the results by
Pisier and Xu, justify the relevance of type III von Neumann algebras in operator
space L, embedding theory. The main tools in our argument are:

e The noncommutative form of Rosenthal theorem from [14].
e Xu’s nonembedding techniques from [43] & la Grothendieck [7, 33, 44].
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e A local cb-embedding
2
n 1 - ’I’L2
RS Sq = nl/a Zﬂ-fens(x) ®5k € Lp(Mn”Q;gq )7
k=1

with constants independent of p,q and n. This result improves a previous
one from [13], where the most natural case p = 1 was not proved and the
constant presented a singularity at 1.

1. A TRANSFERENCE METHOD

Given a probability space (€, 1), we denote the expectation by E(f) = [ fdpu.
We reserve the symbols (gx)r>1 for a sequence of independent Bernoulli random
variables, i.e. Prob(ey = 1) = % We shall write Enr for Exr o 1. We begin by
stating the main result in [12]. The second part is a simple refinement from [16].

Theorem 1.1. The following inequalities hold for x € Li(M):
i) If (My)g>1 are independent top-subsymmetric over N, then

EH ermr(T H
2@

~ b nfall, e+ VA[ENOD)E |, )+ VRIIEN(E DR

ii) If moreover, Ex(x) =0 and (Mg)r>1 are symmetric over N, then

n
| ]
Pt L1(A)

~ irifanHaHLl(A) + \/ﬁHgN(bb*)% HLl(N) + \/ﬁHgN(c*C)% ||L1(N)‘

r=a
In both cases, the relevant constants are independent of M and N

We now give some elementary remarks on symmetric tensor products. Given

a positive integer m, the symmetric tensor product @y, M is defined as the von

Neumann algebra

M =~ {3, a5

Let us write S, to denote the symmetric group on {1,2,...,m}. It is easily seen
that the symmetric tensor product ®7' =M is exactly the fix point algebra of the

wot

T € M} C M®n,

m
sym
conditional expectation Egym (1 ®@ -+ @ p,) = # Yoves, To(l) @+ @ To(m)-

Lemma 1.2. Let (My)g>1 be independent top-subsymmetric copies over N :

i) The ®ym My ’s are independent top-subsymmetric copies over ®Q;/mj\/'.
ii) Consider the j-th coordinate homomorphisms 7, (2) =1®...0z®...81
into the corresponding m-fold tensor product. Then, given a von Neumann
algebra R and x € L1(M®R), the following estimate holds with constants

independent of m,n

E| iwg ( anei [riid) (@) ~E| Z wfens(znzei [7}reeGid] (2))] -
Jj=1 i=1 j=1 i=1
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n

iii) Moreover, if En ® id(x) = 0 and the My ’s are symmetric
|32 ene (3 [ @ i), ~e
j=1

, iw@ [hree @) @) |

=1 =

Proof. The first assertion trivially follows from the fact that
Eom N(E@r® - @1)=EN(2) @EN(2)® - @ En().
To prove ii), we set
M = &5, ( MoR),
My = @35, (Mp®@R).
Let 7, : M — M, given by 7y (2®™) = [m), ® id] (z)®™. Similarly, consider
ﬁ’;ree 1% e M — [w’}me ® z‘d} (2)®m € Mkree = Qym (Mkme ® R)

Let us note that

® Z;nzl Triens(x) € Ll(M)
e According to i), if we set

N=a&%,NeR),

(Mg)g and (lefree)k are independent top-subsymmetric copies over N.

e Moreover, if we further assume that the M}’s are symmetric, it also trivially
follows that both the My’s and the M* s are independent symmetric
copies of M over N.

ree

Under these conditions, we obtain from Theorem 1.1 1)
m . n n m .
EH Z Thens ( Z gi[m @id](x)) H1 E Z eifti ( Z Thens(T)) H1
j=1 i=1 i=1 j=1
~ E Zeiﬁ;ree(zﬂgens(x))Hl
i=1 j=1

m n

- E zgwg‘m(zgi[w;,_w@id](m)Hl.

j= i=1

For independent symmetric mean-zero copies we use Theorem 1.1 ii) instead. O

Proof of Theorem A. Given a complex Hilbert space H, let F_1(H) denote its
antisymmetric Fock space. Write c¢(e) and a(e) for the creation and annihilation
operators associated to e € H. Given an orthonormal basis (eiy)r>1 of H and a
family (px)r>1 of positive numbers, the sequence f, = c(ex) + pra(e_y) satisfies
the canonical anticommutation relations and we take R to be the von Neumann
algebra generated by the fi’s. Let ¢ be the quasi-free state on R determined by
the vacuum. With this construction, R is the Araki-Woods factor arising from the
GNS construction applied to the CAR algebra with respect to ¢x. In fact, using a
conditional expectation, we may replace the u’s by a sequence (u},)k>1 such that
for every rational 0 < A < 1 there are infinitely many pj, = A/(1 + A). According
to Araki and Woods, we then obtain the hyperfinite I1I; factor R.
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Consider the amplification A = A®B(f;) and assume for simplicity that A is
o-finite. A normal strictly semifinite faithful weight v 7 is determined by a sequence
(a net in the general case) of pairs (¢, ¢,,) such that

e The g,’s are increasing projections in A with SOT — lim,, ¢, = 1.
e The v,,’s are normal positive functionals on A with supp, = ¢,.
e The (¢n, ¢n)’s satisfy the compatibility condition ¥,+1(gnxgn) = ().

Let us write k, for the nondecreasing numbers ¥, (q,) € (0,00). We refer to
Propositions 8.10, 8.19 and 8.22 of [16] for the fact that there is a normal strictly
semifinite faithful weight ¢ 3 with k,, € N and p, € L1(B(f2)®R) such that
lallp ~e lim la® Pn“/@c1 (Yn®dr)

holds for every a € L,(.A) up to an absolute constant c. The coefficients p,, are
universal, i.e. do not depend on A. The specific form of ¢ 7 depends on the
spectrum of the operator f| P 1 », Which takes the left boundary value of an
analytic function f on the strip 0 < Rez < 1 to its right boundary value, see Chapter
8 of [16] for further details. Writing g, = ¥, ® ¢pr, we know that g, = k,dr n
for some non-faithful state ¢z, with density dg,n, so that ¢r n(z) = tr(dg ,z)
and the norm on the right takes the form

1 1
12l (wu@en) = nf ok flzfls  kd fleell2 + K [zl

— 2 2
z2=2z1 +dR,nZT+chR,n

On the other hand, we have p,, = £, ®~ where v is a mean-zero element of L1 (R, ¢r)
and &, = Zm(n eij € M,. Indeed, see [16, Page 136 and proof of Proposition 8.10]
for the claim on + and the proofs of [16, Lemma 8.21 and Proposition 8.22] to get
an idea of how to derive the form of &, see also [17] for more on this. Taking this
into account Theorem 1.1 ii) applies for ' = (1 4) and yields

(1.1) EHZkakﬁk(I)Hp ~ lim IEH(stkﬂ'k(:c))@pn

n—oo

KL, (¥n®or)

ot B Y (3, e i) @ )
j=1

n—oo

Indeed, in the last step we use

e The mean-zero condition
PR ( Zk er [T ®@id] (z ® pn)) - 0.

e The 77_,.’s from Lemma 1.2 provide symmetric independent, copies.
The mean-zero condition follows from the fact that v is mean-zero in R. Now
according to Lemma 1.2 ii), we may replace 7 by ﬂ";me at the right hand side
of (1.1). This implies the first assertion calculating backwards. For the second
assertion, we first note that the argument above is also valid without random signs
whenever the My’s are symmetric and Exr(z) = 0. In other words, we have

(12) |32, e = @] ~e |32, whee (e = En@)]

Indeed, we just need to argue as we did above and use Lemma 1.2 iii) for mean-zero
symmetric copies. In the general case, we may assume by approximation that only
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finitely many mj’s are considered. Then we have

H kzn:m(x)Hp < kzn:ﬂ'k (z — En(x)) Hp + H kzn:ﬂk (En(2)) Hp

= [ St av@], ¢ | X e eve)

k=1

p

p

o | ele @)+ | 3 et
k=1 k=1

We have used (1.2) and the invariances

_ -k ;
7Tk|N = Trfreeb\/‘ =id.

Moreover, using Exr = Epr 0 W]free we find w’]ﬁree oy =Eno w’]ﬁree and

IS m@)|| e || 3o mhee@)]| +2||En (D0 Three@)|| <3| Do hreel@)]|
k=1 P k=1 P k=1 P k=1 P

The reverse inequality follows similarly. (I

Remark 1.3. If we allow the constant to be dependent on p, Theorem A holds
for 1 < p < oo and not only for copies. Indeed, this follows directly from the
noncommutative Rosenthal inequality [21]. As in the classical case, we don’t have
a uniform constant ¢, as p — co. On the other hand, we know from Claus Kostler
[22] that the symmetry assumption in the second assertion of Theorem A can be
replaced by the weaker notion of subsymmetric copies defined in the Introduction.

Remark 1.4. Let M be a finite von Neumann algebra equipped with a faithful
normal trace 7 and let uq, ug, ..., u, € M be unitaries. We claim that the inequality
below holds for 1 < p < 2, independent top-subsymmetric copies and constants
independent of p

(1.3) IEH iskwk(x) ® uk’

k=1

L,(A®M)

. 1 w\ L * 1
ot el o + VATENO) ], 0 VAEN D,

Indeed, the case p = 1 is a more general version of Theorem 1.1 that was already
considered in [12]. Moreover, it can be easily checked that our arguments in Lemma
1.2 and Theorem A are stable under taking tensors with arbitrary unitaries, as far
as we work with this refinement of Theorem 1.1. This gives

k
IEH Zk epTr(T) ® uk"LP(A®M) c IEH Zk €k7Tfree(£E) ® ukHLP(A&)M)'

If we now combine it with the free Rosenthal inequality from [18]

n
B[ 3 erhrec (o)
;%Wﬂee(m Ly(A)

~  inf (znj ||ak||g)% + H(ijgN(bkb;))%
k=1 k=1

rp=ap+br+ck

et
k=1

p
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we easily end up with (1.3). This is a form of the noncommutative Rosenthal
inequality [21] for independent top-subsymmetric copies with no singularity at p = 1
and will be instrumental in the following paragraph.

Proof of Corollary Al. Inequality (1.3) implies the assertion by a central limit
procedure which allows us to pass from the three terms in Rosenthal inequality to
the two terms in the assertion. The argument for the particular case p = 1 was
given in Section 8 of [12]. The case 1 < p < 2 just requires simple modifications
that we leave to the reader. ([

Proof of Corollary A2. The construction in [16] is sketched as follows
(@) r c () ()
Ly(M) < (s 2(M,0) @t Hsyr o (M 0)) 25 Kh (9@ ¥ ©6) < L, (A).

