NONCOMMUTATIVE RIESZ TRANSFORMS
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ABSTRACT. We obtain dimension free estimates for noncommutative Riesz
transforms associated to conditionally negative length functions on group von
Neumann algebras. This includes Poisson semigroups, beyond Bakry’s results
in the commutative setting. Our proof is inspired by Pisier’s method and a
new Khintchine inequality for crossed products. New estimates include Riesz
transforms associated to fractional laplacians in R (where Meyer’s conjecture
fails) or to the word length of free groups. Lust-Piquard’s work for discrete
laplacians on LCA groups is also generalized in several ways. In the context
of Fourier multipliers, we will prove that Hormander-Mihlin multipliers are
Littlewood-Paley averages of our Riesz transforms. This is highly surprising
in the Euclidean and (most notably) noncommutative settings. As application
we provide new Sobolev/Besov type smoothness conditions. The Sobolev type
condition we give refines the classical one and yields dimension free constants.
Our results hold for arbitrary unimodular groups.
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Classical Riesz

Introduction

BEBEHEREEEEHEEEEB

transforms R; f =0; (—A)~=f are higher dimensional forms of the

Hilbert transform in R. Dimension free estimates for the associated square functions
Rf = |V(=A)~2 f| were first proved by Gundy/Varopoulos [28] and shortly after
by Stein [71], who pointed out the significance of a dimension free formulation of
Euclidean harmonic analysis. The aim of this paper is to provide dimension free
estimates for a much broader class of Riesz transforms and apply them for further
insight in Fourier multiplier L,~theory. Our approach is surprisingly simple and it
is valid in the general context of group von Neumann algebras.
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A relevant generalization appeared in the work of P.A. Meyer [50], continued by
Bakry, Gundy and Pisier [3, 4, 27, [55] among others. The probabilistic approach
consists in replacing —A by the infinitesimal generator A of a nice semigroup acting
on a probability space (€2, u). The gradient form (V f1, V f2) is also replaced by the
so-called “carré du champs” Ta(fi, f2) = 3(A(f1)f2 + fiA(f2) — A(fif2)) and
Meyer’s problem for (€2, 1, A) consists in determining whether

(MP) ITaCf D2, ~ew |A7F], (1 <p<o0)

holds on a dense subspace of domA. Asusual, A ~ Bmeans é < A/B < M for some
absolute constants M,d > 0. We write A ~. B when max{M,1/§} < ¢. Meyer
proved this for the Ornstein-Uhlenbeck semigroup, while Bakry considered other
diffusion semigroups assuming the I'> > 0 condition, which yields in turn a lower
bound for the Ricci curvature in Riemannian manifolds [, [43]. Clifford algebras
were considered by Lust-Piquard [46, 47] and other topics concerning optimal linear
estimates can be found in [I2, 22] and the references therein. Further dimension
free estimates for maximal functions appear in [6l 10} 5T, [70].

Contrary to what might be expected, fails for the Poisson semigroup in
R™ when 1 < p < f—fl even allowing constants depending on n, see Appendix D
for details. Bakry’s argument heavily uses commutative diffusion properties and
hence the failure of (MP) for subordinated processes and p < 2 does not contradict
his work. Moreover, besides the heat semigroup, convolution processes have not
been studied systematically. Lust-Piquard’s theorem on discrete laplacians for LCA
groups [48] seems to be the only exception. Our first goal is to fill this gap and study
Meyer’s problem for Markov convolution semigroups in the Euclidean case and other
group algebras. In this paper, we introduce a new form of which holds in
much larger generality. As we shall see, this requires to follow here the tradition
of noncommutative Khintchine inequalities [49] [60] which imposes to consider an
infimum over decompositions in two terms when p < 2. In the terminology from
noncommutative geometry, our decomposition takes place in the space of differential
forms of order 1, see appendix Lemma C1. Indeed, the deeper understanding of
derivations in noncommutative analysis provides a better understanding of Riesz
transforms, even for classical semigroups of convolution type.

Let us first consider a simple model. Given a discrete abelian group G, let
(Qu) = (é, v) be the compact dual group with its normalized Haar measure and
construct the group characters x, : @ — T. By Schoenberg’s theorem [64] a given
convolution semigroup Sy ; : xg4 — e_“/’(g)xg is Markovian in Q iff ¢(e) = 0 for
the identity e, ¥(g) = ¥ (g~ 1), and 209 =0 = zg)hfgahw(g_lh) < 0. Any
such function v is called a conditionally negative length. Ay, (x,) = ¥(9)x, is the
generator, which determines the gradient form I'y,. Does or a generalization of
it holds for arbitrary pairs (G, )? To answer this question we first widen the scope
of the problem and consider its formulation for non-abelian discrete groups G. The
former role of Lo (€2, ) is now played by the group von Neumann algebra L(G),
widely studied in noncommutative geometry and operator algebras [9] [T8], [20].

