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ABSTRACT. We investigate Fourier multipliers on the compact dual of arbitrary
discrete groups. Our main result is a Hormander-Mihlin multiplier theorem for
finite-dimensional cocycles with optimal smoothness condition. We also find
Littlewood-Paley type inequalities in group von Neumann algebras, prove L,
estimates for noncommutative Riesz transforms and characterize Lo — BMO
boundedness for radial Fourier multipliers. The key novelties of our approach
are to exploit group cocycles and cross products in Fourier multiplier theory
in conjunction with BMO spaces associated to semigroups of operators and a
noncommutative generalization of Calderén-Zygmund theory.

Introduction and main results

Convergence of Fourier series and norm estimates for Fourier multipliers are
central in harmonic analysis. As far as Calderén-Zygmund methods are involved
very few results have been successfully transferred to other noneuclidean topological
groups. In this paper we study smooth Fourier multipliers frequency supported by
an arbitrary discrete group. For instance, the frequency group associated to the
n-dimensional torus is the integer lattice Z™ and —by de Leeuw’s compactification
theorem [10]— we may impose the discrete topology on the frequency group of
R" and still obtain the same family of L,-multipliers. What can we say about
L,-boundedness of Fourier multipliers for arbitrary discrete groups? What do we
mean by smoothness of the multiplier in that case? Basic unexplored examples
include duals of Cantor cubes, other discrete abelian groups, finite groups of large
cardinality, the discretized Heisenberg group, free groups... For nonabelian discrete
groups, the compact dual is a quantum group whose underlying space is a group von
Neumann algebra. These algebras are widely accepted and very well understood
in noncommutative geometry [6] and operator algebra [38]. In harmonic analysis
this approach was first considered in the ground-breaking results of Haagerup [21]
and Cowling/Haagerup [9] on the approximation property of group von Neumann
algebras. Up to isolated contributions [23, 49], the L,-theory for Fourier multipliers
on these algebras is very much unexplored.

Let G be a discrete group with left regular representation A : G — B(¢2(G)) given
by A(g)6n = dgn, where the §,’s form the unit vector basis of ¢2(G). Write L(G)
for its group von Neumann algebra, the weak operator closure of the linear span of
AG). Given f € L(G), we consider the standard normalized trace 7¢ (f) = (d¢, fde)
where e denotes the identity of G. Any such f has a Fourier series

> F9Ag) with flg)=7c(fAg™") sothat 76(f) = fle).
geG
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Let Lp(@) = L,(£(G), 7q) denote the L, space over the noncommutative measure
space (L(G), 7a) —so called noncommutative L, spaces— equipped with the norm

N ~ PN+
171, =32, Forw)|| = (|32, Fonw|])"
We invite the reader to check that Lp(@) = L,(T™) for G = Z", after identifying
(k) with €27k} In general, the absolute value and the power p are obtained from
functional calculus for this (unbounded) operator on ¢2(G). A Fourier multiplier is
then given by

T : Zg OO Zg me f(9)A(9)-

Going back to G = Z", we find Fourier multipliers on the n-torus. We will say
that any smooth function m : R — C is a lifting multiplier for m whenever its
restriction to Z™ coincides with m. According to de Leeuw’s restriction theorem
[10], the L, boundedness of T,,, follows whenever there exists a well-behaved lifting
multiplier m defining an Ly-bounded map in the ambient space R™. In particular, if
1 < p < oo it suffices to check the Hormander-Mihlin smoothness condition [25, 45]

e CEFI R\ {0}) and [0 (©)] < el foral |5 < [5] 41,

In the context of Lie groups, the role of R™ is replaced by the Lie algebra to find
similar formulations. Recall the remarkable work by Miiller, Ricci, Stein and their
coauthors on nilpotent groups, see [46, 47, 64, 65] and the references therein. A
fundamental goal in this paper is to give sufficient differentiability conditions for the
L, boundedness of multipliers on the compact dual of discrete groups. Unlike for
Z", there is no standard differential structure to construct smooth lifting multipliers
for an arbitrary discrete G. The main novelty in our approach is to identify the
right endpoint spaces —intrinsic BMO’s over certain semigroups— using a broader
interpretation of tangent spaces in terms of length functions and cocycles.

An affine representation of G is an orthogonal representation o : G — O(H) over
a real Hilbert space H together with a mapping b : G — H satisfying the cocycle
law b(gh) = a4(b(h)) + b(g). Given an affine representation (H,a,b), the function
¥(g) = (b(g),b(g))% vanishes at the identity e, it is symmetric ¥(g) = ¥(g~!) and
conditionally negative, i.e. 35 8, =0= Zg,hﬁgﬂhw(g_lh) < 0. In this paper any
1 G — Ry satisfying the properties above will be called a length. Conversely, we
know from Schoenberg’s theorem [70] that any length v determines a precise affine
representation (Hy, oy, by) satisfying ¢(g) = (by(g), by (g9))2,, , more details will be
given in the body of the paper. Hérmander-Mihlin and de Leeuw classical theorems
are formulated in terms of the trivial cocycle coming from the heat semigroup. We
propose the Hilbert spaces H, as cocycle substitutes of the Lie algebra. Here is a
fairly simple formulation —see also Theorems B and 3.4— of our cocycle form of
Hoérmander-Mihlin theorem, valid for group von Neumann algebras.
Theorem A. Let G be a discrete group equipped with any length ¥ : G — R
satisfying dim Hy =n < oo. Let T 1 37, F(9)A(g) — 2 mgf(g))\(g) and assume
there exists € > 0 and m : Hy — C satisfying mg = m(by(g)) and

[0¢m(©)] < min{le|" e jel e} gor 181 < 5]+

~ ~

Then, Ty, : Ly(G) = Ly(G) is a completely bounded multiplier for all 1 < p < co.
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Completely bounded (c¢b) means that T, ® id is a multiplier on Lp(m{) for
every discrete group H. Theorem A is sharp in terms of the number of derivatives
related to the cocycle dimension. On the contrary, the additional € is a prize we
pay for noncommutativity. It can be removed under assumptions like

i) G is abelian,
ii) by(G) is a lattice in R”,
ili) ay(G) is a finite subgroup of O(n),
iv) The multiplier is ¢-radial, i.e. my = h((g)).

Theorem A is a cocycle extension of the Mihlin multiplier theorem, more than
merely a noncommutative form of it. Indeed, it provides new results even for finite
or abelian groups. For instance, we may find low dimensional injective cocycles for
finite groups of large cardinality, like Z,, or the symmetric permutation groups S,,
where we find injective cocycles with dimH, = 2 << n and dimHy = n << n!
respectively. To the best of our knowledge, there are no similar results for finite
groups. In the Euclidean (non-discrete) context of R™, we will also analyze the
classical Hérmander-Mihlin and de Leeuw’s theorems under our perspective, which
naturally gives rise to a large family of exotic Fourier multipliers.

The presence of € > 0 in Theorem A excludes some central examples, like the
-directional Riesz transforms which are naturally defined for n € H,, —recalling

that ¥(g) = (by(9), by (9))2,— as

B(X, Flano) = =32, PLOIE fig o).

These multipliers are covered by Theorem B below, which exploits the semigroup
Sy = (Sy.i)i>0 with Sy : M(g) = e (@ )\(g) and the BMO space constructed
with it. Namely, define

BMOs, = {f € L3(G) | IfIsmos, = max {|fllBmog - [ f*Bmog, } < OO}»

~ ~ ~

where f € L3(G) C La(G) if f(g) = 0 whenever 1(g) = 0 and

1
_ 2 _ 22 : 2 _ px
I7lsvios, = sup||(Sudlf? = 18uar )" with 1= F°F

The following result proves the L,-boundedness of v-directional Riesz transforms.

Theorem B. Given (G,v¢) and
T D F@)Ma) = D mef(9)M9)

as above, let m : Hy — C be a lifting multiplier for m = m o by, such that

i) Lo-row/column condition

m = inf ( sup || A¢|lx sup || B ||;c> < oo.
H ”SChur m(ay,q(€))=(Ae,Bg)x \ ety ¢ geG g
(&,9)EHyXG
IC Hilbert

it) Hormander-Mihlin smoothness

m € CPTHR™\ {0}) and |0fm(&)| < I€I71P! for all |B] <n+2.

Then, Ty, : L(G) N BMOs, and T, : Lp(@) N Lp(@) for every 1 < p < oo.
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As Theorem A, the above result holds for any finite-dimensional cocycle. In the
particular case of Riesz transforms, it is meaningful to wonder if Riesz transforms
associated to infinite-dimensional cocycles are also bounded. This follows from a
dimension free estimate [32] with applications for other multipliers. Both Theorems
A and B can be used either to construct Fourier multipliers or to test the L,
boundedness of a fixed multiplier. The real challenge in the latter case is to find
the right length/cocycle by, and the lifting m such that my = m(by(g)). This is
exactly the topic of Fefferman’s smooth interpolation of data [15, 16, 17] relative
to the set by (G). If Ay = infyp [|by(g) — bw(h)”%w > 0, we call the cocycle by,
well-separated. The Hérmander-Mihlin theorem for the n-torus corresponds to the
standard cocycle Z™ C R™ with the trivial action «. Up to changes of basis, it
is the only finite-dimensional, injective, well-separated cocycle of Z". Accordingly
we call by standard if it is injective and well-separated. By a classical theorem
of Bieberbach [2], a standard finite-dimensional cocycle of G can only exist if G is
virtually abelian. This excludes for instance infinite discrete groups with Kazhdan’s
property (T). The novelty in our approach is to allow for clustering in the set by (G)
and thus go beyond the class of virtually abelian groups. Of course, our hypotheses
lead to look for disperse clouds b, (G) living in low dimensional spaces H.,. We
refer to Paragraph 6.1 for a description of the intriguing interplay between these
“competing” requirements.

Our methods also lead to Littlewood-Paley type estimates. Square function
inequalities in noncommutative L,, spaces require to combine the so-called row and
column square functions appropriately. Given a von Neumann algebra M, the
spaces L,(M; 05) and L,(M;£5) are the closure of finite sequences (f;) in L,(M)
with respect to the norms

o382k

respectively. The right combination

Lp(M; £y) + Lp(M; ) (1 <p<2)

Lp(M;05) N Ly(M;45) (2 < p < o0)

was discovered in the formulation of the noncommutative Khintchine inequalities
[40, 41]. Given a length function ¢ : G — R, arising from an n-dimensional
cocycle, consider a sequence of functions (h;);>; in CIZIH1(Ry \ {0}) such that
> |dd§—kkhj(§)\2 < ¢ |€]7? for all k < [2] + 1 and define

Ly;f =32 hi@@)f@Mg) and Ay(f) =) Ly;f ©3;.

and H(Za f;fj)%

Lp(M)

Ly(M; €],) = {

Theorem C. If1 < p < oo, we have
i) Ay Lp(@) -2 Lp(@§€72~c

Ly 54’
H Zj vif ©0; L, Gz,
ii) Additionally, if 3, |h; O =1foral£#£0
S Losfed

s0 that Ay : Lp(@) — Lp(@;£2

rc

), that is

<o & Ifl, 0

||f||Lp(@) eb Cp L@tz

) becomes a complete embedding.
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Theorem C is a crucial tool for the main results in [32, 53], see Theorem 4.3
for a formulation including L., — BMO type estimates. A noncommutative form
of Calderén-Zygmund theory requires to find suitable substitutes for the interplay
metric/measure in commutative spaces. Theorems A, B and C emerge from CZO’s
on von Neumann algebras R x G, where G acts on a von Neumann algebra R
which factors as a tensor product of the Bohr compactification of R™ and some
other noncommutative measure space (M, 7). The key link with our main results
comes from the intertwining identities

Ty © ST/Mt = (St ba'l ch;) O Ty and T oTl,, = (Tm X idﬁ(G)) O Typ,

where (S;):>0 denotes the heat semigroup on #H, —equipped with the discrete
topology— and 7y : L(G) — L(Hy) Xa, G is the *-homomorphism determined
by A(g) = exp(2mi{by(g), - )%, ) ¥ A(g). The first intertwining identity yields an
embedding BMOs, — BMOgs, with Sy ¢ = S; % idg. This explains our interest
on BMO spaces over semigroups of cp maps. In the classical theory we find BMO
spaces associated to a metric or a martingale filtration. Duong and Yan [12, 13]
extended it to certain semigroups —see also [1, 24]— but still imposing the existence
of a metric in the underlying space, something that a priori we do not have at our
disposal. Interpolation results with L, spaces [31] are deduced from the theory of
noncommutative martingales with continuous index set [34] and a theory of Markov
dilations with continuous path [35].

Let I@gisc be the Bohr compactification of R™, the Pontryagin dual of R™ equipped
with the discrete topology. Since 1(g) = ||by, (g)H%_[d a multiplier m : G — Cis called
¢-radial if mg = h(¢(g)) for some h : Ry — C, so that we find a lifting m which
is radial on H,. We will use the little Grothendieck theorem [20, 55, 61] for the

following characterization of L., — BMO boundedness for i-radial multipliers.
Theorem D. Ifh: R, — C, TFAE
i) Tho| |2 * L (Rn> — BMORTL bounded,

~

ii) Tho|2 : Loo(RYj.) = BMOs/ bounded,
iii) Thoy: £(G)—BMOs,, bounded for all G discrete with dimHy, = n,

n
disc*

with 8’ the heat semigroup on R Moreover, ii) < iii) still holds for n = oco.

Our results in this paper show some impact of cohomology in Fourier multiplier
theory. Tools from classical harmonic analysis impose that dim H,, < oo, but many
interesting cocycles are constructed on infinite-dimensional Hilbert spaces. In fact
certain exotic groups like the Tarski monster or some Burnside groups, do not admit
finite-dimensional cocycles at all. Fortunately, Theorem D for radial multipliers and
the dimension free estimates for Riesz transforms in [32] indicate that this is not the
end of Fourier multiplier theory. Since Ay (A(g)) = ¥(g)A(g) generates Sy, radial
multipliers are of the form h(Ay), already considered by Mclntosh’s H-calculus
for analytic h. Theorem A imposes considerably weaker conditions and Theorem
D provides new Fourier multipliers even for infinite-dimensional cocycles. The
imaginary powers v(g)* and other examples of Laplace transforms are included as
shown in [31]. As an illustration in G = R", the lengths

P(E) =1- . fo(z) fo(z — &) dz



6 JUNGE, MEI, PARCET

with || follz = 1 or (&) = [, [, & fildu with f; € L1(Q, 1) come from infinite
dimensional cocycles and taking f, = xx, we obtain highly irregular ¢’s. Other
examples will be given in [32]. These m¢ = 9(£)* are just exotic forms of Stein’s
imaginary powers and Lp,-boundedness for 1 < p < oo is guaranteed. The main

novelty from our method is that we may identify the endpoint estimates for T,
associated to me = 1(&€)"*, so that T}, : Loo(R™) — BMOsg, .

The paper essentially follows the order established in this Introduction. At
the end of the paper, we review some classical multiplier theorems in R™ under
our cocycle formulation. We illustrate our main results on noncommutative tori
and the free group algebra. As an application, we also construct in Corollary 5.9
new examples of Rieffel’s quantum metric spaces for the compact dual of virtually
abelian groups. We conclude with a geometric analysis of our results. We shall
assume some background on von Neumann algebras, noncommutative L, and Hardy
spaces, as well as some operator space terminology. Standard references on operator
algebra are [38, 73]. We refer to [51, Section 1] for a brief review of the results from
noncommutative integration needed for this paper. A more in depth discussion is
given in Pisier/Xu’s survey [63]. The p-norms of row/column square functions and
corresponding Hardy spaces appear in [29, 57, 62]. Two excellent books on operator
space theory are Effros/Ruan and Pisier monographs [14, 59].

Acknowledgement. Over the last years, we have discussed our results with many
colleagues. We thank the interesting comments and bibliographic references from
A. Carbery, G. Garrigds, D. Miiller, N. Ozawa, J. Peterson, E. Ricard, A. Seeger, A.
Thom and J. Wright. We are also indebted to the referee for his comments, which
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by the NSF DMS-0901457 and DMS-1201886, Mei by the NSF DMS-1266042 and
Parcet by the ERC Grant StG-256997-CZOSQP and MTM2010-16518. Junge and
Parcet are also supported in part by ICMAT Severo Ochoa Grant SEV-2011-0087.

1. BMO spaces

We begin by introducing BMO spaces on finite von Neumann algebras associated
to a Markov semigroup of operators. We will relate this construction with the
standard definition of BMO in the Euclidean spaces. In the context of Fourier
multipliers, we will prove an L,, — BMO form of de Leeuw’s compactification
theorem [10] and construct a normal extension of Fourier multipliers defined on
finite von Neumann algebras.