We now review the cb-embeddings («), () and () in some detail to identify where
the singularity appears. It will happen once in () and once in (y). However,
in both cases our version (1.3) of the noncommutative Rosenthal inequality for
independent copies —no need of unitaries this time— will allow us to remove the
singularity. Namely, the embedding («) generalizes the so-called ‘Pisier’s exercise’
to embed the Schatten class S; = C; ®;, R, into an operator space of the form

(Cp @& OH) /graph(A1)* @y (R, & OH)/graph(A2)™*,
see [15, 43] for further details. When working with general von Neumann algebras

this requires to encode complex interpolation in terms of certain spaces of analytic
functions. This follows from the factorization

L(](M) = qu(M) QM,h qu(M)v

Proposition 8.19 in [16] and duality. It turns out that the constants are independent
of p,q at this step. Moreover, a more convenient way to write the space between
() and (B) is by means of a 4-term sum /C, 2(¢, §), with ¢ and & normal strictly
semifinite faithful weights on M and B({2) respectively, see Proposition 2.22 of [16]
for further details. The space K, 2(¢ ® £) arises from a direct limit

Kp2(h®&) = | Kpa(tn @ &),

n>1

where v, &, are the restrictions of 1, ¢ to certain increasing sequences of finite
projections. If ¥, ® &, = k, ¢, with ¢,, a state supported by the projection ¢,, it
turns out that

1,1 —
,CP72(¢71 @ gn) = Z k;lLJrU L(u,v) (Qn (M®B(£2))Qn)
u,vE{2p,4}
The definition of asymmetric L, ) spaces is recalled in Section 2 below. On the

other hand, the space K, (¢ ®¢ ®¢) is also the direct limit of an increasing family
of 3-term sums

Kb (h@¢8&) =Kk, (¥ ®d®E),
n>1
where ¢ is the quasi-free state ¢ in the proof of Theorem A above. The complete
embedding KCp 2 (¢ ® &) — KF, (¥n ® ¢ @ €,) holds up to constants independent
on n, see Proposition 8.10 in [16]. The main ingredient in the argument is the
noncommutative Rosenthal inequality for independent copies in L,. Equipped with
(1.3), we may now provide a universal constant valid for any 1 < p < 2. Thus
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the embedding (8) holds up to constants independent of p. Let us consider the
embedding (y). Its construction is given in [16, Theorem 8.11]. The idea is to
construct cb-embeddings of KT, (¢, ® ¢ ® &) for each n > 1, so that we can take
direct limits and hyperfiniteness is preserved. The main tool is a noncommutative
Poisson process, an algebraic construction that has nothing to do with constants.
Therefore the problem reduces to ch-embed K7, (¢n, ® ¢®¢,,) into L,(Ap). A quick
look at [16, Theorem 8.11] shows that the only point where the singularity appears
is once more from the use of noncommutative Rosenthal inequality for independent
copies. Hence, Theorem A applies and produces (1.3), implying the assertion. O

Remark 1.5. According to [15, 16], the assertion in Corollary A2 also holds with
L,(M) replaced by any operator space of the form X; ®j, X3, with X; a quotient
of a subspace of R ® OH and X, a quotient of a subspace of C'® OH.

2. MIXED-NORMS OF FREE VARIABLES

In this section we recall several results from [16] for the convenience of the reader.
The main result is a variation of the free Rosenthal inequality from [18] which will
be instrumental in the course of our argument. The correct formulation involves
certain noncommutative function spaces.

2.1. Conditional L, spaces. Inspired by Pisier’s theory [29] of noncommutative
vector-valued L, spaces, several noncommutative function spaces have been recently
introduced in quantum probability. The first insight came from some of Pisier’s
fundamental equalities which we briefly review. Let ANj, N3 be hyperfinite von
Neumann algebras. Given 1 < p,q < oo, we define 1/r =|1/p—1/q|. If p < ¢, the
norm of x € L,(N1; Ly(N2)) is given by

inf {Jlallz,, o) 19l a8l vy | @ = awB -

If p > g, the norm of x € L,(N7; Ly(N2)) is given by

sup { lla@ 1, v ans) | @6 € Bra, o) }-

The hyperfiniteness is an essential assumption in [29]. However, when dealing
with mixed L,(L,) norms, Pisier’s identities remain true for general von Neumann
algebras, see [10, 21]. On the other hand, given any von Neumann algebra M, the
row and column subspaces of L, are defined as follows

Ry (Ly(M)) = {En:xk ®ew |z € Lp(M)} C L,(M&B(£2)),
k=1

Cp(Ly(M) = { 3w @ ena | a € Ly(M) } © L (MEB(&)),
k=1

where (e;;) denotes the unit vector basis of B(¢2). These spaces are crucial in the
noncommutative Khintchine/Rosenthal type inequalities and in noncommutative
martingale inequalities, where the row and column spaces are traditionally denoted
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by L,(M;¥5) and L,(M;¢5). The norm in these spaces is given by

n n 1
2
I35 0 el =S
o1 Ry (Lp(M)) P
n 1
[$onoem
k=1

* 2
Cp(Ly(M) H ( ; mkfk)
In what follows we write R} (L,(M)) = L,(M; Ry) and Cp(Lp(M)) = Lp(M; Cp).
Now, let us assume that A is a von Neumann subalgebra of M and that there
exists a normal faithful conditional expectation Ex : M — A. Then we may define
L, norms of the conditional square functions

(Y evtman)’ and (3 extaon) .
k=1 =

Ly(M)

Ly(M)

These norms must be properly defined for 1 < p < 2, see [10] or [16, Chapter 1].
The resulting spaces coincide with the row/column spaces above if A is M itself.
When n = 1 we recover the spaces L, (M, E) and Lg(M,E) from [10].

We have already introduced L,(L4) spaces, row and column subspaces of L,
and some variations associated to a given conditional expectation. All the norms
considered so far fit into more general noncommutative function spaces —for not
necessarily hyperfinite von Neumann algebras— which we now define. Consider the
solid K in R? determined by

K= {(1/u,1/v,1/q)| 2<u,v<o0, 1<qg<oo, l/ut+1l/g+1/v< 1}.

Let AV be a conditioned subalgebra of M and take 1/p = 1/u+1/g+ 1/v for some
(1/u,1/v,1/q) € K. Then we define the amalgamated L, space associated to the
indices (u,q,v) as the subspace L, (N)L,(M)L,(N) of L,(M) equipped with the
norm

inf{||a| Ly (N) \ T = Oéyﬁ}»

where the infimum runs over all possible factorizations z = ayf with (a,y, )
belonging to L, (N) X Ly(M) x L,(N). Let us now fix (1/u,1/v,1/p) € K and take
1/s =1/u+1/p+ 1/v. Then we define the conditional L, space associated to the
indices (u,v) as the completion Ly *(N)Ls(M)L;Y(N) of L,(M) with respect to
the norm

Lo 1Yl (a0 l18]

sup { oz, r0) | oz, 18112,y < 1}

Both, amalgamated and conditional L, spaces, where introduced in [16] and we refer
to that paper for a more detailed exposition. It should also be noticed that our
terminology L, '(N)Ls(M)L,*(N) for conditional L, spaces is different from the
one used in [16]. Now we collect the complex interpolation and duality properties
of amalgamated and conditional L, spaces from [16]. Our interpolation identities

generalize some previous results by Pisier [28] and recently by Xu [42].
Let Ky denote the interior of K. Then we have:

a) L,(N)Ly(M)L,(N) is a Banach space.

b) Ly, (N)Lg,(M)L,,(N) is isometrically isomorphic to

| Lo (M) L (M) L (V) Ly (M) Ly (M) Loy (V)]

0
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with (2, L, L)y= (L= 4 & 1=64 6 1-6 4 6)

ue’ qo’ Vg ug u1? go q1’ o vr
c) If (1/u,1/v,1/q) e Kpand 1 —1/p=1/u+1/qg+1/v
(Lu(N)Lg(M)Ly(N)" = Ly (N) Ly (M) L (N),

(L W)Ly (M)L,YN)T = Lu(N) Lg (M) Lo (N),

with respect to the antilinear duality bracket (x,y) = tr(az*y). A natural
way to read the first identity (the second one is its dual) is to say that the
dual of the amalgamated L, space associated to (u,v) is the conditional
L, space associated to (u,v), since

1/p)=1/u+1/qg+1/v and 1/p=1/¢ —1/u—1/v.

We refer the reader to Part I of [16] for some refinements of these results.

2.2. A variant of free Rosenthal’s inequality. In this paragraph we formulate
the free analogue of inequality (X,,) in the Introduction and its dual. To be precise,
we shall work for convenience with i.d. variables. In that case, it is easily checked
that (X,4) provides a natural way to realize the space

T (Q) =17 Ly () Nt Ly(Q)

as an isomorph of a subspace of L,(§2;£;). Quite surprisingly, replacing in (¥,,)
independent variables by matrices of independent variables requires to intersect four
spaces using the so-called asymmetric L, spaces. This phenomenon was discovered
for the first time in [13] and is partly motivated by the isometry L, = Lo,Lo,
meaning that the p-norm of f is the infimum of ||g||2p||h||2p over all factorizations
J = gh. Namely, if L3, and L, denote the row and column quantizations of Lo,
determined by definition (2.2) below, the operator space analogue of this isometry
is given by the complete isometry L, = L}, L5, see below for further details. This
leads us to redefine J', as

Ty = (L5, N0, ) (n¥ 15, AL, ).
According to [16], we find
2.1)  Jr,=nrLy LS, Nn% 2Ly LS, An % Ly LS, Nni Ly LS.

These spaces will be rigorously defined below. Our only aim here is to motivate
the forthcoming results and definitions. Let us now see how the space in (2.1)
generalizes our first definition of J' (€2). On the Banach space level we have the
isometries Lj,L5, = Ly = Ly, L5, with 1/s = 1/2p + 1/2q. Moreover, again by
Holder inequality it is clear that

1 1 1
n* | flls < max {n | £llp, n5|1£]l }

and the two cross terms in (2.1) disappear. However, in the category of operator
spaces the four terms have a significant contribution. The operator space/free
version of (X,,) is the main result in [16], and goes further than its commutative
counterpart. More precisely, in contrast with the classical case, we find a right
formulation for (Xsoq). Indeed, as for Khintchine and Rosenthal inequalities, the
limit case as p — oo holds when replacing independence by freeness.
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Now we give detailed definitions and results. Let us write L5 (M) and L§(M) for
the row/column quantizations of Lo (M) and let 2 < ¢ < co. Then, the row/column
structures on Lq(M) are defined as follows

LyM) = [M.L5M)]
LEM) = [M.LE(M)]

(2.2) ’

Qo Qv

In fact, a rigorous definition should take Kosaki’s embeddings into account as done
in [16, Identity (1.3)], but we shall ignore such formalities. Now, if 2 < u,v < o0
and 1/p = 1/u + 1/v for some 1 < p < oo, we define the asymmetric L, space
associated to the pair (u,v) as the M-amalgamated Haagerup tensor product

(2.3) L(uw)(M) = LZ(M) QM,h Lf}(./\/l)

That is, we consider the quotient of LI (M) ®p LS(M) by the closed subspace
7T generated by the differences 17 ® o — 1 ® yro with v € M. By a well
known factorization argument the norm of an element x in Ly, ,)(M) is given by
2 (4.0) = Info=ap lol[ 2, 1) 18] 2, (M), See Lemma 1.9 in [16].

o If M = My, the space in (2.3) reduces to Sf;, ) = C}/) @n RY)s.

e We have a ch-isometry L,(M) = L(ap 2, (M), see [16, Remark 7.5].

Let 1 < ¢ < p < 0. According to the discussion which led to (2.1), we know
how the general aspect of 7!, (M) should be. Now, equipped with asymmetric L,
spaces we obtain a factorization of noncommutative L, spaces in the right way:

TrM)= [ 025 Ly (M).
u,ve{2p,2q}
If we take
My, = M, (M) and E,, =idy,, ® ¢ : My, — My,
for m > 1 and define

1 1 1 1 1 1 1
S=>--> and =_+=+-,
roq p Y(w,v) w p v
we have an isometry
24) ST M) = () T L (M) Ly (M) Ly (M),
u,vE{2r,00}

The proof can be found in [16]. Let A be a conditioned subalgebra of M with
corresponding conditional expectation Ex : M — N. According to (2.4), we define
the J-spaces

T MEN) = [ 070 Ly (N) L (M) Ly H (V).

u,vE{2r,00}

The isometry (2.4) shows us the way to follow. The philosophy is that complete
boundedness arises from amalgamation, see [15, 16]. Indeed, instead of working
with the o.s.s. of the spaces J', (M), it suffices to argue with the Banach space
structure of the more general spaces J,, (M, Ex). In this spirit, for 1 < g <p < oo
we set 1/r =1/q — 1/p and introduce the spaces

Bg(MEN) = n® Lop(M) 0 01 Ly () Lag(M)LZ V),

2p,q
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Choy (M EN) = 0 Lop(M) N 028 LIHN) Log (M) Ly, (V).

