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Abstract

Our first result is a noncommutative form of Jessen/Marcinkiewicz/Zygmund theorem for the
maximal limit of multiparametric martingales or ergodic means. It implies bilateral almost uniform
convergence (a noncommutative analogue of a.e. convergence) with initial data in the expected
Orlicz spaces. A key ingredient is the introduction of the L,-norm of the limsup of a sequence of
operators as a localized version of a {s /co-valued Ly-space. In particular, our main result gives
a strong Li-estimate for the lim sup —as opposed to the usual weak L1 -estimate for the sup—
with interesting consequences for the free group algebra.

Let LF2 denote the free group algebra with 2 generators and consider the free Poisson semigroup
generated by the usual length function. It is an open problem to determine the largest class inside
L, (LF3) for which the free Poisson semigroup converges to the initial data. Currently, the best
known result is L log? L(LF2). We improve this result by adding to it the operators in Li(LF32)
spanned by words without signs changes. Contrary to other related results in the literature, this
set grows exponentially with length. The proof relies on our estimates for the noncommutative
lim sup together with new transference techniques.

We also establish a noncommutative form of Cérdoba/Feffermann/Guzmaén inequality for the
strong maximal. More precisely, a weak (®,®) inequality —as opposed to weak (®,1)— for
noncommutative multiparametric martingales and ®(s) = s(1 + log, s)*™®. This logarithmic
power is an e-perturbation of the expected optimal one. The proof combines a refinement of
Cuculescu’s construction with a quantum probabilistic interpretation of M. de Guzman’s original
argument. The commutative form of our argument gives the simplest known proof of this classical
inequality. A few interesting consequences are derived for Cuculescu’s projections.

Introduction

Given f € L1(R™), Lebesgue’s differentiation theorem gives

1
lim A, f(x) :== lim ——— fly)dy = f(x) a.e. xze€R".
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In one dimension, this is a general form of the fundamental theorem of calculus. Almost everywhere
convergence to original data is also known to hold in other scenarios when replacing Euclidean balls
by other averaging processes. In probability theory, we use instead conditional expectations onto
martingale filtrations of o-subalgebras. In ergodic theory, a similar result holds as well for ergodic
means or subordinate Markovian semigroups. In all these settings, the strategy reduces to prove a
maximal inequality. That is, a quantitative estimate for the maximal operator M f(z) = sup,, |4« (f)]
where (A, ), is an averaging process, as those described above. The underlying maximal inequality
behind Lebesgue differentiation is the celebrated Hardy-Littlewood maximal theorem [I6]. Almost
everywhere convergence of martingale approximations relies on Doob’s maximal inequality [§]. In
ergodic theory, maximal inequalities for ergodic means and Markovian semigroups where respectively
established by Yosida/Kakutani [52), 53] and Dunford/Schwartz [9].
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In all the scenarios laid down before, the maximal operator is bounded as a map L; — Lj o. That
is usually referred to as an operator of weak type (1,1). In particular, we obtain almost everywhere
convergence A, (f) — f for every f € Ly, which is best possible in the context of one single parameter
a. The problem above makes sense for multiple directions though. Indeed, given a function f € L;(R?)
one can ask whether the two-parameter averages
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converge a.e. to f as n,m — oo. This is easy to prove when f is locally in L,, for some p > 1, since the
associated maximal operator —usually referred to as the strong maxzimal operator— is bounded from
L, to L, by a Fubini type argument and Marcinkiewicz interpolation. This technique fails in the quasi-
Banach space L1, where tensor product arguments become ineflicient since one can produce simple
tensors in L1 o (R) ®aig L1,00 (R) that are not in L1 ~(R?). This difficulty is not an artifice of the proof.
Indeed, in 1933, Saks constructed the first integrable function f € L;(R?) for which (A, ® A,,)f fails
to converge a.e. to f. The multiparametric problem was thus reoriented towards finding the largest
class inside L; for which there is almost everywhere convergence in several directions. The first positive
result was obtained by Jessen, Marcinkiewicz and Zygmund in [22], where they proved that Llogd_1 L
suffices in d parameters. They also showed that this space was optimal in terms of Orlicz classes. Their
main result for d = 2 states that, replacing the sup by a lim sup in the definition of maximal operator,
gives a sublinear map Llog L — Ly
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The crucial point here is that replacing sup’s by lim sup’s allows for strong Li-estimates (instead of
weak ones) where Fubini-type arguments are available. This is not weaker nor stronger than the usual
maximal L .-estimates and it still yields a.e. convergence to initial data. Moreover, their functional-
analytic approach is very flexible and their argument works verbatim for multiparametric martingales
and ergodic means. Later, Cérdoba/Fefferman and independently M. de Guzmén proved in [5] [I3] the
following weak type inequality for the strong maximal, whose restricted type form goes back to [22].
For every A > 0 and positive f € Llog L, it holds that

H sup (A, ® An)f(z,y) >)\H < //%(l—i-log_‘_ (%))dzdy (CFG)
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Inequalities (TMZ) and (CFG) extend to d variables just by working with the Orlicz spaces Llog? ! L.

Noncommutative maximal inequalities. The theory of von Neumann algebras extends measure
theory to noncommutative analogues of L..-spaces. Given the local nature of the results above, we shall
be concerned with quantum probability spaces. In other words, with pairs (M, 7) given by a finite von
Neumann algebra M with a normalized trace 7. Many measure-theoretical and probabilistic notions
admit a natural analogue in this setting. Noncommutative L,-spaces, noncommutative martingales
and ergodic analogues will be of particular interest for us. Avoiding by now precise definitions for
these objects, the strategy remains to prove “almost everywhere convergence” of certain averaging
processes by establishing appropriate “maximal inequalities” in optimal endpoint spaces. The lack of
points after quantization forces though to introduce more involved notions for the noncommutative
analogues of the expressions just quoted. The notion of almost everywhere convergence admits natural
generalizations that go back at least to Lance [29]. Egorov’s theorem in a classical probability space
(2, 1) gives that f, — f a.e. iff there exist measurable sets E of arbitrarily small measure such that
(f = fu)loyg — 0 uniformly. This alternative form of convergence is usually called almost uniform
convergence. It generalizes to von Neumann algebras replacing the sets E by projections e € M of
arbitrarily small trace. By noncommutativity, the left and/or right position of 1 — e with respect to
the sequence f — f,, matters. The bilateral choice (1 —e)(f — f)(1 — e) is the right one with original
data f € L1 \ Lo, as we shall recall in the body of the paper.



The formulation of noncommutative maximal inequalities is already subtle, since it is not possible to
define the supremum of a family of noncommuting operators in a meaningful way. Namely, as in the
Introduction of [27], one can produce examples of 2 X 2 noncommuting matrices Ay, Ag, A3 for which
no 2 x 2 matrix A satisfies (£, A) = max{(£, A;¢) : j = 1,2,3} for all £ € R% The trick to overcome
this for weak type maximal inequalities is to use

{supfn>)\} =0\ ﬂ {fng/\}.
= n>1
That is, the A-level set of the maximal function is the complement of the set where all entries f, are
bounded above by A. An analogous formulation is possible for von Neumann algebras. Let P(M)
be the lattice of projections in M. Given f € Li(M)y and A > 0, the goal is to find a projection
g(A) € P(M) such that

(1) q(N) An(f) (V) < Ag(N).

(i) (o)) = (1 - q(v) < L

The noncommutative form of Yosida-Kakutani maximal theorem for ergodic averages was obtained
by Yeadon [50, [51] following earlier results of Lance [29]. The noncommutative endpoint for Doob’s
maximal inequality was proved by Cuculescu in his seminal paper [6]. As in the classical case, these
inequalities can be used to prove that A,(f) — f bilaterally almost uniformly with initial data in
Li(M). It is known to experts though that one should regard these inequalities as “weakened forms”
of their classical counterparts. As a byproduct of our results, we shall be able to quantify to what
extend this happens in the context of Cuculescu’s construction of g(A).

By Marcinkiewicz interpolation, the alluded maximal operators are L,-bounded over classical measure
spaces (€2, ) for all p > 1. It took however more than 25 years to get noncommutative L,-maximal
inequalities in the line of Cuculescu and Yeadon theorems. Indeed, the L,(2)-norm of a maximal
function M f = sup,, f, must be understood as the L,(;{)-norm of the sequence (f,), to be
meaningful in noncommutative algebras. The mized-norm spaces L,(M;ls,) where introduced by
Pisier for hyperfinite algebras [35] —later by Junge in full generality— and required the full strength
of operator space theory. It was Junge who extended in 2002 Doob’s L,-maximal inequality for
noncommutative martingales with an ad hoc argument heavily relying in Hilbert module theory and
duality [23]. A few years later, Junge and Xu obtained L,-maximal inequalities for ergodic means and
subordinated Markovian semigroups [27]. The key point was a novel interpolation theorem for families
of positive preserving maps —as a substitute for Marcinkiewicz interpolation— which allows to infer
results from Cuculescu and Yeadon “extra-weak” inequalities. The subtle price for this is that the
interpolation constants grow like (p — 1)~2 as p — 171, the square of the classical growth rate. This
different quantitative behavior translates into qualitative properties. Indeed, using a noncommutative
version of Yano’s extrapolation, it was shown in [I9] that (A,), : Llog? L(M) — Li(M;{.,), where
the extra exponent in the logarithm is directly connected to the extra exponent in the L,-operator
norm. Both quantitative and qualitative results above are the best possible. Again, one could argue in
hindsight that such deviations from the classical results arise from the extra-weak nature of Cuculescu’s
and Yeadon’s projections. We shall find additional evidence of this here.

Our primary goal in this paper is to investigate noncommutative strong maximals, almost uniform
convergence in several directions to initial data and applications in noncommutative harmonic analy-
sis. More precisely, we shall prove noncommutative forms of Jessen/Marcinkiewicz/Zygmund theorem
and Coérdoba/Fefferman/Guzmén inequality for quite general processes. Beyond the (ex-
pected) tensor products of martingale filtrations, ergodic means or subordinated Markov semigroups,
our examples include free products and other (noncommuting) compositions. A result of independent
interest in the free group algebra will also be proved. Namely, combining our techniques towards
noncommutative with new transference methods, we shall enlarge the largest known subspace
of the predual of the free group algebra for which the free Poisson semigroup A, +— exp(—t|w|)A,
converges bilaterally almost uniformly to initial data as t — 0.



A. The noncommutative Jessen-Marcinkiewicz-Zygmund theorem. Let us fix in what follows
a quantum probability space (M, 7). In order to generalize we start by introducing a notion of
noncommutative lim sup for finite von Neumann algebras. Let ¢y C £+ be the subspace of sequences
converging to 0. Following the intuition that the lim sup of a scalar-valued sequence (a,, ), satisfies the
identity
lim sup |an| = H(an)n||éoo/co,
n—oo

it would be natural to define the L,-norm of the noncommutative lim sup as the seminorm associated
to Lpllso]/Lplco]. Nevertheless, this definition does not work as intended, not even for sequences
of functions in classical measure spaces as we explain in Remark This imposes to work with a
localized version of it. Given (f,)n, C L,(M) and recalling that we write P(M) for the projection
lattice in M, set

limsup™ £,
n—oo

B . : Lo 1
, = Sup inf inf {||(e fne )n>N||Lp[¢w]},

T(e)<e

where the limsup™ is just a suggestive notation and does not correspond to a well-defined operator.
The mixed-norm space obtained by closure in that seminorm is denoted L;)OC(M;KOO /co), where the
loc stems from the fact that we localize in corners by projections with trace arbitrarily close to 1. In
fact this space does arise as an actual quotient of L, (M; ¢ ), further details will be given in the body
of the paper. Like in the classical case, boundedness of the noncommutative lim sup™ can be used as
a tool to obtain bilateral almost uniform convergence, b.a.u. in short. But, contrary to the case of the
supremum or the noncommutative sup™, a partial converse holds

bau-lim f,, = f =
n— oo

limsup™ f,
n—oo

< {1 f1lp-
p

Propositions and give further explanations. Here is our main technical result for the limsup™.