1.1. Semigroup BMO spaces. Let us briefly review the theory developed in [31]
of BMO spaces constructed over Markov semigroups. A semigroup of operators
S = (S¢)e>0 acting on a noncommutative probability space (M, ) —a finite von
Neumann algebra M equipped with a normal finite faithful trace 7— is called a
noncommutative Markov semigroup when:

i) S¢(1pg) =1pq for all t > 0,

ii) Each S; is weak-* continuous and completely positive on M,
iii) Each S is self-adjoint, i.e. 7((S¢f)*g) = 7(f*(Stg)) for f,g € M N La(M),
iv) S;f — f ast — 07 in the weak-* topology of M.
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These conditions are reminiscent of Stein’s notion [71]. They imply that S; is trace
preserving and extends to a semigroup of complete contractions on L, (M) for any
1 <p < oo. S admits an infinitesimal generator

—A = lim S~ idm with Sy = exp(—tA).
t—0 t
In the Lo setting, A is a densely defined positive unbounded operator. In general
we write A, for the generator of the realization of S on L,(M). Note that ker4, is
a complemented subspace of L,(M). Let E, denote the corresponding projection

and J, = idp, m) — Ep. Consider the complemented spaces
Ly(M) = Jy(Lp(M) = {f € L(M) | Jim S, =0},
The BMO space on (M, 1) associated to S = (S¢)¢>0 is defined as
BMOs(M) = {f € L3(M) | max {|lfllBrog, Ilf*llmyog } < oo .

where the column BMO seminorm is given by

I#llemoz = iggH(St(f*f) *St(f)*st(f))% M

This definition makes sense since we know from the Kadison-Schwarz inequality
that S:(f)*S:(f) < S¢(f*f). The null space of this seminorm is the fixed-point
subspace kerA of our semigroup. Indeed, if || f|lpmog = 0 we know from [5] that
f belongs to the multiplicative domain of S, so that

T(9f) = 7(Sty2(9f)) = 7(St/2(9)Se/2(f)) = 7(95:([))-

This proves that f is fixed by the semigroup. Reciprocally, ker A, is a *-subalgebra
of M by [37]. Thus, the seminorm vanishes on kerA,,. In particular, we obtain a
norm after quotienting out kerA.,, which justifies our definition of BMOg(M) as a
subspace of L (M) = Jz2(La(M)). The definition of BMOg (M) for semifinite pairs
(M, ) is more subtle and it demands some terminology from the theory of Hilbert
modules. We will avoid that degree of generality by specifying in Paragraph 1.2
the relation of these BMO spaces with the classical one in R™.

Remark 1.1. We impose the operator space structure given by
M;.(BMOs(M)) = BMOg  (Mi(M))  with Sty = S @ ids,.

If Sgt = St ® idp(e,) we say f € BMOgs, (M®B({2)) when the norm of the Mj
truncations (id @ ) f (id @ I, ) in My(BMOg(M)) is uniformly bounded in k > 1.

It will be essential for us to provide interpolation results between semigroup type
BMO spaces and the corresponding noncommutative L, spaces. It is a hard problem
to identify the minimal regularity on the semigroup S = (S;);>0 which suffices for
this purpose. The first substantial progress was announced in a preliminary version
of [30], where the gradient form 2T'(f1, f2) = A(fF)f2 + fTA(f2) — A(f5 f2) with
A the infinitesimal generator of the semigroup, was a key tool in finding sufficient
regularity conditions in terms of nice Markov dilations. Concretely, we will say that
a Markov semigroup admitting a reversed Markov dilation with almost uniformly
(a.u.) continuous path —see [30] for precise definitions— is regular. As it follows
from [35], all the semigroups that we handle in this paper are regular. The following
result will be crucial in what follows, we refer the reader to [31] for the proof.
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Theorem 1.2. If S = (S;)¢>0 is reqular on (M, 1)

[BMOs(M), Ly(M)] =~ Ly(M) forall 1<p<q<ooc.

r/q
1.2. Relation with Euclidean BMO. Let us briefly recall the construction of
operator-valued BMO spaces from [42, 48] and relate it with the semigroup formulas
above. Given a noncommutative measure space (M, 7), we will write (R, ¢) for the
von Neumann algebra generated by essentially bounded functions f : R — M
which comes equipped with the trace ¢(f) = [z, 7(f(y))dy. In other words, we
set R = Loo(R™)®M. On the other hand, recall that given a measure space (€, i)
the norm in L (M; L§(2, i) is

I 2w mizg@m) = H(/Qlf(w)lzdu(w))é .

A more precise definition of these spaces can be found for instance in [29]. If we
set (2, u) = (R™, u,,) equipped with the measure dpu,(z) = (1 + |z|"")~tdz, we
define the corresponding column BMO spaces as follows

BMO = {f € Loo(M; L5(R", 1)) | SE%H(][QU(“:)fQFdI)é

< oo},
M

where Q is the set of Euclidean balls in R™ and fg denotes the average of f over Q.
The measure p,, is chosen so that BMO$, defined as above is complete. Also, we will
use that fo € M for all f € Loo(M; L§(R", 1)), see [42] for further details. The
row BMO space is defined similarly, the norm being || f||smor, = || f*[lBmos, - Asit is
customary, the space BMOgy, is defined as the intersection of row and column BMO
and it comes equipped with the maximum of both norms, see [42] for further details.
As above, we impose the operator space structure My(BMO%) = BMOyy, (r)-

Let us now explain the relation between these spaces and semigroup BMO type
norms. Note that we have deliberately omitted the definition of the latter spaces for
non-finite von Neumann algebras, although the row and column BMO seminorms
for bounded elements may be defined as in the finite case. The heat semigroup on
R™ has an integral representation

S(H@) = [ ke, y)f)dy with k(z,y) = — exp(—lfr—y\?)
t an t\4Ly t\4Ly (47Tt)% m A
Let B, (x) be the Euclidean ball of radius r centered at z, and let
1 (2 4+1)
s, = o [ F0dy = 2 [
HOTT B @) e w3 Jp ()

Then S is a ‘global’ mean value operator as a convex combination of Eg (,)’s

550 = e [ ([ e ) s

- (47r1t)2 /R+ ( /B o S (y)dy ) e~ "du

1 .
= [ eub (Bp o f)du.
T(Z+1) /Rf v Eo o f) v

Of course, the same identity holds for operator-valued functions f : R™ — M.
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Lemma 1.3. Given k> 1 and f € M(R)

)

(k)| £12 (k) 12 z
ey ~e o SU S —|S )
”fHMk(BMOR) n t>g H ( ®,t|f| | ®7tf| My (R)

where Sg)t = St ®idpg, (m) and the constant ¢, only depends on the dimension n.

Proof. It suffices to assume k = 1. The identity
2
(Sealf? = 1S6.0f ) (@) = (Ssalf = Soef @)]*) (@)

with Sg ;: = St ® idaq follows from our expression of S; as a global mean. Thus
(Sealf1? = 1S5 2) @)

—u 2
= rarn L B! o)

1 . on 2
_— 2(f—E of)d ‘ d
rEg+1) /ﬂhe v (f By )f) v au

1 n ]. n 2
< —— | emuB | evuE alf—Es o fIP dvdu
- F(% + 1) /]R+ I‘(% + 1) R, Bz )|f Bz )f’
1 n n /U v\ %
. — TUyE e VT dud ) 2 oe
B F(Z+1)2(/]R+ /R+6 e ( uv ) udv ) |1 £lEsos,

Cn

where we have used the operator convexity of the function | [2. For the upper
estimate, fix a ball B,.(z) and fix ¢ so that |B,.(x)| = (47t)%. With this choice it is
very simple to observe that Eg (,)h < ¢;, Sg,th(z) for any h > 0. Moreover, using
again the operator convexity of | |? and Kadison-Schwarz inequality we deduce the
following estimate

Es, ()| f — EBr(z)f|2
S Enw(|f — Sanf @) + [Es o) f — Seuf(@)[*) S Ep,|f = Seuf (@),

Combining the estimates above we finally obtain

(EBT(m)|f_ EBT(m)f|2)% N (EBT(m)|f— 5®7tf(x)|2)%
< (Sorlf - Sort @) @)
< (o - tsear)’|

and the assertion follows taking norms in M and suprema in the balls B, (z). O

Remark 1.4. When R = Lo(R") and M = C, we will write BMOg» for BMO%.

1.3. An L., — BMO de Leeuw theorem. Let us now present a variation of de
Leeuw’s compactification theorem [10]. Instead of focusing on L,-boundedness, we
will be concerned instead with L., — BMO type estimates. Recall that we write
R}, for R"™ equipped with the discrete topology. Since R™ and Ry, . coincide as
sets, we let = denote it. According to Pontryagin duality, the continuous characters
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on R™ and its compactification are both indexed by Z. Write x, and X/g for the
continuous characters on R™ and its Bohr compactification respectively. According
to the construction of the Bohr compactification, we find a universal inclusion map
¥ :R" — R?._ with dense image and such that

disc
Xe(¥(2)) = xe(@)
for all (£,z) € 2 x R™. The key point here is that the L., norms coincide on
trigonometric polynomials. More concretely, let A be a finite subset of = and
consider the polynomials f =3 .\ aexe and f' =} .., agx;. Then continuity of
f, f" and density of U(R") give

1@y ) = sup |f o W@)]| = sup [f(@)] = [flloqzn)-
isc rER™ rER™

On the other hand, let S = (S;)¢>0 and &’ = (5})¢>0 denote respectively the heat

semigroups on R™ and its Bohr compactification. Let us also consider a symbol
m : Z — C which yields a Fourier multiplier

T f(§) = m(£)f(&)
in R™ and ]I?Rgisc, considering of course the corresponding Fourier transform for each
case. Then, since the algebra of trigonometric polynomials is preserved in both

cases by the heat semigroup and the Fourier multiplier, we may use the above
isometry together with Lemma 1.3 to obtain

1
1T 8 iy @, = sup | (SHTms 2 = 15T )
>0

Lo (Rgisc
1
_ 12 _ _ 122 ~ _
= sup| (SUTA I~ IS:Tnf )|, ~en [T lssio.
Let Ag» and Ag, be the algebras of trigonometric polynomials in R™ and @gisc.
disc

Lemma 1.5. We have

||T777, . ARn — BMO]Rn

~en | T s gy, — BMOs (Rijio)

Moreover, the same holds for cb-norms under the given operator space structures.
Proof. Evenin the operator space level it follows from the considerations above. [

1.4. Normal extension of Fourier multipliers. Lemma 1.5 has been formulated
for simplicity in the (weak-* dense) algebra of trigonometric polynomials. Other
auxiliary results below will be also formulated in weak-* dense algebras. This is
possible since we can always find a unique weak-* continuous extension of Fourier
multipliers which are defined over trigonometric polynomials. Before proving such
statement, we need a duality result. Let ¢ : G — R4 be any length on some
discrete group G and denote by Sy = (Sy.¢)i>0 the associated Markov semigroup

A(g) — exp(—ty(g))A(g) on (L(G),Tq). Let H1(Sy) denote the closure of L5(G)
with respect to

sy = sup |ra(fr7)]

h <1
IRlBmog, <

with the operator space structure

1f Iz, mzi 500 = Iflles@mos, an)-
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Then, we shall prove in the Appendix that the map
fe BMOSw — ¢5 € H1(5¢)*

with ¢, densely defined by ¢(h) = 7a(f*h) for h € L$(G) is a complete isomor-
phism.

Lemma 1.6. Let ¢ : G — Ry be any length on some discrete group G and denote
by Sy = (Sy1)i>0 the associated Markov semigroup A(g) — exp(—t(g))A(g) on
(L(G),1q). Let Ag be the algebra of trigonometric polynomials in L(G) and assume
that Ty, : Ac — BMOs,, is a bounded Fourier multiplier for some bounded symbol
m : G — C. Then, T, extends uniquely to a normal (i.e. weak-+ continuous)
bounded operator
T : £L(G) — BMOsg,,.

Moreover, if Ty, : Ag C—b> BMOSw its normal extension is also completely bounded.

Proof. Let T; be the adjoint of T, as an operator on Lo(G). It suffices to show
that

T3 Al @ S Il
for all f € LS(@) Indeed, by the density of L (@) in Hy(Sy) this would imply that

~

T : Hi(Sy) — L1(G). Taking adjoints and applying the duality theorem proved
in the Appendix, we see that

Ty = TF - £(G) — BMOsg,,
is the weak-* continuous extension of T, we were looking for. The uniqueness
trivially follows from the weak-x density of Ag. In order to prove the inequality at
the beginning of this proof, we note that T f € L3(G) C L3(G) for all f € L3(G)
since m : G — C is bounded. Moreover, by Kaplansky density theorem the unit ball
of Ag is weak-* dense in the unit ball of £(G). Therefore, we obtain the following
inequality

”T:nf”Ll(@) = Seli}\) |<a’v T:vf>| < ||Tm tAg — BMOS:pH Hf”Hl(Sw)
a€Ac

llallz(ay<1

for any f € L3(G). A similar argument applies for completely bounded norms. O

2. Crossed product extensions

We now study the Lo, — BMO boundedness of semidirect product extensions of
semicommutative CZQO’s. Our results are of independent interest, regarded as a first
step through Calderén-Zygmund theory on fully noncommutative von Neumann
algebras, see [33] for related results.

2.1. Crossed products. Given a discrete group G with left regular representation
A G = B(£3(G)), let L(G) denote its group von Neumann algebra and Lp(@) the
associated noncommutative L, space, as defined in the Introduction. Note that
for G abelian we get the L, space on the dual group equipped with its normalized
Haar measure. We will sometimes keep the terminology £(G) for p = co. Given
another noncommutative probability space (M, ) with M C B(H), assume that

there exists a trace preserving action a : G — Aut(M). Define the crossed product
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algebra M x, G as the weak operator closure in M®B(¢5(G)) of the x-algebra
generated by p(M) and A(G), where the *-representations p : M — M®B((2(G))
and A : G = M®B(l2(G)) are given by

:Zahfl(f)®€h7h and A(g 21M®eghh,
heG heG
with ey, the matrix units for B(¢2(G)). A generic element of M x, G can be
formally written as » g fg Xa A(g) (understanding the infinite sum as a limit in
the weak- topology), where each fg € M. With this convention, we may embed the
crossed product algebra M x, G into M®&B(¢2(G)) by means of the map j = px A.
Indeed, we have

(X2, fa2aMg)) = D plfa)A9)
= Zg <Zh7h, (an-1(fg) ®enn) (I ® egh’7h’))
= > (X, et @engn) = X (D2, awm1(F) @ eqnn).

Similar computations lead to

o (f ¥aA(9)* =ag-1(f*) xaMg™),
o (f Xa Mg))(f" ¥a Ag') = fag(f') xa Agg'),
o TX76(f Mo Ag)) =T @Ta(f @ Mg)) = dg=eT(f).
Since a will be fixed, we relax the terminology and write >  fyA(g) € M x G for
generic elements in the crossed product, instead of > fy Xa A(g). We say that a
semigroup S = (S;)i>0 on (M, 7) is G-equivariant if
aySy = Siay for (t,9) e Ry x G.

If S is a G-equivariant Markov semigroup on M, let Sy = (S¢ % idg)i>0 and
Sg = (St @ idg,(a)))e>0 denote the cross/tensor product amplification of our
semigroup on M x G and M&B(¢3(G)) respectively. Note that the Markovianity
of Sy relies on the G-equivariance of S. Let Aaqxg be the subalgebra of finite
sums ), foA(g) € M x G. In the following result, we compute the BMOg,, -norm
of elements in A xq in terms of the map j = p x A defined above. Recall that we

write Sg’)t for the k-th matrix amplification Sg ; ® iday, .
Lemma 2.1. If S is G-equivariant, k > 1 and f € Mi(Amxa)

_ §®) Rk
7l niog rexcy = sup [[(SEIIP ~1SELIP)

M (MEB(£2(G)))

Proof. If f € Ayxa, we have

1Sutf1? =D ag-1(Se(fy fn) = Se(£7)Se( ) Mg~ h)

g,heG

St

since S is G-equivariant. Then, simple algebraic calculations yield

3(SnlfP = 1Suaf?) = Seli(F)P = Seui(F)P.

Moreover, the exact same calculations show that the identity above remains valid
after matrix amplification. Therefore, the assertion follows from the fact that the
map j = p X A is a complete isometry M x G — M&B({2(G)). O
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2.2. Equivariant extension. Given (M;,7;);=12 noncommutative probability
spaces, assume G ™ M by trace preserving actions a;. Let S = (S2,4)¢>0 denote
a G-equivariant Markov semigroup on (Ma, 73). Given a weak-+ dense «;-invariant
subalgebra A; of M, consider a map

T: A — BM052 (Mg)

satisfying T (A1) C Ma. Then we say that T is G-equivariant if ap (Tf = Ty 4 f
for all g € G and all f € A;. Note that our assumption T'(A;) C My is used in
the definition. Let Soy = (S24 % idg)i>0 denote the cross product (Markovian)
extension of Sy acting on My x G. Let

Aunc = {5 =3 FA9) | o € Au, A€ G finite} © My % G

geA

Note that A4, xq is a subalgebra by a;j-invariance of A;. Moreover, Kaplansky
density theorem implies that the unit ball of A 4, xg —the space of trigonometric
polynomials in A; x G— is weak-* dense in the unit ball of M; x G. We now
construct a completely bounded extension T X idg : A4, xg — BMOs,, (M2 x G).