Remark 2.1. The notion of M-amalgamated Haagerup tensor product X; ® 1,5 X2
extends naturally to any pair (X1, Xs) of operator spaces such that X; contains M
as a right ideal and X5 does it as a left ideal. We shall write X; ® o4 X2 to denote the
underlying Banach space structure of X; ®@a,, X2. According to the definition of
the Haagerup tensor product and recalling the isometric embeddings X; C B(H;),

we have
2], 0%, = inf {H(kalkx;k)uzumm) \(ka’ékmgk)l/zHB(m)} ,

where the infimum runs over all possible decompositions of x + Z into a finite sum
T = kalk ® xop + L.

This uses the o.s.s. of X; since row/column square functions live in B(H;) but not
necessarily in X,;. Therefore, if X; is stable under row square functions (finite sums)
and X, is stable under column square functions, no o.s.s. on the X;’s is needed to
define X; ® o Xo. In particular, we may consider the Banach space

7Ql;o,q (Ma 5/\/) M Cgp,q(Mv 5./\/)

In what follows, we might abuse of the terminology by writing X; ® a5 Xo for the
space X1 ® g Xo. If that happens, it will be clear what space do we mean from the
context. The reader can find some of the basic properties of this construction in
[16, Chapters 6 and 7].

Remark 2.2. The cb-isometry
X1 @amn X2 = (X1 ®n Ri) @ty (r),n (Crn @ Xa)

reflects the behavior of row/column operator spaces with respect to amalgamated
tensor products and it is a key property that we will be using along the paper.
Indeed, it suffices to understand that

dim R,, QM,n,h Cy, = 1,

which follows from the fact that e;; ® ej1 ~ d;;e11 ® err where ~ refers to the
equivalence relation imposed by the quotient of amalgamation. These equivalences
can be easily justified by the reader.

The isomorphisms below are the key results in [16]:
a) If 1 < ¢ <p < oo, we have

Tptd (M, EN) = Ry, (M EN) @ Copy (M, EN).
b) f1<p<ooand 1/g=1-0+ 6/p, we have
Tpta M, EN) = [T (MLEN), Ty (ML EN] -
Moreover, in all cases the involved relevant constants are independent of n.
Remark 2.3. It is worth mentioning that the constants for
Tt M EN) = [T (ML EN), Ty (M, En)]

obtained in [16, Theorem 7.2] have a singularity when (p, q) ~ (00, 1). To be more
explicit, for ¢ small and p large we obtain a constant ¢, , ~ (p—q)/(pg+ ¢ —p) and
the same singularity appears in Theorem 2.4 below. However, the assertion in such
theorem holds for the extremal values (p,q) = (00,1) and the singularity seems
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to be removable. It appears as a byproduct of the noncommutative Burkholder
inequality, which is used in the argument, see [16, Remark 7.11]. Fortunately, our
construction of operator space L, embeddings in [15, 16] only uses Theorem 2.4 for
q = 2 and no singularity occurs in that case.

In what follows, we shall also need to work with the predual space of 7', (M, Ex)
which is deﬁned as follows. Given 1 < p < q¢ < oo let us consider the index
1 1

i 5 and the coefficient p(u,v) determined by p(u TP T u T w . Then, we

deﬁne the space
1
KpoMEN) = D 7D Ly(N) Ly, (M) Lo (N).
u,vE{2r,00}

The antilinear bracket (z,y), = ntr(zy*) gives Ky (M, En)" = T (M, En),
see [16, Remark 7.4]. As for the J-spaces, we shall write K} (M) to denote the
space K. (M, Exr) with (N, Ex) = ((1m), ). Having defined the noncommutative
forms of our J and K spaces, we can now state the free analog of (£,,) and its
dual from [16]. It is fortunate that in the free case a more general statement holds
not requiring copies.

Theorem 2.4. If1 < p < g < oo, the maps

S we@dy e Kb, (M), % SEn) = Y o) @0k € Ly(Apreei )
k=1 k=1 k=1

kz:jlmk Q8K € Th (ego(M), - ;gN) o kzzlw;ree(xk) ® 0 € Ly (Appeei 1)
are isomorphisms with complemented range and constants independent of n. In
particular, considering the restriction to the diagonal subspaces t1 =19 = ... =z,
we obtain isomorphisms

ze K2 (M, Ex) Zwﬁee ) @ 8% € Lp(Agree; 1),

v € Ty (M, En) Zﬂ'free ® Ok € Lp(Afree; ly),

with complemented range and constants independent of n. Moreover, replacing
(M, N EN) by (M, (M), My, idyy, ® ), we obtain complete isomorphisms with
completely complemented ranges and constants independent of n

T € IC" Zﬂ-free ®6k€L (RfT667£q)

T e jp q Zﬂ—f'r‘ee ® 61@ €L (RfT€87€q)

R free stands for the non-amalgamated free product (M, ) * (M, @) x - (M, ).

Sketch of the proof. It clearly suffices to prove the first assertion. Since the
Jpq-spaces form an interpolation scale, as observed in Remark 2.3, the same holds
for K}, by duality. On the other hand, the spaces Ly(Ayrec; ;) are particular
examples of amalgamated or conditional L, spaces (according to the value of p and
q) and hence also form an interpolation scale. This is well-known for hyperfinite
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algebras through Pisier’s work, but note that the free product are in general not
hyperfinite. It suffices to show the extremal cases. The case p = ¢ is trivial, while
the argument for the map \71}/71 — Ly (£7) is essentially contained in [13]. Indeed,
using

= inf
LP(-Afree?ZiL) Tp=arby

i (o3

k=1

n n
1
RETLY (S aap)®
k=1 k=1 P
see e.g. [10], the norm estimate for 7, | boils down to

n ﬁ n . 1
S (X eellzp) ™ + [ (3 entanai))?
P k=1 k=1

and its column version. Equation (2.5) follows from the free Rosenthal inequality
[18], see [16, Corollary 5.3]. It is important to recall that, in contrast to the free
Rosenthal inequality, we do not require the z;’s to be mean-zero in (2.5). The
combination of (2.5) with 7! (M, Ex) =~ RE, (M, En)@MmCs, (M, Enr) gives rise
to the boundedness of jpl,,l — L, (£}). By interpolation, we deduce that Jp1,7q, —
Ly (£7,) is bounded. By duality, see the argument in [13], the boundedness of the
inverse and the fact that the range is complemented follows from the boundedness of
the map lCll)q — Ly(¢y). This is even easier and follows from algebraic considerations
that can be found in [13, Proposition 3.5]. The proof is complete. (]

(25) [|(32 Phreelmn)hree (oa))
k

2p

Remark 2.5. Several remarks are in order:

i) The first result of this kind appeared in [13], where tensor independence
played the role of freeness and amalgamation was not considered. According
to the classical theory, we found in this case a non-removable singularity
as p — oo. Then, the duality argument produces a singularity as p — 1.
As a byproduct of our methods, we shall show in this paper that this
singularity is removable. A key point for it is to observe that, in the free
setting considered in Theorem 2.4, we only find a (apparently removable)
singularity when (p, ¢) — (1, 00) simultaneously.

ii) The variables w’}ree (z) are replaced by ﬂ’}ree(:ck, —x1,) in the formulation
of Theorem 2.4 given in [16]. This was done to create mean-zero random
variables, a necessary condition for the free Rosenthal inequality [18]. In
(2.5) mean-zero random variables are not required and this simplifies our
embedding.

iii) The simpler formulation in [13] allowed us to take values in an arbitrary
operator space X. In the framework of Theorem 2.4, this requires some
additional insight that will be analyzed in a forthcoming paper.

3. SUMS OF INDEPENDENT COPIES IN Lj ()

Let (Mp)r>1 be an increasingly independent family of top-subsymmetric copies
of the von Neumann algebra M over N. Let us also consider a o-finite von Neumann
algebra R equipped with a normal faithful state ¢. Given z € L1(M)® R, we want
to study sums of independent copies in Li(A; o (R)). According to Section 2, we
know that

e
k=1

= inf a ( su 2 ) :
ity = meaihy slalzca sup lvelasz )18z
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On the other hand, we have the following formula for any z € M®L;(R)

1 Tebstsniaimn =00 {| (3, Exma) | (3, Exitivn) [ }

where the infimum runs over all decompositions of z into a finite sum ), arb, and
Em : MA®R — M is the conditional expectation Exq = id ® ¢. Indeed, recall that
the term on the right is the norm of z in

L (MER;Er) @ mar Lo (MER;Enm).
Then, since the following identifications clearly hold
L (MOR;Enm) = Ly (M)La(MER)LL (M),
L (MOREMm) = L (M)Lo(MER)Ly (M),
we deduce that we are talking about the norm of z in
Ly (M)Ly(MER)LLH (M) @ mar L (M)L2(MER) Ly (M).

In these terms, it is clear that (3.1) follows from [16, Proposition 6.9] after taking
(M, N) there to be our pair (M&R, M), recall one more time that our terminology
for conditional L, spaces is different from the one used in [16]. Given A > 0, we
also define the spaces

Rii(MEx) = M0 VAL N)Lo(M)LIN),
ChiMEx) = MO VAL (N)Ly(M)L;H(N),

According to [16], the norm on these spaces has the form

lollrs aeny = max {llalae VX[[Extaa) ]},

1Blley ,amewy = max{I81ae VA [Ex (58}

Of course, when A = n we recover the spaces R7, ; (M, Ex) and Cl, 1 (M, Exr) from
the previous section. Now we want to consider the corresponding [J-space with
values in L1 (R)

T 1 (M, En; Li(R)) = R, 1 (M, EN) @p Loo (M; L1(R)) @p1 Co 1 (M, Enr).

Note that both R, ;(M,Ex) and C (M, En) coincide algebraically with M
itself. Thus, the norm in joi‘%l (M, En; L1(R)) of an element z in the dense subspace
M ® Ly (R) is given by

||Z||j;71(M,5N;L1(R)) = z:ilglﬁ ||O‘HRQOJ(M,£N)||y||Loo(M;L1(R))Hﬂ”cg\ovl(MfN)'
When no confusion can arise, we shall write J2 ;(L1(R)).
Lemma 3.1. We have
12l sy~ max {l2lne iz s
VA inf[[E(ea) [yl

ﬁzi:fljﬁ 19|z s ) |EN(878)2 |

A Ziﬂf,g En (002 [\ 19l 2w Mz ) || E0 (87 8)2 HN}
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Moreover, the relevant constants are independent of \.
Proof. The argument can be found in Chapter 6 of [16], see Lemma 6.3. O

Once we have introduced the key spaces, we are ready for some preliminary
estimates. In what follows, we shall assume that z is an element in J3 ;(L1(R))
and we shall work with a factorization z = ay( with

maxc { flaflwe, VA [Ex(@a) | FIgll e sy max { 18Lae, VA [Ex (8" B)F . }
being < [|z([ 72 (1, (r)) + € for small €. Let a = V1 —aa*,b=+/1—3*3 and
A =m(a)me(a) - -mp—1(a) , B =mk_1(b)- - ma(b)m1(b).