Let G be a discrete group with left regular representation A : G — B(¢2(G))
given by A(g)dp = dgn, where the d,’s form the unit vector basis of ¢2(G). Write
L(G) for its group von Neumann algebra, the weak operator closure of the linear
span of A(G) in B(¢2(G)). Consider the standard trace 7(A(g)) = 04—, where e
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denotes the identity of G. Any f € £(G) has a Fourier series expansion
>, F@Mg) with 7(f) = fle).
Define the L, space over the noncommutative measure space (L(G),7) as
L,(G) = L,(£(G),7) = Closure of £(G) wrt || f], & = (71]")7.

In general, the (unbounded) operator |f|P is obtained from functional calculus on
the Hilbert space (2(G), see [60] or Appendix B for further details. It turns out
that R R
Ly(G) 2= Lyp(G) = Lyp(2, 1)

for abelian G. Indeed, the map A(g) € (L(G),T) = x4 € LOO(CA},I/) extends to a
trace preserving *-homomorphism, hence to a L, isometry for p > 1. This means
that we can identify Fourier series in both spaces sending A(g) to the group character
Xg and

H >, f(g)A(g)‘ @ = H 2., f(g)xgHLp(a)~

Harmonic analysis on £(G) places the group on the frequency side. This approach
is partly inspired by the remarkable results of Cowling/Haagerup [19, 29] on the
approximation property and Fourier multipliers on group algebras. This paper is
part of an effort [34) [35] [63] to extend modern harmonic analysis to the unexplored
context of group von Neumann algebras. Markovian semigroups acting on L(G)
are composed of self-adjoint, completely positive and unital maps. Schoenberg’s
theorem is still valid and

Spaf =Y e D f(g)A(g)
g€G
will be Markovian if and only if ¢ : G — R, is a conditionally negative length.

Riesz transforms should look like Ry, ; f = Oy, jA;% f where the former laplacian
is now replaced by Ay, (A(g)) = ¥(9)A(g) and Oy ; is certain differential operator
playing the role of a directional derivative. Unlike for R", there is no standard
differential structure for an arbitrary discrete G. The additional structure comes
from the length 1, which allows a broader interpretation of tangent space in terms
of the associated cocycle. Namely, conditionally negative lengths are in one-to-one
correspondence with affine representations (H, cy, by ), where aqy : G — O(Hy) is
an orthogonal representation over a real Hilbert space Hy and by, : G — Hy is a
mapping satisfying the cocycle law (see Appendix B for further details)

by(gh) = ay.g(by(h)) +by(g) and  [by(g)ll3, = (9)-

Since 0;(exp(2mi(x,-))) = 2mix; exp(2mi(x, -)), it is natural to define

(by(9),€i)2,

Ryyf =0y A, f=2mi Y F(9)M\9)

e ARVAL ()

for some orthonormal basis (e;);>1 of Hy. Recalling that by (g)/1/%(g) is always a
normalized vector, we recover the usual symbol of R; as a Fourier multiplier. Note
also that classical Riesz transforms can be seen from this viewpoint. Namely, de
Leeuw’s theorem [21] allows us to replace R™ by its Bohr compactification, whose L,
spaces come from the group von Neumann algebra £L(R},..) of R” equipped with the
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discrete topology. Then, classical Riesz transforms arise from the standard cocycle
where (&) = €| (generating the heat semigroup) and H,, = R" with the trivial
action oy, and the identity map by, on R™. Moreover, the classical Riesz transforms
vanish on the L,-functions fixed by the heat semigroup: the constant functions in
the n-torus and the zero function in the Euclidean space. This is also the case here
and Ry ; will be properly defined on

L (G G) = {fEL )‘f(g):OWhenever bw(g):O}.

An elementary calculation shows that

oA AR = 3[Rt

By Khintchine inequality, (MP]) in the commutative setting is equivalent to

Jj=1

S wResf|, o ~ew 1)

for any family (v;);>1 of centered independent gaussians in 2. We have pointed that
this fails when A = (—A)'/? is the generator of the Poisson semigroup. According
to the standard gaussian measure space construction (see below), we may construct
a canonical action By : G N Lo (€2) determined by . As we shall justify in this
paper, a natural revision of Meyer’s problem is to ask whether

H >
i>1

Our first result claims that this form of holds for all Markov convolution
semigroups on group von Neumann algebras, including the Poisson semigroup in
the Euclidean space. The Riesz transforms above were introduced in [34] under the
additional assumption that dim H, < oo. Our dimension free estimates below —in
cocycle form, see Theorem A2 for a Meyer’s type formulation— allow to consider
Riesz transforms associated to infinite-dimensional cocycles.