Lemma 2.2. If T : A N BMOgs, (M3) is G-equivariant
T xidg : Aa,xc = BMOs,,, (M2 x G) s also completely bounded.
The same conclusion holds when T is bounded and the M;’s are commutative.
Proof. Let
jl : Ml x G — M1®B(£2(G)),
j2 : Mg x G — MQ@B(EQ(G)),
stand for the natural injections. Given g € G and f; € Ay, we have
J2(T % ida(feM(9))) = Zh T(ar,(gny-1(f)) ® egnn = T @ idpe,cy) (71 (feA(9)))

by G-equivariance of T. By linearity, this identity trivially extends to arbitrary
elements in A4, xg. On the other hand, the ag-invariance of A; implies that
J1(A 4 xa) C A ® B(¢2(Q)). In particular, if we set

T® = T xids ®idy,,
ng = T® idlg(@z(g)) & ide,

we obtain from Lemma 2.1 the following estimate for f € My (A4, xc)

HTfoHMk(BMor B

1

(k) (k) (k) (k) (k) (k) £y(2) 2

= su S. T S. T )
pH( 2®t ( Gf| | 2®t.72 ( fo)‘ M (Ma®B(E>(G)))

1

_ k) (k (k) (k) (k) (k) 2>§
= su T S. T .
t>gH( 2.1 NI =185, 756 G D) My (M28B(65(G)))

Now, since the semigroup S2® ¢ is given by S; ® idg(s,(q)) ® id, and

TGP (f) € T(AD)BB(L(G)) ® My © Ma@B(t5(G)) @ My,



14 JUNGE, MEI, PARCET

we may use the operator space structure of BMOg, (M3) to deduce that
(k) . c
HTNGfHMk(BMOgm) < ||T PAL = BMOSzch ||f||Mk(AA1><G)‘

Here we have also used that j; is a complete isometry M; x G — M;1QB(4(G)).
Note that our argument above is also valid for row BMO norms. Hence, this
completes the proof of the first assertion in the statement. For the second one, we
may assume that (M, 7;) is of the form Lo (€25, it5). According to the first part of
the statement it suffices to see that any bounded map

T: Loo(Ql) — BMO,52 (Qz)

is indeed cb bounded. Our argument is row/column symmetric and we just consider
the column case. Given a matrix-valued function f = (fi;) : Q1 — My, let us write
T®) for T ® idyy,. Then we have

HT(k)fHMk(BMogz(Qz))

1
— sup H (Sé?|T(k)f|2 B ‘ngt)T(k)ﬂz) 3
t>0

LOC(QQ;Mk)
1
2

_ sup ess sup <§7 [Séi)’T(k)ff _ ’SéZ)T(k)f|2:| (U})§>£ (k)

t>0 we2
[1€]1eq (k) <1

This quantity may be approximated by fixing some (tg,&p) € Ry x £2(k) and the
essential supremum can also be replaced by an average over a set 3 C {25 of finite
positive measure where the given function is close enough to its esssup. In other
words, taking

() = 1200

p2(X)

we may approximate as follows

||T(k)fHMk(BMOgQ(Qz))

< oo ([ [SmOr s ] wisie)s)

(k)

It is useful to write the expression above in terms of Hilbert modules. Set
<2]>1,Jgk (z(fj))t,jgk ( f] ® Qo Qo ® 2,to fj

and consider the bracket (f1 ® fo, f{ ® f3) = f3S2.4,(f{ f1)f3- Then we find the
identity

4,j<k

k

k
SO [ — S TW 1P = 3 (Y e z)) @y

ij=1 r=1
Consider the Hilbert module A, (2, us) defined as the closure of the algebraic
tensor product Le (22, pis) ® Loo (22, pxy) in the topology determined by &, — & iff

/Q<£—§a,§—§a>¢duwo for all 6 € Ly(Q, i),

Combining the GNS construction for completely positive unital maps [39] with the
Hilbert space associated to W*-modules studied by Paschke [52], we see that there
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exists a map u : Ay (Qa, tx) = Loo(Qe, px; €5(Z)) —for some index set Z— which
satisfies

(f1, fo) = u(f1) u(f2).

Note that the definition of the target space of u can be found in the Introduction
before the statement of Theorem C. Now, if we consider the map v = w o z we
deduce

k k k k
Z (Z(Zﬂ,%ﬁ) Qe = Z (Zu(zri)*u(zw-)) ® e;j
i,j=1 r=1 i,j=1 r=1

I
M=
M=

v(f”)*v(frj)> Qei; = |U(k)f|2

I
—
=
Il
—

,J
Combining our results so far, we get

||T(k)fHMk(BMO‘CSQ(Qz))

~ oo ([ 000 dusw)ar)?
< ([ ol asw)’], =

Thus, we have reduced the problem to show that v : Lo (21) — L§(Qa, ux; €2(Z))
is a completely bounded map. Assume for a moment that v is bounded when
regarded as a Banach space operator. By the little Grothendieck inequality [55, 61],
this means that v is absolutely 2-summing so that we can find a factorization
v = w o je where j¢ is the map f € Loo (4, 1) — f€ € La(Q, n1) for some £ with
Jo, [€1? dp1 = 1 and we have

k
O rte 3@ pmstaim))-

2
Jul) < == ol

This immediately gives that
[oller < [Jw = L§(Qu, ) = L(Q2, s H) || ||+ Loo (R, 1) = L5(Qu, 1),

and yields |v]|e < |lw|| < 2/y/7|lv||, because j¢ is a complete contraction and
column Hilbert spaces are homogeneous operator spaces, see e.g. [59]. Thus, we
just need to compute the Banach space norm of v. However, applying again the
properties of the right module map u, we obtain for f € L. (€;) and

Z(f) = Tf ® 192 - 192 & SQ,ton

the following estimate

A

”v(f)HlQ(Qz,Mz;@z(I)) = Hv(f)HLoo(Qz,uz;&(I))

() w0
S0 T2 — 1820, T 2

00 (Q2,15) < HTf”BMOgQ(QQ)

and ||1} : Loo(Ql,,ul) — LQ(QQ,/,Lz,£2<I))H S ||T : LOO<Q:[,/,L1) — BMO%Q(QQ)H O
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2.3. Semicommutative CZO’s. Given noncommutative measure spaces (M, 7;)
for j = 1,2, we will write (R;,¢;) to denote the von Neumann algebra generated
by essentially bounded functions f : R® — M; which comes equipped with the
trace p;(f) = [pn 7 (f(y)) dy. In other words, we have

R = Loo(RM)OM,.

Let us now consider Calderén-Zygmund operators in these algebras associated to
operator-valued kernels. Our construction is standard, we refer to [11, 69] for
further details. Let us we write Ly(M,) for the *-algebra of 7;-measurable operators
affiliated with M. Consider kernels k : R?"\ A — £(Lo(M), Lo(Mz)) which are
defined away from the diagonal A = {(z,x) | x € R"} and take values in linear maps
from 71-measurable to To-measurable operators. We further assume that k(x,y) is
bounded when regarded as a map M; — My for z # y, and that

1
k(@ DM me) S 77—
WD

We will consider linear operators associated to this class of kernels. By that, we
only mean that T is well-defined on certain (nice) space of functions —typically
L3(R1), but we will need to use a different space in Lemma 2.3 i) below— and that
for f in such space, we have

Tf(@)= [ kaw) (Fw)dy for @ ¢ supps. f

Additional information for these operators require to impose some smoothness in
our kernels. In our case, this is given in Lemma 2.3 ii). We refer to [11, Chapter V]
for a detailed discussion on to what extend these conditions determine the operator
T completely. Note that L,(R;) = L,(R";L,(M,;)), but endpoint estimates do
not follow from the vector-valued theory, see [51] for further explanations.

Recalling the definition of BMO%x, from Paragraph 1.2, our goal is to analyze
conditions for the Lo (R1) — BMOx, boundedness of CZO’s. To that end, we
shall also be working with the spaces Lo (M;; L§(R™)), whose rigorous definition
can be found in [29].

Lemma 2.3. We have T': Loo(R1) — BMO%R, provided

i) Lao-column condition,

|([ wrwra)], s (] wra)],

That is, T : Loo(My; L§(R™)) = Loo(Ma; L§(R™)) is bounded.

ii) Smoothness condition for the kernel,

esssup/ |k(z1,y) — k<x2’y)”6(/\/11,/v12) dy < oo.
|21 —y[>2]21 —22]

T1,T2

Proof. Given g € BMO%, we first observe that

. 1 2 3
gllBMos, ~2 sup inf H(—/ g(z) —a dx) H
lolovios, ~2 sup ik [ (g5 [ lote) —aal't) [,
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Indeed, we have

(£ latw) - aolas)* |, < (£ latw) - aal'as) |,

and Kadison-Schwarz mequahty for the ucp map u(g) = gg ® 1rn gives rise to
u(h)*u(h) < w(h*h) for the function h(z) = g(z) — ag. Therefore, we obtain the
estimate

oo =0l = Va0l < el = (f loto) - aolas)’

This proves the upper estimate, the lower estimate is clear. Now, given f € L (R1)
and a ball @, we set as usual f; = fxsq and fo = f — fi where 5Q) denotes
the ball concentric to @ whose radius is 5 times the radius of ). Then we pick
ag = UCQ T fo(x) dx € My. Tt therefore suffices to prove

H ][ |Tf2 —aQ‘ dm)%

According to the Lo-column condition i), we find

< \/167'“(/5Q|f(x”2dx>z .

On the other hand, since suppg» fo N Q = 0 we have for z € Q

Thte) ~aq = | () ~ThE) b= [ [ (ko) ~KC0) (a0 dy =

Using again the Kadison-Schwarz inequality, this gives rise to

I(f, |> .
][][ H/n (z,9) ))(fz dyH dzd;z:)%
]1;2][@ /n\sQHk(as,y)—k(z,y)l}B(Mth)dy] dzdx>%||f||Lw(Rl)

< (esssup/ k(z,y) — k(z,y) dy) fllzw®y)-
7,2€&" JJoy|>2fo—s| H licrn ey ) 1 e

+lag — 9ol| v,

M

A+B=| ][|Tf1 ) S Ml

< 5" fllpe ()

B

IN

IN

Then we apply to the last expression our smoothness condition for the kernel. [J

Remark 2.4. The Lo-boundedness condition i) reduces to the classical one when
My = My and k(x,y) acts on f(y) by left multiplication. Indeed, if we assume
that T is bounded on Ly(R) and use M C B(H) for H = Ly(M), the following
inequality holds for f € Lo (M; L§(R™))

I, irswra),,

= sw (| (ITSw)PR)y dy)”

Ihll<1

T(f (1g» ® h)) < (1ge ® h)
HﬁElH R HL2 R) ~ H}b;”llef R HL (R)
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= g ([ misoraa)’ = ([ o)’

This is false for other operator kernels and our Ls-condition seems the natural one.

™

Remark 2.5. Since M;(BMOx) = BMO,, (), it suffices to replace M by M}, (M)
everywhere, amplify all the involved maps by tensorizing with ¢dys, and require that
the hypotheses hold with k-independent constants to deduce complete boundedness
in the statement above.

2.4. Nonequivariant extension. Set Aff = (Af*)* for any mapping A. In the
nonequivariant setting, the arguments are not row/column symmetric because the
map (T x idg)' is not similar to T x idg. This will be specially relevant in the
Ls-boundedness conditions that we obtain. Indeed, we have for finite sums

(T xide) (32 FMg)) = [(Txide) (3 ag(FAG™)]
=D ag(Tlog-1 (F))A9) = D T g1 (f5)Mo)-

Thus, (T x idg)' is a map of the form >og faAg) = 32, Ty(fg)A(g) and recalling
the embedding j = p X A : M x G — M®B({2(G)), we see after the change of
variables g — gh~! that

j(Zng(fg)A(g)) = Zg’ho‘gfl(Tghfl(fghfl))®eg,h
= (a1 Tyay) 03 (X 1A9) = o(i(X 1:A@)).

where the e stands for the generalized Schur product of matrices, in the sense that
ag-1Ty,-1ay only acts in the (g, h)-th entry for each g,h € G. We will use the
following terminology

° X’g are the characters of @gisc

for all £ € R%

disc?
e Trigonometric polynomials are denoted by f' = > aexg,

° A@g. is the algebra of trigonometric polynomials in R%

disc?
. A@S}SCN ¢ is the algebra of trigonometric polynomials in A@Hisc x G
‘A@gisch = {Zf_‘;A(g) | ffll € A]IA{S“SC’ A ﬁnite} - LOO( Zisc) A Gv
geA

o Sl = (8% )0 with S% , = S; x; dg for the heat semigroup &’ on ]@gisc.
Let 5 : G — O(n) be an orthogonal action. The action a : G ~ Lm(@gisc)
determined by ag(x’&) = X;aq © is clearly trace preserving. In the result below
we provide crossed product extensions of Fourier multipliers defined in the Bohr
compactification of R™ under this class of actions.

~

Lemma 2.6. Let o : G ~ Loo(RY,,.) be a trace preserving action implemented by
B as pointed above. Let us consider a family of Fourier multipliers T, indezed by

g € G so that
T, (&) = g (©)F(€) Jor [ € Ag, .
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Then, the cross product extension
Agy wa 2 20, TiM9) = D2 T, (f5)Mg) € BMOG,
is a completely bounded map provided the following conditions hold in R™

i) Lo-column condition,

1

([, 1w o ar) (L ot )

iie. p € Loo(B(£2(G)); L§(R™) = (T, _,) @ p € Loo(B(L2(G)); L§(R™)).

ii) Smoothness condition for the kernel,

Scb

B(£5(G)) B(£2(Q))’

esssup/ ||K(1:1,y) - K(IQ’y)HCB(B(ZQ(G))) dy < 00,
|1 —y[>2|z1 —ws]

x1,T2

where K (x,y) = Z%ghfl(ﬂg(w —y)) ® eg.n acts by the Schur product e.
g,h

Proof. According to Lemma 2.1 and since

(X2, Ta, (UpM9) ) = @(5(X £A(9)):
Tf I

it suffices to show that we have for such f' € Ag,

dise XG

1
2

| (st~ [5 250 )

< ||5(f = _
Lo @goenieaey © 1T e @088 @)

with constants independent of ¢ > 0. Of course, we also need to prove the k-th
matrix amplification of this inequality for each k£ > 1, but the argument in that
case is identical and we shall omit it here. In order to prove such inequality our
first observation is that we have

(S5.l@i () = 86, @i(/) 0 @ = S5 |5 ~ S22 (f)
where ¥ : R" — I@gisc is the universal inclusion map used in the proof of Lemma
1.5; f = Zg fqA(g) is the trigonometric polynomial in Lo (R™) x G which results
after replacing x;'s by x,’s in each fg; and & = (S)¢>0 is the heat semigroup acting
on R™. We keep the same terminology for j and ® understanding that now they
act on R" instead of its Bohr compactification. Its proof boils down to the identity
Xe = X/E o ¥ and the fact that all the involved operators respect the structure of
trigonometric polynomials. We leave the (easy) details to the reader. Once we have
such identity —together with j(f') o ¥ = j(f)— we may argue as in the proof of
Lemma 1.5 to show that the desired inequality above is equivalent to the following

2

b

1
2

. 2 . 2
|(ss.el@in]” - |Ssa®i(n)[)
According to Lemma 1.3, it suffices to prove that

@ : Ap. ®B((2(G)) — BMOS

< |l "E .
L (RSB (C)) 13O oo ®m)@B(22(G))
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is a bounded (in fact completely bounded) map, where Ag- is the algebra of trigono-
metric polynomials in R” and R = Lo (R")@B(¢2(G)). Recall that fora =3, agxe
in Ag», we have ag-1(a)(z) = >, a&XBg,l(g)(x) = a(By(x)). Thus, considering

p= Zagyh R egn € AR71®B(€2(G)),
g,h

we find that for x ¢ suppgnp

@) =3 g [ g (@ =) (agn By (1) dy @ e

— Zm . g1 (By(2 = 9)) (ag,n(y))dy @ eq :/Rn K(z,y)(ply))dy.

Therefore, we may regard ® as a semicommutative CZO and apply Lemma 2.3
(together with Remark 2.5) to conclude. Let us then check the assumptions in
Lemma 2.3. First, we note that the Ly-column condition in Lemma 2.3 means that
the map @ : Lo (B(¢2(Q)); L§(R™)) — Loo(B(¢2(G)); L§(R™)) is cb. However, we
have

D(p) = (ag-1Tm ,_oq) e p=(a,-1)e(T7 ) (ag)ep.

Using that S is measure preserving, the generalized Schur product

E o Gg,h & €g,p — E :g h ag(agn) ®egn

is a complete isometry on Lo (B(¢2(G)); L§(R™)). Hence, the La-column condition
in Lemma 2.3 for ® reduces to the complete boundedness condition in the statement.
The smoothness condition matches exactly that of Lemma 2.3. ]

Lemma 2.7. Let T : Az, — BMOg/ given by

n
Rdisc
—

Tnf'(€) = MOF(€) for ['€As, .

Then, T ¥ ida : Loo(R7) x G — BMOG, is completely bounded provided

i) m: R%,.. — C bounded,
i) esssup | sup (8, (a1 — v)) — 7(By (w2 — 9)|dy < o,
T1,T2 |z1—y|>2|z1—22| 9EG

Proof. This is a particular case of Lemma 2.6 with Tz = T for all g € G. The
Lo-column condition clearly reduces to the La-boundedness of T —since Lo comes
equipped with the OH operator space structure— which in turn is equivalent to the
boundedness of m. On the other hand, the kernel in Lemma 2.6 has the following
form now K(z,y) = >, , m(By(z —y)) ® ey n. Hence, we deduce

K@) = (mBa=y)) e (fun®))
= [, B —y) @y [ X2 fanv) @ cqnl.