Theorem Al. Let (M,7) be a finite von Neumann algebra equipped with a tracial state 7. Let us
consider two families (An)n and (Bm)m of positivity-preserving operators in Li(M). Assume the
following conditions hold:

(1) ||(Bm)m : Lo(M) = Li(M; ls) || < o0.
(ii) There is an operator F': L1 (M) — Li(M) such that A,(f) = F(f) b.a.u. for f € Ly(M).
Then, the following inequality holds as well

timsup* Ay o B ()| < IFI [ (B : Lo (M) = Li(M; L) [ 1]

n,m—oco

Many noncommutative forms of arise easily from Theorem Their proofs are elementary and
follow after combining Theorem with noncommutative extrapolation and bilateral almost uniform
convergence for elements of Lq(M). Let us illustrate what it gives for noncommutative martingales.
We first give the most general formulation for the abstract composition of a couple of not necessarily
commuting martingale filtrations. Then, we make explicit two cases of particular interest. In the first
one we pick filtrations living in different components of a tensor product, which gives rise to the closest
generalization of Jessen/Marcinkiewicz/Zygmund theorem. In the second one, we just replace tensor
products by free products, which only makes sense in the noncommutative realm. As an illustration,
the free product of two dyadic filtrations in the one-dimensional torus T can only be defined in the free
group algebra and the result below gives an estimate for the L;-norm of the noncommutative lim sup
and almost uniform convergence in two directions with initial data in Llog?® L.



Corollary A2. Let (M, 1) be a finite von Neumann algebra and (M%])n be nested sequences of von
Neumann subalgebras ML ¢ MZ]H C M fori = 1,2. Let us denote the associated conditional

expectations by EE] M — M%}. Then
(i) It holds that

timsup* (B o E2) (1)]| S I/ ln10g 1
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(i) Let (M%])n be a weak-+ dense filtration of M) C M for i = 1,2. Assume in addition that
(M, 1) is either isomorphic to (M@ M 71 @ 1) or to (MM x M2 7 x 15). Then, we
respectively get

limsupJ“(ELLl](EQELZ])(]”)H1 S Ifllzieg? s

n,m—oo
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In both cases we get b.a.u. convergence to f as n,m — 0o, for every f € Llog2 L(M).

Although formulated in the biparametric case, Corollary extends to d-parameters just by working
with the Orlicz class L logQ(d_l) L instead. The additional logarithmic powers —compared to L logd_1 L
in the classical form of — are expected from the sharp known results for noncommutative
maximals and Yano’s extrapolation recalled above. In fact, we believe this is best possible. Given
Markovian maps T; : M — M, we recall that an analogous statement holds true replacing the above
conditional expectations by (multiparametric) ergodic means

1 K
) S
k=0
or subordinated Markovian semigroups, see Corollary[3.1] As another illustration, we may also consider
free products of convolutions in T against arbitrarily small balls B,.(0), in the line of the original
formulation of Jessen, Marcinkiewicz and Zygmund. This gives another form of in the free
group algebra LF,, = Loo(T) % - -+ % Lo(T) with no analog for general von Neumann algebras.

The main result in [I8] establishes bilateral almost uniform convergence for certain d-parametric ergodic
means. The given argument extends though to Markovian ergodic means and martingale approxima-
tions as well. The underlying “maximal inequality” is however very different to ours since they prove
an inequality of the form

sup* Ma(T1) o Mo (L) (f) |,

fn,nz (HS)

= sup inf A7 (1= g(0) 1 g fumaN) <M S 1110 2
A>.0

under the assumption that the ergodic means are pairwise commuting. The advantage of replacing the
noncommutative sup by our noncommutative limsup in Corollary [A2] is that we get an L; endpoint
space, instead of weak L1. This is particularly useful to use Fubini-type arguments, which will be crucial
in our analysis of the free Poisson semigroup in the free group algebra below. Another advantage of
our formulation is that we do not need our approximating maps to be pairwise commuting.

B. The noncommutative Cérdoba-Fefferman inequality. As we already explained for
it is natural to expect that the noncommutative form should hold with data in L logQ(d_1 Lin
d-parameters. As usual, we fix d = 2 for simplicity and assume that M is the tensor or free product
of M (i =1,2), both equipped with a weak-* dense martingale filtration with associated conditional
expectations E%]. Let fom = EE] ® Eﬁ](f) or from = E7[11] * Egl](f) accordingly. Then we conjecture
that the following holds for every f € Llog® L(M):



Conjecture B1. Given A > 0 and f > 0, there exists q(\) € P(M) satisfying
() aN) frma(A) < Ag(N).

(i) 7(1—q(\) < T{J;(Hlog+ (*’;))2}

We also expect that the 2 in the exponent of the logarithm is optimal. The conjectured inequality
above can be understood as a noncommutative formulation of the weak Orlicz type (@, ®), as defined
in [13], where ®(t) = ¢(1+log, t). Indeed, after fixing ®1, P> : Ry — Ry, it is said that an operator
= fa = An(f) is of weak type (1, P2) iff for every f € Lo, (M) and A > 0, there is a g(\) € P(M)
satisfying q(A) fn,mq(A) < Ag(A) and that

r(gN*Y) S 7o %(%).
Although Conjecture [BI] remains open, we have been able to obtain an e-perturbation

Theorem B2. Given A >0 and f > 0, there exists q(\) € P(M) satisfying
(i) q()‘)fn,mQ()‘) 5(5) )\Q(/\)

@) (1 -a0) S 7 {5 (1010w () (141 (55)) )

Theorem generalizes to any other filtrations satisfying EE I'o E[ri] = Eﬁ] o EE I, Let us recall that
Hong/Sun’s inequality holds as well for commuting martingale filtrations. Their proof combines
Cuculescu’s theorem for 1-parameter martingales with a well-known decomposition of Llog® L into
atoms. Let us note that gives

)\T(l - q(/\)) S.; ||f||Llog2L-

Their result seems a priori stronger, since it holds for every f € L log? L(M), while our result works
only for f in the smaller space Llog**® L(M). However, our inequality gives a faster rate of decay
for A — 7(1 — ¢(N\)). Indeed, the proof of requires going through L;[l], which forces to loose
some factor with respect to the optimal size of the projections ¢(A). On the contrary, our proof uses
a subtle refinement of Cuculescu’s construction together with a smart choice for ¢(\) in terms of the
two martingale filtrations. More details on the relation between both results will be given in Remark
To understand the importance of that difference, recall that Conjecture and Theorem
give weak (¥, ®)-type inequalities, while is limited to a weak type (®,1) inequality which has
mixed homogeneity. Having the correct weak Orlicz type may be of importance in order to apply real
interpolation between Orlicz spaces. On the other hand, beyond we suspect that Theorem
holds true for multiparametric ergodic means, but we have not investigated this topic. We also suspect
that L log? L(M) is optimal in terms of b.a.u. convergence and weak Orlicz type.

Conjecture B3. Let f, ,, = E,[nl] ® Eg](f) be as above:

L. If f e (fam)nm is of weak type (®,®), then ®(t) > ct(1+ log, t)* for large t.

2. If fum — [ b.a.u. for every f € Lo(M), then ®(t) > ct(1 +log, t)? for large t.
The point [2 has a clear precedent in [22, Theorem 8/Lemma F] in the Abelian case.
C. Applications to the free group. One of our original motivations to study multiparametric
bilateral almost uniform convergence comes from a problem in the free group algebra. Let Fo = (a, b)
be the free group on two generators and let w — |w| be its standard word length. It is a very well

known observation due to Haagerup [I5] that the function w — e~**l is positive definite and therefore
the free Poisson semigroup S; : LFo — LF9 given by

St( Z Qg )\w> = Z e el g, Ay

weF, weF,



is a symmetric Markovian semigroup. The following natural problem remains open:
Problem C1.

1. Does Si(f) — f bilaterally almost uniformly for every f € Li1(LF3) ast — 07

2. If not, what is the largest subclass of L1(LF2) over which Si(f) — f b.a.u. ast — 07

Currently, the largest known class is Llog? L(£F3) and it was obtained in [I9]. It is far from clear that
the answer to the first question above is positive. In fact, indirectly related work by Ornstein and Tao
[33, 46] indicates that b.a.u. convergence might fail in the whole Li(LF3). Our methods in this paper
will provide a significantly larger subspace of Li(LF5) where bilateral almost uniform convergence
holds. Recall that, after identifying LFo with £(Z xZ) = Lo (T) * Lo (T), the free Poisson semigroup
factorizes as the free product S; = P, * P, where P; is the classical Poisson semigroup in T. Theorem
easily gives

bau-lim (P, * P,)f = f  for every f € Llog® L(LFy).

s,t—0*t
It is tempting to use that both free components of LF5 are Abelian —so that there is almost uniform
convergence for f € Llog L(T)— to bootstrap the result above, proving b.a.u. convergence for every
f € Llog L(LF5). This does not work as intended, but we still obtain an improvement. Let ¥ C Fy
be the subset of reduced words s7* s52 ... s7'7 with no sign changes in the exponents of the generators
a and b. The usefulness of ¥ is that the group homomorphism Fo — Z x Z given by removing the
a and b respectively detects the length |w| if w € X. This facilitates the application of transference
techniques for elements f € LF5 supported in X. Let us define

Li(£Fy)ls = {f € Li(LF2) s 7(F XL) = 0,vw ¢ T},
Theorem C2. Consider the space

C = Ly(LFy)|x + Llog® L(LF>),

flle = inf {Jlglls + 1hll1oge . £ = g+ h and g € Ly (CF)]s ).

Then, if t, — 0T, we have that (S, )n satisfies

In particular, S¢(f) — [ bilaterally almost uniformly as t — 0% for every element f € C.

tim sup” Sy, (/)| S 1Sl (0.1)

n—oo

Theorem [C2| is related to a few recent results in the literature [25] 3T} [32] which have established L,-
boundedness of Fourier multipliers over special subsets of Fy. In [25] it was proved that Hérmander-
Mikhlin multiplier theorem and Littlewood-Paley square function inequalities admit a generalization
when we restrict to arbitrary branches of the free group algebra. Next, these square function estimates
were greatly improved in [31] after proving the L,-boundedness of the truncation into branches with
new Hilbert transform methods. Finally, in [32] the authors proved that certain specific multipliers
are L,-bounded iff the restriction of the Fourier multiplier to the torus T —the branch containing
the integer powers of one generator— is L,-bounded. The price for the equivalence with the classical
theory is that the admissible multipliers are constant in large regions of F5 and does not include natural
operators like the free Poisson semigroup. In fact, these multipliers are determined by its value in a
linearly growing subset of F5. In conclusion, in these previous results, the reference subsets over which
the theory was built were relatively simple in terms of their geometry, like branches or other linear
growth subsets. In that respect, it is worth noting that our reference set ¥ grows exponentially with
respect to word length
’Eﬂ{wEFg Dw] < n}|~2m



1. Preliminaries

In this section we will briefly review basic definitions and results that will be used throughout the
article.

Noncommutative integration. We denote by B(H) the *-algebra of bounded operators on a Hilbert
space H. A von Neumann algebra is a *-subalgebra M C B(H) that is closed in the weak- topology of
B(H). Naturally, von Neumann algebras are dual algebras that come equipped with a weak-* topology
inherited from that of B(H). The interested reader can look more on the basic theory of von Neumann
algebras in the many texts available, such as [43] [44]. A a contractive and positivity-preserving linear
map in M™ is called a state. We will say that it is normal when it is weak-* continuous. A finite trace or
simply a trace will be a normal state 7 : M — C satisfying 7(fg) = 7(gf) for every f,g € M. We will
say that such a state is faithful whenever 7(f) = 0 implies that f =0 for f € My ={g € M : g > 0}.
A von Neumann algebra admitting a faithful finite state is said to be finite. Throughout this text we
will work in the context of finite von Neumann algebras.