Lemma 3.2. We have

n
A B ®6 H < . .
sz_: kT (2) Br ® O Lo (AR (L1 (R))) 1Yl Lo (MsL1 (R))

Proof. We claim that

H i Yk e ® 51@H
k=1

Loo (A} (L1(R)))

n 1 n 1
< DL ( ) || (X A1) *
< H(;akak) § 121;2n||yk\|Lm(A,Ll(R)) (;@cﬁk) M

Indeed, if (o, 8) = (Zk ARGy Y ﬁ,ﬁﬁk), we find vy, wy € A with

o ap = azvy and B, = wi (7,

o max{” Zk urvi || 4 Zk w}iwkHA} <1

Since Loo(A; €7 (L1(R))) is an A-bimodule, it suffices to show

n
vkykwk®5kH < sup ||Ykl| Lo (A;L0 (R)) -
H,; LeAp iy = 1, 10Kl e (1)

Factorize y, = ), aisbrs in such a way that

max {| 3" Ealareai.) ol 2 Eattibe)

In particular, we may factorize vyyrwi = ), vkarsbrswy to deduce the estimate

A} < ykllpw iz (r) + &

H > vrypwr © 5k”
P Loo (A7 (L1(R)))

1
> Ea(wibibrswr) ;

i

1
2

H Zk’s E4 (vkaksazsv;:) y

1
< |32, ] (g i +2) || X wie
Zk Rk, 1Skgn||yk||LOO(A,L1(R)) zk: Wk

sup  [|Ykllro(ain, (r)) €
1<k<n

IN

1
2
A

IN

This proves our claim if we let ¢ — 07. Applying it for
(ks yis Br) = (Armr(a), mi(y), 7 (3) Bie)
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gives rise to

HiAW)Bk o &

k=1

< H ( z": Akﬂk(aa*)AZ)%
k=1

Loo (A} (L1(R)))

1
2

(Y1 Lo (M1 (R)) H (> Bimi(B8*B)By)

k=1

A

Therefore, the assertion follows from

H Zk Akwk(aa*)AZHA <1 and H ;B}:ﬁk(ﬁ*ﬂ)BkHA <1

Indeed, these estimates are implicit in [12, Lemma 7.6]. The proof is complete. O

The next lemma requires a further property of the space Lo, (M;L1(R)) used
in the definition of the amalgamated tensor product J2 ,(L1(R)). Indeed, we
require that for a conditioned subalgebra A of M and a normal *-homomorphism
p: M — N®B({2), we have

(3.2) |p®id : Loo (M; L1(R)) — Lo (N®B(£2); L1 (R)) || < 1.
To prove it we use an isometric inclusion
(3.3) Loo(M; L1(R)) C NDEC(R?, M).

In other words, by slicing T,(r) = (id ® r)(z), we can view T, : R? — M as a
normal decomposable map. The norm in the space of decomposable maps (see [19]
for details) is given by

. Sy T, Sy Ty o
1T || dee = mf{H( T} Sy )HMQ(’R)—>M2(M)S"C. ( TI;; S, > completely pos1t1ve}.

To prove (3.3) let us take a,b € La(M) and Myp(y) = ayb. For x € M ® L1(R)
we see that M, T, € NDEC(RP, L1(M)) and is of finite rank. However, every
completely positive map T" : R°? — MZ? defines an element in (R ®pax MOP)*.
Given a finite tensor z = >, r; ® m; of norm less than one, we may lift it to an
element Z of norm less than one in the unit ball of R? ®uax M°P. This implies

(2, Map T2)| < (| Tz |l decllal2][b]]2 -
Since M T, is of finite rank we know that
[(2, Mo T,)| = |z, axb)|.
Then [16, Proposition 6.9] implies that

||37HLOC(M;L1(R)) = Sup lazbll1 < [|T%||dec-
lallLyrys 1Bl Ly a) <1
According to (3.1), the converse follows easily by factoring = x122 and using that
x125 and zize correspond to completely positive maps. Then (3.2) follows from
the fact that || pTx |ldec < | T2 || dec-

In the following result, we shall use the conditional expectations Ej : A — M.

Lemma 3.3. If6 <1/e and A = 5~ 1n, we have

[ [En(iu — AR)ma(2)(1 - By))|

< 2ned ||zl 75 | (2, (R))-

Hjﬁo,l(Ll(R))
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Proof. By the normal version of Kasparov’s dilation theorem [27], we may assume
E.(x) = e11p(x)err, where p : A — M, ®B(¢3) is a normal x-homomorphism. Let
us factorize z = ayf as we did before Lemma 3.2, with A = 6" 'n. Then we get

n

En<2(1 — Ap)ma(2)(1 — Bk)) = RDC,

k=1
where R, D, C are given by

R = Z e11p((1 = Ap)my (@) ® e,
k=1

D = > p(m(y) ® exn,

n

C = > p(ma(B)(A —Br))en @ exa.

k=1
It is easily checked that

ZE (1= Ap)mp(aa™)(1 — A)*) @ exr.

According to the proof of [12 Lemma 7.8] we have
(3.4) |7 ((RR*) 2) < V2ned [lala

To estimate 7, ! ((RR*)%) in R, (M, Ex) it remains to control the term

~ |l (RRY)

v =

VorTn || (m (RRY) |12, MHZEN(<1—Ak>wn<aa*><1—Az:)*)i
k=1

Finally, applying Lemma 7.1 (ii) and Lemma 7.7 (iv) from [12], we obtain

2

(35) [[ex(m RR)) | = || 30 Exe((1 ~ A)entaa)(a - 4)7)]|
k=1

j[HEN(aa*)HiA < V2ned ||5N(0504*>||/§\4-

| S En((1 - A0(1 - A4,))
k=1

The combination of (3.4) and (3.5) (as well as a symmetric argument) produces
ngl((RR*)%)HR;J <Vonedallry | o [t ((CC)2 )ch < V2nes |Blex -

Since we have the factorization

nl [En(zn:u — AR (2)(1 — Bk))} = 77 ((RR™)® )y (uDv) i ((C*C)%)

k=1
for certain contractions u, v, and Lo (M, (M); L1(R)) is an M-bimodule, we deduce

‘ it [En(zn:(l = Aw)ma(2)(1 ~ B’f)ﬂ Hj;J(Ll(R))

—1
< 2n€5Ha”R;,l”ﬁ”C;‘o,lH’”n (D)HLOO(MH(M);Ll(R))

< 2ned fallr I8llex , [lo(ma(w))

HLoo(M;h(R))
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IN

2ne6 (ol Il s 18y, )

N

< 2ned (”Z”j)\ (L1(R)) —1—5).
We have applied inequality (3.2). The assertion follows by letting € — 0 above. [

Lemma 3.4. If§ < 1/e and A = §~'n, we have

HZM
=1

Proof. By homogeneity, we will assume that

1—4ed .
Ly (Asen. (R)) n( ed) ||zl 72 1(L1(R))

1272, zamy- = 1-

Let z € A® L1(R) be a norm 1 element of J2 ;(L1(R)) such that |(z,z)] =1 —
and factorize z = ayB with [allrr | = [[Yll . miz(r)) = 18ller LS4y Flrst

oo, 1
we observe from Lemma 3.2 that

’§<Wk($)7f1km(2)3k>‘ < (1+7)| ém@ @ by S

Now, to work through the error estimate, we use

z—azb=2z(1-0)+(1—a)z— (1 —a)z(1 —b).

k=1

< ‘zn:<ﬁk(l'),Ak7Tk(Z)Bk>‘+‘Z<ﬂ-k( ), T (2) — Apmi( )Bk>‘
Pt k=1

< (H”)H;“(x)@ék‘mmw ®)

+ ’Z<ﬂ'k(x),(1*Ak)ﬂ'k( )(1*Bk)>‘
k=1

+ ]im()(l—Am |+\Z (o), () (1 = By))
k=1

By top-subsymmetry and [12, Lemma 7.1], we deduce

n

‘Z<7rk (1= Ag) mi(2 ‘ = ‘ T (), Z(I—Ak)wn(z»‘

k=1

= et (350 ) ) = [ (300 40))
<[l - an)

< e (Xa-an)],.
T2 (L (R)) |z HJ (L1(R)) N ;::1 k
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Similarly, we find

S5 1 = ev($00 - ),

We refer to [12, Lemma 7.7 (iii)] for

o (0= 40)] [

(- m0)], f s

Here we are using implicitly that we have

1 1 1
max{ En(aa®)2 ||, |EN(B*B)2 } < )
Jextan’) s lev@8)t |} <
Our argument for the symmetric term uses Lemma 3.3 instead
|3 (mel), (1= A (=) (1 - By))|
k=1

n

[(m [En (D2 = A mal2) (1= B)) )] < 2000 12l 73 1y -

k=1
This yields

+ 4ned.
L1 (A, (R))

n(1=7) < (1+9)|| Y mla) @
k=1

Taking v — 07, we deduce the assertion and the proof is complete. O

Remark 3.5. Apart from our references to [12] in Section 1, the estimation of the
error terms above is the only place in this paper where top-subsymmetry really
takes place.

Let us consider the following norms

| ®) = f lallz. oy Yl amer 0z, )
lllzsmenmy = nf llallzoonlylmerlblz.o
Izl MersR) = mlzl(llfyb lall oy 1Yl mer 101l o)

Lemma 3.6. If z €¢ M ® L1(R), we have

Izl Lrmoenim)s = lenolfu ||€N(O‘04*)%HNHy”Lo@(M;Ll(’R))a
elesmenmy- = infy Il 2o ptsa () [|E0(B78)2 |
lelssmevmr = it [ex@a™)? |l v llEx (8%

Proof. Given x € M ® R, let x = a;y;b; with

|2y ey ~ Nl Iyl mer 101l Ly

lzllze(menr)y ~ a2l ly2llmar b2l

®) ~  lasllL,on sl mer 103l Ly -
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Here ~ means up to (1 + J) for an arbitrary 6 > 0. Then, we have

(z,2) = travar(Wibiz*e)) < lyillmerlla; 205 L, mar)
< lajlloapllvillmerlbilloe,y  sup llagzB5lln, (mer),
\aj\Lz(Aj)Sl
1851l Ly 8y <1

with respect to anti-linear duality and where
(Ah BlaAQa BQaA?n B3) = (N7M7M7N7NaN)'

According to this, it is easily seen that the closure of M ® L;(R) with respect to
the norm (for each j = 1,2,3) given by the supremum above embeds isometrically
into the dual of L} (M, Enr; R) with (e, 5) = (1, 1), (¢,2), (s, 3). Therefore, it suffices
to see that

. w1
(3.6)  sup [[a12B1llL, (mar) = leliy |En ()2 ||\ NllL e vz (m))s
1,01 -
. wonl
(3.7) sup la2zB2l, mar) = inf, 1Y Low (MiLa (mY) |EN(B°B) || 55
az,f2 =
where a1, 82 € Br, vy and az, 81 € Br,a); as well as
(3.8)  sup [laszBslL, (mar)
«3,03

- Z:i%gﬁ ||6N(Ola*)% HNHy”LOC(M;Ll(R))H‘S‘N(/B*ﬁ)% ||J\/

with as, 3 € Br,a. Since the proof of (3.6) and (3.7) is quite similar to that of
(3.8), we shall only give a detailed argument for the last one. Given a factorization
z = ayf and «ap, By € La(N), the upper estimate follows from
laozBollL, (mar)
< ol Ly 1Yl Lo (AL (r)18Boll o (M)
*\ 1 % 1

< Nlaoll oo [[Enx(@a®) 2 | Nl oo (Mo (m) [|EN (B*8) 2 || (M Boll Loy -

For the lower estimate, we set

. wnd oL
lalll = _inf [l€n(@a™) |yl cazarpllEn(s )2 -
This expression defines a norm. Indeed, the positive definiteness follows from

HIZI1F = 12l Ly, (Miga) @ Lo (MiL1 (R)) @ aa L, (MiEnr)
while the triangle inequality can be proved following Pisier’s factorization argument
in [29, Lemma 3.5]. Given zp € M ® L1(R), let us consider a norm 1 linear
functional
B0 (M Li(R)|[| [I]) = € such that  6.,(z0) = [[20]]
Note that we have

|60 (@98)| < [|Ex(@@™) |21yl o rtstn ey | EN(B7 B

In particular, we may apply —as in [16, Theorem 3.16 + Proposition 6.9]— a
standard Grothendieck-Pietsch separation argument to find states ¢; and ¢9 in
N* with associated densities di,ds in Ly (N**), so that

(3.9)  |wlawB)| < r(En(@a™)E|yllro (mir.ryw2(Ex(B*6))%

1 1
= |ldf all Ly 1Yl Lo MLy (R 1B (| Ly (M) -
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We want to construct a norm one functional ¢ : L1 (M**®R) — C with
1

2o (ayB) = ¥(df aypds ).
Let e; = suppd; be the support of d; for j = 1,2. We know that the space
Li(M*@R) = Li(M*)®L;(R) is given by the operator space tensor product.
Therefore elements of the form

= Z ik T ® Yij
04,k l=1
with
”aH2H(xkl)HMn(Ll(M**))H(ykl)||Mn(L1(R))”bH2 =1

are dense in the unit ball of L;(M**)®L;(R). Note also that n = (3, airTribi;)i;
is of norm < 1 in S} (L1 (M™**)) = Dec (M, L1 (M**)) where decomposable refers
to linear combination of positive elements. Thus we can find hq, he € Lo(M**) and
u: M, — M™ in the unit ball of Dec (M,,, M**) such that

Zkl aip by = hiu(esj)ho.