In particular, regarding K (z,y) as a left multiplication map (not a Schur multiplier)
it is a diagonal matrix in B(¢2(G)). Therefore, we may easily rewrite the Hérmander
smoothness condition for the kernel in Lemma 2.6 as in the statement. (]
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3. Hormander-Mihlin multipliers

We now study Fourier multipliers over the group von Neumann algebra of an
arbitrary discrete group G. In the language of quantum groups, these algebras
are regarded as the compact dual of G. Our main result is a cocycle form of
Hormander-Mihlin multiplier theorem in this setting.

3.1. Length functions and cocycles. A left cocycle associated to a discrete
group G is a triple (H,«,b) formed by a Hilbert space H, an isometric action
a: G — Aut(H) and a map b : G — H so that a,(b(h)) = b(gh) — b(g). A right
cocycle satisfies the relation o, (b(h)) = b(hg™') — b(g~") instead. In this paper
a (cocycle) length function 1 : G — R, is any symmetric conditionally negative
function vanishing at the identity of G, as defined in the Introduction. The fact
that any length function takes values in R is easily justified. Any cocycle (H, a, b)
can be identified with an affine representation

g€ G (blg) @ ay) € Aff(H).

In what follows, we only consider cocycles with values in real Hilbert spaces. Note
that Aut(#) is the orthogonal group on H and Aff(H) ~ H x O(H). Any cocycle
(H, a, b) gives rise to an associated length function ;(g) = (b(g),b(g))w, as it can
be checked by the reader. Reciprocally, any length function v gives rise to a left
and a right cocycle. This is a standard application of the ideas around Schoenberg’s
theorem [70], which claims that ¢ : G — R, is a length function if and only if the
mappings Sy ¢:(A(g)) = exp(—t1(g))A(g) extend to a semigroup of unital completely
positive maps on £(G). Let us collect these well-known results.

Lemma 3.1. If¢ : G — Ry is a length function:
i) The forms
(9)

(9)

(h) — (g~ 'h)

Ki(g,h) = vty :
P(g) +¢

)

)_
2
K?b(g’h) _ (h;—w(gh )

define positive matrices on G x G and lead to
_ J
< Zg ag(;gu Zh bh§h>w,j - Zg,h a’ngp(g7 h)bh

on the group algebra R[G] of finitely supported real functions on G.
ii) Let ”Hi be the Hilbert space completion of

(R[G]/N? (-, Vi) with Ni) = null space of (-, )y ;-

If we consider the mapping bfb g€ G, + Ni € pr

ai,g( > ahbi(m = > an(bylgh) = bi(9)),

heG heG
o2, (D antd(h) = D an(i(hg )~ ¥g ),
heG heG

determine isometric actions O‘Z/; G — Aut(Hf/;) of G on ’H{,J.
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iii) Imposing the discrete topology on ’Hi}, the semidirect product G = Hi x G
becomes a discrete group and we find the following group homomorphisms

Wi:gEG > b}p(g)ngG}ﬁ,
ﬂ'i:gEG — bi(gil)xge(}i.
The previous lemma allows us to introduce two pseudo-metrics on our discrete

group G in terms of the length function . Indeed, a short calculation leads to the
crucial identities

blg™h) = (bl(9) — bl (). bl (9) —bl(h),,., = [bi(a) = bu(M)[5

blgh™) = (Bh(g) = b3.(h).bi9) =05 ()., 5, = [[bh(9) = B (M) |5

In particular,

dist1 (g, h) = V¥ (g h) = [[by,(9) — by (R) 342
defines a pseudo-metric on G, which becomes a metric when the cocycle map is
injective. Similarly, we may work with dista(g,h) = y/t¥(gh~!). The following
elementary observation will be crucial for what follows.

Lemma 3.2. Let (H1,1,b1) and (Ha, a2,bs) be a left and a right cocycle on G.
Assume that the associated length functions iy, and Yy, coincide, then the following
map defines an isometric isomorphism

A2 i bi(g) € Hy > ba(g7h) € Ha.
In particular, given a length function v we have H}b ~ 7-[3, via bfﬁ(g) — bi(g_l).

Proof. By polarization, we see that
1
(019011, = 5 (101 () 1B + In (I, = 1101 (9) = Ba (), )
Since b1 (g) — b1(h) = a1 (b1 (h™tg)), we obtain
_ -1

2
¢29+¢2h*¢2971h - —
= LD POl ), ),
The last identity uses polarization and ba(g71) — ba(h™1) = ag p(b2(g7 h)). O

3.2. Smooth Fourier multipliers. We are now ready to prove our extension of
Hérmander/Mihlin’s sufficient condition for Fourier multipliers to arbitrary discrete
groups. The ideas leading to the next result probably go back to Hormander, but
we could not find the specific statement given below in the literature. We provide
a proof based on Stein’s approach to these questions in his book [72].

Lemma 3.3. Let ks be a tempered distribution on R™ which coincides with a locally
integrable function on R™\ {0}. Let m stand for its Fourier transform m = ks and
consider an orthogonal action §: G — O(n). Then we obtain:

i) IF107(E)] < calé| 1 for all 7] <+ 2

ess sup/ sup }kﬁ(ﬁgy — Bgx) — kﬁ(ﬁgy)‘ dy < oo.
z€R™ J|y|>2|z| 9€G



SMOOTH MULTIPLIERS ON GROUP VON NEUMANN ALGEBRAS 23
ii) If [9{m(§)] < cnl&|711 for all |y| < [2] + 1, the operator

: Y fon @ egn € La(R)

g,heG
o Y [ k(e = B () dy © egn € La(R)
g,heG

extends to a cb-map from R to BMO%, where R = Loo(R™M)@B(L2(G)).

Proof. For i), it suffices to show that |Vkz(2)] < |2|~ . Let € C*>°(R") with
XB1(0) <1 < XB,(0) and take 5(§) = n(§) —n(2€) so that 3>, ;6(277¢) =1 for all
¢ # 0. This gives rise to m(§) = >, m(€)s(277¢) = >-;m;(§) and we set

kL (z) = / ) ;i (€)e?m @8 de.

We have } . kfﬁ — ki as distributions, so that it suffices to estimate |05 kf%(ﬂc)\
for any x # 0 and any multi-index a with |o| = 1. Now we claim that a) = b) with

a) ‘8?7%(5)‘ < epr]é 71! for all multi-index B s.t. 0 <|8] < M.

b) |5‘§‘sz%(1)| < eprlx|TM2M=MHY for all multi-index « s.t. |af = 1.
Let us first see how the assertion follows from the claim. Indeed, we know from our
hypotheses that a) holds for any 0 < M < n + 2. If we apply our claim for M =0

on those j’s for which 2/ < |z|~! and we apply it for M = n + 2 on those j’s for
which 27 > |z|7!, we find

L o 1 » 1
2 Ikn@ 5 >, YU rmm 3 2~ o

JEL 20 <|a| 1 20> x| 1

To prove our claim, we use the properties of the Fourier transform to get
(—2miz) 00k (z) = / 07 [(2mi€) ™ m; (£)] €™ 74 d.
On the other hand, using condition a) it is not difficult to check that we have

@[(ms)“%(@]] < Y e agl((2m§)°‘)8g2mj(g)‘ < Jgt=hl,

Y1t+v2=7y

Moreover, since 71, is supported by an annulus of radius ~ 27, we conclude that
‘ / 0 [(2mig)m; ()] €m0 dg‘ < 9ingii=h),

Given x € R" there exists a multi-index « such that |y| = M and |27| ~ |z|M.
Hence, taking such a multi-index v in the identity above we deduce our claim. Let
us now prove ii). If f =37 fon ® egn € L2(R) N Loo(R), we have

1
3

B(£2(G))

1 2 3
o= <|Q/Q 12(/)¢ - (‘I’(f)f)QH@(G))

I . 12t = @tral
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= su 1 B 2 3
B |5|z2(£>=1<|Q/QH(I)(f5) <‘I’(f5))c2||e2<c))7

where f§ =37 (32, fonén) @ eqe satisfies || fE[|r wnie5G)) < || fllr. The problem
is then reduced to show that the restriction of ® to column matrices extends to
a bounded map Lo (R™;¢2(G)) - BMO(R";¢2(G)). Let us decompose f¢£ in the
usual way fe1 = féxsq and feo = f€ — fe1. By the Ly(R™; 42(G)) boundedness
of ®, we have

I [ 1#01=@0el o,

s w (g [ 1etelie)

1]l o5 (cy=1

1 2 3
= P (P
i H&Hf;g)ﬂ (|Q| /Q H (fe2) = ( (f§,2))QH52(G))

1
2

S Nfllr + IIEHSup ) |®(fe,2)(x) — q’(f£72)(Z)ng(G>~
t2(6)=

z,2€Q
The last term on the right hand side can be estimated by
s [ Ol ) — ka7 = i) e ) ]
r—y|>2|r—=z

l€ll2, Imll2=1

< sup /
Inll2=1/]z—y|>2|z—z|

Following a classical argument, it is easy to check that the last term in the inequality
above is finite. In fact, arguing as for inequality (32) of [72, VI1.4.4.2] —see also our
estimates for i)— we may decompose kz = > j k. and conclude that

. 2
2M K (B.x)5 H d
/Rn || Hzg:ng 7 (Bgx)dg 05(Q) €z

=3 / By M KL (2) 2 dr
g9 Rn

= 3l [ PV )Pl g 2,
g Rn

for any 0 < M < [§] 4+ 1 and any j € Z. The remaining part of the estimation
is the same to that of [72, V1.4.4.2 page 247]. Thus, taking the supremum over @
we deduce the estimate for the norm of Tj_. The cb-norm is estimated similarly.
This shows the L., — BMO boundedness for elements in Ly N Lo,. The extension
to Lo functions follows the classical argument, see e.g. [19]. O

(ke (B — Bow) = k(B = By}, v 17l

We are now ready for the main result of this paper. Let G be a discrete group
and consider a bounded symbol m : G — C. Then, the associated Fourier multiplier
map is constructed as

T Y Fl9)Mg) = > maflg)A(g)

9eG geG
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and becomes a completely bounded map on Lg(@). In particular, being a finite
von Neumann algebra this map is also well-defined on £(G). If 1 < p < oo, the
L,-boundedness of such a map may be obtained by standard interpolation and
duality arguments from a suitable Lo, — BMO inequality. In the following result
we provide smoothness conditions on m for this to happen.

Theorem 3.4. Let G be a discrete group equipped with a length ¢ : G — Ry and
set (Hj,a,b;) for the left and right cocycles associated to it (j = 1,2). Assume
dimH; = n < oo and let m; : H; — C be lifting multipliers for m, so that
m =, obj. Assume m; € CIEIFY(H;\ {0}) and

|8§ﬁlj(£)’ < cul€]71P1 for all multi-index B s.t. |B] < [2] + 1.

Then, Ty, : L,(G) — Ly(G) is bounded for 1 < p < oo and T, : £L(G) — BMOsg,, .

Proof. We divide it in several steps:

A. Reduction to Lo, — BMO. Assume that the hypotheses imply L., - BMOs,
boundedness. Since the condition for 5 = 0 implies that m; is bounded, the
same holds for m = m; o b; and we deduce the Ly boundedness for 7},,. The L,
boundedness for 2 < p < oo follows by interpolation from [31]. Indeed, if we let J,
the projection map onto the complemented subspace

~

L3(G) = {f € Ly(G)| Jim Sy, f = 0}7

we get from Theorem 1.2 that

JpTm + Ly(G) — LY(G).
However, E, = idy, — J, projects onto the fixed point subspace, which is the
closure of the span of A(g)’s such that ¥(g) = 0. Since Gy = {g € G| ¥(g) = 0}
is a subgroup of G, we deduce that E, is a conditional expectation. This implies
that 1), = mcE, + J, 1), is also bounded. To prove the case 1 < p < 2, we proceed
by duality since Ty, = T and the argument above also applies to 7.

B. Reduction to the column BMO estimate. According to the normal extension in
Lemma 1.6, it suffices to see that T, : Ag —+ BMOs,. Let us assume now that
T : Ag — BMOg . holds. Then T}, is also a bounded map Ag — BMOsg,,. Indeed
the row BMO boundedness of T}, is equivalent to the column BMO boundedness
of
T (Y 79 @) = Tu (X Fre™) = Dy Fl9)A9).
9€G g€G g9eG

This shows that

T! =T, with k,=7m

m -1 =m;obi(g7).

9
By Lemma 3.2, k; = Ej o b; where El = sy o A1y and Eg =My o A1_21. Since Aqa
is an orthogonal transformation on R™ and the complex conjugation is harmless, it
turns out that the k;’s satisfy one more time the same conditions as the m;’s.

C. Reduction to a cross product estimate. We will only work here with the left
cocycle (H1,a1,b1). According to the discrete topology imposed in Lemma 3.1 and
since dimH; = n, taking H; = R}, is a suitable realization of #;. The algebra
L(Hy) is the Ly, space on the Bohr compactification. Let A; and Ay denote the
left regular representations on H; and Gy = H; x G respectively, while exp b1(g)
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will stand for A1(b1(g)) ~ exp(27wi{b1(g),-)). Consider the trace preserving, normal
homomorphism given by m : A(g) € L(G) — A (bi(g) ¥ g) € L(Gy). It is very
tempting and in fact very useful to use that £(H;) is commutative, by switching
between the language of von Neumann algebras of discrete groups and semidirect
products of von Neumann algebras. Indeed, it is a simple exercise to show that
L(Gy) =~ L(H1) x G. In particular, 7; takes the form

T : Mg) € L(G) = expbi(9)\(g) € L(H1) x G.

Let S = (5% ¢)i>0 denote the crossed product extension S ;, = S; X idg of the
heat semigroup &’ = (5});>0 on the Bohr compactification. It is evident that the
heat semigroup is G-equivariant with respect to any isometric action on H;. We

now claim that it suffices to show that T : Ag. .o — BMOg_  is bounded where
disc

Ty ( > ng(g)) =Y Ta,(fo)Mg) with T, (expby(h)) = ity (bs (h)) exp by (h).
9€G geG
The key points are the intertwining identities
M 0Syr = Syrom and moTy, = Tyom.

Indeed, it is easily checked that the first one follows from ¢(g) = (b1(g),b1(9))#,
while the second one from my = m1(b1(g)). Our claim now holds for f € Ag as
follows (note that 71 (f) € Agn )

disc

1
2

sup || Sy, el T fI* =[Sy T fI?

T fllpnios,

t>0 £(G)

1

:su71'STmZ—STmQ)2
sp || (S T 12 = S0 T fP) |17

1
= sup ||Su | Toumif]? = |Sx Do 2H2
p >4,t| X 1f| | x,t4 1f| L(H1) NG

>0
= ||TN(771JE)||B1\/103N . ||7T1f||z:(m)xc; = [fllece-

This proves the claim since we have reduced the assertion to T, : Aq — BMOg, .

D. Smoothness of the lifting multipliers. Here the smoothness conditions come into
play. Indeed, according to Lemma 3.3 ii) we know that our assumptions on m;
imply that its Fourier inverse transform kg, defines a completely bounded map
® from L. (R) to BMO%. However, arguing as in the proof of Lemma 2.6, we
conclude that T : ‘A@X;SCN ¢ — BMOg  is bounded. This completes the proof. [J

Remark 3.5. The proof above is easily adapted to show that T, is completely
bounded.

The drawback is that we need to find two lifting multipliers for the left and right
cocycles. To simplify these conditions, we begin with Theorem A —stated in the
Introduction only for left cocycles— showing that for general discrete groups we
may work with one lifting multiplier under stronger smoothness conditions.

Proof of Theorem A. If we set
m®(€) = m(&)[¢)° for £#0
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and 7 (0) = 0 with § = =, we find [0 mF=(&)| < ¢,[¢[717! for all 0 < [B] < [2]+1
by the chain rule and our hypotheses. In particular, letting m** = m*c o by we
may follow the proof of Theorem 3.4 to show that T,+- : £L(G) — BMOg, when
by is a left cocycle and T),+- : L(G) — BMOg, when by, is a right cocycle. In fact
these maps are completely bounded, as it follows from Remark 3.5. On the other

hand, we recall from [31] that

BMOS, . L5@)],, = Hy(S.).
BMOS,. L5(©)],, = H(S.),
see [30] for the definition of the Hardy spaces H(Sy) and Hj(Sy). Arguing as in

Theorem 3.4 [Point A], we get T),+- = m*(0)E, + J,T),+- = JpT},+-. Therefore
we conclude by interpolation that

T : Ly(G) - HE(S,y)

for 2 < p < oo whenever by, is a left cocycle and we must replace column by row if by,
is a right cocycle. At any rate, if Ay (A(g9)) = ¥(g)A(g) stands for the infinitesimal
generator of Sy, we know from [28] that

Il Sor 1457 RI1

_ 1
Ad)whHIi[;

for all v > 0 and h € Ly(G). Taking v = ¢/2 and h = J,T),, f, we see that
[T fllp <co  Imelll Epfllp + | JpTm flp
S Imellflly + 143 Bl bl A5 R

= Amelllfllp + 1 Touve FlEc N Tone FllEre Sev 11l
The complete boundedness for 1 < p < 2 follows by duality as in Theorem 3.4. [

Remark 3.6. If ¢ is bounded in G it suffices to know that [9°m(£)| < cnl€|71PIHE
for all |B] <[]+ 1. If ¢~! is bounded in G\ Go = {g € G : ¥(g) # 0}, we just
need to control by |£|71#1=¢ for the same B’s. The first condition holds for inner
cocycles and the second for well-separated ones. The argument is very similar to
the proof of Theorem A.