Many measure-theoretical notions extend naturally to the context of finite von Neumann algebras.
We will statt with the construction of noncommutative L,-spaces and Orlicz spaces, which can be
consulted in detail in [39, 47, 28]. Recall that the p-norm is given by

£l = 7(|f17)7

We can define L,(M, 7) as the metric closure of M with respect to the metric induced by the p-
norm above. There is an alternative characterization of the noncommutative L,-spaces. For that it
is needed to construct the space of T-measurable unbounded operators Lo(M,7), a locally convex
space analogous to the classical space of measurable operators with the topology of convergence in
measure. Then, the L,-spaces can be described as the subset of the 7-measurable operators satisfying
that 7(| f|?) < oo, see [47]. In the cases p =1 and p = 2, L, (M, 7) can be easily characterized as the
predual of M —denoted by M,— and the GNS construction associated to 7, respectively.

We will also work throughout this text with noncommutative Orlicz spaces. Let ® : Ry — Ry be a
convex increasing function with ®(0) = 0 and ®(c0) = lim; oo P(¢) = co. Given such function, we
define Ly(M, 7) as

Lo(M,7) = {f € Lo(M,7):3X >0, TO‘I)(LQ) < oo}.

Those are Banach spaces when endowed with the norm given by

1fllLe = inf{A >0: Tocb(‘i)\') < 1}.

We will omit the dependency on 7 whenever it is clear from the context. Among all Orlicz spaces we
will use mainly those where @ is of the form ®(t) = ¢ (1 +log, t)*, where log, (t) = max{0,log(¢)}. In
that case we will denote the space by Llog® L(M, ).

One of the most common examples of finite von Neumann algebras is given by B(¢5") with its unique
trace Tr. In that case, the associated L,-spaces are known as Schatten classes S)".

Throughout this text we will make brief use of the theory of operator spaces, specially around the
discussion before Problem The category of operator spaces is that which is obtained when one
takes the categor y of Banach spaces and replaces bounded maps by completely bounded maps i.e.
maps whose operator norms are stable by matrix amplifications. The interested reader can look in
some of the already available texts [36], [10] as well as the beginning of [3]. One key observation about
operator spaces that we will use is that the complete norm of a map can be detected by operator space



valued Schatten classes S,[E], see [35] for the construction. Indeed, let ¢ : E — F be a completely
bounded map, for every 1 < p < oo, we have that

o : E%FHbesup{Hld@qﬁ STE] = SI'[E H} (1.1)

One consequence of the identity above is that the operator space structure of an operator space FE is
completely defined by the family of norms of S;*[E]. We will use this often since for L,(M), we have
that S)*[L,(M)] = Lp(M,,(C)®M). Other spaces related to L, admit an equally explicit description.

Noncommutative maximal inequalities. The theory of maximal inequalities over noncommuta-
tive L,-spaces is not without subtleties. The main one being that, given a family of positive non
commuting operators ( f,,)n, there is no natural way of defining its supremum in a way that commutes
with taking vector states, see |27, p. 386]. Nevertheless, it is possible to define a quantity that behaves
like the L, norm of the supremum of such a family by working with the mixed norm spaces L, (M; {x).
In [35], Pisier introduced a way of defining spaces of the form L,(M;E) for hyperfinite M, general-
izing the Banach-valued L, spaces over a measure space. His method involves taking a direct limit
of the E-valued Schatten classes S} [E] introduced in the previous paragraph. Later, this notion was
extended to the setting of QWEP von Neumann algebras by Junge [24]. In the case of F = ¢, an ad
hoc definition requiring a factorization was introduced in [23], see also [27]. In this case one does not
need any approximation properties of the von Neumann algebra. This is the case that we will review
here. Fix 1 < p < 0o and a semifinite von Neumann algebra M with a n.s.f. trace 7.

Definition 1.1. Given a bounded sequence (fn)n C Lp(M) it is said that (fn)n € Lp(M;{ls) iff there
exists a factorization fn, = agn B such that «, 8 € Lop(M) and g, € loo @ M = Log[M]. The norm in
L,(M; L) is given by

1Cudnll, gy = inf {llallzp sup el (18] (1.2)

where the infimum is taken over all possible decompositions f, = a hy 5.

We define L, (M; ¢p) as the norm-closure of the finitely supported sequences ( f,,)o<n<n inside L,(M; lo).
As a shorthand notation we will write

Lp(./\/l;foo) = LQp(M) (foo @M) LQP(M).

The same convention will be employed whenever a norm is given by the infimum over products. Note
that it is easy to replace {4, by a general von Neumann algebra A in the above expression to get
Ly(M;N) = Lop(M) (MRN) Lap(M). One interesting case is N' = Loo(R4). This is the space
that we will use to formulate maximal inequalities with respect to a continuous parameter. For purely
conventional reasons we will often denote

= [[(fa)nllL, o)

H sup

Here sup™ is just an evocative notation, since we already said that the noncommutative supremum
may not be well defined. We will frequently use the following well known characterization of the
L,[lso]-norm for f,, > 0:

[Fallzyieas = . gl (13)

It is possible to characterize the natural operator space structure of L,(M; /) as the only one satis-
fying that

SI[Lp(Miloo)] = Lp(Mp & M; L), (1.4)

see [27]. Another property that w1ll be useful is the fact that L,(M; ¢y ) is a bimodule with respect
to M, i.e.

Ha : (fn)n ’ bHLp[zw] < ”aHM ||(f”)HLp[€oo] ”bHM (1'5)



It also holds that L,(M; ¢ ) is a bimodule with respect to the central action of ¢, acting as pointwise
multiplicators, i.e: ||(n, - f”)"HLP[zw} <N )nllew 1)L, (o)~ Taking n = 1 Ny gives the following
monotonicity property with respect to the index set, which will be useful in the next section

1En)wsnlln, ey < NEndall ey (1.6)

One may also define ¢-valued Orlicz spaces Lg(M; £ ). Following the notation of [I, Definition 3.2],
we will use the following notation

To N+ r1o0 2
TO‘I’(ngfn) :inf{ P(|a ); (|87 (snggnHOO) :fn:agnﬁ}.

Then, the norm of Lg[ls] is given by

1
— . +
H(f”)”HL(p[éx] inf {)\ >0:7o0 (I)<X S]ip fn) < 1} .
In this context the identity (1.3) holds up to constants: if f,, > 0 then we have the following, see [I]

||(f”)"HL<1>[€oo] ~ inf{”g”L@ s fa < g}v (1.7)

Almost uniform convergence. Next we recall the definitions of almost uniform convergence in
semifinite von Neumann algebras. The following one goes back at least to [29], see also [6] as well as
150, (51, 20, 21].

Definition 1.2. Given (f,)n C Lo(M,7), we will say that f, — f bilaterally almost uniformly, or
b.a.u. in short, iff for every € > 0, there is a projection e € P(M) such that

(i) 7(e) <e.

(ii) HeL (fn—=1 eLHOO — 0 as n — 0.
The use of the term “bilateral” in the definition above refers to the fact that the projection el acts

both on the right and on the left. One can similarly define the following stronger notions of almost
uniform convergence

fn — f column almost uniformly <= ||( fn —
fn — f row almost uniformly = e (fa— 1)

It is also useful to work with combinations of these modes of convergence. For example, we say that
fn — f converges column+row almost uniformly iff there is a decomposition f, — f = a,, + b, such
that a, and b, converge column and row almost uniformly respectively, see [7]. The terminology or
row and column comes from the fact that

frn = [ column almost uniformly <~ (fu—)(fn— f) = 0 bilaterally almost uniformly
frn — f row almost uniformly <~ (fu—f)(fn—f)* = 0 bilaterally almost uniformly

and the analogous terminology used in the theory of operator spaces, see [10, Section 3.4].

The above definitions generalize the notion of almost everywhere convergence in the case of finite
measure spaces. Indeed, by Egorov’s theorem (see [12], 2.33]) a sequence of measurable functions f,,
converges almost everywhere to f iff for every e > 0 there is a measurable set E with u(F) < e and
such that 1zc(f, — f) converge uniformly to 0.

Like in the classical case, the standard approach to prove that a family of operators S, (f) converge
bilaterally almost uniformly for every f in a L, or Orlicz space is to try to obtain a noncommutative
maximal inequality for elements (S, (f)), i.e.

[(Sn)n : Lp(M) = Lp(M; boo) || < oc.
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We will use a modification of this principle to prove Theorem [AT] Similarly, when the goal is to prove
column/row almost uniform convergence asymmetric versions of the space L,(M; ¢ ) given by

Ly(Mi L) = Ly(M) (b ®M)
LyM;ts) = (lus®M) Ly(M)

have to be used, see [I7] for the details.

Extrapolation and interpolation for maximal inequalities. Two tools that we are going to use
repeatedly are the noncommutative analogues of Marcinkiewicz interpolation and Yano’s extrapolation
[49] in the case of maximal operators. The particular noncommutative analogue of Marcienkiewicz
interpolation that we are going to use was obtained in [27] while the noncommutative extrapolation
was obtained in [I9]. Let us start by recalling the following definition, which extends the classical
notion of weak type (p,p) to von Neumann algebras.

Definition 1.3. Let (Sy,), be a family of positivity preserving operators Sy, : L,(M) — Lo(M). (Sp)n
is said to be of maximal weak type (p,p) iff for every f € L,(M)y and X > 0 there is a projection
e € P(M) such that

. (P44
(i) T(GL) < BYE

(ii) eSn(f)e < Ae for every n.

Observe that every family that induces a bounded map (Sy,), : Lp(M) — L,(M;ls) is of maximal
weak type (p,p). In the case of Abelian von Neumann algebras, this definition coincides with the
associated maximal operator R(f) = sup,, |S.(f)| being of weak type (p,p).

Theorem 1.4 ([27, Theorem 3.1]). Assume (Sy), s a family of positivity preserving operators Sy, :
L,y (M)+ Ly, (M) = Lo(M) that are of mazimal weak type (po,po) and (p1,p1) for 1 < pg < p1 < 0.
Then, for every pyp < p < p1

[(Sn)n = Lp(M) = Lp(M; )| S maX{(l - i)_27 (* - )_2}'

p M

It is very interesting to note that the constant appearing in the exponent depending of p, pp and p; is
—2 instead of —1 like in the classical case. The order of magnitude of the constant was also shown to
be optimal in [27], proving that the commutative and noncommutative theories diverge significantly.

We will use the result above in the cases in which (S,,), is simultaneously of weak type (1,1) and
bounded as a map (Sp)n : M — £oo ® M. In that case the order of the norm of (S,), : Ly(M) —
L,(M; ) in terms of p is given by (p — 1)72. It turns out that extrapolation results give a sort of
reciprocal near p = 1. Indeed, the following holds:

Theorem 1.5 ([19, Theorem 2.3]). Let (M, 7) be a finite von Neumann algebra with o faithful
tracial state and (Sp)n @ Li(M) N M — Li(M) + M a family of positivity preserving operators
satisfying that

1 a
1(Sudn = Ly(M) = Ly(Ms )| S max {1, (m) 3
for every 1 < p < oco. Then

[(Sn)n = Llog® LIM) — Ly (M; £s)|| < o0
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Ergodic means. Let (M,7) be a finite von Neumann algebra. We consider the following properties
for a linear operator T : M — M:

(I) T: M — M is a normal contraction.
(IT) T is completely positive.
(III) T is T-preserving, i.e. ToT = T.
(IV) T is symmetric, i.e. 7(f*T(g)) = 7(T(f)* g) for every f,g € M.

If T satisfies properties |(I)H(III)| we will say that it is a Markovian operator. If it satisifies as

well, then we say that it is a symmetric Marovian operator. If T satisfies that 7 o T < 7 instead if

then it is said to be submarkovian. It is an immediate consequence of the Riesz interpolation

that symmetric Markovian operators extend as contractions to L, spaces, 1 < p < co. One can see

that Markovian operators are also unital. Given an operator T we define its ergodic means M, (T) by
1 n

M, (T) = PONAS (1.8)

n—l—lk:O

Observe that M, (T) is Markovian when T is and symmetric when 7' is. Consider the subset of fixed
points by T in M

keroo (T —1)={f e M:T(f) = f}
Clearly keroo(T — 1) is a weak-x closed operator system. It is well known, see [27] and references
therein, that it is complemented and induces a splitting

M =keroo(T —1) & Im[T — 1]%", (1.9)

where the complement is the weak-* closure of the image of (1 — 7). Denote by F' the projection
from M to keroo(T'—1). An important observation is that the decomposition in extends to more
general spaces associated to M, like L, or Orlicz spaces. We will abuse notation and denote by F' the
projection L, (M) — ker,(T' — 1) as well. The following proposition gathers a few known results.