Recall that Dec (M,,, M**) = Dec (M,,, M)** and therefore we can find a net of
maps u, in the unit ball of Dec (M, M) such that hiu(e;;)he = limg hius(e;;)he.
Passing to convex combinations, we may assume that u(e;;) converges in the strong
and strong® topologies, so that hyusho converges to n in norm. If we assume
additionally that & = e;£eq, we may replace hy and hy by e1hy and haes. According
to Kaplansky’s density theorem and the norm density of v/di M** in ej Lo(M**),
we see that v/d; M is norm dense in ej La(M**). Similarly, M+/dz is norm dense
in Lay(M**)ey. Thus we can find my,, my, € M such that

1 1
erthy =lim;, dimy, and hoep = limy, 1,d3 .
This shows that

n
1 1
& = lim, limy, 4, E A2 my, us(ei;)me,dd & yij.
3,j=1

We deduce from (3.9) that for fixed s, t1,to
¢2:o( Z mtlus(eij)th ®yij)‘

ij=1

< Hdl%thzH Z us(eij) ® iy
—

©J=

1
~ g3
Hmt2d2 HQ

Loo (M;L1(R))

Recall that (y;;) € M,(L1(R)) has norm < 1. Since u, is decomposable we see that
us ®id : Mp(L1(R)) = Loo(M; L1(R)) is a contraction, which is easy to check for
completely positive us. Thus we get

H Z us(€ij) @ yij

2,j=1

Lo (M®R) < HustecH(yij)HMn(Ll(’R))’
and therefore

¢(§) = lims hmtl’tQ wzo( Z mtlus(eij)mtz ® yz])’ <L

4,j=1
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Let us resume what we have proved so far. For fixed n € N we have shown that
PY(Vdimyda ® y) = ¢, (m ® y) extends to a continuous functional on the Banach
space projective tensor product e; L1 (M**)es @, L1(R) such that

‘1/}( Z Lij ®yij)’ < || HS"(L (M**))H Yij HM (L1 (R)) "
ij=1

Since left and right multiplications with e, es are completely contractive, we may
extend ¥ to Li(M*™) @, L1(R) satisfying the same inequality. This means ¢
induces a linear map Ty, : L1(R) — L (M**)* = MO°P** such that

lidar, ® Ty : M(R) — M, (MP)| < 1.
Since this is true for all n € N we deduce that Ty is completely bounded. According
to Effors/Ruan’s theorem [4, Theorem 7.2.4] CB(L1(R), MP**) = RPQMOP** =

(L1 (R&M**))*. Therefore ¢ corresponds to a norm one functional on L; (R&M**)
such that

1 1
Y(dfdi @ y) = bz (z@y).
Now we have to replace dy,dy € Li(N**) using an ultraproduct procedure. We
recall from [16, Section 6.2] that we have a completely positive, completely isometric
M-bimodule map

p: Ly(M™) — Hu Li(M)
such that p* : (I],, L1(M))* — (M°P)** is a conditional expectation. Thus

p®id: Li(M*)&L (R —>H Li(M)QLi(R).

Therefore we find a norm one functional ¢’ : [],, L1(M)®L1(R) — C such that
Y’ o(p®id) = 1p. The map p also induces a map p;, : L,(M**) — [, L,(M) which
remains a M-bimodule map. In particular, we get
1 1 1
p(dizd3) = pg(d Jzpa(d3) for zeM.
Let us recall that the inclusion Lo(N**) C Lo(M**) is defined with the help of
the conditional expectation Ex : M — N, more precisely Ex** which is still a
(maybe non-faithful) conditional expectation. We recall from [16, Lemma 6.2 ii)]
that p(Ly(N**)) C [],, L1(N) and hence ps(+/d;) € [],, L2(N). Therefore we find

[0/ 0 (p ® id) (df z0d} )|

[zolll =
< p2 (df)z()pz (d%) ||1—[M Ll(M®R)
= lim;y ||p2(d; )2002( )HLl(M@)R)
< sup ||0420/6||L1(M®72)'

el Lo a8l Ly (A <1
This concludes the proof of (3.8). The argument for (3.6) and (3.7) is similar. O

Let us define the space
K3 oo (M, EnsR)

AL (M;R)
Li(M,En;R)
VAL (M, Eni R)
VAL (M, ExsR),

+ + +
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where L1 (M;R) is a shortened way of writing L1 (M; Lo (R)). We shall often write
IC{‘7OO(R). The norm of z € IC{‘M(R) is given by

it Allzllz, ver) VA @2 Ly v, eaem) F VA 23] L (M ir) + 124 g (M EaR) -

r= 1%

The following result probably holds in larger generality. However, this requires
additional fine tuning on the assumptions. For our purpose, finite-dimensional R’s
are enough.

Theorem 3.7. Let us consider a conditioned subalgebra N of M and a finite
dimensional von Neumann algebra R. Let (My)r>1 be an increasingly independent
family of top-subsymmetric copies of M over N. Then, the following estimate holds
up to an absolute constant for any n > 1

e
k=1

Proof. By the triangle inequality

(3.10) H 3 mle) ®5k(
k=1

If © = ayb with a € Ly(N') and b € Ly(M), then

m(2) = ami(y)me(d) and > me(@) @y = a( D mely)us @) (zmb*b))%,
k=1 k=1

] ~ ol
1(AE, (R))

Kf o (R):

< nl|lx Y.
i (R S 2/l L, (i)

where the ug’s are contractions in 4. This immediately gives

3.11 | 6| < srllb .
(3.11) 2@ D] gy S VPNl Il or Pl

In fact, the same argument provides the remaining individual estimates

(3.12) H zn: (@) ® 54
k=1

< 1 { c . S . }.
LAt (R)) S min § v 2] e (e m)s 2] Ls (Muenrsm)

The combination of (3.10), (3.11) and (3.12) shows that the upper estimate holds
contractively. Let us now prove the lower estimate. Since R is finite dimensional
we may characterize the dual space of /Cfoo. Indeed, it follows from Lemma 3.1
and Lemma 3.6 that

lelln, ~ max{leloqm, iy VA nf [[Ex(aa) |yl
\F/\Ziznyfﬁ 192 (M (R |EN(B7B)? || s
A _inf lEn(aa) 2| ol o €3 (5°8) | }
= Asup {Jir@*2)] | ey <1}

Since the embedding of ICiOQ in its bidual is isometric, we deduce from Lemma 3.4

<\ . <16 H ® 0 ‘ .
||95||ic;w(R)N HxHjoko’l(Ll(R)) < lbe kz::lm(x) k La(Astn (R))
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We used A =n/§ and § = 1/8e so that 1 — 4e§ = . The proof is complete. O

4. A VECTOR-VALUED EMBEDDING RESULT

Given two von Neumann algebras M and R as in the previous section, our aim
now is to find a complete embedding of L,(M;R) for each 1 < p < oo into an

ultraproduct of the form

Moreover, for our applications we also need some additional information on how
such an embedding is constructed in order to maintain the notion of independent
copies. In the following, X »( will be an operator space containing M as a two-sided
ideal. Then we may define

LQP(M)XMLQP(M) = Lgp(./\/l) QM,h XM OM,h LSP(M)
We will also work with subspaces and quotients of
(M@ LE(M)) @pa.n Xt Oagn (M @ LE(M)).

Our main tool is a standard modification of the so-called Pisier’s exercise, see [15, 43]
and [30, Exercise 7.9]. In other words, a way to reformulate complex interpolation
in this setting. We follow the same approach as in [15, 16]. Indeed, let S be the
strip of complex numbers z with 0 < Re(z) < 1 and let 9y U 9y be the partition
of its boundary 0S with 0; the line of z’s with Re(z) = j. If 0 < § < 1, let pp
be the harmonic measure of the point z = §. This is a probability measure on the
boundary 0S (with density given by the Poisson kernel in the strip) that can be
written as p1g = (1 — 0)po + 01, with p; being probability measures supported by
0; and such that

(4.1) fO)=[ fdue

as
for any bounded analytic f extended non-tangentially to 9S. Let

Sia = (Ls@0)@M) @ (Ly(@1) @1 Ly(M)),

Sia = (MBL5(0)) @ (L§(M) @1 L5(@1) ).

The von Neumann algebra tensor product used above is the weak closure of the
minimal tensor product, which in this particular case coincides with the Haagerup
tensor product since we have either a column space on the left or a row space on
the right. In particular, the only difference is that we are taking the closure in the
weak operator topology. The direct sums will be taken Hilbertian. Then, if M
comes equipped with a normal strictly semifinite faithful weight ¢ and d, denotes
the associated density, we define Hj(M) as the subspace of all pairs (fy, f1) of
functions in S}, such that for every scalar-valued analytic function g : & — C
(extended non-tangentially to the boundary) with ¢g(6) = 0, we have

(1-0) /6 0() d2 fol2) dpuo(z) + 0 /8 9(2)f1(2) dyua (2) = 0.

Similarly, the condition on H§(M) C S, is

(1-0) /a 9(2)fo(2) d2 dpo(2) + 0 /3 9(2) F2(2) dpn (=) = 0.
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We shall also need to consider the subspaces

Ho = {(fo,fl)eHg(M)Hl—e)/adifoduow frdps =0},

01
Hoo = {(o f) eHGM)| (1-0)

We define the M-bimodules
Hr (M, 0) =Hyg(M)/H, o and H.(M,0) =HG(M)/Hep.

Remark 4.1. We may think of H,(M,0) as the space of M + Lj(M)-valued
analytic functions f on the strip, with f(dy) C M and f(01) C L5(M) quotiented
by the equivalence relation f; ~ fo iff both take the same value at . A similar
observation holds for H.(M,#). It is somewhat encoded in the proof of Proposition
4.3 that indeed

Ho(M,0) = L5, (M) and  Ho(M,0) = L§,(M).

1
Jodgdpo + 9/ Jridpy = 0}~
80 61

In the following we use the notation
Ho(Xm) = Hr (M, 0) @rt,n Xt @aa,n He(M,0).
Lemma 4.2. Given 1 < p < 0o, we have a contractive inclusion
Sapr Lop(My, @ M) My (X M) Lop(Min, @ M)S3, C Ry @, H%(XM) ®p Crn-
Proof. We claim that the inclusion
St Lop(Myy, @ M) C Ry @1, Hy (M, 1/p) @1 Ry

is contractive. Let x = ab be such that a € S5}, and b € La,(M,, @ M) are norm 1
elements. Using the fact that R, ®p H,(M,1/p)®}, Ry, is a right M,, (M)-module
we may apply polar decomposition and assume that a and b are positive. Indeed,
write ab = |a*|ugb = |a*||b*ul|uqp and use that

lla*llly, = llallzp— and [l ugll,, < [lbll2p-

Define the analytic function f : z € S — a'=2?'pP* with f(;%) = z. If we set
fi = fi5., it is clear that

21 R,y @ Ho (M1 /D) @1 R

IN

H(f07 fl)HRm@)hs;;Ac@hRm

Nl=

1 2 1 2
((1 — ) follz, e, ws@)ermenr, + 511 R,,,L®h(Lg(al)eath(M))@hR,n)

The space Ry, ®@p (L5(00)@M) &5, Ry, is completely isometric to
(Rm Rn Rm) OM,, .,k (Cm Rn (L§(80)®M) Ohn Rm) QM,n,h (Cm Qhn Rm)a

which in turn is isometric to S5 Loo (M, @ M; L5(0y)). On the other hand, given
any z € Jp we have that f(z) = a?’ u, with u, being a unitary in M,, (M) for each
z € Jy. Hence, we get

1

ol atonnasony = | e duoe)?