Proof of Theorem B. As in Theorem 3.4, the L,-boundedness reduces to the
Ac — BMOs, boundedness. Assume first that (Hy, ay,by) is a left cocycle, then
the argument in Theorem 3.4 gives that Tp, : Ac — BMOg, is bounded. Let us
now consider the row case. One more time following our proof above, this is a
matter of showing that

TL : A@n

disc

¢ — BMOg

X

where Ty = T X idg. As noticed in Paragraph 2.4, we have

T2, FoA9) = 32 awgTha.g (F)A9) = D Thy(f3)A(9)
and j (3, Ty (fg)A(9)) = (e =+ Then) 05(5, foM9) = @(5(5, f4A(9))), where

tpn 1 Thoynf(x) = Ty f(x) = / T (B — Buy) £ () dy

n
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with f(Brx) = ay p-1 f(z) and ks = m. In particular, T!  Agn xG BMOg
will be bounded if the conditions in Lemma 2.6 hold for ®. In fact “since the Schur
product defining ® is constant in rows, we may argue as for the proof of Lemma
2.7 —® acts like a diagonal matrix by right multiplication— and apply Lemma
3.3 i) to conclude that our smoothness condition is strong enough to imply that of
Lemma 2.6. Thus, it remains to check that
2 N\3
(fon@)] z)

H(/w (Hh*lfgh(x))rdx)i B(£2(G)) S H(/ B(£2(G))

Indeed, the statement of Lemma 2.6 is written in terms of IT,;,-1’s, but a quick look
at the proof shows that we may replace them by II;,-1’s, since we have the identity
I -1 = ay g-11Ig -1 g. On the other hand, the inequality in the operator space
level follows from the argument below after matrix amplification. Thus, let us prove
this inequality. Since

—
~

T, 1 F(€) = ayp1km(€) F(€) = m(—Br) F (),

by Fubini and Plancherel theorems we may write the left hand side as

LHS? = sup /

[I7lleg(ay <1

S (=BrE) Fon(€)m de.

Since m(—pFr€) = m(ay p-1(—£)) and we are assuming that ||7[schur < 00, there
exists a factorization m (o, -1 (—=¢)) = (A—¢, Byp-1)x and some positive constant ¢
for which supg [|A¢lxc, sup, || Byllx < +/c. This yields

LHS? = . / A = 2d
HWHZE)QZQ n< 5thgf(§)7h h >K‘ ¢

c S, L3 |, Fr©mBi-

\|W||22(G)<1

IN

df,

where Bi,l denotes the j-th component of Bj-:. Taking 77/ = (vBj -1 )hea

~ .12
LI’IS2 S C Z / Zh fgh(é-)’yi dg
H’Y|\22(G)<1 n
= ¢ Z / Zh Jon(@)7i| dz
H’Yl\zz(c)<1 n
. 2 )
= C sup ] /'YJ’/ f h(x) ‘ dﬂ: ,.Yj S CZ RH82
I¥lleg(ay <1 ZJ < n ( g ) >Z2(G)

This completes the proof for left cocycles. Alternatively, if we deal with a right
cocycle (Hy, aqyp,by) everything is row/column switched. More concretely, this
means that the row BMO estimate follows from our argument in Theorem 3.4 and
the column BMO requires Lemma 2.6, details are left to the reader. (Il

3.3. Noncommutative Riesz transforms. Let G be a discrete group, let 1 be
a length function on it and construct (H,ay,by) to be either the left or right
cocycle associated to t. The Riesz transform on £(G) associated to an element



SMOOTH MULTIPLIERS ON GROUP VON NEUMANN ALGEBRAS 29

1 € Hy is the multiplier

2,3 Flapnie)) = - 30 LI o)),

geG geG ¥(9)

Indeed, note that by (g)/\/%(g) is just the normalized vector in the direction of
by(g), so that the classical Riesz symbol m,(§) = —i(§,m)w, /||{]l#, is a lifting
multiplier for R,. The classical Mihlin condition clearly holds for m,,, but it fails
the more restrictive condition in Theorem A for ¢ > 0. Theorem 3.4 imposes
alternatively to find another lifting multiplier m;, so that m, o by = m; o b;}. We
do not know how to find such function in general. The following result is on the

contrary a simple consequence of Theorem B.

Corollary 3.7. Given a discrete group G, consider a length function ¥ : G — R
and set (Hy, oy, by) to be either the left or right cocycle associated to it. Assume
that dimH, < oo, then any operator in the algebra R generated by the Riesz
transforms
R = Span{ H R, ‘ I' finite set in H¢}
nel

defines a cb-map L(G) — BMOs, and Lp(@) — Lp(@) foralll <p < oo.

Proof. Note that ||[m1ma|schur < |71 ||schur]|™2]|schur by taking the Hilbertian
tensor product K = K1 ®, Ko. Moreover, according to the chain rule the product
mymsy satisfies the smoothness conditions whenever mq and mo do. Therefore, the
Fourier multipliers satisfying the hypotheses of Theorem B form an algebra. In
particular, it suffices to check the conditions for a single Riesz transform R,. We
have

o @,
\/<O‘1117g (f) y Qg g (5))7—[1/;

= —i<\/<§iTw’o‘w,gl(77)>m = <A§7BQ>R”’

with A¢ and B, satisfying the estimates supgcga [A¢| = 1 and sup e [ Byl = [n]-
Hence, the assertion follows since the Hormander smoothness condition holds. [

My (Qy,g(§))

3.4. Mild algebraic/geometric assumptions. We continue our analysis just
imposing the existence of one lifting multiplier. Let us prove our assertion —in the
Introduction— that the additional £ > 0 in Theorem A can be removed under any
of the following alternative assumptions:

i) G is abelian,

ii) by(G) is a lattice in R”,

ili) ay(G) is a finite subgroup of O(n),

iv) The multiplier is ¢-radial, i.e. my = h((g)).

Proof. If G is abelian, the Hilbert space H, and the inclusion map by : G — Hy
coincide for both left and right cocycles, since both Gromov forms in Lemma 3.1
i) coincide. Thus, the hypotheses of Theorem 3.4 are satisfied and we deduce
the first assertion. For radial multipliers, we note that our smoothness condition
implies the boundedness of Tj; : Lo (R™) — BMOg» where m = ho||?. According
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to Lemma 1.5, we may replace R™ by its Bohr compactification and BMOg- by
the BMO space associated to the heat semigroup S’ on @gisc in the subalgebra of
trigonometric polynomials. Since radial multipliers on R™ are G-equivariant with
respect to any isometric action « : G — O(n), we may apply Lemma 2.2 with the
cocycle action and deduce

Ty : A@n

disc X

a7 BMOS’N

is a cb-map with Ty = Ty x idg and S}, = &’ % idg. However, as noticed in
the proof of Theorem B, this is all that is really needed. When ay,(G) is a finite
subgroup of O(n) we use Theorem B. By [58] the norm

m = inf ( sup || A¢l|xc sup || B lC)
H HSChW m(op,g(€))=(A¢,Bg)x \ ¢eRn 4l geG 1Bl
K Hilbert

coincides with the norm of the Schur multiplier
MY D agaeen Y Y m(y(€) agaees
EER™ vea, (G) EER™ yeay, (G)

on L§(R™) ®p, £5(ay(G)), where ®;, stands for the Haagerup tensor product, see
[59] for precise definitions. If o, (G) is a finite set, we may factorize m as

L5(R™) @n £ (s (G)) L5(R™) @n £5(ay (G))

IERENE
53
=
2
®
3
&
Q

which immediately shows that
”ﬁl|‘schur S |OZ¢(G>| sup ‘ﬁl(aw,g(f))’ S |Oé1p(G)| HmHoo < 0.
(&,9)ER" X G
On the other hand, the smoothness condition in Theorem B is used to ensure

0, = €58 sup/ sup ’km(aw,gy — Qo) — km(aw,gy)‘ dy < oo.
zER™ ly|>2|z| 9€G

However, if Q5 = ess sup/ |km(y — x) — km(y)| dy, it is well-known that
zeR™ J]y|>2|x]

08 (€)| < ealé] ™ for 18] < [g] 11 = Qn < oo

In particular, since oy, (G) is a finite set we find that

Qﬁl,aw < Z €55 Sup/ ‘k’fﬁ(a(]y - Oégl') - kﬁl(agy)‘ dy < ’ad)(G)| O
oy g€ay (G) zeR™ ly|>2]|z|

is also finite, which proves assertion iii). It remains to study the case when the
image by (G) lives in a lattice Ay of the Hilbert space Hy. If dimH, = n < oo, it
is a simple observation that o, (G) must be a finite subgroup of O(n), so that ii)
follows from iii). Indeed, since there are finitely many orthogonal transformations
leaving Ay invariant, it suffices to see that ay 4(Ay) C Ay for all g € G. We
may clearly assume that by (G) generates Ho, so that Ay is the space of linear
combinations ), . Yrby (h) with v, € Z. Since

ayp,g(by(h)) = by (gh) — by(9),
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the Z-linear combinations are stable under ay, 4 for all g and the claim follows. [

3.5. Radial Fourier multipliers. We now present a transference method between
radial Fourier multipliers on discrete groups and their Euclidean counterparts. As
usual, given a length function ¢ : G — Ry, we write Sy = (Sy,¢)i>0 for the
semigroup A(g) — exp(—t(g))A(g9) and S = (S;)e>0 or S’ = (S])1>0 for the heat
semigroup on R™ or its Bohr compactification respectively.

Proof of Theorem D. The equivalence i) < ii) follows easily from our de Leeuw
compactification Lemma 1.5. Indeed, according to it we know the boundedness
over trigonometric polynomials. The normal extension in ii) follows from Lemma
1.6. The normal extension in R" is very similar. All we need to know to follow the
same argument is that H; (R™)* = BMOg~ and that the class of Schwartz functions
is dense in H;(R™), something which easily follows from the atomic description, see
e.g. [19]. The implication iii) = ii) follows by taking (G,v¢) = (R%_.,| |*), while
the argument for i) = iii) is implicit in the proof of the result proved in Paragraph
3.4, concluded taking the normal extension provided by Lemma 1.6. Indeed, if by
is the map associated to either the left or the right cocycle for v, we note that

m=moby, for m=~hoy and m=holl|%.

This proves the first statement. In fact, the argument for i) = iii) also applies
assuming boundedness on the Bohr compactification instead. Moreover, a careful
look at this argument shows that all that is needed is Lemma 2.2 for equivariant
extension and the intertwining identities in Theorem 3.4. Particularly, nothing is
affected when we take n = co as far as we remove condition i). This shows that ii)
< iii) even in the infinite-dimensional setting. (]

Remark 3.8. Boundedness is equivalent to complete boundedness for all these
maps. Indeed, let cb-j) denote the cb-version of j). Then, the assertion follows
from the chain i) < ii) < iii) = cb-iii) = cb-ii) = cb-i). The implication cb-iii) =
cb-ii) is trivial, while the last implication follows again from Lemma 1.5. Therefore,
it suffices to show that ii) = cb-iii) which follows again the last statement in Lemma
2.2 and the intertwining identities. This completes the proof.

Remark 3.9. It is standard that

8 -8l _ 1 / B~ o2 )%
9] < ealdl = o (G [t de)” < e
If the inequality on the right holds for all |3| < [§] + 1, we say that m satisfies
Hoérmander’s smoothness condition. This condition also implies the L, as well
as the Lo, — BMO boundedness of the Fourier multiplier T on R™. Thus, by
Theorem D we see that whenever m satisfies the (weaker) Héormander smoothness
condition and m = h o | |?, the Fourier multipliers T}oy are L, and Lo, — BMO
bounded for any discrete group G with dim H,, = n.

4. Littlewood-Paley theory

We now prove some square function estimates. The boundedness of new square
functions for noncommutative martingale transforms and semicommutative CZQO’s
was recently investigated in [44]. The smoothness assumptions there were needed
for additional weak-type (1,1) estimates, here we will find weaker conditions. Set
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Ri1 = Lo(R")®M; and Ri2 = Lo (R")@M;@Mso with My and My semifinite
algebras. Consider a CZO with kernel representation

M) = [ b e @)y = [ Hea)(w)dy

where k(z,9)(-) = k(z,y) ® - and k takes values in My. If
® A Loo(My; L§(R™)) = Loo (M1@My; L5(R™)),

o esssup | [k(@1,9) — k@, y)| o, dy < o,
T1,%2 J |z —y[>2]r —22|
we deduce from Lemma 2.3 that A : Ry — BMOZ% . Take My = B(f2) and
k(z,y) = >_; kj(2,y) @ (e1; ®oc €51), where the k;’s are scalar-valued and e;; stands
for the (4,j)-th matrix unit. Consider the CZO L; associated to k; and such
that A = Zj L ® (e1j ® €j1). The column part A, = Zj L; ® ej1 satisfies
the first condition if ||A.f||3 = > IL;fl3 < |Ifll3 since the kernel acts by left
multiplication, see Remark 2.4. For the row part, we use some basic operator space
theory [59]. Namely, the condition is equivalent to the complete boundedness of
A, o L§(R™) — LS(R™) ®, R. In particular, such a map defines an element in
LS(R™)®L5(R™) ®p R with norm || 32, L; L} |/2. This leads to the same condition
with L} in place of L;. Finally

1
esssup/ (Z|k 1,y (Iz,y)}Q)Q dy < oo
|z1—y|>2|z1—22]

Z1,T2

is the form of the smoothness assumption. By the symmetry of the kernel, the

map AT(f) = A(f*)* essentially equals A and Ry — BMOg,, boundedness follows

with no extra assumptions. L,-boundedness follows by interpolation and duality

if the Hormander condition holds also on the second variable. In particular, if we

let R = Loo(R™)®M, we recover the main result in [44] in terms of the spaces
L,(R; ¢2,) defined in the Introduction.

rre

Lemma 4.1. Let
M@ = [ ko) @ 50 dy = Y, Li7(@)© (e 8 c)
be the CZO above. Assume that
D DL I3+ L5 fI5 S IFI5 for f € La(R),
j=1

11) esssup/ Hk(l’l,y) 7k(x27y)||52 dy < o0,
|1 —y|>2]|z1 —x2|

T1,T2

iii) esssup/ |k (y, 1) —k(y,acg)He2 dy < oo.
|z1—y|>2|z1 —22]

Z1,T2

Then A : R1 — BMOg, is bounded and the inequality below holds for 1 < p < oo

e 2
p
L 5H < .
HJ_§_1 do8|, 0 S W e
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This gives the L,-boundedness of operator-valued g-functions and Lusin square
functions, see [44] for more applications. The conditions above hold for convolution
maps with kernels satisfying (3_; |8§ %J( )2)2 < e €718 for 8] < (5] + 1, which
is just a form of Hérmander-Mihlin multiplier theorem for ¢5-valued kernels

Lemma 4.2. Let iy : G = Ry be a length function with dimH, =n. Let I' stand
for the free group Fo, with infinitely many generators 1,2, ... and left reqular
representation A\r. Consider a sequence of functions (hj)j>1 in Ck»(Ry \ {0}) for
kn = [5] 4+ 1 such that

(Z‘dgk @) < el foran k< [2]+1

Let s; : R\ {0} = C given by 5;(&) = h;(|¢]?). Then, we have a cb-map

O Loo(RMBLT) 3 Y fy @ Ar(y Hz.s]*f%eBMORn.

vyel Jj=1

Proof. According to the noncommutative Khintchine inequality for free generators
[59], the map e1; B €51 +— Ar(y;) is a complete isomorphism and the span of
Ar(y;)’s is completely complemented in £(I'). In particular, it suffices to show that
we have a cb map Lo (R")@B(l2) 3 32, f; ® (€1 Pos €51) = >, 5 * fj € BMOgn.
Since we have an intersection of row and column at both sides, it is enough to prove
the row-row and column-column complete boundedness. By symmetry, we just
consider the column case, so we are reduced to show that Zj fi®ej — Zj 5% f;
defines a cb-map C'(Loo(R™)) = BMOg», where C(Loo(R™)) = Loo(R™;45) and C
stands for the column subspace of B(¢2). Recall the following simple isometries for
a sequence of matrix-valued functions (f;);j>1 in R = Lo (R™)RB(¢2)

) HimeﬂHcm W H(anjgu@)

H ZS] “Ji HBMOc - Q ball \|§||42<1 ][ H 18 =9 QH%)E'

E,_/
!