Proposition 1.6. Let T : M — M be a Markovian operator.
(i) For every f € L1(M), ||[M,(T)(f) — F(f)|l1 — 0.
(ii) For every f € M, M,(T)(f) = F(f) in the weak-+ topology.

(iif) There is a weak-+ dense class S C M which is norm dense in L,(M,T) for 1 <p < oo and in
Llog® L(M), such that || Mn(T)(f) — F(f)||cc — 0 for every f € S.

Let us justify we can use the decomposition in (1.9) and the fact that the complement of ker, (T —
1) is the weak-* closure of (1 — T')[M], to define S = kero (T — 1) + (1 — T)[M]. Now, if g € S is of
the form g = g1 + (92 — T'(g2)) with g1 € Foo(T) and go € M, we have

Ma(T)(g) = g1+ —— (02 = T (32)

and therefore

92/l o
1F(g) — Mu(T)(9) o0 < 2%+1,

which shows the convergence in M. The norm density result for spaces of the form L log™ L(M) and
for L,(M) with 1 < p < oo follows similarly.

Based on earlier results for the finite case that appeared in [29], it was proved in [50} [51] that the
ergodic means (M,,(T))., are maximally of weak type (1,1). Since they are trivially bounded as
a map (Sp)n : M — loo ® M we can apply Theorem to get that (M,,(T)) is bounded as a
map (M, (T))m : Lp(M) = L,(M; ). The combination of this result with the noncommutative
extrapolation in Theorem gives the following result, which was obtained in [27] and [19]:

12



Theorem 1.7. Let (M,7) be a finite von Neumann algebra with a faithful tracial state and T a
Markovian operator.

(i) For every 1 < p < oo,

L))o s Ly(M) = Ly (M) | € max {1, (-27) ).

(i) [|(Mn(T))n : Llog? LIM) = L1 (M; £s)|] < 00
(iii) For every f € Li(M), M (T)(f) = F(f) bilaterally almost uniformly as m — oo.
(iv) If T is symmetric Markovian, then [(i)| and [(ii)] hold with T™ instead of My, (T).

It is worth noting that the analogue of is false when M, (T) is replaced by T™ even if T is sym-
metric. The reason is that 7™ may not satisfy a maximal weak (1, 1) inequality and the passage from
M, (T) to T™ requires and argument based on interpolation due originally to Stein (see [42]). More-
over, there are Abelian examples of Markovian operators such that 7™ ( f) diverges almost everywhere
for some f € Ly, see [33]. Nevertheless, it holds that T (f) — f for every f € Llog® L(M), when T
is symmetric.

Semigroups. Recall that a semigroup of operators is a family (S;):>0 that satisfies Sy 0 S5 = Syt
and Sy = id.

Definition 1.8. Let (M, T) be a finite von Neumann algebra. A semigroup (Si)i>o is called Markovian
iff each Sy : M — M is symmetric Markovian and the map t — Sy is pointwise weak-x continuous.

The theory of Markovian semigroups and their ergodic theory can be understood as a continuous
analogue of that of Markovian operators. With that in mind, given s > 0 we define its ergodic mean
associated to the semigroup S = (S;);>0 by

M(S)(f) = i/o Se(f)dt ]é S,(f)dt.

The Dunford-Schwartz ergodic theorem can be extended to the noncommutative setting: the family
(Ms(S))s>0 is of maximal weak type (1,1), see [27]. As a consequence of that, we have that there
is bilateral almost uniform convergence of M,(S)f to f as s — 0%. In contrast, the problem of
determining whether S;(f) — f bilaterally almost uniformly for f € L;(M) is far more difficult, since
the operators (S;) may not satisfy a maximal inequality. Nevertheless, there is a class of semigroups
which have bilateral almost uniform convergence for every element in L; (M), the so called subordinated
semigroups. Given semigroups S = (S;);>0 and T = (T})i>0, S is subordinated to 7 iff there is a
family of functions ¢, : R4y — R such that

® Dttty = Pty * Py
e For every fe Mandt >0

Si(f) = /OOO To(f)p:(s)ds.

Additionally, when the functions ¢; are of bounded variation and satisfy that lims_, . ¢¢(s) = 0 for
every s, we have

S, /OOOquSt(s)ds /OOOTS</:Od¢t(z)) ds = /Ooo (]ész)zd@(z), (1.10)

where the signed measure d¢.(z) is the Lebesgue-Stieltjes derivative of ¢;. If

sup / 2d|dy|(z) < oo,
0

>0
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where d|¢;|(2) is the total variation associated to the signed measure above, we have that the bilateral
almost uniform convergence of (Ss)s>0 is implied by that of (Ms(T))e>o0-

One important class of subbordinated semigroups are the subordinated Poisson semigroups. Since
S = (S;)i>0 extends to Ly(M), we can use the spectral theorem to express S; as e, when A is an

1
unbounded self adjoint operator. A result that goes back at least to Stein [42] implies that P, = e~54>
is also a Markovian semigroup and the following subordination formula holds

Py(f) = L/mse—‘iﬁv—%s (f) dv (1.11)
M aym Jy ——"" ' '

¢s(v)

1
The formula above follows from an explicit computation of the inverse Laplace transform of =577,
The name of Poisson stems from the fact that, when S; is taken to be the heat semigroup in R" or
T™, P, recovers the classical Poisson semigroup. A simple computation shows that the functions ¢s(v)
satisfy

s 0], <

As a consequence we obtain the following:

Proposition 1.9. Let S = (S,)i>0 be a Markovian semigroup and Ps(f) its subordinated Poisson
semigroup. For every f € L1(M) we have that Ps(f) — f bilaterally almost uniformly as s — 0.

Martingales. Here we are going to give basic facts and definitions regarding the theory of noncommu-
tative martingale sequences, see also [37] [38] for more details. Let A C M be two finite von Neumann
algebras and assume that the inclusion ¢ is unital. Since 7(i(f)) = 7(f), ¢ extends to the L;-spaces
L1(N) C Li(M). Let us denote this extended inclusion by ;. Its dual i} = Enr: M — N C M is the
conditional expectation onto A, i.e. the map Er is a surjective and completely positive projection
that is furthermore A-bimodular. Given a sequence of finite von Neumann subalgebras (M), of M,
we will say that they are nested if M,,, C M,,+1. We will also assume in all of the examples that
(Myn)m approximates M is the sense that

UM =m.

n>1

The sequence of algebras (M., ), is sometimes referred to as a filtration and the associated sequence
of operators f,,, = E,,(f) as a martingale sequence. We will denote by C the union of all the algebras
M,,. Clearly S is norm dense in L,(M) with 1 < p < co. We also have that the analogue of
Proposition holds for the weak-* dense algebra S given by the union of M,,.

Cuculescu showed that the family (E,) is maximally of weak type (1,1), see [6]. This result is a
generalization of Doob’s maximal inequality in the noncommutative setting. We have the following
consequences, obtained through Theorems [I.5] and [I.4]

Theorem 1.10. Let (M, 1), (Mu)m and (En)m be as above.

(i) For every 1 < p < oo

[(Badu : Ly(M) = Ly(M; £ec) | < max {1, (]%)2} (1.12)

(i) ||(En)n : Llog® L(M) = Li(M; L) || < oo
(iii) As a consequence E,(f) — f bilaterally almost uniformly for every f € L1(M).
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Free products of von Neumann algebras. It is easy to see that if ¢; : M7 — M; and ¢, :
My — My are completely positive normal maps over von Neumann algebras, their tensor product
P11 ® ¢y : M1 @My — M;® M, is also completely positive and normal. Furthermore, if 71 and
To are traces, we have that the tensor product of two Markovian operators T; : M; — M and
Ty : My — My extends to a Markovian operator 77 ® 1o : M1 @ My — M1 ® M. The same result
holds for E; @ Ey : M; @ My = N1 QN3 C M1 @ My whenever E; : M; — N; C M, are conditional
expectations. We are going to recall a result from [4] that allows to do the same for free products.

Let (M;, ;) for i € {1,2} be two finite von Neumann algebras and assume that they are cyclically
represented inside Hilbert spaces M; C B(H;). We will fix cyclic vectors & € H,;. The reader can
assume without loss of generality that (H;,&;) is the GNS construction associated to 7;. We will denote
by (H, &) the free product of the pointed Hilbert spaces (H;,&;) given by

H=Cto P H, @H,®H; . . @H,
n>0 i1#4iy ... Zip

where H? = H; © C¢; = (C&;)*. In order to define the reduced free product M; * Ma, notice that
there are two unitary maps V; : H(i) ®2 H; — H, where each H (i) C H is given by

Hi)=Cto P H @H,®H; . . ®H,
n>0 itis ... 2in
see [48] for the details. The unitaries above allow to define two faithful representations m; : M; — B(H)
for ¢ € {1,2} given by
m.(a) = Vi (1@ a) V7"
We will denote by m = 71 * mo the C*-algebra representations defined over the universal free product
representation of My and My as C*-algebras. The image of 7 is a quotient of such universal C*-
algebra. We will denote by M * M5 the von Neumann algebra given by the weak-* closure on the

image of w. The vector £ € H defines a natural trace that we will denote by 7y * 75. Notice that if we
denote by M? the weak-* closed linear subsbpace given by

M? = {f S Mi : Tz(f) = 0},
then we can define a weak-* dense unital x-algebra D inside M1 x My as
D=Cie@ P M, oM, M . aM;,
n>0 i1#iz ... #in

where the direct sums and tensor products are understood in an algebraic sense. The multiplication
is given by associativity and the following rule for pure tensors

)R .. R, QY1 QY2 ... @ Ym when z, € M? , y1 € M5 and i, # j1
(21022 ® .. ®xp—1) (T y1)° + 7(@ny1)1) ® Y2 ... ® Yy, Otherwise

In the formula above (z,y;)° is notation for z,y; — 7(x,y1). Given two unital maps 77 and T
preserving the states 7 and 7o respectively, we can define the map 77 %715 : D — D by linear extension
of

(Tl * Tg)(l'l Rr2® ... R xn) = T%l (l‘l) X Ti2 (1’2) X .. & Tin (l’n),

where 71 ® 22 ® ... ® T, € M @ M7, @ M7 ... @ M7 with iy # iz... # i,. The following result
states that we can extend the map T; * T to the whole M7 x* My when the T; are normal u.c.p. and
trace preserving.

Theorem 1.11 ([4], Proposition 2.1/Corollary 2.2]).
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(i) Let T; : M; — M, fori € {1,2} be Markovian maps, the map Ty x Ty extends to a Markovian
map over (My * Ma, 71 % 11). Furthermore Ty x Ty is symmetric when the maps T; are.

(ii) Let N C M; be unital von Neumann subalgebras and let E; : M; — N; C M; be their
asssociated conditional expectations, E1xEy : Mix My — N1 xNo C M1+ My is a conditional
expectation.

Group von Neumann algebras. We end this section with another interesting example of finite von
Neumann algebra that will be used in Section Let I" be a discrete group and X : I' — B(¢;I") the left
regular representation, that is, the one given by \;ds = d4n, where (05)ner is the canonical orthogonal
base of ¢2(T"). We define the group von Neumann algebra LT by

LT = Spanw*{)‘g}gel“ = {)‘g}/gler C B(£I).

LT has a natural faithful trace 7 : LI' — C given by 7(f) = (Je, f de), see [34]. It is worth noting that
each f € LT can be expressed as a sum

f:Zf(g)Aéh

ger

where f(g) = 7(f A;). The series above converges in the weak-* topology. The notation fis reminiscent
of the case of Abelian groups, where LI' = L, (f)7 with T being the Pontryagin dual of I'. In this

setting, f, as defined above, coincides with the Fourier transform for Abelian groups, see [I1, Chapter
4].