0

=1
MM
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20’ ..
and ”foH?%m®h(L§(Bo)®M)®hRm < |lall3p, < 1. Moreover, it is easy to check that

2
”flH2Rm®;L(L§(81)®;LL§(M))®;LRM :/6 ||Usz||2Lz(Mm®M) dpy(z) = ||b||25 <L
1

Putting altogether, we deduce our claim. Similarly,
Lop(My, @ N)S3, C Cry @1 He(M, 1/p) @1, Cy,
holds contractively. Therefore, the assertion follows from
Ry ®n H1(Xp) @n O
= (Rp ®n Hy (M, 1/p) @4 Ryn) @ My (X p1) @ (Cry @5 He(M,1/p) @1, Cr).
where the symbol e stands for the amalgamated tensor product ®uz,, (A),n- O
Proposition 4.3. We have a complete isometry

L,(M;R) — H%(MQ_@R) for each 1< p < co.

Proof. We have
ST Ly(M;R)) = Sy Lp(My, @ M;R)Sg,,
= S5 Lop(My, @ M)M,y,(MER) Loy (M, @ M)Sa.
Hence Lemma 4.2 implies that
STHLy(M;R)) C Ry, Q1 H%(M@)R) ®p Cp, = S{”(H%(M@)R))
is contractive for all m. Therefore, the inclusion of L,(M;R) into H;,,(MER)

is a complete contraction. To complete the argument, we proceed by duality and
analyze the inclusion

(4.2) ST (Ly (M; L1 (R))) © My (H1 (MER))™

As in the proof of Lemma 4.2, we may factorize x = abscd with a,d € 53, and
b, c € Loy (M,, M) positive norm 1 elements and s being a not necessarily positive
norm 1 element in Lo (M,,(M); L1(R)). Let us now consider a norm 1 element

Yy € My, (Hy/p(M®R)). Then we may find an analytic function { = awf3 in the
equivalence class determined by y such that

o We have w € M (M®R) for some k > 1 and
a = (0o, 1) € My (L5(00)DM) & My (L5(01) @ L(M)),
B = (Bo: B1) € Myoym (M®OL5(0o)) & Mioym (L5 (M) @5 L5(01)).

e The estimate ||w||y, (mar) < 1 holds and

1
1 2 1 2 2
((1 = el cs@nar + 5 ||041||Mm,k(Lg(al)®hL;(M))) <1

=

2 2 2
(@ = D10l . mors00n + 1813 zssnisio ) <1

By adding zeros if necessary, we assume m = k for simplicity. As in Lemma 4.2, we
may define g(z) = a*Pb(1=2)P" 5¢(1=2)P" 2P Note that g is also analytic and hence
the identity below holds

(@) = (o363 = |

a8

(9(2).6(2)) dpus (2).
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Now we claim that

43| [ (9,66 duoc)

IN

H(/a O‘O(Z)*Oéo(z)duo(z))%
[ ] Aotz Bot2)" dmote)

M (M)

X
Nl

M (M)

. / / . . .
Indeed, since 9o, (z) = u,bP scP v, with u,, v, unitaries and b, ¢, s, w are norm 1

)/ (9(2),€(2)) dpo (= )’

= ’/a tr(wﬂo(z)vch’s*bp,uzao(z))d,uo(z)

1 1
< Al [ avrao@an,, | S
< N o(2)"ao(2) duo(z) sl Jy, Bo(2) Bo(2)" dpo(z) Mo (M)
where
A = [lwlly,, mar) Zsélg) vz b UZHLI(M,,,L(M@)R)) = Ahs.

We have Ay <1 by hypothesis, while Holder’s inequality gives

Ao < e[| o M) 2o (M (M) L2 RY I | Lo 01 (M) < 1
This proves (4.3). Similarly, we have

\/ )) don(2)] = \/ G50, 070 (2) s () dji ()|
< / JaPes (2 (I, g aayy o (2)

([ lora@Bdin ) lullnovon ([ 1@ BdnE)’
01 01

IN

IN

My,

m

| [ tastarranr) dma)], | [ traa(i0r510e) dista)

In the last inequality we use that a,d are norm 1 in S37. Summarizing, we get

el < a=D| [ @]+ ] [ .o

< (1= 2) llaollas,, Ls@0)@my 180l s, (M L5 (0))
+ 2 llaalla, s enenss ) ||ﬂl||M (LE(M)®1LS(81))
1
2
< (@=Dlaol+ L) (- gl + L1aR) <1

Therefore, the inclusion (4.2) is contractive and the assertion follows by duality. O

Theorem 4.4. Given 1 < p < co and M, R as above assuming in addition that R
s finite dimensional. Then there exist states ¢, on M, , positive integers k,, and
elements &, € L1(M,) such that we have a complete embedding

kn
7€ LyMiR) = (. Tenaltn ©2) @ 85) € [, L (Ma (M) £52 (R).
j=1 '
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Proof. When restricted to analytic functions, the operator A(f|s,) = flo, is
densely defined and injective. In combination with (4.1), this allows us to see the
subspace of analytic functions on S vanishing at 1/p as the annihilator of the graph
of A, conveniently regarded as a space of analytic functions. The reader is referred
to [15, Remark 2.2] for further details. Moreover, it is also observed in [15] that we
can replace A by a strictly positive diagonal operator d;l on {5 without changing
the operator space structure. In other words, we have complete isomorphisms

uy : (L5(00) & Lg(al))/{f analytic s.t. f(%) — 0} — (C® R)/graph(d;)*,

ue : (L5(80) @ Lg(@l))/{f analytic s.t. f(;) =0} — (R® C) /graph(d;")*.

For further reference, we set & = u,.(1) and &. = u.(1), where 1 denotes the constant
function 1 on the strip. Here dy : {2 — ¢5 is a diagonal operator d)(dx) = Ager with
0 < A\ < oo and the fact that we may consider the same operator in both cases is
also justified in [15]. The exact same argument mentioned above shows that, if we
tensorize with the identity map, we also obtain complete isomorphisms

2 Shy/Hro — {(C’@M) @ (R ®n Lg(/\/l))}/gmph(dxl)%

Ue : S /Heo — [(M@R) ® (L5 (M) @y, C)}/graph(d;l)L.
Let us define
Ho (M, 1/p) = up(Ho (M, 1/p)) and  Ho(M,1/p) = uc(He(M,1/p)).
As in [15], we observe that

[(caMm) @ (R L5(M))] /graph(ds')*,

[(M&R) @ (1L5(M) @1, C)] [graph(di)*,
can also be understood as K-spaces. Indeed, if we use anti-linear duality, we have
dy': 2 € Cw (dy'z)' € R in the first case and d|' : x € R+ (zd")* € C in
the second one. This means that g?"aph(dgl)J- is spanned by elements of the form
(—dy'z,z) in the first quotient and by (—zd} ', z) in the second one. In conclusion
this allows us to cb-embed

[ur ® id ® uc] (H1 (MER))

ﬁ%(/\/@R)
= H (M, 1/p) @amn (MER) @aan He(M,1/p)

into a four term /C-space I, with norm given by

4
[z, = inf > ey

m:$1+d;112d;1+d;1x3+w4d

X =1
where the spaces Eq, Es, E3, E4 are given by
Ei, = MRB({2)3R,
Es = Li(M®B(4);R),
Es = Ly(M&B(l2)) @maBe,).n (MOB(l2)R),
Ei = (MRB((2)®R) @ mase,)n Ls(MRB((2)).

Indeed, all these spaces can be essentially obtained by applying Remark 2.2. For
instance, to obtain E4 we have to show that the given space comes from the choice
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CRM and L§(M) ®;, C for the left and right spaces. More concretely, we have a
completely isometric embedding of
(COM) @r,n (MER) @r,n (Lg(M) @p C)
into E4. However, according to Remark 2.2 we may embed it cb-isometrically into
(COM®p R) @ pMmaB(es),hn (C O MR @1 R) @ pmeB(e,),n (C®n Ls(M) @1, C) which
in turn embeds in
(M&B(£2)) @ maB(ts),n (MBB(l2)@R) @ mas(es),n Ls(MEB(L2)).

This completes the argument since the latter space is E4. On the other hand, since
R is of finite dimension (m say) we know that topologically we may write K} as
follows

K5 o~ (MBB(t2)™)" N (dy lr)dy )™
N (dy' La(MEB(Ly) ))’” ( MEB(£)dy )™
= L (M&B(t))™ N (dj 1M®B€2 )
o L M) 1 (aMEB))05)

Here we used the fact that a matrix [z;;] with z;; € M C L;(M) belonging
to (M®B({3))** already belongs to L (M®B({3)). Let (pn)n>1 be an increasing
sequence of orthogonal projections commuting with d) and converging strongly to
1. Then we deduce that for x € K, lim,,_, s <pn:cpn,y> = (z,y) because we can
use convergence in the norm of L; or Ly on at least one side of the bracket. Using
a weak*-limit we obtain

Ky < 1,}}19“(1 @pn @ Dz(1@pa @ 1) < llzfli,

]l =[]

for any free ultrafilter &/ on the integers. Therefore, allowing to take ultraproducts
(as we do) in the final space, it suffices to consider the finite-dimensional case where
B(¢3) is replaced by the matrix algebra M,,. Define on M,

- _ - _ V()
wn<i;1aijeij)—§)\iakk and qbn(a:)—wn(l).

Since the original dy is unbounded, we may assume that >, )\% > 1. Then, by
approximation we can indeed assume that t,(1) = k,, is an integer, see [15] for
more details. If dy, and dg, stand for the corresponding densities, we clearly have

1 1
dy=d, = Vknd: .

In particular, we may replace Iy by K,, with
ot Vi 43, 33l 4V s,

and where E,; is the result of replacing in E; the algebra B(¢3) by M,,. We can
identify this space in the terminology of Theorem 3.7. Namely, if we fix a positive
integer m and set &, = id® ¢, @ ¢ : My, ® M, ® M — M,,, then it is easily
checked that we have the following isometric isomorphism

SIn(IC) ,Ck” ( mn(M)a5m§R)-

For instance, according to Remark 2.2, S7*(E,3) can be written as

| B @1 Ly (M (M) @4 B | @11, (011 | Con @ Ma(MER) @ B | @10 o

ms

1 1
lele, = _inf ol [, o2, |

1%

n Ena
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which in turn is cb-isometric to
LS(an(M)) ®M,M(M),h (an(./\/l)@_i)R) QM ,h LE(MM)

In other words, we obtain the space L§(Myn (M), Em; R). The term E, 4 is handled
in the same way while the terms E,; and E,5 are even easier. Applying Theorem
3.7 for tensor copies, we have an embedding

T e ]Cllt,noo (an(M)75m7R) = ngens(x) ® 5j € Ll (Am,nﬂelég (R))a

with Ay, , = M, @ M, (M)®<n . In particular, this produces a cb-embedding

kn
Wy 11 € Ky = Y () ® 65 € Ly (M (M)®n; £52(R)),
j=1
with relevant constants independent of n. Finally, the construction of our complete
embedding is as follows. We first apply Proposition 4.3 and then we proceed as
above. Namely, if u = u, ® id ® u., we have

(M&R) % | K

n>1

L,(M;R) -1 Hi(MER) = H

s =

and we have constructed a complete embedding

IL,, e UKkn — 11, , 1 (MM 052 (R)).

n>1

Let g, : B(¢3) — M, be the projection into the upper left corner and let us define
the element &, = ¢n&-@nécqn € L1(My,). Since u(j(z)) = u(l ® ) = &.£. @ z, the
form of the embedding [, ,, wn 0w o j is the one given in the assertion. (Il

5. MIXED-NORM TRANSFERENCE AND APPLICATIONS

Given a Hilbert space H, we shall write H, and H. to denote the row and
column operator space structures on ‘H. Accordingly, H,, and H., stand for the
complex interpolation spaces [H,,Hc]1/, and [He, Hy]1/p, respectively. Let us fix
1<p<qg<ooandn >1 a positive integer. By Pisier’s exercise [30] and some
refinements [12, 15, 43], we may construct complete embeddings

aq : Cf = L5(Q, g3 £3) + Ly (Q,vg5 £3),

By + Ry — Ly(Q, 1g3 03) + Ly? (R v £3),
for suitable measures p, and v, on a finite set Q = {1,2,...,m} with m depending
on n. In fact, an elaborated version of this result was already used in the previous
section. A much more concrete approach is available in [17, Lemma 2.2]. Let
wi = pg{i} and v; = vg{i} = A;p; for some A; > 0. Let us write dy for the diagonal
operator on /4" determined by the A;’s. That is, dy = Zk Aiexr. The symbol +
above refers as in the previous section to the quotient of the direct sums

L5(Q, 1g3 03) @ Lo (v £5)  and  L5(Q, g3 £5) @ Ly” (Q,vg; £3)
by the subspace

Nl

S:{(aij,—)\i— aij)|1§i§m, ISJSTL}
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More concretely, in the first case a = (a;;) € L5(Q, p1q;€5) is a column with m
entries in ¢%, while in the second case a = (ai;) € L5(, ng; €5) is a row. In
particular, we may write .S in each case as follows

S ={(a.~d\*a) | a € Ls( g 3) b = {(— dia.a) | a € L§(2, nes ) },

S = {(a,~ady*) | a € Ly 1 63) } = {(~ ad},a) | a € L5363 .
The embedding is of the form
ag(a) =1g®a+ Sq.