With this in mind, it suffices to show that

H(Znsj vol2)?

for {5-valued functions, since this implies the predual inequality and we conclude
taking adjoints. By the atomic characterization of H(¢3), we may write its norm as
inf ", [Ax| where the infimum runs over all possible decompositions ¢ = >, A\rax
as a linear combination of atoms aj, which are mean zero functions R" — /5
supported by cubes and such that |lax||z,e,) < |supp ar|~'/2. By the triangle
inequality, it suffices to see that the left hand side is < 1 when ¢ is an arbitrary
atom a supported by an arbitrary cube ). We have

[ (Slswal) o= [ +[ —ass.
R ot 5Q ™\5Q

)

Loo (R™)

py S el e
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Our hypotheses easily give

00 1
(Z |a§§j(g)|2) * < e |61 for all B such that || < [
j=1
As we remarked before the statement of this result, this implies the hypotheses
of Lemma 4.1. In particular, we have . ||s; * flI2 < IIfI13. This, together with
Holder’s inequality gives rise to

NE] (/ ZHSJM @2 dx)"
VB (S e a@l)' £ VEQ( [ @l w)' 51

k=1j=1

1.
2l *

A

IN

IN

for a = (ag)k>1. On the other hand, using the mean-zero condition

B = An\5Q(Z\I/ S50 =) = 550 = c@))aly) dyf ) do

< /Q[AR\SQ(ilsj<x—y>—sj<x—CQ 1) o] latwl, dy
< [l dr < VRI( [ fatl )" < 1

according to condition iii) in Lemma 4.1, which holds as a consequence of the
Hormander-Mihlin condition in the statement. The estimates for A and B show

that the predual inequality holds and the proof is complete. ([
Theorem 4.3. Given f =3, f( YA(g), let
Ayf = Z Ly f @ Ar(v;) Z hi( F(9)Mg) ® Ar(v)),

where the h;’s satisfy the same smoothness condztzons as above. Then:
i) If Gr = G x T, we have cb-maps
Ay : £(G) -2 BMOs,  (£(Gr)) and Ay : Ly(G) -2 L,(Gr)

for 1 < p < oo, where Sy g = (Sy,t @ idr(r))i>0- In particular, we obtain

HZLWW | ey < ol

ii) Additionally, we have

SEF =1 = Ifl, @ <o cpHZme 0|
j=1

Ly(@Ge2,)
Proof. By our smoothness assumption on the h;’s, the map

f € Loo(R™) =Y (55 f) ® (e1; ®oo €j1) € BMOg
j=1
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is completely bounded from L., (R™) to BMOx with R = Lo, (R™)®B({2), since the
smoothness of the h;’s imply the hypotheses of Lemma 4.1. Arguing as in Lemmas
1.3 and 1.5 —like in the start of the proof of Lemma 2.6— in conjunction with the
Khintchine inequalities for the free group generators [22] implies

oo
fe Az, Y T, f ©Ar(y;) € BMOg, (Loo (R")SL(D))
j=1
for the multipliers m; = hj o | |* and S, = (S] ® idzr))e>0, the tensor product
extension of the heat semigroup on the Bohr compactification of R™. Now, since the
involved multipliers are radial, the whole map is G-equivariant for any orthogonal
action and Lemma 2.2 yields the crossed product extension

T3 foM9) € Ay LN Z 3" T, (f)A9) @ Ar(y;) € BMOs, (Rycr),

9€G Jj=1geG
where Ryq,. = (Lm(@gisc) X G)RL() and Sy = (S; % idg(gr))e>0. Note that
T o Ty = (7T¢ & idﬁ(p)) o Aw

using the embedding 7y, : £(G) = L(Hy) X G = Loo(R%.) x G from the proof
of Theorem 3.4. Indeed, recall that T, (expby(g)) = hj(1(g)) expby(g). This

immediately gives
cb
Aw A — BMOS,%@(,C(GF)).

Finally, the same argument as in Lemma 1.6 provides a unique normal extension
Ay : L(G) = BMOs,, ., (£(Gr)). The complete boundedness on L follows immedi-
ately from the smoothness condition for k£ = 0 on the h;’s. Thus, by interpolation
we obtain the complete boundedness for 2 < p < co. The case 1 < p < 2 is slightly
different because Ay is not self-dual Ay (3> cp fy ® Ar(v)) = 32, Ly, ;(f;). Since
the Lo boundedness is clear, we claim it suffices to show that AZ : L(Gr) — BMOs,,
is completely bounded. Indeed, arguing once more as in Theorem 3.4 we find

AL (D F @A) = BALA + 30 D k0 B (9 9),

vyel 9g€Go j=1
f

where J), : Lp(@) — L;(@) and Go = {g € G|9¥(g) = 0}. The first term on the
right is completely bounded on L, by interpolation. To estimate the L,-norm of
the second term we use Cauchy-Schwarz, the conditional expectation & onto the
closure of span A(Gy), the noncommutative Khintchine inequality for free generators
and the fact that the span of the Ar(7;)’s is completely complemented in L, (L(T)),
see e.g. [52, 59]. Altogether gives rise to the following estimate

| S mw 7, @)

g€Go j=1

o}

o (X moR) (L)’

<o (ZmOR) (21,7
1

<o (3

IN

P

e
1 OP) || 3 £ @ i)

Jj=1 Jj=

—
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Mb(EJh 2’ >

This proves the claim. For the Lo, — BMO estimate, we recall that

ox],

®: Lo (RMBLT) 2 Y fr @ Arly stj*fw _ZTN (f,) € BMOgn

yel’ j=1 j=1

is completely bounded from Lemma 4.2. Replacing again R™ by Rdlbc and BMOgn
by BMOs, we use that ® is G-equivariant (s; is radial) with respect to the natural
action ., and apply Lemma 2.2. This shows that ® xidg : Rug, — BMOSIN (Ruc)

is completely bounded. Then observe that ® x idg = T'* and the intertwining
identity 7" o (my ®idg(r)) = my o Ay still holds. Hence, Ay, : Ag, — BMOsg, is a
cb-map and (after normal extension) we deduce Ay, is completely bounded on L,
for 1 < p < co. Thus, we conclude

[Srr0s

according to the noncommutative Khintchine inequality for free generators. The
proof of ii) is straightforward. Indeed, if 3, |h;(€)]* = 1 it is clear that we find

an isometry [[Ay fll2 = |[fll2. By polarization, (f1, f2)p, &) = (Avf1, Auf2)p, @0
Therefore, if f € LQ( )NL (G) we see that

11l = sup {(Auf.Avg) e | 9.€ L@ N (@), gl <1} S 1A

By density, this inequality still holds in the whole Lp(@). Moreover, the same
estimate is valid after matrix amplification and we deduce the assertion once more
by means of the noncommutative Khintchine inequality for free generators. O

L@ <eb Cp ||fHLP(@)

5. Examples and comments

We finally illustrate our main results in a variety of scenarios. This includes the
classical groups T™ and R™, noncommutative tori or the free group algebra. We
also provide new examples of Rieffel’s quantum metric spaces.

5.1. The n-torus. Since

o - —il? T\ % —72||z||? wi(J,x
> BiBueIkil = <?> /ne | 32 gy o)

Schoenberg’s theorem gives that 1 (k) = ||k||? is a length function on Z". Being an
abelian group, both Gromov products K, and K coincide, so that there is just
one Hilbert space H, and one inclusion map by : G — Hy. In the specific case
considered, the inner product takes the form

(St i, = 5 wmetithe =] 5 o]
J.kezm

jezn kezn

2
dx > 0,

RH,

According to Lemma 3.1, we have to quotient out the subspace of finitely supported
sequences (a;);ez» for which > ;a;5 = 0. It is easily checked that the resulting
quotient is n-dimensional —so that H, ~ R™— and the map by, : Z" — R™ becomes
the canonical inclusion. This cocycle is equipped with the trivial action o 1, = idrn
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for all k € Z™. In particular, we find that |ay(Z™)] = 1 in this case and Theorem A
(e = 0) meets exactly the classical Mihlin condition, so that we recover the original
formulation of Héormander-Mihlin theorem for T™.

n

5.2. Euclidean multipliers. Taking G = R}, . the Euclidean space equipped with
the discrete topology and recalling K. de Leeuw’s compactification theorem [10] we
obtain from Theorem A for G abelian (¢ = 0) that

~

T f(@) = [ mb©) T dg

is L,(R")-bounded for any cocycle b : R™ — R¢ with m Mihlin-smooth of degree
[g] + 1. By picking suitable cocycles, this is related to Hormander-Mihlin theorem
[25, 45] and de Leeuw’s restriction/periodization theorems [10], see below. Also new
Lo, — BMO estimates will be given. Before illustrating our point, let us analyze the
variety of finite-dimensional cocycles of R™. To construct a generic d-dimensional
cocycle for G = R", assume that we have (n,d) = (n1,d1) + (n2,ds) with n; =0
iff d; = 0 for j = 1,2. Consider a triple ¥ = (n,7,v) composed by € R%, a
representation 7 : R"* — O(d;) and a group homomorphism 7 : R?2 — R92. Then
b (€) = bs(& @ &) = (m(&1)n — n) @ v(&2) is a cocycle of R® with Hy, = R? and
ase = m(&) @ idge,. In fact, all possible cocycles R® — R? break up into an
orthogonal sum of an inner and a proper part (any of which may vanish) as above.
The proper part is always associated to the trivial action. This characterization is
not hard and it may be folklore. It was already noticed in [8] and a proof can be
easily reconstructed from [75, Exercise 4.5].

1. Mihlin theorem. Apply Theorem A (¢ = 0) with the trivial cocycle R™ — R™.

2. de Leeuw’s restriction theorem. K. de Leeuw proved in [10] that the restriction
to R¥ of any sufficiently smooth function m : R* — C which defines an L,-bounded
Fourier multiplier, is also L,-bounded. In our setting, this corresponds (under
Mihlin regularity of the original multiplier) to take the standard cocycle R* — R™
given by the inclusion map with the trivial action. The same argument works for
restriction onto integer lattices Z* or affine deformations of it.

3. de Leeuw’s periodization theorem. Another consequence of de Leeuw’s approach
is that Z"-periodizations of L,-multipliers in R" supported by the unit cube remain
in the same class, see also Jodeit [26]. Under Mihlin regularity of the original
multiplier, this corresponds to the (inner) cocycle £ € R™ — 3" (€27 —1)e; € R??
with the corresponding action as described above. Here the lifting multiplier is
taken to coincide with the original multiplier in an n-torus of R?” and smoothly
truncated outside it. Our Lo, — BMO estimate is apparently new.

4. Directional multipliers. Taking u, = (71,72, - -.,¥n) € R™ and the 1-dimensional
cocycle by, : £ € R" — >~ &7, € R, we just need to control 1 derivative of the lifting
multiplier m. Letting v; = d;=;, we obtain multipliers depending only on the jo-th
coordinate. Taking v1,7s,...,7s to be Z-independent, we obtain injective cocycles
in Z™ (i.e. arbitrary smooth multipliers) and multipliers depending only on the
direction u, in R™. Our L., — BMO estimates are of particular interest when
m(§) = —isgn(§) and by, as above. Namely, it turns out that me = m(bx(§)) induces
the directional Hilbert transform Hu7 in the direction of u,. It is well-known that
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H,_, is not Lo — BMO bounded for the classical BMO space. However, Theorem
3.4 provides the alternative space BMO,,, = BMOg,, for ¢(§) = [(§,u)]>. Recall
that this BMO space interpolates with L, and thus provides the right endpoint
estimate for the directional Hilbert transform. Working with proper d-dimensional
cocycles we obtain some generalizations for 1 < d < n.

5.3. Donut type multipliers. In fact, other cocycles provide a large family of
exotic L, multipliers in R™. The same construction applies in T”. As an illustration
consider the cocycle

b(&) = (cos2mal — 1,sin 2wal, cos 2mBE — 1, sin 27w 3E)

for some «, 5 € Ry. Theorem A shows that the restriction of a Mihlin multiplier in
R* to this donut helix will be an L, multiplier on R. It is useful to compare it with
de Leeuw’s periodization theorem for compactly supported multipliers. The main
difference here is the irregularity obtained from choosing «/f irrational, leading
to a geodesic flow with dense orbit. Hence, m oscillates infinitely often with no
periodic pattern. Taking for instance 0 < y < 3 and m(y) = |y|*” for ¥ small and
m smoothly truncated outside B3(0), Theorem A shows that

m(b(€)) = (2 — cos(2mag) — cos(2mBE))”

is an L, multiplier in R. These examples are certainly less standard. With some
hindsight, they can be obtained via a clever combination of classical results, we
invite the reader to try! However, it seems fair to say that such a general statement
follows naturally from our approach, see [3, 53] for related results.

Geometrically, we embed R in a 2-dimensional torus as an infinite non-periodic
helix. This geodesic flow clearly generalizes by taking cocycles R™ — R?? of the
form

d
i) = @) (67 - 1),

s=1

Further examples arise from mixed —neither inner nor proper— cocycles.

5.4. The noncommutative tori. We now generalize for noncommutative tori the
Hormander-Mihlin conditions. Given n > 1 and an n X n antisymmetric matrix ©
with entries 0 < 0,;; < 1, we define the noncommutative torus with n generators
associated to the angle © as the von Neumann algebra Ag generated by n unitaries
U1, U2, . . ., Uy satisfying the relations wjur = eQﬂieikukuj. Every element of Ag
can be written as an element in the closure of the span of words of the form
wy = u]flué€2 ~ukn with k = (k1 ka,...,k,) € Z". Moreover, we equip Ag with
the normalized trace

r(f)=7( 3 Fwywe) = J0).
kezm

The classical n-dimensional torus corresponds to © = 0, so that Ay = Lo (T™). On
the other hand, once we have defined Ag, it is clear what should be the aspect of
the heat semigroup for noncommutative tori. Namely

Se(f) = S@,t( Z Fk) wk> = Z Fk) et .

kezn kezn
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We may not apply directly any of our results in Section 3 since Ag is not the
group von Neumann algebra of a discrete group. We will use instead that Ag
embeds in the von Neumann algebra of a discretized Heisenberg group. Given an
antisymmetric n x n matrix © with entries 0 < 6;;, < 1, consider the bilinear form
Be : Z" X Z™ — R given by Bg(&,() = %Z?,k:l 0;:€;Cr = 2(£,0C). Define the
discretized Heisenberg group Hg = R x Z™ with the product

Lemma 5.1. We have

@
E(H@):/ Ao dx.
R

Proof. Let A\ denote the left regular representation of Hg. Since (z,0) commutes
in Hg with every (z,(), it turns out that A(R,0) lives in the center of the algebra
L(Hg). Using von Neumann’s decomposition theorem for subalgebras of the center

® &
L(Hg) z/ M, dz =/ M, dz.
s R

P(AM(R))
Given & € Z", we set we = A(0,£) and observe that wewe = A(Be(€,¢), & + ¢)
implies wewe = A(Be(&,¢) — Bo((,€),0)wewe. The we’s are generated by the
unitaries u; = A(0,e;) which satisfy wju; = >k upu;. Moreover, since A(R)
acts on M, by scalar multiplication we see that M, = (u;(z)| 1 < j < n) where
the u;(x)’s arise from

@ .
U :/R uj(z)de and satisfy uj(z)uy(z) = 2™y (x)u;(z).

Therefore, we have proved that M, = A, as expected. O

Corollary 5.2. Given an angle © with n generators, let
Tt Y fR)we s > my flk)wy,
kezn kezn
be the Fourier multiplier on Ag associated to m : Z™ — C. Let m : R — C be a
lifting multiplier for m, so that m,,, =m. Assume that m € CIEI*1(R™\ {0}) and

|(9§77L(§)| < el for all multi-index B s.t. |B] < 5]+ 1.

Then, T, : Ly(Ao) 3 L,(Ae) for all 1 < p < 0o and T, : Leo(Ae) <% BMOs,,.

Proof. Let us consider the heat semigroup Se :(A(z,§)) = e*t|5|2)\(x,§) and also
the length function 1 (z, &) = |£|? in He. Note that Sg = Sy, in the terminology of
Section 3. The length function yields to the non-injective cocycle Hg — R"™ given
by by (z,&) = €. The associated action is trivial since
In particular, |ay(He)| < co and we know that
Tar: Y FWA() = 3 Mif()A(R)
heHe heHe

will be completely bounded £(Hg) — BMOg,, as far as we can find a lifting mul-
tiplier m o by (h) = M), satistying the smoothness condition in the statement. Note
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also that the non-injectivity of the cocycle imposes M, ¢y = M, ¢ for z,z € R.
However, this is not a restriction for the multiplier my, in the statement since by (x, -)
is injective for any x. In other words, we use my = My ) = m o by(0, k) = m(k)
as expected. Therefore, since

@
M ¢y is x-independent = Ty :/ T dx,
R

40
we conclude that

ess sup ||Tm Ao — BMO@HCb < 0.
z€R

To show complete boundedness for x = 1, we restrict the above inequality to the
C*-algebra generated by the u;’s, where the A,g-norm is z-continuous in the sense
of continuous fields [66]. This proves the Lo, — BMO complete boundedness for
x = 1 by weak- density. The L,(Ag) — L,(Ae) complete boundedness is proved
as usual by interpolation and duality since Sg is regular as in Theorem 1.2. (]

Remark 5.3. There is an alternative proof of Corollary 5.2 by transference. The
authors in [4] have recently extended to Ag several results from classical harmonic
analysis on T" using this idea. In particular, they prove that cb-multipliers on the
quantum n-torus are exactly those on the usual n-torus with equal cb-norms.