In this article we will work over the algebra of the free group on two generators F5. Let us denote
the generators by a and b and let LF5 be its reduced group von Neumann algebra. Over Fo there is
a natural length w — |w| given by

lw| =min {n:w = siss..., with s; € {a,a”", 5,6} }.

It was shown in [I4] that the word length generates a Markovian and symmetric semigroup of operators
S = (S)¢>0. Indeed, given any element f € LF; we define the maps Sy : LF3 — LF5 given by

53 Frn) = 3 Flupe i,

weF, w€eF,

2. The limit maximal function

In this section we will introduce the Ly-norm of the lim sup operator for von Neumann algebras. Let
us introduce the linear (nonclosed) space of bilaterally almost finite sequences Lioc C Lp(M;ls) C
L1 (M; £). We will say that a sequence (fy,)n € Lioc iff for every € > 0 there is a projection e € P(M)
and an integer N such that

o 7(e) <e.

o et fet =0, for every n > N.
When working in L, (M; £s), the second condition can be interpreted by saying that (et f, et), €
Lp(M;03) = Lop(M) (€5 ® M) Lap(M).

It is relatively easy to see that L. is a linear space. Indeed, it is trivial that Lo, is closed under
scalar products. To see that the space is closed under sums, assume that (f,), and (g, )n are in Loc
and take € > 0, by definition we can find p,q € P(M) and N1, Ny € A such that

16



o 7(p) < €/2 and 7(q) < €/2.
o pt fupt =0, for every n > Ny and ¢ g, ¢- = 0, for every n > N,
we have that e = pV ¢ € P(M) satisfies that 7(p V q) < 7(p) + 7(q) < € and that et = pt A ¢t
therefore
et (fatgn)et =et fuet tetgnet =et (pt fupt) et +et (T gngt) et =0,
for n > max{Ny, Na}.

Definition 2.1. We define the space leooc(./\/l;co) as the closure of Lioe inside Ly(M;ls). Similarly,
we define

loc . _ LP(MﬂKOO)
Lp (Mvéoo/CO) - L;)OC(M;CQ) (21)

Observe that given (fy)n € Lp(M;ls) the quotient map ¢ : Ly(M;le) — Li*°(M; € /co) induces
a seminorm on L,(M;/s) after composing with the norm of L)(M; /s /co), we will denote that
seminorm as follows

lim Suerfn = ||Q(fn)||L}9°“[€oo/c<)]v

n— oo p
and we will also omit the quotient map ¢ when no ambiguity can arise. Notice also that, as in the case
of the supremum, the limsup™ is purely a notation.

Remark 2.2. Recall that, given a sequence of scalars (ay)n, we have
limsup |an| = [|anlle. /ey
n—oo

Therefore, it would be tempting to define the Ly-norm of the limsup as the seminorm associated with
the quotient

L,(M; )

LP(M§CO) .

Nevertheless, in the case of p = 1, such definition does not recovers the Li-norm of the limsup,
not even in the Abelian case. Indeed, notice that, for the sequence (fn)n over Li([0,1]), given by
fn(t) =n1,1/n)(t), we have that

Gl = G}

i 3o [T e

While the limsup of the sequence f, is 0 almost everywhere. In this case, the sequence f, does not
converge in the Ly-norm, but there are sequences of functions f, € L1([0,1]) such that f, converge
both in Li-norm and almost everywhere and yet the seminorm associated to Li[ls]/L1]co] diverges.
Such family of functions can be constructed by choosing an integrable function f € L1(]0,1]) such that
their truncated Hardy-Littlewood maximal function

sup n1[071/n}
n>N

t+r
M)t = sup My(f)(t) = sup ~ / ()] ds

0<r<1 o<r<1 T
is not in Ly and then taking f, as a sequence of averages M, (f), with r, — co.

To understand what is happening, recall that the Banach space functor E — L1() @, E = L1(; E),
where ®, is the projective tensor product in the category of Banach spaces [{0], is both a projective
and an injective functor. Therefore, we have

Ll (Q> ®7r goo

L1() Qx loo = ,
1( ) /Co Ll(Q) ®r Co
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for a measure space ). But the nonseparability of oo /co makes L1(Q) @ Loo/co strictly smaller than
the space of all measurable functions F : Q — Lo /co such that

0= [1F(O) e reo = lim sup | fn (0)],

is integrable, where (f,,(0)), is a representative of F(0). This is due to the fact the equivalence be-
tween L1(Q) @, E and the measurable E-valued functions with integrable E-norm requires using Pettis’
theorem, see [40, Section 2.3], which may fail in the nonseparable case.

There is an alternative characterization of the norm of L;OC(M; l/co) that would be useful afterwards

Proposition 2.3. We have that

Proof. By definition the limsup™ is given by

but, by the definition of Llpoc(./\/l;co), the linear subspace L, is dense, therefore we can take the
infimum of the right hand side in (h,), € Lioc. The space Lo can be expressed as

Eloczm U U {(hn)n:eLhneL:O,Vn>N}.

>0 ceP(M) NEN
T(e)<e

(2.2)

limsup™ f,
n—oo

=sup inf inf [[(e* f, et
p e>13 e€P(M) 0=N Ite* )N<n||Lp[é
T(€)<e

o]

limsup™ £,

n—oo

= inf {[|(fa = Padullz, e : (in)n € Li“(Ms o)}
p

Using the monotonicity of the infimum over the index sets we obtain that

Fix € > 0, e and N. In the innermost infimum we can choose h,, as

=sup inf infinf{ n = hn)n :eLhneL:O,vn>N}.
p e>lg eE(iP)(M) N IS ) ”Lp[foo]
T(e)<e

limsup™ f,,
n—oo

h _{fn when n < N

efnetefnet+etfoe whenn>N
and a calculation gives that
1 = Rl ey = 1€ fueD)nsnll, o)

This implies the inequality (<) in equation (2.2). For the other direction we will need to use the
module properties (1.5) and (1.6). Fix € > 0, e € P(M) with 7(e) < € and N an integer. We have that

H(el fn eL)n>N||L,,[eoc] = ||(6L (fn = hn) eL)n>N||Lp[eoc]

for every h,, satisfying that el h,, et € L,[¢X]. Therefore, we can take an infimum in such identity to
obtain that

H(eL In eL)">NHLp[eoo] = inf H(el (fn—hn) el)">NHLP[ew] cethy,et =0,Yn > N}
< inf< ||(e* (fnfhn)el)nHLp[ew] ceth,et :O,Vn>N} by
< b { [[(fa = udally, oy s € Anet =0,vn > N} by
and that concludes the proof. O
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Recall that, whenever needed, it is possible to describe a natural operator space structure for the
spaces LLOC(M; s /co). Observe that the functor '~ SJ'[E] is projective, therefore, we can identify
the following spaces

PoLLoc(M; o)) Sy [Lioc (M co)] B Sy [Lioe (M co)

isometrically. We can represent L;)OC(M; ¢o) as the closure of

ﬂ U U et Ly(M; ) et
>0 ee(?)(./\/l) NeN
T(e)<e

But using the fact that

Sgl[ej‘ Lp(./\/l;£]ovo) et] = et L,(My, ® M;eY) et,

we obtain that
S LY (M oo fc0)] = LY (My ® M; £ag /o).

The following two propositions link the boundedness of the noncommutative lim sup with the bilateral
almost uniform convergence.

Proposition 2.4. Let (f,)n C L,(M) is a sequence such that f, — f bilaterally almost uniformly we
have that

Proof. The proof is almost trivial. Start by noticing that in the case of finite von Neumann algebras
we have that

= [[£1lp- (2:3)

limsup™ f,
n—o0 p

|| (fn)n”L,,[Zoo] < || (fn)nHeM@M'

Therefore if g, — 0 b.a.u. we have that

sup inf  inf |[(etgn et <sup inf inf [[(pT g, pt —
sup inf = inf [(e* gneM)usnll, ) < sup inf = inf [y A HES =

T(e)<e T(p)<e

and the last expression tends to 0. Taking g, = f — f, gives (2.3)). O

Remark 2.5. In the previous proposition we impose the condition that (M, 1) must be finite. There
are pathologies that can occur in the semifinite case. For instance the sequence f,, = 1, »41] converge
pointwise to zero and is uniformly bounded inside L, (Ry). Nevertheless, if € > 0 is a finite number
and E C Ry is a measurable set such that m(E) < €, then (1ge fn)N<n is not in L1(R4;0s) for any
N.

Proposition 2.6. If (S,,), is a bounded family of operators Sy, : Li(M) — L1(M) such that

(i) There is a bounded normal F : M — M ||S,(f) = F(f)llee — 0, Vf € S, a class S C
Li(M)N M dense in Ly (M)

(ii) For every f € Ly(M), we have

Then, for every f € Lo, Sp(f) — F(f) bilaterally almost uniformly.

timsup* S, ()| S 17 a-

n—oo
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Proof. Fix, f € Ly (M). We want to prove that, for every e > 0 and § > 0, there is an integer N and
projection e € P(M) such that 7(e) < € and

et (Su(f) = F(f))et||l, <o

for every n > N. Denote S,, — F' by T}, and denote by C the optimal quantity satisfying that

By the density of S inside Lg (M) we can choose g € S such that || f — g|le < do, where dg < d¢/(8C).
Now, we have that

1imsup+Tn(f)H1 <C|flle.

n—oo

T.(f) =Tu(f —9) + Tu(g)

and the second terms tends to 0 in the L-norm, therefore there is an integer N; such that ||75,(9)|lec <
0 for every n > Nj. For the first term we do have that

limsup 7, (f — g)Hl < Cdp.

n—oo

But by (1.3)) we do have that there is a projection p € P(M) such that 7(p) < €/2 and an integer Ny
such that
0™ (Ta(f = 9)nsvo 2 ||, < 2C0.

Therefore, we can factor the term above as p* (T,,(f — g)) p*~ = ah,, 3, where ||allz = ||8]|2 = V2T
and ||hplle.oom =1 Fix a A > 0, to be determined later, and define the projections

r=1poo)(@a’) and g =1} ) (6°6).

By, Chebishev’s inequality we have that

O A
Taking A = § gives that e = r V ¢ V p satisfies that
T(€)<£+@:E+§:€
-2 A 2 26
but we also have that
e Tu(f —g)et||l, = et p  Tulf —g9)p-et|

let ahn Ber|,

et ol (supllhull ) 1Bl < atat.

IN

Taking N = max{Ny, N1} and e € P(M) gives that
le* (B () = SulDet|l,, <o+6
for every n > N and that ends the proof. O

Throughout the text, we will need to work also with limits in more than one index. We will use the
convention that, for scalar sequences (@n,m)n,m

lim sup |a = inf su a . 2.4
n,m%lco)' o] OSN,MnZN,£2M| | @4)
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This notion of lim sup is chosen in order to avoid the case in which the pair (n,m) tends to infinite, in
the sense of escaping of every finite set, while one of the coordinates n or m does not. For any given
any pair of sequences n(j) and m(j), both of them tending to infinity, we have that

lim sup |y, (jy,m@)| < limsup | m |
j—oo —00

)

and the inequality is tight in the sense that we can make those quantities the same by choosing adequate
subsequences n(j) and m(j) as above. That limsup can be represented as a quotient norm as follows.
Let Ly ar C loo(N x N) be the following space

Ly =0 @ loo + Lo @Y
We define ca (N x N) as the norm closure of all Ly p
ca(N x N) = spanlille {Ly pr : N, M} C €5o(N x N).

We have that

lim sup |an,m| = ||(an,m)n,mHEOC(NXN)/CA(NXN) (2-5)
n,m—00

In a way analogous to what we did before. We are going to define a nonclosed linear subspace
LB, C Ly(M;l(N x N)) given those sequences (fn.m)n.m such that, for every e > 0 there is a

loc

projection p € P(M) and some integers N, M such that
o 7(p) < e
e pt fompt =0 whenever n > N and m > M.