Ly(Loo(@)0G) <) 1711z, @

Theorem Al. Let G be a discrete group, [ € L;((A}) and 1 < p < 0o:
i) If 1 <p <2, we get

||f||Lp(a) Nc(p)

(Saiw) |0+ I(S55)"

j>1

Jf a]—&-b Lp(é').

i) If 2 < p < oo, we get

11,8~ max (S 1R P) ],

j>1

1
)

(Jzz:l ’Rd’»]f | L,(G)
Theorem A1l and most of our main results below also hold in fact for arbitrary
unimodular groups. The introduction of the corresponding group algebras as well as
the proofs of these results will be postponed (for the sake of clarity in the exposition)
to Appendix A. The infimum in Theorem A1 i) runs over all possible decompositions
Ry ;f = a;+0b; in the tangent module, the noncommutative analogue of the module
of differential forms of order one. A more precise description will be possible after
the statement of Theorem A2. A crucial aspect comes from the gj’s, twisted forms
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of b;’s that will be rigorously defined in the paper. The failure of Theorem Al
for b;’s instead of their twisted forms goes back to [48, Proposition 2.9]. It shows
certain ‘intrinsic noncommutativity’ in the problem, since the statement for p < 2
does not simplify for G abelian unless the action ay, is trivial!

A great variety of new and known estimates for Riesz transforms and other
Fourier multipliers arise from Theorem Al, by considering different lengths. All
conditionally negative length functions appear as deformations of the canonical
inner cocycle for the left regular representation. Namely, if we consider the space
IIj of trigonometric polynomials in £(G) whose Fourier coefficients have vanishing
sum —finite sums > agA(g) with >° ag = 0— then ¢ : G — R is conditionally
negative iff ¥(g) = 74(2A(e) — A(g) — A(g™')) for some positive linear functional
Ty : g — C. This characterization will be useful along the paper and we will
prove it in Appendix B. Once we have identified the exact form of conditionally
negative lengths, let us now illustrate Theorem A1l with a few examples which will
be analysed in the body of the paper:

a) Fractional laplacians in R". Recall that Theorem Al also holds for
group algebras over arbitrary unimodular groups. In the particular case
G = R" we may consider conditionally negative lengths of the form

vl =2 [ (1 cos2n(z.€))) duo(o)

for a positive Borel measure g, satisfying ¥(§) < oo for all £ € R*. If
dpy(7) = dx/|x|"t28 for any 0 < B < 1, we get 1¥(€) = k,(8)|¢|?#. This
will provide us dimension free estimates for Riesz transforms associated to
fractional laplacians, which are new. The estimates predicted by Meyer fail
for g = %, see Appendix D. Contrary to the case § = 1, we find highly
nontrivial cocycles. The vast family of measures 1, are explored in further
generality in the second part of this paper.

b) Discrete laplacians in LCA groups. Let I'g be a locally compact abelian
group and so € I'g be torsion free. If 9; f(v) = f(7)—f(71, -+ 507Yj5 -+ 7n)
stand for discrete directional derivatives in I' = I'g x I'g X - - - X ['g, we may
consider the laplacian L = }°,0;0; and R; = 0, L='/2. Lust-Piquard
provided dimension free estimates for these Riesz transforms in her paper
[48]. If we set ; = (0, ...,0,s0,0,...,0) with s¢ in the j-th entry, consider
the sum of point-masses 1y, = > j o, - Then we shall recover Lust-Piquard’s
theorem via Theorem A1l taking

&

U(g) = L(g) = /F (2= xg = Xg-1) (V) dpy(v) for geG=T.

The advantage is that we do not need to impose sy to be torsion free.
Moreover, our formulation holds for any finite sum of point-masses, so that
we may allow the shift sg to depend on the entry j or even the group I' not
to be given in a direct product form... This solves the problem of discrete
laplacians in a very general form, continuous analogues can also be given.