5.5. The free group algebra L(F,,). All that is needed to apply Theorems A and
B for the free group is to know the more we can about finite-dimensional cocycles
on F,,. These cocycles are easy to classify. It suffices to know b(gx) and a4, for the
generators gy, but any choice of points and unitaries in R is admissible by freeness.
Thus the family of finite-dimensional cocycles of F,, is too rich. We will concentrate
on describing low dimensional injective cocycles since they can be regarded as basic
building blocks of our family. Since F,, embeds isomorphically into Fy for all n > 2
let us just consider the free group Fy with two generators a;, as. The construction
below is well-known to group/measure theorists. Our first observation goes back
to the proof of the Banach-Tarski paradox. Namely, if § € R\ 27Q the subgroup
of SO(3) generated by

cosf —sinf 0 1 0 0
A = sin 6 cosf 0 and A= 0 cosf —sinf
0 0 1 0 sinf cos

is isomorphic to Fy under the mapping

Fy 3 aleaZQQ e aZ: — AZ;AZ; AZ € 50(3)

w Wo
with ki, ko, ..., k. € {1,2}, k; # k;11 and ny,n9,...,n, € Z. On the other hand
SO(3) acts naturally on R and ay(w) = Wy defines an isometric action Fo ~ R3
with associated cocycle map bge (w) = Wy(§) — € for some & € Hy = R3. Therefore
we find a 3-dimensional cocycle (Hg, boe, ap) for any § € R3. In order to pick & so
that bge is injective we must show that

Ag= () {veR¥Wo(v) #}
weFz\{e}

is nonempty. However, given w € Fy \ {e}, the orthogonal map Wy is a nonidentity
linear map on R™. In particular, the Lebesgue measure of R3\ Ay is zero since it is
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a countable union of linear subspaces with codimension at least 1. This proves that
the action ay is weakly free with respect to almost every ¢ € R3 and for all such
&’s we find an injective bge : Fo — R3. Our construction above is not completely
constructive since we have not provided a criterium to pick the right £’s. If ey, eo, €3
denotes the standard basis of R3, this can be fixed taking Hg = R” and

ag(w) = Wyd Wy d Wy,
bg(w) = (Wg(el) — 61) D (Wg(eg) — 62) D (W@(eg) — 63).

Corollary 5.4. Given 0 € R\ 27Q, consider the free group algebra L(Fq) equipped
with the cocycle (Hg, b, g) above. Let g denote the associated length function
and fiz a function m € C5(R\ {0}) with

0¢m()| < Ig[~VP1*= for all |8| <5.

Then, if m : Fo — C is of the form m,, = m o bg(w)

Tt Y FwiAw) = mafw)i(w)
defines a cb-map on L,(L(F3),T) for 1 <p < oo and also from L(F3) to BMOs,, -

Proof. This is a direct application of Theorem A and Remark 3.6. (]
Further results follow inspecting the conditions of the other results from Section 3.

Remark 5.5. Given the free group F,, = (91,92, -, 9n);

n
gugiz g > (Do m)es

s=1 kj=s
defines a (non-injective) Z"-valued cocycle with respect to the trivial action. It
vanishes on a normal subgroup H,, with F,,/H,, ~ Z". Hence, the corresponding
semigroup BMOsg, lives in L(F,,/H,) ~ Lo (T™). Since the associated action is
trivial, Theorem A with ¢ = 0 shows that Fourier multipliers on [F,, constant in
the cosets of H,, can be analyzed in terms of the corresponding multiplier in the
n-dimensional torus. We may also compose the given cocycle with other cocycles of
Z" to obtain cocycles of F,,. That way, our exotic examples for the n-torus can be
transferred to produce examples in the free group. In fact, this observation applies
for many finitely-generated groups. Indeed, by the Grushko-Neumann theorem any
finitely-generated G factorizes as a finite free product of finitely-generated freely
indecomposable groups Gi * Gg * - - - x G,,. Thus, the same construction applies as
long as all the factors G; have independent generators g, satisfying

gﬁg;§~-gm:e = er:O forall 1<s<n.

k}j:S

5.6. New quantum metric spaces. The notion of compact quantum metric
space was originally introduced by Rieffel [67, 68]. Let A be a C*-algebra and
B a unital, dense *-subalgebra of A. Let || - |lip be a seminorm on B vanishing
exactly on C1 4. The triple (A, B, || - |lip) is called a compact quantum metric space
if the metric p(¢1, ¢p2) = sup{|d1(z) — ¢2(x)| | * € B and ||z|jip < 1} coincides
with the weak-+ topology on the state space S(A). This crucial property is hard
to verify in general. Ozawa and Rieffel have found an equivalent condition to this
property [50, Proposition 1.3], we rewrite it as a lemma.
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Lemma 5.6. If o is a state on A and
{x € B such that ||z||ip < 1 and o(z) = O}

is relatively compact in A, then (A, B, || - |hip) is a compact quantum metric space.

Given a length function ¢ : G — Ry, let (Hy, ay, by) be either the left or right
cocycle associated to it. We will say that ¢ yields a well-separated metric if we
have )

Ay = inf = by (g) — by (h > 0.
b= V0 =y @) = bWl
Lemma 5.7. If dimHy =n and Ay > 0, we have

{bs() | Ky < bulo) < b+ 1)A}| < 57k
Proof. If & # & belong to by (G), we have
Ay Ay _
where B,, denotes the Euclidean unit ball in H,,. This shows that

wa( )| KAy < [by(g)] < (B + 1)Aw}‘
Aen || (0+ >Aw+?> |

(2k +3)" — (2k — 1)" zn:( ) (2k)* 79 (37 — (-1)7) < 5"k"'. O

j=0

IN

I

Consider now a discrete group G equipped with a length function ¥. We have
noticed above that Gy = {g € G| ¢¥(g) = 0} is a subgroup of G. If we consider the
usual semigroup Sy given by Sy ;(A(g)) = e W \(g), recall that

L3(@) = {1 € L,(@) ] Jlim Sy f =0} = { € L,(6)| Jlg) =0 for all g € Go}.
Lemma 5.8. Ifdim#Hy =n, Ay >0, |Go| < 0o and
|m(&)] < cnl€]7 ) for some e > 0,

then Trob,, Ll(@) — Loo(G) is cb-bounded. In particular

cn(Ay) .

1Sy,0 : L3(G) = Las(@)]),, < 2

Proof. Given f =3, ]?(g) ® A(g) € S{(Ll(@)) with ]?(g) € M,, we have

”fHS{(h(@)) = sup tr®7’(f*f/)

HleSr (LOO(G))Sl

~

> sup tr(f(9)*ag) = 1f(@)ls; = [ Fl9) @ Ag)|

“a9®)‘(g)|‘sgo(Lgo(@))§l
This, together with the fact [{g € G|by(g) = £}| = |Go for all £ € by (G), yield

| > meflo) @ Ao)

geG

87 (Loo(®))

S7(Leo (B))
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< me | 2z foe 0] -
£y Y el X fwesal,,
E>1 £cby () by (9)=¢ e
kA <[€|<(k+1)Ay
< (med+> X O 1Gol 1 lsy @y

k>1 £€by (@)
kA <|¢|<(k+1)Ay

5" (Imel + > K" (kAG) ") [Gol I fllsg 1, @)y = Cne(A) [Gol Lf]1-

k>1

IN

The third inequality follows from Lemma 5.7 and our growth assumption on m.

The second assertion follows similarly. Indeed, since f € L§(G) we may ignore the
term |m.| above and the result follows from the inequality

> ket < C(n)T(n/2)t "2, O

To state our next result, we need to consider the gradient form associated to
the infinitesimal generator Ay (A(g)) = ¥(g)A(g) of our semigroup Sy. Namely, if
C[G] stands for the algebra of trigonometric polynomials (whose norm closure is
the reduced C*-algebra of G), we set for fi, fo € C[G]

20 (f1, f2) = Ap (1) fa + [T Aw(f2) — Ay (f] f2).

Consider the seminorm

171 = max {2 DL e o)1 )
and the pseudo-metric disty (g, h) = 1/1(g~1h). We find the following result.
Corollary 5.9. If dimH, < oo, the following implication holds

disty, well-separated metric = (Ci.q(G),C[G], |- |Ir) quantum metric space.

Proof. Since disty (g, h) = [|by(g) — by (h)||3, , it defines a metric iff by, : G — Hy
is injective iff Go = {e}. On the other hand, recalling that T'(f, f) > 0, we see that
L(f, f) =0 7(I'(f, f)) = 0. It is easily checked that 7(I'(f, f)) = 3_, |f(g)|2w(g).
Hence we deduce that || - ||r vanishes in C1 iff Go = {e} iff disty is a metric. It is
also clear that dist, is well-separated iff Ay > 0. In particular, we can not have
infinitely many points of by (G) inside any ball of the finite-dimensional Hilbert
space Hy. This means that the set {¢)(g)™'|g # €} can not have a cluster point
different from 0, so that
At L3(G) — Ls(G)

is a compact operator. According to [30, Theorem 1.1.7], A;l/z : L;(@) - L3,(G)
is also compact for any p > n + ¢. Lemma 5.8 has been essential at this point, see
[30]. This means that

{rere@®|a/sl, <1} ={r e L@ |||4}21]], < 1 and 7(f) = 0}

-~

is relatively compact in Lo (G). According to the main result in [30], we see that

HA}/QfHP < cpmaX{HF(ﬁf)%’p,‘F(f*’f*)%Hp} < ¢ I fllr-
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We deduce from this inequality that
{feLa®]Iflr < 1and 7(f) =0}

~

is relatively compact in Lo, (G). The desired result follows from Lemma 5.6. O

Remark 5.10. Let G = Z and ¢ (k) = |k[*. Consider the commutator [A, f] of
Aj and f € C[Z]. Rieffel [68] showed that the triple (C},q(Z), C[Z], |[[AF,-]]) is
a compact quantum metric space for all 0 < a < %
previous corollary shows that this is true for % < a <1 too. Indeed, in this case
n = 1 and applying Lemma 5.8 together with [30, Theorem 1.1.7], we have that
A, is compact from L3(T) to Lg (T) since we may choose € > 0 such that 2 > Lie
for any o > 1. In particular, {z € L2 (T) | |Ag fll2 < 1} is relatively compact in
Loo(T). Note that [[[Ag, fIll = [I[AS, f1Lll2 = [AG(f)]l2. We conclude that

{f € La(m][[ag, /1] <1 and /deﬂ o}

is relatively compact. Again, we deduce the assertion from Lemma 5.6. Moreover,
the exact same argument applies on Z? with % < a <1 and on Z3 with % <a<l.

The same argument of the

6. Conclusions

The classical form of Hérmander-Mihlin theorem on the compact dual of Z™
is applied either for testing boundedness of a given multiplier or for constructing
multipliers out of smooth lifting functions. In both situations the standard length
¥(k) = |k|? with its associated cocycle by, : Z™ < R™ are used in conjunction with
transference. The properties which characterize this cocycle are Ay > 0 and the
injectivity of the cocycle map by. The injectivity avoids additional restrictions on
the multiplier m under the lifting m = m o by, while the well-separatedness Ay > 0
preserves the discrete topology of Z™ in its image on R™. Here is a description of
those finite-dimensional cocycles of Z™.

Lemma 6.1. Let ¢ be a length function on Z™ giving rise to a finite-dimensional
cocycle (Hy, ayp, by). Assume that dimHy = d, by is injective and Ay > 0, then
we have

o i L™ — Aut(Hy) is the trivial action,
o d=n, Hy ~R" and by, : Z" — H, is a group homomorphism.

Proof. We know from Paragraph 5.2 that

by (k) = by(k1 @ k2) = (m(k1)n —n) @ y(k2),
where (n,d) = (n1,d1) + (n2,d2) and nq = 0 iff d; = 0, the map 7 : Z"* — O(dy)
is an orthogonal representation, 7 : Z"2 — R% is a group homomorphism, n € R%
and the action has the form ay(k) = m(k1) @ idga,. Moreover, we claim that
(n1,d1) = (0,0) from the hypotheses. Indeed, assume that ny,d; > 0. Then, the
injectivity of by, and the condition Ay > 0 imply that {m(k1)n—n|ki € Z™} is an
infinite set of points in R% mutually separated by a distance greater than or equal
to \/E > (0. This means that the set must be unbounded, which is a contradiction
since ||m(k1)n — 13, < 2|9y, for all ky € Z™. Once we know (n1,d;) = (0,0),
the action o must be trivial if by, has no inner part and we get that by = ~ is
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a group homomorphism. We also know that d < n since by (e1), by (e2), ..., by(en)
linearly generate H,. To prove that d > n, we use the injectivity of by and
simultaneous Dirichlet’s Diophantine approximation. Namely, if d < n we may
find 8 = (B;) € R™ \ {0} such that >, 8by(e;) = 0. This does not contradict the
injectivity of by since the 3;’s are not necessarily integers. However, given any N > 1
and by Dirichlet approximation, we may find p; (N), p2(N), ..., pn(N), ¢(N) € Z such
that .

-2yl < d(NNF

This implies that

‘bw(ipj(N)€j>

Note however that this contradicts the condition Ay > 0 of well-separatedness. [

Z|bw(€j)| — 0 as N — occ.

Jj=1

1
g(N)N=IN=

In particular, given a length function ¢ : G — R, it is natural to call ¢ a
standard length function if Ay > 0 and the associated cocycle by : G — Hy is
injective. Similarly, we will say that a cocycle is standard when so is the length
function it gives rise to. Although standard cocycles are an important piece of the
theory, they are definitely not the whole of it! We have already illustrated this
with our “donut multipliers” above. Let us analyze what new information can be
extracted from our results so far.

6.1. Small dimension vs smooth interpolation. If we are given a fixed Fourier
multiplier on £(G), the problem of finding the optimal cocycle and lifting multiplier
to study its L, boundedness might be quite hard.

Problem 6.2. Given a Fourier multiplier
PIRIOROE SRUSIONG

a) Find low dimensional injective cocycles by, : G — Hy.
b) Given such (Hy,by, ), find m € CIEIFY R\ {0}) with m(by(g)) = my,
and minimizing

sup sup max {|[1P1*e 1P} |90 m(g)],
£ER™ [B]<[2]+1

where € may be 0 under any of the situations considered in Paragraph 3.4.

Once fixed a cocycle, we must find a lifting multiplier for m : G — C optimizing
the constants. This means that we have to control a number of derivatives of a
smooth function m taking certain preassigned values on a cloud of points by (g) in
R™. In particular, this fits in Fefferman’s approach to the smooth interpolation of
data carried out in [15, 16, 17]. There is no canonical answer for questions a) and b)
and in general we find certain incompatibility. Indeed, if we pick v1,72,...,7, € R
linearly independent over Z, the cocycle k — > ; V;k; associated to the trivial action
is a 1-dimensional injective cocycle for Z". This minimizes the number of derivatives
to estimate for the lifting multiplier. Note however that {3_;v;k; [k € Z"} is a
dense cloud of points in R and the ¥-metric is far from being well-separated. In
general this makes harder to solve b), and the lifting multiplier will be highly
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oscillating in many cases. On the other hand, as we have seen for R", certain
multipliers can only be treated with alternative cocycles like this one. In summary
our notion of “smooth multiplier” is very much affected by the cocycle we use.

Problem 6.3. Solve Problem 6.2 using standard cocycles, not just injective ones.

This is more restrictive and we will not always find finite-dimensional standard
cocycles, see the next paragraph. On the other hand, if we content ourselves with
not necessarily injective well-separated cocycles, we may apply our construction in
Remark 5.5 for finitely generated groups.

6.2. Infinite-dimensional standard cocycles. There exists two distinguished
length functions on Z, the absolute value ¥(k) = |k| and its square respectively
related to the Poisson and heat semigroups. Both yield standard cocycles, but one
of them is infinite-dimensional while the other has dimension 1. If we take free
products of Z only the Poisson like cocycle survives. Hence we wonder if there exist
finite-dimensional standard cocycles for the free group. A negative answer follows
from a classical theorem of Bieberbach [2]. Let us recall that a group G is called
virtually abelian whenever it has an abelian subgroup H of finite index, so that
G has finitely many left/right H-cosets. Bieberbach’s theorem claims that every
discrete subgroup of R™ x O(n) is virtually abelian.

Theorem 6.4. If G has a finite-dimensional standard cocycle, G is virtually abelian.

Proof. Note that g — (by(9), ap,g) € Hy @ O(dim Hy) defines an injective group
isomorphism for any standard cocycle. Moreover, the well-separatedness property
shows that it is an homeomorphism. Thus, G can be regarded as a discrete subgroup
of Hy »x O(dim Hy ) with dim H,, < co. We conclude from Bieberbach’s theorem. O

According to this result, we see in particular that nonabelian free groups do not
admit finite-dimensional standard cocycles. A unitary representation of a locally
compact group G is called primary if the center of its intertwining algebra C(7) is
trivial. The group G is said to be of type I whenever the von Neumann algebra
A, generated by every primary representation 7 is a type I factor. This condition
turns out to be crucial to admit Plancherel type theorems in terms of irreducible
unitary representations, see [18, Chapter 7] for explicit results.