Observe that the second condition can be expressed as saying that p* frm pt € L,(M; Ly n). We
define the space Li*°(M;ca(N x N)) as the norm closure of L& inside L,(M;£y,). We will omit the
dependency on the iterated products of the integers N x N, when they can be understood from the
context. We define L (M)
Lloc M /¢ — P ) ~ 00
D (Ml /cn) L;)OC(M;CA)

We will denote the seminorm induced in L,(M; ) by the above quotient as

lim Sup+fn,m Hp = || (fn7m)n,m“L1poc[g

n,m—00 so/cal

Similarly, we can define multi-indexed versions of the above lim sup and express them as a quotient. The
operator space structures of the spaces L;,OC(M; lx/ca) are defined in the same way. The analogues of
Proposition [2.3]also hold true, as well as the connections with the bilateral almost uniform convergence
in more than one variable in Propositions and

In the next section we will use the following lemma, whose proof is immediate and left to the reader.
Lemma 2.7.

(i) Let n(j) and m(j) be sequences of integers converging to infinity, then

lim sup+fn7m ’ . (2.6)
p

lim sup*fnu),m(j)Hp = [

Jj—o0
(ii) When (fy) only depends on one of the indices, we have that

limsup™ f,
n—oo

limsup™ f,

n,m—00

p ’ p
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Remark 2.8. In the same way in which Propositions and [2-6] connect the boundedness of the
limsupt with the bilateral almost uniform convergence it is possible to introduce asymmetric versions
of the space L;,OC(M; lso) that are connected to the column and row almost uniform convergence. Start
recalling the definition of the asymmetric L,[lso]-spaces from [27, [20], see also [7, 3.1.2], given by

Ly(M;ts,) = (M®£oo) Ly(M)

Ly(Mity) = LyM) (MBlx),
where, as before, the norms are given by taking the infima over all decompositions of (fn) as fn = hy «
or fn = ah, of ||allpsup, |hnllc- Those spaces have been studied for their connection with the
column/row almost uniform convergence. Let us focus our attention in the column case since the other

one follows symmetrically. We can define a linear non-closed subspace L. C Li(M;lS,) given by all
sequences (fn)n such that for every e > 0, there is a projection e € P(M) and an integer N such that

o T(e) <e
o foet =0, for everyn > N
The closure of L. will be denoted by L;’C(M; c§) C Lp(M;LS). We define the quasi-Banach space
L,(M;L5,)
Lloc _gc c\ p )~ 00 )
p (Mﬂ oo/CO) L;D(Mac(c)>

The analogues of Proposz'tions and hold in this case. Indeed, if (M, T) is a finite von Neumann
algebra, it holds that

fn — [ column almost uniformly —— ||(fn)n||L;oc[ego/cg] <\ fllp-

Similarly, if in Proposition[2.6, we change the third assumption by
|(T)n : Lo (M) = L(M; L5, /c§)|| < oo.

Then, the consequence is that T, (f) — F(f) column almost uniformly.

3. The Jessen-Marcinkiewicz-Zygmund inequality

In this section we will prove one of the main results of the article, Theorem Despite following
relatively easily from the theory that we have already developed, that theorem is the main ingredient
of Corollary [A2] We will also explore applications to multiparametric ergodic theory and asymmetric,
i.e. column/row, versions of those results.

Proof (of Theorem [AT}) Since all the operators involved By, and A,, are assumed to be positivity
preserving, it is enough to prove the result within the positive cone. Fix f € Lg(M) with f > 0. By
Proposition we have that the norm of L¢(M; /., /co) is monotone with respect to the natural
order inherited by Lq(M; ¢ ). Using assumption (i)| as well as characterization we have that for
every € > 0, there is a h € L1(M) such that

B, (f) < h, for every m

and

1Al < (1 +€) [[(Bin)m = Lo (M) = Li(M; L) || f -

The monotonicity and Lemma [2.7) gives that

limsup™ A, o Bm(f)H <
1

n,m—oco

limsup™ A, (h) H < ‘
1

n,m—o0o

lim sup+An(h)H .

n—00 1
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But, since A,,(h) — F(h) bilaterally almost uniformly by we can apply Propositionto conclude
that

limsup™ A, o Bm(f)H
1

n,m—oo
< ||F: Ly(M) = Li(M)]] ||Allx
< (1+€)||FL1(M —>L1 || || m m * M)—>L1 M E ||Hf||¢’
and since € is arbitrary we can conclude. O

Now, we have all the ingredients to obtain Corollary [A2]

Proof (of Corollary [A2}) Since B,,(f) = EE@]( f) is a martingale sequence, we can apply The-
orem in order to obtain that the maximal operator associated to B, maps Llog® L(M)

into L1(M;{y). Similarly, by Cuculescu’s theorem we obtain that E!! ]( f) converge b.a.u. for every
f € Li(M). An application Theorem |A1| gives the result. O

The following corollary gives a similar result for multiparametric ergodic means.

Corollary 3.1. Let (MU, 7;) fori € {1,2} be two finite von Neumann algebras and Ty : MU — M
be Markovian operators and F; the projections onto their fized subspaces ker(id — T;).

(i) Let (M,7) = (MHE MBI 7 @ 1), it holds that

lim sup™ (M, (T1) ® Mm(Tz))(f)Hl S 1Nz rog? Ly

n,m—oo

As a consequence (M, (T1) @ M,,(T2))(f) — (F1 @ F»)(f) bilaterally almost uniformly as
n,m — oo, for every f € Llog® L(M).

(ii) Let (M, 7) = (MM s« MBI 7 % 7), it holds that

tim sup™ (Mo (71) * My (1) (D) | S 17 z10ge 2000
As a consequence (M, (Ty)* M, (Te)) — (FixFy)(f) bilaterally almost uniformly as n,m — oo,
for every f € Llog? L(M).

(iii) Furthermore, if Ty is symmetric, we can change M,,(T3) by Ta™ in points and above.

Proof. Again, the proof is an application of Theorem We will only prove points|(i){and since
follows like point

Notice that, by Theorem we have that the maximal associated to id ® M,,(Ty) maps Llog? L(M)
into L1 (M;l). It is a consequence of Yeadon’s results that M, (71) ® id converge b.a.u. Gathering
both results allow to apply Theorem |A]] . For (iii) We use that, when 75 is symmetric, so is 75 ® id and
therefore, by of [1.7 m (iv)| the maximal operator given by powers of id ® T» is maximally bounded from
Llog? L(M) into Ly(M;£s). O

There are two natural generalization of the results above. One is in the case of asymmetric spaces, the
other relates to higher iterations, i.e. working with Em ® Em .® E[ﬂ instead of just EEE ® EL?Q] We
will briefly cover both direction here.

The asymmetric result can be seen as a generalization of [30], see also [I8] [I7]. We will need the
following proposition, whose proof in immediate and this we omit it.

Proposition 3.2.
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2 log® L ~(s) ||fHL210gSL ~(s) Hff*HLE,llogsL
1
) [Frtnll? ey = Nnlleey and G £0al2, g = [0l goger

) [ ol Epepe o = N allzgeii sy amd 1 £

Now, we will formulate the asymmetric analogue of Corollary [3.1]

(€00 / o] H<-f")”HL1;’“[Zgo/cg]

Corollary 3.3. Let (MU 1) fori € {1,2} be two ﬁmte von Neumann algebrasAg and (M[ ])m and
Ell: M — MU be as before. Let (M, ) be (MM G ME 7 @ ). It holds that

[(EN @EEZ) :Lylog? LIM) — LY (M; Ll /)| < oo
where T € {r,c}. As a consequence (EE]®E§])(1‘) — f row and column almost uniformly as n,m — oo,
for every f € Lylog? L(M).
The same result follows with trivial changes for free products and in the case of ergodic means.
Proof. We are only going to prove the column case since both are identical. For every f € Lo log? L(M),

we have that g = f* f € Llog® L(M) by Proposition Thus, applying EY o EY to g and using
Corollary gives that

H(EH 2 E2)(g)|” . S M9l7 g2 10

but the right hand side is equivalent to the Ly log® L-norm of f, while, by Kadison’s inequality, the
left hand side satisfies that

(B @ EX)(9) = (B 9 ER) (/) 2 (BY @ BY) ()" (BY © B (/)
Applying Proposition gives the desired result. O

In order to extend Corollaries and to the case of larger index sets we need the following
proposition, which is a straightforward generalization of [I8, p. 1121]. Observe also the the proposition
below is a generalization of [19, Theorem 2.3] or Theorem

Proposition 3.4. Let (S;,)m be a family of Markovian operators such that

(S Lp(M) = Ly (M £oo) | S max {1, (ﬁ)a}

for some o > 0. There, for every 8 > 0 it holds that
[(Sm)m = Llog?** L(M) — Llog” LIM; L] S oo
The proof uses as a key ingredient the atomic decomposition of noncommutative L log® L spaces ob-

tained in [I8, Appendix| as direct generalization of [45]. Indeed, every element of the unit ball of
Llog® L can be expressed as a combination of atoms

f= Z Ak
k=0

where A\, > 0 satisfy that >, _; Ay < 1. An element a € M is an atom for Llog® L iff it is supported
in projection e € P(M) with 7(e) = 2* for some k > 0 and

lalloo < % (1+10g. (%))_
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The atomic decomposition also gives an equivalence in norm

(oo} oo
| fllzogs L ~ inf{zx\k f= Z)\kak for aj, atom }
k=0

k=0

Proof. Apart from the atomic decomposition, the other ingredient is the fact that, for finite algebras

M we have )

s < s) 7 aNe )
[fllz1ogs £ Ss) p=1r 11l

for every 1 < p < o0, see [2]. Start by noticing that, by Minkowsky’s inequality, it is enough to prove
the result for atoms. Let us fix a € Llog®™ L(M) an atom. We have that

1

H(Sm(a))mHLlogB L[loo] S(s) m H(Sm(a))mHLp[éoo]
1
S oo all, (3.1)
1 11 1 \—(at+B)
(p—1)ath m(e)? 7(e) (1 +log, T(e)) (3:2)

for every 1 < p < oo, we have used the hypothesis on (3.1)) and the conditions on the atom in (3.2]).
We can now fix p depending on the atom to be

p—1= (1+log+ (T(le))>_1'

[ (Sm(a) ||L10gﬁ Litw] S 7(e) P

and we conclude noticing that the last expression is uniformly bounded by the choice of p relative to
7(e). O

That gives

As a corollary, we obtain the following

Corollary 3.5. Let (M, 1) be a finite von Neumann algebra, T a Markovian operator and E,, : M —
M, C M the conditional expectations associated to a filtration (M,,), we have that, for every 8 >0

(i) [[(Bp)n : Llog?*? L(M) — Llog’ L(M; £s)]| < cc.
(ii) [|(Mn(T))n : Llog”*? L(M) — Llog” L(M; )| < 0.
(iti) ||(T™)n : Llog"™? L(M) — Llog” L(M;ls)| < oo, whenever T is symmetric.