¢) Word-length laplacians. Consider a finitely generated group G and write
|g| to denote the word length of g, its distance to e in the Cayley graph. If it
is conditionally negative —like for free, cyclic, Coxeter groups— a natural
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laplacian is A [(A(g)) = |g|A(g) and the Riesz transforms

_1 b
Ry;F =0 ;4 = 27rizg M'(\/gm'f( )A(9)

satisfy Theorem Al. Many other transforms arise from other conditionally
negative lengths. The natural example given above is out of the scope of the
method in [34]. Tt yields new interesting inequalities, here are two examples
in the (simpler) case p > 2. When G = Zs,,

-~ . . i J_ . 2
| = Foemia | v (2 |3 L —ema )
§€Zam P kE€Zam  jEAL 7)

P

forAk:{jGZQm:j—kEs(Zm)withogsgmfl}. When G =F,,

171 ~eto H(Z\ZW 9>\2+1§h’j|;|m“9>\2)%

g>h

p

Let us now go back to Meyer’s problem for convolution Markov semigroups.
In the Euclidean case, integrating by parts we get —A = V* o V. According
to Sauvageot’s theorem [63], we know that a similar factorization takes place for
Markovian semigroups. Namely, there exists a Hilbert £(G)-bimodule My, and a
densely defined closable symmetric derivation

8y : Lay(G) = My, such that Ay = 850,

If B:ej € Hy — v € La(Q,3, 1) denotes the standard gaussian measure space
construction, we will find in our case that My, = Loo (2,2, 1) x5, G where G acts
via the cocycle action as By 4(B(h)) = B(ay ¢(h)). The derivation is

8y : A(g) = B(by(g)) < Ag),

8y, = p 3 A(g) = (p, B(by(9))) Ag)-

If we consider the conditional expectation onto L(G)

Ecq: Z pg X Ag EMwHZ (/ngdu) Ag) € L(G)

and recall the identity

Ly (f1, f2) = Eza) ((6p.f1) 0y f2)
from Remark we may obtain the following solution to (MP)) for (G, ).

Theorem A2. The following norm equivalences hold for G discrete:

i) If 1 < p <2, we have

1
HAiJfHLp(é) ~e(p)

(Eﬁ(G)(‘bTQSl))% .

((;)+H (Eza) (¢2¢§))%

inf .
Oy f=¢1+¢2 L,(G)

i) If 2 < p < o0, we have

14311, @) ~ew max (0o D¥ ], @ T )2 @) )
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We are now ready to describe the families of operators along which we allow our
decompositions in Theorems Al i) and A2 i) to run over. Recall that ¢ € G,(C)xG
does not imply that EE(G)(¢*¢)1/2 or EL(G)(¢¢*)1/2 lie in L, when p < 2. This is
crucial in Appendix D. Let us consider the subspace G,(C) X G of L,(Loo(€2) % G)
formed by operators of the form

=3 0g;B(e;) xA(g)

geG j>1

by

with ¢4 ; € C and ¢4 € L,(2). The infimum in Theorem A2 is taken over all
possible decompositions dyf = ¢1 + ¢ with ¢1,¢2 € G,(C) x G. On the other
hand, to describe the infimum in Theorem A1l we introduce the maps

it Gp(C) 1 G 3¢ D (g, Bley)) , o M9) € Ly(G):

geG
Then Ry ; f = aj + b; runs over (aj,b;) = (uj(dq), u;j(ds)) for ¢q, d» € Gp(C) x G.

As in Theorem A1, we recover Meyer’s inequalities when G is abelian and
the cocycle action is trivial, the general case is more involved. The infimum can
not be reduced to decompositions f = f1 + f2, see Remark The main result in
[33] provides lower estimates for p > 2 and regular Markov semigroups satisfying
I'2 > 0. In the context of group algebras, Theorem A2 goes much further. We refer
to Remark for a brief analysis on optimal constants.

Theorem A1 follows by standard manipulations from Theorem A2. The proof of
the latter is inspired by a crossed product extension of Pisier’s method [55] which
ultimately relies on a Khintchine type inequality of independent interest. The key
point in Pisier’s argument is to identify the Riesz transform as a combination of
the transferred Hilbert transform

1 dt
Hf(z,y) = p.V.;ABtf(x,y)? where Sif(z,y) = f(z + ty)
and the gaussian projection

Q:L,R",~v)— L, — span{B(f |€ e ]R"}.

)
Here the gaussian variables are given by B(§)(y) = (£, y), homogenous polynomials
of degree 1. The following identity can be found in [55] for any smooth f: R" — C

(RI) 2 S(—A)TEf = (idp () @ Q)(p.v. %/Rﬂtf%)y

™

where § : C*(R™) — C*°(R™ x R") is the following derivation
"0
S = Y- o = (V@)
k=1