The formula for 3, is the same. Let us define
Sas = Sa@n (L5, 1q 63 DL (0, v45 68) )+ (L5(2 prgs ) D LG (2, v 63) ) @1 S
Lemma 5.1. If1 < p <q < oo, we have a cb-embedding

v by = (L5 13 03) + L5 ( Qv 03)) @n (L5 1q3 03) + L5 (@ v 63)),

Uq(€1>§27~-~7§n ka aq €k1 ®ﬁq e1k) [ka ( Z eij) ®€kk} + Sag-

3,5=1

Proof. It follows from our considerations above and ¢7 C Cp ®p, Ry . O

The embedding v, is special in the sense that its range is contained in the
subalgebra M, ® (7 , after a suitable change of variables. To explain this we
recall that pg{i} = p; and v4{i} = A;ju;. Therefore, the map

j : (aij) S Lg(Q,uq,@‘) — (w//li aij) c Cmn
is a complete isometry. To respect the sum operation, we have to apply j also
on L7 (Q,v;03). If A stands for the measure on Q given by A{i} = \;, we find
another complete isometry j : Lg” (Q, pg; £5) — Lg* (0, A, €5). Hence, applying the
same argument for the other side and using the terminology

L¥(QA) =d2Cm™ and Ly (A 03) = RI™d?,
we find a complete isometry
J : (LE(Q, Hq? E;) S L;p (Qa Vq? 6;)) ®h (Lg(ﬂa /an ég) D L;p (Q7 Vq; 6721))

— (Coun ® 3 CI™) @1y (R @ R

with J = (4,7) ® (4,7). Passing to quotients, we may replace & by +. The key
observation here is that algebraically we have J (v, (7)) C M,, ® £3,. Indeed, note

m m 1 1
(5.1) J[( Z eij) ®€kk} = ( Z ,uf,ujieij) ®5k.
i,j=1 i,j=1
Before we proceed with our next result, we review the IClgwoo(Mm, @) space given by
a state ¢. In this case, given any pair u, v € {2p, oo}, the inclusion map SEZ,U) c Sy
depends on ¢. Indeed, we may and will assume that ¢(x) = >, drxrr. Then, the
density dy is indeed a diagonal operator with coefficients ¢, and we have Kosaki’s
embedding

1

i1 a1
x €80y, dy tadyl e S
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Therefore, we find

. 1 1 1
||9C||1clz;,oc(Mm,¢) = inf {k” ||931HS;,” + ko ||332| sy + ko ||333|

sgp + o las, }.

FEREE FET
where the infimum runs over = ' + 2?d;" +d ;" x* + dj’ x4d¢2f. This gives

1
el . a0 = 0 {5005 g + 1055 0% g + 12725y + s,

i
where this time the infimum is taken over d, szd¢ P =al 2?2+ a3+t A
similar calculation applies in the operator-valued setting. In the following result,
we shall use the notation

2]l aa xas = |d*zd”|x.

Lemma 5.2. Let us consider a von Neumann algebra M, positive integers m,n,k
and a state ¢ on My,. Let Epq : My (M) @ (5% — M stand for the conditional
expectation

M(ii%j@&'j) = nlkzk:i(ﬁ@zd(xw)

i=1 j=1 i=1 j=1
Let R = My (M) @ €3, and consider the space X7, (M) defined by

L,(M; 00 (M) + d LQP(R)LQP(.M) + LZp(M)LZp(R)d2p + d oL (R)dg5
Then the following identity holds

HZZW%W ® 8y

i=1 j=1

KEn L (M (M) DU E _Hzxj Hx e

Proof. The subspace of sequences
(ZL‘l,...,501,’1}2,...,ZL‘Q,...,SCn,...,I'n),

with every z; repeated k times is complemented in KX (M, (M) @ (57, Eaq) since
it is complemented in the four spaces composing it. Let us assume for simplicity
that M has a normalized trace 7. Our reference state and trace in the construction
of the Haagerup L, spaces are

P(xij) kZZqS@T x;) and  tr(zi;) kZZtrM ® 7(245)-
=1 j=1 =1 j=1
The density is given by dy, = dg ® 10 and letting M\kmn = M, (M) @ /57 we have
R 1
]Ckn (Mkmna SM) ( k)E dfpp Lp(Mkmn) dqip
+ (nk)% dff Lap(Mimn) Lap(M) + (1K) Lap(M) Lop(Mignn)dZ"

+ Lop(M) Lo (Mumn) Lap(M) = Zy + Zy + Zs + Zs.
This means that

[ Z S dFa dF @,

=1 j=1

K5 (Mo, Ea1) - inf Z H Z” 5 @ 0y ,

T _x +12+x3+z
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Let us compute the four norms

"Zi7j$j®5ij s (nk)%(ﬁz.,"dzp dszp (M)))%
_ (ZHdz” A7 | p)p Z:cj@a)

1

1 ) i
= k2 d1/2z}nf <Z||2j||L2p(Mm(M))) 101l £, (A1)

& xj—z,-b ] 1

)

M‘H

1
dyP Ly(R)d;?

|5, =,

L )
d 3P Lap(R)Lap(M)

|3 el

= inf Ha||L2p(M) sup. HZJHM (M) 101l Loy (M)

Tj=azj

"§£:$j§§5A
j=1

The Z3-term is calculated as Z5. The proof is complete. O

Lyp(M;n, (M)

Theorem 5.3. Let 1 < p < q < oo and set m = || as above. Then, there exists a
state ¢, on My, and a positive integer k,, such that we have a complete embedding

LM £5) = Ly (M® 0 (Mo, 6m) 5527

given by the relation

ij ®0; — ZZ:U] ®7Tfme (am) ® dsj,

=1 j=1

where @, = am(p, q) € M,,,. The relevant constants are independent of m and n.

Proof. By enlarging m if necessary, we may assume that ), A\’ =k,, is an integer.
Then we define the normalized state ¢, (z) = k;;' >, Alz;;. We observe that for
arbitrary elements x; € M,,, ® L,(M), the right hand side of Lemma 5.2 coincides
with the norm of diagonal sequences (i.e. mn x mn matrices which are diagonal on
its n-component) in the space

Ly (M; (o + d5C) 0 (R + RE™S)).

Indeed, we use the properties of the Haagerup tensor product and the fact that
projection onto the diagonal M,, — ¢ is completely contractive with respect to all
the four interpolation norms. The embedding is given by u o (ide( M) @ (J o))
where u is the first map from Theorem 2.4 for ¢ = oo and k,,,n instead of n. Note
that u is well-defined because of J(v,(¢7)) C My, ® £5,. Moreover, identity (5.1)
tells us that
L a1
=dy ( ) v“i“jeiﬂ)%
,5<k],
with k!, <Xk,,. The proof is complete. U

Remark 5.4. The constants in Theorem 5.3 are also independent of p, ¢ as far as
we do not have p — 1 and ¢ — oo simultaneously. The use of Theorem 2.4 produces
such singularity, see Remarks 2.3 and 2.5 for further details.



A TRANSFERENCE METHOD 39
Proof of Theorem B. Let us consider
> (@) @0k € Ly(A; £7).

According to Theorem 5.3, the following equivalence holds

| > mie) @
k=1

with B = s n(Mp, ¢m). Applying the complete embedding that we constructed
in Theorem 4.4 to the term on the right hand side (note that both Theorems 4.4
and 5.3 provide constants independent of m and n) we obtain a new term in the
ultraproduct

Z ’/T] ® //Tfree ((lm) ® 6ij

)
e Ly (ABEn™)

Ly (Aln)

I, = ( (M, © Ao B]®*; gl;gzksn>

B

of the following form

o & ..
Z Z Z Tiens [55 @ mi(r)® W}Jree(am)} ® Oiju

=1 j=1w=1 s

for a fixed family of matrices 5 € M. On the other hand, we have

i _
7rf'ree ,/Tfree O,]TfT"36

by the transitivity of free products, see e.g. Proposition 2.5.5. in [41]. Therefore,
ifwelet aj =m;® w}me and amalgamate over My, we may rewrite the term above
as follows

k;im n o ks
Z Z Z ﬂ—i?éns |:ij (gs Rr& ﬂ—}ree(am))} X 5ijw

i=1j=1w=1 s

Then, arguing as in the proof of Lemma 1.2 (in particular part i), we obtain

n ki ks
Z aj [Z Z ﬂ-tens ES QKT 7-‘-free(a"m» b2y 6iw} & (Sj
j=1 i=1 w=1

S

with @; a tensor amplification of a;. However, according to Lemma 1.2 i) the &;’s
provide an increasingly independent family of top-subsymmetric copies over the
symmetric tensor product of M. Hence, we are in position to apply Theorem 3.7
with ; replaced by @; and R = ¢kskm. Again, the constants are independent of
the involved parameters. This gives us a new term which does not depend on the
choice of the morphisms @;, so that we may use

aj = ﬂ—}ree ® 7Tg”ree
instead. The assertion is then obtained by calculating backwards. 0

Remark 5.5. If we do not require the constant to be (p, ¢)-independent, Theorem
B also holds for p > ¢ by a simple duality argument. The singularity arises in this
case from the complementation constant of the subspace of independent copies in
Ly (A;€y). As for (¥,,), this singularity is not removable.
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Corollary 5.6. Let1 < p < g < 0o and let (My)>1 be an increasingly independent
family of top-subsymmetric copies of M over N'. Then, we have an isomorphic
embedding

z € KD (M, Ex) — Zwk ) ® 05, € Ly (A; 1)

with complemented range and constants mdependent of n. In particular, replacing
(M, N EN) by (M (M), My, idpg, @ ) so that A = M, (R) for some R, we
obtain a complete isomorphism with completely complemented range and constants
independent of n

z e Kp (M) =Y mi(x) @0k € Lp(R: £7).
k=1

Proof. It follows immediately from Theorem 2.4 and Theorem B. t

Remark 5.7. According to Remarks 2.3 and 2.5 we know that, except for the
case (p,q) ~ (1,00), the constants in Corollary 5.6 are also independent of p,¢q. On
the other hand, since we are using transference, we need to work with independent
copies. In the free case we can also work with non i.d. variables, see Theorem 2.4.

The rest of the paper is devoted to the proof of Corollary B. We begin by stating
a refinement of [13, Theorem 4.2] which follows easily from our previous results in
this paper. We shall write L,(M,) for the Schatten class S equipped with the
normalized trace %trn.

Lemma 5.8. Let 1 < p < q <2 and a positive integer n > 1. Then, the following
mapping is a complete isomorphism onto a completely complemented subspace with
constants independent of p,q and n

U,y iz € Ly( Q/qZﬂtens ) ® 0k € Ly(M, 2 gn ).