Corollary 6.5. A discrete group is virtually abelian if and only if it is of type L.

Proof. By Thoma’s theorem [74], a discrete group is type I iff it has a normal
abelian subgroup of finite index, hence virtually abelian. On the contrary, if G
is virtually abelian it admits an abelian subgroup H of finite index. Let us show
that we can pick another such H being a normal subgroup. The map v : g — Ay
with Ag(g'H) = g¢'H defines a group homomorphism between G and the symmetric
group of permutations Sg/p on the space of left H-cosets. Its kernel is clearly a
normal subgroup of G, which is abelian since it is contained in H and of finite index
since G/ ker~y ~ Img~ is a subgroup of a finite group, hence finite. (]

A locally compact group G satisfies Kazhdan’s property (T) when the trivial rep-
resentation is an isolated point in the dual object with the Fell topology. A discrete
group G satisfies this property iff all its cocycles are inner. Moreover, a cocycle



SMOOTH MULTIPLIERS ON GROUP VON NEUMANN ALGEBRAS 47

is inner iff it is bounded. Hence, infinite groups satisfying Kazhdan property (T)
do not admit finite-dimensional standard cocycles. In summary, many interesting
discrete groups do not admit a finite-dimensional “standard” Hérmander-Mihlin
theory as it happens with the integer lattice Z™. Our results establish a more
general theory which includes these cases.

6.3. Bohr compactification. We have

[ AE) dyi = / 2TED) () = 5.

Rifisc Rifisc
for the Haar measure p on ]IAQQM. Being a Haar measure on a compact group, it is a
translation invariant probability measure on the Bohr compactification. Therefore
it vanishes on every measurable bounded set of R™ and p is singular to the Lebesgue
measure. In fact

El ) 20,12
de0 = tlim exp(—t[¢]?) = lim (%) 2 / 2mHE) oxp ( . || ) iz,
— 00 "

t—o0 t

so that we find

n 2 2
fdp = lim (Z)Q f(x) exp(— m) dz.
Rl tmee AL/ g t
In other words, the measure u can be understood as a limit of averages along large
balls. By subordination, the same holds for Poisson kernels. As it follows from
Theorem D, a dimension-free Calderén-Zygmund theory for Fourier multipliers on
arbitrary discrete groups would follow from a dimension-free CZ theory on the Bohr

compactification. This leads us to the following very natural problem.

Problem 6.6. Develop a CZ theory for the heat/ Poisson semigroups on @(fsc.

In order to bring some hope to the problem suggested above, we can construct
non-trivial radial Fourier multipliers in the Bohr compactification of R*°. In terms
of Theorem D, we may equivalently say that the class of radial Fourier multipliers
which are bounded Tjoy @ £(G) — BMOs, (£(G)) for any discrete group G with
dim M, = oo is not trivial. Indeed, as it follows from [31], imaginary powers of
length functions are bounded with dimension free constants. More concretely given
any discrete group G and any length function ¢ : G — R, the family of functions
of the form

my = \U(g) [ eV f(s)ds
Ry
with f : Ry — C bounded, define radial multipliers for which
Tm : L(G) — BMOs,

is bounded and its norm does not depend on dim #H,. Recall that

—94 .
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6.4. Héormander-Mihlin dimension. According to our geometrical analysis, low
dimensional injective cocycles are basic building blocks to study the L, boundedness
of Fourier multipliers on compact duals of discrete groups. We may for instance
reconstruct (up to an orthogonal change of basis) the standard cocycle Z" — R"
as the direct sum of n one-dimensional injective cocycles. Thus, given a discrete
group G we define its Hormander-Mihlin dimension HM-dim(G) as

inf { dim#y | ¢ : G > Ry length function with by : G — Hy, injective |

In other words, ignoring degenerate multipliers which are constant in the cosets of
certain subgroup, the Hérmander-Mihlin dimension gives a lower scale to construct
meaningful cocycles. We have already proved that

e HM-dim(Z"™) =1 for all n > 1.
e HM-dim(F,) < 3 for all 2 <n < occ.

Lemma 6.7. We have

i) HM-dim is defined for every discrete G.

i) Given a discrete group G, we have that
HM-dim(G) = oo

if G is finitely generated, non-amenable and does not contain Fso.

Proof. The first assertion claims that every discrete G has an injective cocycle into
a (possibly infinite-dimensional) Hilbert space. Indeed, just take H, = l2(G,R)
the space of R-valued square integrable functions on G with its usual inner product
and by (g) = d4 — de, which is naturally implemented by the action of the left regular
representation. The second assertion is a little more subtle. Assume that such a
G admits an injective cocycle (H, o, b) with dimH = n < oco. This means that we
have an injective group homomorphism

Qg

. b(lg) ) € Aff(R") C GL,41(R),

7r:g€G'—>(

so that G is a finitely generated subgroup of GL,11(R). By Tits alternative, G
must be either amenable or contain Fy as a subgroup, a contradiction. Examples
of infinite-HM-dimensional groups are therefore the Burnside groups B(m,n) for
m > 2 and n > 665 odd, see [60] for more on this topic. O

Remark 6.8. Note also that:
o If HM-dim(Gy) < oo for k£ > 1 we find

HM—dim( ﬁ Gk) < Zn: FIM-dim(Gy).
k=1

k=1
e Assume HM-dim(G), HM-dim(H) < oo and
o 1 is a length function of G with
P(g) #0 forg#e and dimH, =HM-dim(G),
o There exists an action 8 : H ~ G such that ¢ o 8, = 1.
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Then we may estimate the Hormander dimension of G x5 H as follows
HM-dim (G xg H) < HM-dim(G) + HM-dim(H).
The proofs of these estimates are straightforward and we leave them to the reader.

Remark 6.9. We have already seen there exist certain discrete groups with no
finite-dimensional injective cocycles. In fact, the Tarski monster group I' has no
finite-dimensional cocycles at all. It is a simple, finitely generated, non-amenable
group which does not contain an isomorphic copy of Fs. Let us assume I' admits an
n-dimensional cocycle (H,«,b). As before, we construct a group homomorphism
m: I — Aff(R") C GL,41(R). Since I' is simple, we find that ker(w) is either {e}
or I'; so that m must be injective because b is assumed to be non-trivial. Therefore,
we conclude as above by using that I is finitely generated and Tits alternative.

Our goal now is to present a brief analysis of the Hérmander-Mihlin dimension
of finite groups. Given a finite group G equipped with an isometric action a : G —
Aut(H), we will say that « is weakly free if there exists n € H such that ay(n) # n
for all g # e. Under these circumstances b(g) = a4(n) —n defines an injective inner
cocycle G — H. Taking H = l5(G), the left action ag(0n) = dgn is weakly free.
This shows in particular that

HM-dim(G) < |G|

for any finite group. This estimate seems quite rough for many groups, but we do
not know whether there exist finite groups of arbitrary large cardinality satisfying
HM-dim(G) 2 |G| up to some universal constant. Note in passing that this property
is opposite to factoriality since

HM-dim ([T Gr) < 37 HM-dim(Gy) << ‘ I1 Gk’.
k>1

k>1 > k>1
Problem 6.10. Find a family of finite groups (Gg)r>1 with

HM-dim(G
|G| < |Gg41| and  lim HM-dim(Gy) >0 for some 0<~vy<I1.
k—o0 |G|

Let us give two more examples with HM-dim(G) << |Gl:

a) The cyclic abelian groups Z,, satisfy
HM-dim(Zs) =1 and HM-dim(Z,) =2

for any n > 3. Indeed, regarding Z, as the multiplicative group of n-th
roots of unity in T, g € Z, — g — 1 € C defines an injective cocycle
implemented by the action a4(z) = gz. This shows that HM-dim(Zy) = 1
and HM-dim(Z,,) < 2. If HM-dim(Z,,) = 1 for some n > 3 there must exists
an isometric action Z,, ~ R. If n is odd the action must be trivial, so that
b(gh) = b(g) + ag(b(h)) = b(g) + b(h) which gives nb(1) = b(n) = b(0) =0
and thus we get a non-injective cocycle. When n is even, we may also
consider the action ay(z) = (—1)9z which implies b(g?) = b(g) + (—1)9b(g)
so that b(2) = 0. Thus, we get a non-injective cocycle unless n = 2.

b) Given @ = {1,2,...,n}, let S, be its symmetric permutation group. If we
set H = £5(£2, C) the Hilbert space of functions Q2 — C, we have a natural
action o, (0x) = Ok for w € S, and 1 < k < n. This action is weakly
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free, since taking n = > p_; €2™*/"5, = a,(n) # n for w # idg. Thus
the map w — «a,,(n) — 1 defines an injective cocycle and we have

HM-dim(S,,) < dimg(43(€2,C)) = 2n.

Moreover, since ¢2(€2, C) is equipped with its R-valued inner product
n
, 2
,w(w) — Z ‘6271'“1)(1@)/71 _ eZTrzk/n )
k=1

In fact, taking n = >, kd, we might work with H = £5(Q, R) giving rise to
the estimate HM-dim(S,,) < n. However, this choice leads to a less natural
length function . On the other hand, there is another standard length
function given by the number of crossings of the permutation

qp(w):‘{(i,j” 1<i<j<n st w(i)>w(j)}‘.

This coincides with the minimal number of transpositions which are needed
to factorize w. As explained to us by Marek Bozejko, this however leads to
a cocycle of dimension () = in(n —1) >> n for n large.

c¢) What about Thompson, Coxeter, Dihedral... groups? Performing a similar
analysis for these other families of groups will provide explicit estimates
for the Ly-norm of Fourier multipliers in terms of our Hérmander/Mihlin
smoothness conditions.

Appendix. An H; — BMO duality

Let b : G — R4 be any length on some given discrete group G and denote by
Sy = (Sy,t)1>0 the Markov semigroup A(g) — exp(—t¥(g))A(g) on £(G). Define

H,(Sy) as the completion of L$(G) with respect to the norm

[fls,) = sup  |ra(fh7)l;
Hh”BMOSw <1
with operator space structure determined by || f||az, (m,(s,)) = ||f||CB(BMOSw7Mk).

The row/column analogues are defined similarly using the row/column forms of
BMOs,, instead. We will prove the following result.

Theorem A.1. The map
f € BMOSw — qbf S H1(8¢)*

~

with ¢y densely defined by ¢5(h) = 1q(f*h) for h € L3(G) is a complete isomor-
phism.

Proof. We will first consider the column case
* c
H{(Sy)" =BMOg,,

the row case follows by a similar argument. The inclusion BMOg, C H{(Sy)" is
trivially contractive from the definition of H{(Sy). On the other hand, note that

for any f € BMOg  C L3(G), we have limy, [|S¢ f[|2 = 0. Hence, given any § > 0
we may pick a large ¢ > 0 satisfying

G (If1?) = 76 (Sy.el f?) < (1 + 076 (SpelfIP = |Spef?) < (1+ 5)||f||2BMng~
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This proves that || f|l2 < ||f ”BMng’ which implies

L3(G) C H{(Sy)

is a linear functional on L$(G) and

*

contractively. In particular, any ¢ € Hf(Sy)
¢(h) = 1c(f*h) = o5(h)

~ ~

for some f € L3(G) and all h € L3(G). We need to show that f € BMOg, . For this
purpose, we will require a minimal amount of L,-module theory. Given 1 < p < oo
recall that L,(£(G)®s,, ,L£(G)) is the closure of algebraic tensors 2 = 377", a; @ b;
with respect to the norm

=

Iz

lpt = (TG(<Z7Z>§¢)) ,

where the Hilbert module bracket is given by

< Zj a; @b, Zk ay, @ b;“>w,t = ijk b;S¢7t(a;fa§€)b§€.

When p = oo, L,(£L(G)®s, ,L(G)) is the closure of algebraic tensors with respect
to the strong operator topology determined by the seminorms ¢((z, z)y ) with
v € L(G),. We refer to [36, 54] for the following facts

i) Loo(L(G)®s, ,L(G)) is the dual space of L1 (L£(G)®s, ,L(G)).

ii) Given 1 < p < oo, the Ly-module L,(L(G)®s, ,L(G)) is isomorphic to
a complemented subspace of the column space L,(L(G);¢5(Z)) for some
index set Z.

In particular, given x € L2(L£(G)®s, ,L(G)) it will belong to the unit ball of
Lo (L(G)®s, L(G)) provided |tq({(z,2)y,)| < 1 for all z = Z;nzl a; ® b; with
||Z||17¢7t < 1. Let

ue(f) = fF @1 =1® 8y(f)

for f € Lp(@) so that
<ut(f)a Ut(f)>¢)t = Sw,t(f*f) - Sw,t(f)*sw,t(f)'

~

It is clear that u; : Lp(G) — Ly(L(G)®s,, ,L(G)) for 2 < p < co. Moreover
TG(<ut(f)a Z>w,t) = Zj e (Sw,t(f*aj)bj) — TG (Sw,t(f*)sw,t(aj)bj)
= Zj 76 (f*(@58y,0(0j) = Sy, (Sye(a;)by))) = Ta(frui(2)),

for any z = 370 | a; @by, with uy (2) = 325 a;Sy,:(bj) — Sy, (Sy,i(a;)b;)). In fact if
IT denotes the Lo-projection onto kerA, o, we have II(f) = 0 since f is a mean-zero
element. This implies that

7 ((ue(f), 2)p.t) = 7a (£ (1 = uj (2)).

Applying this identity to all f € BMOg, C L3(G), we see that
(1= Mui(2) € HY(Syp) and  |[(1 = Mu; (2)| e, < 2l

for all z € Z;nzl a; ® b; and all m € N. Now we are ready to go back to the
proof. Namely, we have ¢ = ¢y € Hf(Sy)* and we are interested in showing
that f € BMOg, . Since f € Ly(G) we know that w,(f) € L2(L(G)®s, ,L(G))
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and applying our identity above to f and z = Z;"':l a; ® b; in the unit ball of
L1(£(G)@s, , L(G)), we get
176 ((ue(f), 2)p.0)| = |7a(F(L=1ui(2))] < sup_ |ra(f*R)].
heL3(G)
Hh”Hf(stl
By the density of L3(G) in Hf(Sy) and of algebraic tensors in L (£(G)®s,, ,L(G))
1fllmnog,, = supllue(f)loo.u.e < 97l (s,

The same proof works in the operator space setting after matrix amplification. We
may similarly define H7(S,) taking adjoints. Let us now consider the direct sum

X = L3(G)® L5(G) as a subspace of H{ (Sy)®H{(Sy). Since L5(G) is contractively
contained and dense in both spaces, we may define the sum

Hi(Sy) + Hi(Sy)

as the completion of X/A where A = {(f,—f): f € Lg(@)} It is clear that L3(G)
is dense in the sum. Moreover, as a consequence of our row/column duality results,
it turns out that the dual of this sum is BMOs, = BMng N BMng. Finally,
these properties imply that H;(Sy) = H{(Sy) + H{(Sy)- O

Remark A.2. The duality result above holds in the general setting of semigroup
type BMO spaces over finite von Neumann algebras, although we have preferred to
adapt the terminology to the one used in this paper.

Remark A.3. The space 1® L(G) C L(G)®s,, ,L(G) is a L(G)-right module and
there exists a completely bounded projection P : £L(G)®s,, ,L(G) — 1® L(G) given
by a ® b+ 1® S;(a)b. Consider the set A.; of elements

€= a;Sy.e(b;) — Sp.(Su.laj)b;) € L3(G)
j=1

~

with a;,b; € L2(G) and such that

- bH <1
HZ% ©0; Lt
Jj=1

Note that A ; is the image of the unit ball in L, (£(G)®s, ,L(G)) via uy. Let

Ac=|JAcs
t>0

~

As in Theorem A.1, we then see that A, is norming for BMOg . Given h € L3(G),

define
7l (s,) = inf { Zk M| s h = Zk My &k € Ac}7

~

and let HY ,((Sy) denote the completion of L5(G) with respect to the atomic norm
given above. The convergence in the identity h = ), A&y is understood in the Lo
norm. Then we have an isometric isomorphism

f € BMOg, = ¢y € Hi ,(Sy)"

Indeed, since A, is norming for BMOg , we easily obtain an isometric embedding
BMOg, = H{ ,;(Sy)". To prove that it is surjective, it suffices to show that every
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¢ € Hf ,1(Sy)" arises as ¢ = ¢y for some f € BMOgG, . Arguing as in the proof of
Theorem A.1, it reduces to show that

~

L3(G) C HY 4(Sy)
contractively. For f € L3(G) we have
1f ® Ul < 8o (D2 [l < [1SuelF 2], < W,

and
up(f®1) = f = Sp,e(Sy(f)) = f— Sy,2:(f)
Applying this to t/2 we get

1f = Sue(Dllg . s0) < I ll2-
Now, since f € L(G), we may fix ¢ — oo such that 1Syt (f)]l2 < 27%e. Thus
||S¢,tk (f) - Sﬁhtkﬂ (f)HHf,at(Sw)

= S0l = St Sue sy < S0Pl < <27
This implies
N e (50
< 17 = SuesDllug sy T 2806 (F) = Swtis Dl s,y < A+

k>1

Letting ¢ — 0" we complete the proof. This gives the atomic description for H{(Sy,)
and combining row and column atoms also for H(Sy) = H{(Sy) + H{(Sy).
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