Our Khintchine inequality allows to generalize this formula for pairs (G,). It
seems fair to say that for the Euclidean case, this kind of formula has it roots in the
work of Duoandikoetxea and Rubio de Francia [24] through the use of Calderén’s
method of rotations. Pisier’s main motivation was to establish similar identities
including Riesz transforms for the Ornstein-Ulhenbeck semigroup.
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Our class of 1-Riesz transforms becomes very large when we move 1. This yields
a fresh perspective in Fourier multiplier theory, mainly around Hérmander-Mihlin
smoothness conditions in terms of Sobolev and (limiting) Besov norms. We refer to
[34] for a more in depth discussion on smoothness conditions for Fourier multipliers
defined on discrete groups. The main idea is that this smoothness may be measured
through the use of cocyles, via lifting multipliers m living in the cocycle Hilbert
space (identified with R™ for some n > 1), so that m = m o by. Let M,(G) be
the space of multipliers m : G — C equipped with the p — p norm of the map
A(g) — m(g)A(g). Let us consider the classical differential operators in R™ given
by

Do =(-A)% sothat Daf(§)=[¢[*f(§) for &eR'=H,.

We shall also need the fractional laplacian lengths

vl =2 [ (1= cos(2n(6.a))) e = (o)l

Our next result provides new Sobolev conditions for the lifting multiplier.

Theorem B1. Let (G,)) be a discrete group equipped with a conditionally negative
length giving rise to a n-dimensional cocycle (Hy,ay,by). Let (¢;)jez denote a
standard radial Littlewood-Paley partition of unity in R™. Then, if 1 < p < oo and
e > 0, the following estimate holds

LQ(R”)} '

The infimum runs over all lifting multipliers m : Hy — C such that m = m o by,.

Imllm, @) Sepny Im(e)] + inf {SUPHD5+E(\/1/1E ©j m)’

m=moby | jeZ

Our Sobolev type condition in Theorem B1 is formally less demanding than
the standard one (see below) and our argument is also completely different from
the classical approach used in [34]. As a crucial novelty, we will show that every
Hormander-Mihlin type multiplier (those for which the term on the right hand side
is finite, in particular the classical ones) is in fact a Littlewood-Paley average of
Riesz transforms associated to a single infinite-dimensional cocycle! The magic
formula comes from an isometric isomorphism between the Sobolev type norm in
Theorem B1 and mean-zero elements of Ly(R”, p.) with du.(z) = |z|~("+2€)dz. In
other words, if b, : R™ — Lo(R™, p1.) denotes the cocycle map associated to . then

m : R" — C satisfies
H D%-‘re ( Vv ¢aﬁl) )
iff there exists a mean-zero h € La(R™, ui.) such that

(h, b= (&) , ~
= z/}(g) and ] 1,y = ||Da - (V)|

see Lemma [2.5] for further details. A few remarks are in order:

La(R™)

m(§)

Lo(Rn)’

e Theorem B1 holds for unimodular ADS groups, see Appendix A.
e Our condition is bounded above by the classical one

igg\\( P (o m@)



RIESZ TRANSFORMS AND FOURIER MULTIPLIERS 9

A crucial fact is that our Sobolev norm is dilation invariant, more details
in Corollary Moreover, our condition is more appropriate in terms of
dimensional behavior of the constants, see Remark

e Our result is stronger than the main result in [34] in two respects. First
we obtain Sobolev type conditions, which are way more flexible than the
Mihlin assumptions

sup  sup [¢[7|auin(e)] < oo.
EER™\{0} |BI<[5]+1

Second, we avoid the modularity restriction in [34]. Namely, there we
needed a simultaneous control of left/right cocycles for non-abelian discrete
groups, when there is no spectral gap. In the lack of that, we could also
work only with the left cocycle at the price of extra decay in the smoothness
condition. In Theorem B1, it suffices to satisfy our Sobolev-type conditions
for the left cocycle. On the other hand the approach in [34] is still necessary.
First, it explains the connection between Hérmander-Mihlin multipliers and
Calderén-Zygmund theory for group von Neumann algebras. Second, the
Littlewood-Paley estimates in [34, Theorem C] are crucial for this paper
and [53]. Third, our approach here does not give Lo, — BMO bounds.

The dimension dependence in the constants of Theorem B1 has its roots in the
use of certain Littlewood-Paley inequalities on £(G), but not on the Sobolev type
norm itself. This yields a form of the Hérmander-Mihlin condition with dimension
free constants, replacing the compactly supported smooth functions ¢; by certain
class J of analytic functions which arises from Cowling/McIntosh holomorphic
functional calculus, the simplest of which is x — ze™? that already appears in the
work of Stein [68]. Our result is the following.