Now, we have all the ingredients to formulate our result in the multiparametric case. In particular, we
obtain that

Corollary 3.6. Let M be a collection of von Neumann algebras, for i € {1,2,...,d}, and assume

that there are filtrations M%] c MU approzimating each algebra and denote by ELQ their conditional
expectations. Let (M, 7) = ( MUSMEAT .. @ MU 1 @ ... @ 14). It holds that

timsup *(BY @ BZL. @ B (1) S 17 ziogr o0 niag

Ny ... Ng—>00

As a consequence EL}} ® EEZ] ® E[Tfli (f) = f bilaterally almost uniformly as ni,na,...ng — oo, for

every f € Llog? (d—1) L(M). The same result holds after changing the tensor products by free products
as in Corollary[3.1}
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Proof. The proof is just an iteration of the Theorem using the positivity of the conditional
expectations. Indeed, starting with an element f € Llog =1 gives, by Proposition an
element f; € Llog? (@=1) I such that

id@E%(f) <fi

2 (d—2) 2(d-2)

and its L log L norm is controlled by the Llog L norm of f. Applying this process d — 1
times gives an element fy_1 € L; and we can apply the bilateral almost uniform convergence of

Em ®id(f) for every f € L1 to obtain a bound of the limsup™ after Proposition O

The same result holds for ergodic means giving the following

Corollary 3.7. Let MY be a collection of finite von Newmann algebras, for i € {1,2,...,d}, and
T; : MU — MU be Markovian operators, fix (M,7) = ( MURMEE ... M 7 @ 7y...74), it holds
that

limsup (Mo, (T2) © My (To)oo: © Moy (T0)) (1)]| 5 1105200 20

ng ...Nqg—>00
As a consequence My, (T1) @ My, (To)... ® My, (Ta)(f) = (F1 @ Fo... @ Fy) f

Furthermore, if Ts, T3, ..., Tq are symmetric, we have that

limsup * (Mo, (T2) © T3 @ T3 ()|, S 17l 10g2 o0 £y

ng ...nqg—>00

The same result holds after changing the tensor products by free products

4. Almost uniform converge in Fy

We will also denote by C[F3] C LF2 the free group algebra given by finite combinations of elements
Ao in LF5. Clearly C[F,] is weak-* dense in LF5 and norm dense in every L,(LF3) for 1 < p < 0o as
well as in the Orlicz spaces Llog™ L(LF2). Again, it is immediate that ||S¢(f) — fllec = 0 ast — 0
for every f € C[F3]. As stated in the introduction, see Problem the boundedness of the maximal
operator associated to (S;); will give bilateral almost uniform convergence to the initial data as t — 0.
Sadly, that result is still unknown in L;. Here, we will improve the best known result by giving a class
of operators C between Llog? L(LF3) and L;(£F3) for which bilateral almost uniform convergence
holds.

Let ({a)) and ((b)) be the normal subgroups generated by a and b respectively. Denote its associated
quotient maps by n, : Fo — Fo/((b)) =2 Z and n : Fo — Fa/((a)) = Z. For some reduced word

w = s7's5%...s,¢, where each s; € {a, b}, the quotient maps are given by

na(ss3t)) = 30

ilsi=a
ny n2 nye .
TLb(Sl S9”...Sy ) = E n;.
Z‘Slzb

Intuitively n, and n; count the number of a’s and the number of b’s with multiplicity. Let X C Fo
be the subset of reduced words satisfying that there are no sign changes in the a or b. l.e. for every
word w, all of their a’s have positive (resp. negative) exponent and the same holds for the b’s. The key
observation that will allow us to apply transference techniques is that, for every w € X, we do have
that

w| = |1 (w)] + [np(w)]-

Let © : C[F3] = C[F3] ®a1g C[Z] ®a14 C[Z] be the map given by linear extension of A, = A, ® Ay, () ®
Any(w)- We have the following.
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Proposition 4.1. The map © extends to a normal and faithful and trace preserving *-homomorphism

O:LFy — LFy,® L(Z?) = LF;® Lo (T?).

The proof is a routine application of Fell’s absorption principle. Indeed, after identifying ¢5(Z?) with
l3(Z) ®9 lo(Z), the map V : l5(Fg) ®3 £5(Z?) — (5(F2) ®3 l2(Z?) given by linear extension of

60.1 ® 5]61 & 6k2 — 50.1 oy (Sklfna(w) & Jk:gfnb(w)

is a unitary and satisfies that the following diagram commutes.

U5(F2) ®3 a(Z?) ——————— £5(F3) @2 £5(Z2)
J{Am®Ana(w)®>‘na(w) lkwé@l@l

l5(F2) @2 l5(Z?) —r U5(F2) ®3 (2(Z?)
The result follows after identifying £Z? with L. (T?). The fact that © is trace preserving, where
the natural trace of LFy ® Lo (T?) is given by the tensor product of 7 and integration against the

Haar measure of T2, is trivial. Therefore © is faithful and its image is isomorphic to LF5. Given any
71 € T2, we will denote by ©j the trace preserving automorphism of LF5 given by

0;(f) = eviy 0 O(f),

where evg denotes the evaluation in 6 € T2. Alternatively, one can see O : LFy — LF; as the map

given by
05( X Flwop) = 3o ermlmamimn) fiu),,

weF> weF2
We shall denote by LFs|sx C LF the subset of elements supported in X, i.e:

£F2|Z:{f€£F2:f: 3 f(w))\w}.

weXCFo

Similarly, we will denote by L,(LF3)|s or Llog™ L(LF3)|s the subsets of elements f € L,(LF3) or
Llog® L(LF3) such that 7(fA;) = 0 for every g ¢ X. Let P : Loo(T?) — Loo(T?) be the Poisson
semigroup of the torus, given by

Fs (f) =5 ( kgz:d f(k)e%“w) B kgz:d f(k)e_slkle%ike

We have that the following diagram commutes

LFy|s < LF, LF3® Loo(T2)
J{St lid@P,
LFs|s; < LF, ° LF>® Lo (T?)

To extend the commutativity of the diagram above to the L;. We need the following proposition.
Proposition 4.2. Let © : LFy — LF3® Lo (T?) be as before. We have that
(i) ©: L1(LF3) — L1(LF3 ® Loo(T?)) extends to a positivity-preserving isometry.

(i) © : LY°(LF2;000/co) — L1(LF2 ® Loo(T?);ls/co) extends to a order-preserving quasi-
isometry of the positive cones.
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Proof. The first point is a trivial consequence of the fact that © is trace-preserving. In order to prove
we have to show that the following two inequalities hold for every f € Li(M)4

1Ol oege ey

1CFdnl e

1€ HLWN/CO (4.
2[j®

IA

oo /o] HL“’“[(ZQC/CO] (4.

For (4.1), start by fixing e > 0. We have that there is a p € P(LF2), N an integer and g € L (LF3)
such that pt f,pt < g for every N < n and ||g|; < (1 + ) (fr)nll Lot jeq) for every 4. This
implies that for ¢ > 0 there is a projection ¢ = O(p) with 7(¢) < ¢ and h € L, EF2®L (T?))
given by h = O(g) satisfying that ¢-O(f,) gt < h for every N < n, by point we have that
[Rllr < (1 +0)[[(fa)nllLiocpe., jeo)- Since & is arbitrarily small, we can conclude. For (4.2) we are going
to proof that

||(@(f"))"“L11°°[€x/co] <1 implies that ||(f.) HLlOC Jeo) S <2.

By the first assumption and the definition of the L!°¢[f,,/co]-norm we have that for every e there is
a projection ¢ € P(LF2® Loo(T?)), with ¢(q) < ¢, an integer N and g € L;(LF3® Loo(T?)) with
llglli < 146 such that ¢* O(f,) ¢+ < g for nN. In order to reduce the identity to LF5 notice that for
almost every 77 € T?, we have that

@ O5(f) gy < g5
holds, where ¢; = (ev; ® id)(¢) and the same for g. Observe that we have the following inequalities as
a consenquence of Chebichyev’s inequality

(BT irly) < 2> 1.
[HO0eT?:lgsli < (2+0)|glli}| >

Therefore, there is a 6 that lays in the intersection of both sets. That 6 satisfies that
o 7(q5) < 2
. qé‘ ©;(fn) qg‘ < g5 for every N < n.
* [lgglli < (2+0).

Applying ©_j to gz, g5 and using the fact that the sup in the formula in Proposition is monotone,
and thus it can be exchanged by a limit € — 0 gives that the L°°[{,/co]-norm is smallest that 2 + 4.
But, since ¢ can be taken arbitrarily small we can conclude. O

Now, we can proceed to prove the main theorem of this section.

Proof (of Theorem [C2)). Fix t,,. Observe that we have the following commutative diagram.

S}

Ll (ﬁFg)‘z = Ll (£F2) L1(£F2 ®LOO(T2))

J{(&n In k(id(@ﬂn In

LY (LF2; b fcg) ———— LI (LF ;0o /o) — @ e (LF2® Loo(T?);loo /o)

We have that (id ® Py) is a subordinated semigroup. Therefore, by Proposition (Id® Ps)(f) — f
bilaterally almost uniformly as s — 0%. By Theorem we have that

|(d® P,,) : Li(LF2 ® Log(T?) — LI(LF2 ® Lo(T2): fuo/co)| < 1.

But now, by Proposition [£.1} we have that the horizontal arrows in the commutative diagram are quasi
isometric. That implies (0.1]) holds. The result follows. O
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The two-parametric problem in the free group . There is a natural two-parametric generaliza-
tion of Problem for the free group Fa. That is to determine what is the largest class D C L1 (LF3)
for which the two-parametric symmetric Markovian semigroup given by (s,t) — Ps % P, satisfies that

(P5 * Pt) (f) — f bilaterally almost uniformly, as s,t — 0%,

for every f € D. A straightforward adaptation of Corollary [3.1] gives the following
Corollary 4.3. For every f € Llog? L(LF5) ans sequences sy, t, — 0, we have that

limsup* P, Py, (), S Ifll10e2

n,m— 00

As a consequence Psx Pi(f) — f bilaterally almost uniformly as s,t — 0, for every f € Llog? L(LFy).

It is natural to conjecture that, following the same techniques employed to prove Theorem [C2] there
would be two-parametric convergence for P * P, whenever f lays in the class D

D = Llog® L(LF3) 4 Llog L(LF,)|s. (4.3)
Nevertheless, this result is conditioned by the problem of determining whether the following holds
Problem 4.4. Let (Ps)s>o be the usual Poisson semigroup on T<. Does it hold that

1
H(PS)S : LP(Td) - LP(Td;KOO)ch S maX{l, p—1 }

Recall that, by (1.1) and (1.4)), we have that the complete norm above is given by
|(Po)s :Lp(T?) — Lp(T% o) ||,
— sup {H(id ® Py)s : ST[L,(TY)] - sg[Lp<Td;fm)\}}

m>1

oup {602 P2+ Ly © Loo(T) = Ly (M © Lo T; )]}

m>1

It is also easily obtained that the complete norm in L, of the maximal operator associated with the
Poisson semigroup on T¢ has a norm that is bounded by (p — 1)~2. But, as far as the knowledge of
the authors go, it is not known whether this bound can be lowered to (p — 1)~!, which is the classical
non-complete norm. If Problem [£4] were to have a positive solution, that would imply, by a routine
application of Theorem [AT] that the rightmost vertical arrow in the commutative diagram below is
bounded

Llog L(LF5) |y —————— Llog L(£LFy) ——2—— Llog L(LF, @ Lo (T?))

J((Ptn*Psm,)n,m l(id@Ptn®PSm)n,m

L% (£Fy; fo fen) — = D (LR loo o) — 2 L (CF3 B Lo (T2 L )

Using that the horizontal arrows are isometric would give that (id ® Ps) induces a maximally bounded
map from Llog L(LF2)|s to LY¢(LF2; o /ca). Therefore, there would be bilateral almost uniform
convergence for functions in the class D of (4.3)) for the two-parametric semigroup Pj * P;.

5. The Strong Maximal inequality

In this section we will work under the assumption that (M, 7) = (MU @ ME 7 @), where (M 7;)
is a noncommutative probability space, ¢ € {1,2}. We also fix filtrations (./\/l%]) of M; with associated
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conditional expectations Em s M M%] We will denote EE] ® Eg](f) by fn,m at times. Our goal
will be to prove Theorem which gives an e-perturbation of the weak type (®,®) for the strong
maximal in two variables, where ®(t) =t (1+logt)?. We also suspect that a similar inequality holds for
multiparametric ergodic means using Yeadon’s inequality as a tool instead of Cuculescu’s inequality.