As before, if 1 < p < g < oo, the same holds with a singularity when (p,q) ~ (1, 00).

Proof. According to Theorem 4.2 and Remark 4.3 in [13], the assertion holds for
1 < p < ¢ < oo with a constant ¢, majorized by p/p—1. The fact that it also holds
for p = 1 now follows from Theorem 3.7 and the argument in [13]. The universality
of the constants follows by Corollary 5.6 + Remark 5.7 followed by the original
argument [13] again. O

Remark 5.9. The choice m = n? in Ly,(M,m; (") is optimal, see [13] for details.

In what follows, we will need some preparation on ultraproducts of semifinite
von Neumann algebras. Let (M,,) be a family of semifinite von Neumann algebras
with normal semifinite faithful traces (7,,). We may define 1(x,,) = lim,, 3 7, (x1,)
on the ultraproduct von Neumann algebra

My = (][], , TsMn))"

Let us set

wot

My sp = {(qnann)° ‘ limy, 34 7 (gn) < 00, (x,)® € Mu}
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Then it turns out that My, sf is a semifinite von Neumann subalgebra of M, and
Tu((2n)®)) = limy, y 7, (2,) defines an trace on My sy. An appropriate way to
check this consist in checking the axioms of a (tracial) Hilbert algebra

A= {(wn)' ‘ lim,, 3/ ||z, || < 0o and lim,, 4 7(x)2,) < oo},

where (z,,)® corresponds to the equivalence class of a bounded sequence of positive
elements in ([[,; L1(My))*. Then 74 can be extended to a normal semifinite trace
on My s¢ viewed as the closure of A in the GNS-representation of the Hilbert
algebra. We refer to [36] for more on ultraproducts of noncommutative L,, spaces
and how they can be identified as a noncommutative L,, space Ly,((I],, L1(My))*).
Let ps(x) stand for the generalized s-numbers of z, see [5]. The following will be a
key result below.

Lemma 5.10. Let (z,,) be a bounded sequence in L,(M.,,) such that

é 0o
lim limnyu/ ws(zn)Pds =0= lim limn,u/ s ()P ds.
Jﬂo 0 v

’YHOO
Then we have (xy,)* € L,(My sy). Moreover, the converse is also true.

Proof. Given € > 0, we choose +, d such that

max{/oé 1 ()P ds,[O )P ds} < /2.

It is clearly no restriction to assume that the z,,’s are positive elements. Let us set
an = iy () and b, = ps(wn). If ¢ = 1(q,, p,)(zn), we observe that 7(g,) < v and
that z, = ¢nxngn is bounded by b,,. Note that 6P us(z,) < ||xn||§ implies that

Ef{{lbn <6 Brg ||33WH§

is well-defined. Therefore (z,)® € My s¢. The first assertion then follows from
|Zn —ynllh < €. For the converse we observe that M s is norm dense in L, (M)
and the assertion is trivially true for (z,)® in My sf. The proof is complete. [

Proof of Corollary B. If 1 <p < g < 2, we shall prove:

a) There is no cb-embedding of R, + Cj into semifinite L,,.

b) Let R stand for the hyperfinite II; factor and assume that there exists a
complete embedding of ¢, into L,(M) with M semifinite. Then, Lqy(Ro)
cb-embeds into some semifinite L,, space.

The combination of both results gives rise to the assertion. Indeed, we know from
the noncommutative Khintchine inequality [24] that R,+C, cb-embeds into L,[0, 1]
which also cb-embeds into Lqy(Rg). Therefore, we deduce from a) that there is no
cb-embedding of Ly(Ro) into semifinite L,. Apply b) to conclude.

Step 1. The proof of a) essentially reproduces Xu’s argument in [43]. Assume
there exists a complete embedding j : Ry + Cy — L,(M) with M semifinite and
equipped with a normal semifinite faithful trace 7. Let

j i Ly(M) — R,NC,

denote the adjoint mapping. Since R,NC, can be regarded as the diagonal subspace
of Ry & Cy, we may write j* = (A1, As). Since Ay : Ly (M) — Ry is completely
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bounded, we deduce that there exists a positive unit functional f € L, /5(M)* such
that

||A1(x)HRq§cf(xx*)¥f(a:*m)% with 1/g=(1-6)/p+0/p.

This was proved by Pisier [32] for p = 1 and by Xu [44] for 1 < p < 2. We also
refer to [43, Lemma 5.8] for a precise statement. When p > 1, f can be regarded as
a positive element in the unit ball of L, _,)(M) while for p = 1, f can be taken
as a normal state on M since A; is normal, see [31] for details. In particular, we
deduce

1AL ()[R, < cr(foa®) = 7(fa*z)?.

Arguing as in the proof of Theorem 5.6 of [43], we may apply an approximation
argument which allows us to assume that M is finite and f = 1 4. In that case our
estimate for A; becomes ||A1(z)||g, < c7(zz*)Y/2. Moreover, the same argument
for Ao produces

(5:2) 1 @lr,nc, = max {|A@)Ir,, [A2(@) e, | < erlea®)?.

This provides a factorization j* = v*u* with u* : Ly (M) — Lo(M) the natural
inclusion map. Arguing (twice) as in [43], we see that u* becomes a complete
contraction when we impose on Ly(M) the o.s.s. of Ly” (M) N Ly” (M). On the
other hand, it follows from (5.2) that v* is a bounded map between Hilbert spaces
so that v € S,. To conclude, we note that j = uv provides a factorization

N

Ry +Cy —= Ry + Cp — j(Ry + Cy).
By a simple modification of [43, Lemma 5.9], we deduce that
u € CB(Ry + Cp, Rg + Cq) = Sapg/jp—ql-
Thus, the identity on R,+C, belongs to Sap,/|p—e Which contradicts 1 < p < ¢ < 2.

Step 2. Assume that there exists a ch-embedding j, of ¢, into L,(M) for some
semifinite von Neumann algebra M equipped with a normal faithful semifinite trace
7. According to Lemma 5.8 and our assumption, we find a cb-embedding

2
I f
Unp T € Lq(Mn) = m Z,/Tfens(x) ® 5k € LP(M;?nZ;KZIR)
k=1

2
1 < - .
—37a O Mhens (2) @ G (0k) € Ly(Mi* © M).
k=1

Taking ultraproducts, we find a cb-embedding
wy: Lo(Ro) = [ Lp(Ma"* @ M) = Ly(Mu).

On the other hand, by our assumption we may regard ¢, as an infinite-dimensional
subspace of L,(M) not containing ¢,. According to the noncommutative form
[14] of Rosenthal’s theorem, given any p < r < ¢ we may find a positive density
d € Li(M) with 7(d) =1 and a embedding j, : {;, — L,(M) satisfying

_1
r

B =

(5.3) (@) = d5 "7 (@) + jr(2)d
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Let us consider the map

2

2
! 1 ¢ ®.2.
Unp 1@ € Lg(Mn) = D s (@) @ 0k € Ln(My 3 47)
k=1

2
I < ,
7z 2 Thons (®) © r(3%) € Ly (M ™ © M).
k=1

The first half is a complete embedding by Lemma 5.8. The second one is not
necessarily bounded since j, is not necessarily completely bounded. However, it is
easily seen that the composition of both is an isomorphic embedding. Namely, we
may clearly assume that « € L,(M,,) is self-adjoint. In that case,

k 1
AI = <7rtens('r)>1§kgn2

is a commutative von Neumann algebra. Thus

[tnr (@)L, (02 0M)

2
1 ~— &
== i (5 ‘
Hn2/‘1 ;W“"S(m)@)] (%) L (Az@M)

ur ()]

L (Agen®) ™ ||33HLq(Mnn2)-

2
1 < &
— (@) ®38 \ =
| =7 ;Wxx)@ A

We may take ultraproducts again and consider
. ®n2 J— v
wy 1 Ly(Ro) — Hn)u L, (M, @ M) = L,(My).

If 6 = (6,)® with 6, = 15 , ® d and according to (5.3), we have

(5.4) wp(x) = 6%7%wr(x) + wr(x)(ﬁ*%.

We claim that w,(x) belongs to Lp(./T/l\Msf), the semifinite part of My, for any
x € Ly(Ro). It suffices to check that the limits of Lemma 5.10 are zero. We do it
only for 6*/P=1/Ty, (), since the term w, (x)§'/P~1/" is estimated similarly. Since
we have pu,(ab) < ps/2(a)ps/2(b) and ps(6,) = ps(d) for all n, we set 1 = % -1
and obtain

(/026u5(57§1’_ium(x))pds);

A\

[N}

==

/N
o\
S
=
©
—
=8
$ |-
|
Sl
N
S
QL
Vo)
N—
[
—
C\
>
=
®
—

<
3
3
—

8
S~—
S—

3

Q

V2]

~—
1=

AN IA
[\] [\
= D=

VS /
S— S—
> >
= =

» w
QU QU
= D=

| |
3= |

QU QU
» VY

N— N—
e I

B g

g 3

Q =

—
=
?

Therefore, we deduce that
5 11 1
%ir% lim,, 74 (/ I (5,’{ Tum(x))p ds) P =0.
- 0

The argument to estimate f,yoo is exactly the same. This completes the proof. [J
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Remark 5.11. Following a suggestion by G. Pisier let us describe what goes
‘wrong’ when considering a family v, : 7 — L,(M,,) of complete embeddings
into a semifinite von Neumann algebras M,. Note that by local reflexivity such
cb-isomorphism exists. Let us consider the following conditions.

i) There exits a cb-embedding of ¢, into L, (M) with M semifinite.

ii) There exists a sequence (M,,),>1 of semifinite von Neumann algebras and
linear maps vy, : £f — L,(M,,) such that |[v,[|ep]|v;, s < ¢ for all n > 1
and for every f € L4(0,1), the sequence (f,)® determined by

fn =1n (”17% g (/kil f(z) dx)5k)

belongs to the semifinite part Lp(./(/l\u,sf) of [, 1 Lp(My, 7).

iii) There exists a sequence (M,,),>1 of semifinite von Neumann algebras and
linear maps wy, : £; — Ly(M,) such that [lwy, || [lw, [|eo < ¢ for all n. > 1
and there exists a sequence of densities d,, € Li(M,) such that (d,)®
belongs to the semifinite part of [, ;; L1(Mn, 7,) and

1

1.1 1.1
wp(r) = dy, rjn,r(x) + jnn'(x) dn ",
is Rosenthal’s factorization [14] for some contractions jy, . : €5 — L(M,).

iv) There exits a cb-embedding of Ly(Rg) into L,(M) with M semifinite.

We will show that the conditions above are equivalent. Hence, even though a family
of complete embeddings v, : {7 — L,(M,,) with uniformly controlled constants
exists, the uniform integrability condition in ii) or iii) is violated.

Proof. The implication iv) = i) is obvious and we have seen in the proof of
Corollary B above that i) = iii), just take the same d,, all the time. The proof
of ii) = iii) follows similarly. Indeed, by assumption we obtain a continuous map
v:Ly,0,1) — LP(M\LLSJ“). We apply the noncommtuative Rosenthal theorem [14]
and find v(f) = dv 7 j(f)+j(f) dr~* for a bounded map j : Lq(0,1) — Ly (My.of)
and some density d € Ll(/(/l\z,m £). By restricting j to step functions on the intervals
[%, %], we have found the complete embeddings w,, from condition iii). For the
implication iii) = iv) we apply the argument from our proof of Corollary B. Indeed,
it suffices to check that for every self-adjoint x € Ry, the sequence

1 -
up(z) = mZﬂk(,@)@wnz(ék)
k=1

_1
T

1 & i1 . ,
= S @ (@ e (60 + e G a5 )
k=1

belongs to the semifinite part of Hn,u L,,(R?”2 ® M,,). Referring to the argument
after (5.4), it suffices to note that

| 2o e @ )
k=1

®
Lo(Ry ™ @My,)
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’I’L2 r =

uniformly bounded in n for every x € Ry. The proof is complete. O

< ldnzr lzll=o
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