Theorem B2. Let G be a discrete group and Ag the set of conditionally negative
lengths ¢ : G — Ry giving rise to a finite-dimensional cocycle (Hqy, oy, by). Let
@ : Ry — C be an analytic function in the class J. Then, if 1 <p < oo and e >0
the following estimate holds

sz)} '

The infimum runs over all ) € Ag and all m : Hy — C such that m = m o by.

||mHMp(G) Se(p) Im(e)] + wien/{c {esssélp HDdimz’Hw +s( e (s ] |2) fﬁ)‘
mthobw s

Theorem B2 also holds for unimodular groups, see Appendix A. Taking the
trivial cocycle in R whose associated length function is |¢]?, we find a Sobolev
condition which works up to dimension free constants, we do not know whether
this statement is known in the Euclidean setting. The versatility of Theorems
B1 and B2 for general groups is an illustration of what can be done using other
conditionally negative lengths to start with. Replacing for instance the fractional
laplacian lengths by some others associated to limiting measures when ¢ — 0, we
may improve the Besov type conditions & la Baernstein/Sawyer [2], see also the
related work of Seeger [60], 67] and [T} [44] 65]. The main idea is to replace the
former measures dy.(x) = ||~ ("*2%)dz used to prove Theorem B1, by the limiting
measure dv(z) = u(x)dz with

1

uw) = o (1m0 @)+ T

71 n m .
o o \B; (0) ))
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Let us also consider the associated length

¢ = 2/ (1 = cos(2m (&, x))) u(z) da.
Then, if 1 < p < oo and dim H, = n, we prove in Theorem that

. 2
Imllm, () Setpmy Im(e)l +  inf {SHP(Z2 fwi[Bk « (VE9s ) o) }
JEZ ke

N

m:mo

where (¢;) ez is a standard radial Littlewood-Paley partition of unity in R” and
the weights wy, are of the form dp<o+ k20150 for k € Z. A more detailed analysis of
this result will be given in Paragraph The huge variety of infinite-dimensional
cocycles will be further explored within the context of Euclidean harmonic analysis
in a forthcoming paper. In fact, an even more general construction is possible which
relates Riesz transforms with “Sobolev type norms” directly constructed in group
von Neumann algebras. We will not explore this direction here, further details in

Remarks 2.11] and 2.12

Let us now consider a given branch in the Cayley graph of F,, the free group
with infinitely many generators. Of particular interest are two applications we have
found for operators (frequency) supported by such a branch. If we fix a branch B
of Fo, let us set

L,(B) = {feL ) | Flg —Ofora1lg¢B}.
As usual, we shall write | | to denote the word length of the free group Fo.

Theorem C. Given any branch B of F

i) Hérmander-Mihlin multipliers. If m : Z, — C
7011 ll, @) Setw sup 17|+ 1) =il = D),

where My, (B) denotes the space of L, (B)-bounded Fourier multipliers.

ii) Twisted Littlewood-Paley estimates. Consider a standard Littlewood-Paley
partition of unity (p;);>1 in Ry, generated by dilations of a function ¢
with /¢ Lipschitz. Let A; : X(g) — +/¢;(lg])\(g) denote the corresponding
radial multipliers in L(Fy). Then the followmg estimates hold for any

feLp(ﬁ) and 1 <p<2
=~ Sc(p) ||f||Lp(}§)

(Za a; —i—b-%)é L.(B)
(Za a; +bjb]>

In analogy with Theorem A1, the first infimum runs over all decompositions with

(a5, b5) = (vj(da), vj(dp)) where o, @y € Gp(C)xG and v;(9) = 3, (b, B(h;))A(9)

for certain h; € H;| to be defined in the paper. The second mﬁmum runs over
(aj,b5) € C’p(Lp) X R,(Ly), the largest space where it is meaningful. Here C},(L,)
and R,(L,) denote the closure of finite sequences (u;); in L,(B) with respect to
the norms |[(3_; u;uj)% [ and [|(32; ujuy)% ||, respectively. Theorem C shows that

A, f aJer

N

inf
Ajf=a;+b;

||f“Lp(]§) /Sc(p) L,(B)
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Hormander-Mihlin multipliers on branches of F., behave like in the 1-dimensional
groups Z or R. However, general branches have no group structure and L,-norms
admit less elementary combinatorics (p € 2Z,) than the trivial ones g, g2, g3, ...
with g a generator. The key idea for our Littlewood-Paley inequalities is to realize
the Littlewood-Paley partition of unity as a family of Riesz transforms. The crucial
difference with Theorems A1l and A2 is that this family does not arise from an or-
thonormal basis, but from a quasi-orthonormal incomplete system. It is hence very
likely that norm equivalences do not hold for nontrivial branches. On the contrary,
our result shows that the untwisted square function is greater than the twisted one,
and both coincide when the cocycle action is trivial and the product commutes.
This is the case for trivial branches (associated to subgroups isomorphic to Z) since
we may replace the word length by the one coming from the heat semigroup on
T, which yields a trivial cocycle action. We may also obtain lower estimates for
p > 2, see Corollary [3.2] At the time of this writing, we do not know an appropriate
upper bound for | f||, (p > 2) since standard duality fails due to the twisted nature
of square functions. Bozejko-Fendler theorem [§] indicates that sharp truncations
might not work for all values of 1 < p < oc0.