An improvement of Cuculescu’s inequality. Let (N, 7) be a finite von Neumann algebra. Given
a positive f € Li(N), Cuculescu’s inequality gives an explicit combinatorial description of the non-
commutative maximal weak type (1, 1) inequality for f — (E,(f))n-

Theorem 5.1 (Cuculescu’s projections [6]). Let (N,), be a filtration over N and (E,), the
associated conditional expectations. Given f € L1(N)y and XA > 0, the family of decreasing projections
q1(A) > g2(N) > ... q(N\) given by the recursive formula

q1 ()‘) = 1,
dn ()‘) = Qn—l(A) 1[0,>\] (Qn—l(/\) In Qn—l(/\))
= Lo (@n-1(N) fr d-1(N)) gn-1(N),
g = N @)

satisfies
(i) gn(A) € N
(i) @n(A) fn @n(A) < Agn(N).
(it)) gu(A) commutes with gu_1()) fagn_1(N).
) F

(iv) Furthermore,

(gM)*) < 21l (5.1)

The following lemma gives a refinement of inequality (5.1) in which the right hand side is further
restricted to the spectral region over which f is large with respect to A.
Lemma 5.2. Let f € Ly(N)y, A >0 and g()\) be like in the Theorem[5.1 We also have that
2
T(qgA)*) < XT(f 1(%,00)(f))~
Proof. Let p,(A) = gn—1(A) — gn () for n > 1 and observe that

PO Ea (£ ey () PaX) = 2pa(N). (5.2)

2
Indeed, pn(/\)fnpn()‘) = pn(/\)Q’n—l(/\)fnqn—l(/\)pn(/\) 2 /\pn(/\) and
= pn(/\) fnpn()‘) - pn()‘) En(f 1[0,%](]0)) pn()‘) >

Next, we use inequality (5.2]) to obtain

T(1=q) = > (V)

%pn(/\)

n>1
2
< 3 Z ( fl(*,oo)(f))pn(A)) < XT(fl(%,oo)(f))
n>1
which proves the claimed assertion. O
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Remark 5.3. In the commutative case, the formula in Lemmal[5.9 is very well known. For instance, a
two sided version of the inequality was used in [{1] to prove that the Li-norm of the Hardy-Littlewood
mazimal function associated to [ is comparable to the Llog L-norm of f. This can be obtained imme-
diately integrating the formula in Lemma with respect to A and applying Fubini’s theorem.

That computation gives an interesting consequence in the noncommutative case. Recall that it was
shown in [T9] that the noncommutative mazimal function with respect to a martingale sequence (E,),
is a bounded map Llog? L(N) = Li(N; L), and that the exponent 2 on the log is optimal. By copying
the computation of [{1]] we have that

: > q(A) € P(N) with
1nf{/0 7(g(\)F) dX - o) Fra(A) < Ag(A), Vi > 1} S I 2 10g v (5.3)

This leads to the following interesting observation: given a sequence (fn)n € L1(N; o) the quantity in
the left hand side of is not comparable to the Li[ls]-norm. Indeed, if it were so, one would get
that the L1[loo]-norm of (Eyn(f))m would be bounded by the Llog L-norm of f. But that is not possible
by [19, Section 5J.

This gives an extra source of intuition regarding why it is difficult to obtain maximal L, inequalities
from weak type ones (like the ones given by Cuculescus’ and Yeadon’s inequalities). It is not possible
to reconstruct the Ly[{]-norm from the projections obtained in the weak type inequalities.

Proof of the strong maximal theorem. Now let us prove assertions |(i)| and of Theorem
If A < (2¢2)'/2, both inequalities trivially hold with g(A\) = 0. When X > (2¢2)'/¢ we may assume

that A = e” for some positive integer € Z. Let us first construct the projection g(X). Let (fn)n>1

denote the positive martingale (EL1 e id)(f) and consider Cuculescu’s projections a (e’) associated

to (fn)n at height e’
g = N @)
n>1

Define the family of disjoint projections

ml= ANdhe)— A e for jez

(2] £>5—1
Let py =Y, i>r 7Tj[~1], where r comes from the identity A = ", and consider the (unbounded) operators
=Y ej el and Iy = pll = Tp. (5.4)
j>1

Next, construct the sequence of Cuculescu’s projections q,[%] (e?) associated to the positive martingale

(id® EL%])(H,\) at height e’. As we did above, define the corresponding family of disjoint projections

(2]
qgA):=1- ZW;Q].

m;" accordingly. We finally define

j>r
Proof of inequality We start noticing that
O frman = OEZ(ox frpx + px fu px + PX FaPr + Px fn PX)Dr

< 2q,EV (Px fr px + Px frpx) ax < 20\ ElZ (Pafapr)ar + 2€7qy.

Indeed, to justify the last inequality recall that

ot = N\ dleH)+ YA, (5.5)

ez j<r
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In particular, we may estimate py f,, py as follows

| A st £ A | < timcgltieh) =0,
£——00
LeZ LEZ

sup Z <7rj[<1]fn7r,[€1]a, a>

J_ J_
Px fnp
H N fn /\HM ooy <15 52,

< sup Y m aam ] el all,
lally <1 5 2y
< wp X Oallal el < o

lally <15 02y

11 _11
by Hoélder’s inequality. Next, to estimate py fr,px = 117 (I, 2 f,I1, ?)II} we note that

—(j+k)/2
IR e [, 0]
I % £ 2, = sup (i fam o, @)

oy <1 55, (FR)OHE/2
1]
T o2y 2 1

< (R oy Lo
HD‘”LQ(M)SI ]ZT ] 2 jzlj

This implies that py f, px < A. I\ and therefore

aN)EPZ (px fo pr) (V) < Ao gV EZ (A1) g(V) < Acdg(N).

The last inequality follows from the definition of ¢(A) arguing as in (5.5) and the estimate after it.
Altogether we have proved that g(A) fn,m ¢(A) < C:Aq(A) for some constant C independent of A which
diverges as ¢ — 0F. O

Proof of inequality We have

l-g) = 3 @)= 7(1— A qg(%))

j>r—1 >r—1
< Z T(l—qm(ee)) < e~tr(lly) < % 7(ILy). (5.6)
£>r—1 >r—1

We now expand the trace of ITy /A as follows

(/) = [

N T(L(as,00)(ILV)) ds < 7(p) +/ 7(L(as,00) (1)) ds.
. 1

Arguing as above we see that 7(py) < A717(f), which gives the first term in the sum defined by the
right hand side of inequality in Theorem It remains to prove the inequality

| o) ds < cor {5 (110, [§]) (1oe [55]) - (5.7

Since I =35, ejj”Eﬂ'J[-l] and \ = e", we get

Z wj[-l] if s < rite,

— 1 _ jzr
1(/\5700)(H>‘) - Z = . 14e
i>r Z T if s > 7F.
el as edjltes s
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Let jo(s) be the biggest integer j satisfying e/j!*¢ < As. Arguing like in (5.6) and using Lemma
gives

IN

o0
/ T(Las o) () ds - < 7o / > (@)
1 rl

“ i>jo(s)

< (log)) e Z e T (fLet j2.00) (f))
L>r

r

+ / Z e T (f1(et j2,00) (f)) s

14-¢ R
=40 (s)

/ Z f].(eE/Q oo) (f)) dS = A1 —+ A2 —+ Ag.

£>350(s)

Notice that, for every € > 0, we have that

and therefore, we trivially obtain that

{1(’\700)(4]0))

< T{§(1 + log., /\)Hsl(%m) (f)}
R

Next, we use A > €2 to get jo(s) > 2 so that

linls) + D™ _ (log(rs)*+*
edo()+1(jo(s) + 1)L+e ~ As '

Av S (1+log N) o (

A\

e Jo(s)

for s > r*e. Since log(As) < 2max{log A, log s}, we get

1 14
Og)\imr(fl( s oo)(10f)) if A > s,
— S logl+& (X))’
E € eT(fl(eg/Q,oo)(f)) S 14e

: 1 '
£2jo(s) OgAissr(ﬂ(bg .- ,w)(lof)) if 5> A\

This gives the following estimate for Ay, arguing as for A;:

log' e (\) [ ds
< _
Az < A /1 ) {fl(logHE(A)’oo)( Of)} s

0g1+€
1+e€ ()\)

Ing T{flog {% loglﬂ()\)} 1 Oo)(l()f)}

< (e () (v (5))

< As
oglte ()

Similarly, we get

1 oo logl—i-s( )
< - s ———ds.
A < A/A T(fl(logﬁ_z(s),oo)(lof)) ——ds

Next, given s > X > e and € < 1, observe that

S

S <A = s < AloghE(s) < 4dlog™ ¥ (4).
log™(5)
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Therefore, approximating the operator 10f /X by a positive combination of pairwise disjoint projections
> ;@ P; we may rewrite the above integral as follows and apply Fubini to get the following estimate

Ay < / Z P bgl#ds)

o)
14
f |:/4ajlog “(a; )10g1+5() :|
< (L 08 ¥ p,>
< 7'()\ ZA A S ds| P;
17 TogThe(ny
< T(§ > log?* (da;108" () P
95> ety

1o (Bt [F1og (K1)

(£ om [2]))

IN
\]
—

A

Several remarks are in order.

Remark 5.4.

R.1

The proof above can be understood as a noncommutative generalization of a result of de
Guzmdn. Indeed, in [13], it was proven that if two bases of Borel sets B; C B(R%) with
finite measure satisfy that their associated maximal operators over R%

(M, f)(x :}58;3][ (@) da

are of weak type (P;, ®;), i.e

[{z € R% - (Mif)(x) > A} < /R @, ('f(;)) e

Then, the tensor product of both maximal operators My ® My is of weak type (¥, V) over
R4+ were U is given by a combination of ®1 and .

When specialized to the commutative case, our proof above gives what is perhaps the simplest
version de Guzmdn’s and Cordoba/Fefferman inequality in the martingale case. Our proof
also highlights the different behavior of the Cuculescu projections compared with the level sets
of the classical mazimal. Indeed, in the classical case we do have that

. ,
m=>erl! = 3" e 1 (pzey
j>1 j>1

is comparable to the mazimal function (My ®1id)(f). While, see Remark[5.3, the same cannot
hold in the noncommutative case. Nevertheless, the modified 11 of (5.4) with the extra term
j1T¢ can be used to control the behavior of the mazximal.

The proof above can be modified by introducing other terms of summable inverse in the definition
of I1, thus giving inequalities like |(ii)| for more complicated Orlicz spaces like

Llog® Lloglog'™ L(M).

We have chosen not to perform our calculation for that particular space because our inequality
recovers what we believe is the optimal case, see Conjecture when € — 0T, while the space
above would not.
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R.3 A similar result to Theorem has been obtained in the literature, see [18, Theorem 3.5].

Nevertheless, there are key differences between the two approaches. Although the results [18]
were formulated in the context of multiparametric ergodic means, they can be easily transferred
to the context of martingales. Indeed, following their scheme of proof, we can use an atomic
decomposition of the Llog™ L spaces due originally to Tao [45] in the commutative setting, to
obtain that, for every s >0

[(Bn)n = Llog?™* L(M) = Llog*(M)]] < oo.

Then, starting with an element in Llog> L(M), we can bound Ew ® EL%] by iterating the
technique above, applying it first to (id ® E[y%])(f) for positive f to obtain an element

(dOEN)(f) <g  with gl <IIfllzwe2r

since g is in L1, we can apply the mazimal weak type (1,1) for the family (Eg] ®id),. As a
result, we obtain that for every f € Llog® L(M) and X > 0, there is a projection q(\) € P(M)
satisfying that

o ¢\ (EY @ EEN(£)a(N) < Ag(N).

11121062 £
A 1 < g
This results generalizes to iterated products by starting with an element in L10g2(d_1) L. This
result can be understood as a bound

(EN @ EP), . Llog? LIM); — L1 oo(M; L) 4.

Nevertheless, it is important to notice that neither of the results is stronger than the other.
In one direction, we cannot deduce the bound above without an extra € in the exponent. In
the other, our result gives projections with a decay in X that is strictly faster that O(A71).
Since the proof of [I8, Theorem 3.5] requires going through Ly[lx], by Remark 5.3 one must
loose some factor with respect to the optimal size of the projections q(\). We also recall that
having noncommutative mazimal weak type (@, ®) estimates, with ®(r) = r(1 —&—loggfs (r)) may
be important for the purpose of extending real interpolation results beteween the weak Orlicz

types.

Acknowledgement. The authors are thankful to Simeng Wang for pointing out the existence of [18]
and for providing a reference for the asymmetric convergence results in [30]. Those fruitful discussions
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