Our approach requires some background on noncommutative L, spaces, group
von Neumann algebras, crossed products and geometric group theory. A brief
survey of the main notions/results needed for this paper is given in Appendix B for
the non-expert reader. Appendix C contains a geometric analysis of our results in
terms of the tangent module associated to the infinitesimal generator A.

1. Riesz transforms

In this section we shall focus on our dimension free estimates for noncommutative
Riesz transforms. More specifically, we will prove Theorems Al and A2. We shall
also illustrate our results with a few examples which provide new estimates both in
the commutative and in the noncommutative settings.

1.1. Khintchine inequalities. Our results rely on Pisier’s method [55] and a
modified version of Lust-Piquard/Pisier’s noncommutative Khintchine inequalities
[45, 49]. Given a noncommutative measure space (M, p), we set RC,(M) as the
closure of finite sequences in L, (M) equipped with the norm

it ([(Segion) |+ (Zemni) |

— fk'=lgk+hk X }
max {[[(Sfifi)*| | (Sensi)?] }owrz<p <o

The noncommutative Khintchine inequality reads as G,(M) = RC,(M), where
Gp(M) denotes the closed span in L, (€, p; L,(M)) of a family () of centered
independent gaussian variables on (€2, pt). The specific statement for 1 < p < oo is

(/QHZﬂ(w)f’“”;(md“m)); ~et) 1)l e, rny:

Our goal is to prove a similar result adding a group action to the picture. Let
H be a separable real Hilbert space. Choosing a orthonormal basis (e;);>1, we
consider the linear map B : H — Lo(Q, ) given by B(e;) = ;. Let ¥ stand for
the smallest o-algebra making all the B(h)’s measurable. Then, the well known

if1<p<2,

H(fk)Hch(M)

’
p
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gaussian measure space construction [I4] tells us that, for every real unitary « in
O(H), we can construct a measure preserving automorphism S on Lo (€2, 3, 1) such
that 5(B(h)) = B(a(h)). Now, assume that a discrete group G acts by real unitaries
on H and isometrically on some finite von Neumann algebra M. In particular, G
acts isometrically on L (€, %, 4)®M and we may consider the space G,(M) x G
of operators of the form

S5 (Bley) ® fo.5) ¥Ag) € Ly(A)

geG j>1
fq
with A = (Lo (2,2 ,u)®./\/l)><lG and fy € G,(M). We will also need the conditional
expectation Exxa(fg X Ay (Jq fod) ¥ X(g), which takes Ly (A) contractively

to Lp(M x G). The condmonal L, norms

Ly(Epmxc) + Ly(Emxc) if1<p<2,

Ly (Emxc) = .
p ( " ) {L;(EMNG) ﬂL;(EMN(;,) if 2 <p< oo,

are determined by

* 1 * 1
Il EgEnmna) = IEmxc(FF)2], and [Ifllze€mna) = IEmxc (F*F) 2 lp,

see [30, Section 2] for a precise analysis of these spaces. In particular, if 1 < p < oo
and % + % = 1, we recall that L;(EMNG)* _ L;(EMX(;) using the anti-linear
duality bracket. The same holds for column spaces. Define RC,(M) x G as the
gaussian space G(M) x G, with the norm inherited from L;°(Expxc). Then we
may generalize the noncommutative Khintchine inequality as follows.

Theorem 1.1. Let G be a discrete group. If 1 < p < oo

p—1
ClVT I fllrc,(myxa < Iflla,myne < Cav/D I fllre, (Mm)xa-

Gp(M) x G is complemented in
Lyp(Loo (X, 1) @M % G)

and the norm of the corresponding projection @ is ~ \/p%/p —

Proof. Let us first assume p > 2, the case p = 2 is trivial. Then, the lower
estimate holds with constant 1 from the continuity of the conditional expectation
on L,/5. The upper estimate relies on a suitable application of the central limit
theorem. Indeed, assume first that f is a finite sum >, (B(h) ® fg,n) ¥ A(g). Fix
m > 1, use the diagonal action (copying the original action on H entrywise) on
{5 (H) and repeat the gaussian measure space construction on the larger Hilbert
space resulting in a map By, : €5'(H) — La(Qm, X, o). Let ¢, 0 H — €5 (H)
denote the isometric diagonal embedding h +—> ﬁ > h®e; and Fy, Fy, ..., Fy
be bounded functions on R. Then

m(Fi(B(h)) - Fi(B(hk))) = Fi(Bin(dm(h1)) - - Fix (B (dm(hi))

extends to a measure preserving s-homomorphism L., (2, 2, 1) = Loo(Qn, X,y i)
which is in addition G-equivariant, i.e. m(8,(f)) = B4 (m(f)). The action here is
given by B4(B(h)) = B(ag(h)) with « the cross-product action. Thus, we obtain a

j<m
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trace preserving isomorphism g = (7 ® idpy) X idg from (Leo(Q, 2, u)@M) x G
to the larger space (Loo(Qmy X, i )@M) x G. This implies

[flle,myxe = H\FZZ m(h®ej) @ fon) X Ag )H

7=1 g,h p

The random variables
fj = Z(Bm(h @ 6]‘) Y .fg,h) A /\(g)
g,h

are mean-zero and independent over Erqxq, see Appendix B for precise definitions.
Hence, the noncommutative Rosenthal inequality —(B.1|) in the Appendix— yields

I flla,(myxa
Cp o 5 o 3
< Sel(XIsl)” +H(ZEWG )" (X Emsan) ]
Jj=1 Jj=

Note that Exmxc(fif;) = Emxc(ff*) and Emxc(ffi) = Emxc(f*f) for all
j. Moreover, we also have ||f;|l, = ||f|lp.- Therefore, the second inequality with
constant O(p) follows sending m — oco. An improved Rosenthal’s inequality [40]
actually yields

=

1 flle,myxa < CVP I fllrRe, (Myxa)
which provides the correct order of the constant in our Khintchine inequality.

Let us now consider the case 1 < p < 2. We will proceed by duality as follows.
Define the gaussian projection by

Q(f) = Zk (/Qf% dp) Vi,

which is independent of the choice of the basis. Let @ = (Q ®idap) X idg be
the amplified gaussian projection on L, (LOO(QE,,M)@M X G). It is clear that
Gp(M) x G is the image of this L, space under the gaussian projection. Similarly
RCp(M) x G is the image of L;°(Epxc). Note that

Q : L'*(Exxc) — RCy(M) x G
is a contraction. Indeed, we have
Ertnc (1) = Ertnc(QFQS™) + Epnc(QT Q) 2 Epnc(QFQS)
by orthogonality and the same holds for the column case. By the duality between

Li¢(Epmxc) and Li°(Epxg) and also between L,(A) and L,(A), we obtain the
following estimate

I fllrc,(myxa = sup [|tr(fg)| = sup [tr(fQg)]
lgllze<1 lgllze<t

= sup  |tr(fg)| < ( sup ||g||Gq(M)>4G) Il flla,(myxa
llgllrcy <1 llgllrcy <1

with 1/p +1/¢ = 1. In conjunction with our estimates for ¢ > 2, this proves the
lower estimate for p < 2. The upper estimate is a consequence of the continuous
inclusion L7°(Epxa) — Ly for p < 2, see [38, Theorem 7.1]. Indeed

I hasmna = 1L L ca < 2P ERa DL L = 2% 1l g Encc
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It remains to prove the complementation result. Since the gaussian projection
is self-adjoint we may assume p < 2. Moreover, the upper estimate in the first
assertion together with the contractivity of the gaussian projection on L;C(E MxG)
give rise to

1Qfll g, ipne S NQF ke, rnwc
=  sup |((@f)g)] = sup |tr(fQg)|

llgllrog <1 llgllrog <1

sup ([ Qall 6, vyuc Iz, < Covallfllz, -

llgllrc, <1

IN

The last inequality follows from the first assertion for ¢, the proof is complete. O

1.2. Riesz transforms in Meyer form. Denote by A the Lebesgue measure and
let us write «y for the normalized gaussian measure in R™. With this choice, the maps
Bef(z,y) = f(z +ty) are measure preserving x-homomorphisms from L., (R™, A) to
Loo(R™ x R™, XA x 7). We may also replace A by the Haar measure v on the Bohr
compactlﬁcatlon Rp ... of R™, this latter case including n = co. Moreover, if G acts
on R™ then (3, commutes with the diagonal action. As we already recalled in the
Introduction, takes the form

25-2)H = (idr. ooy Q) (o [ 85T,

™

with @ the gaussian projection and § : C°(R"™) — C°(R™ x R™) the derivation
— Of
(z,9) ZT = (Vf(z),y) = B(Vf(z))(y)-

Lemma 1.2. Let G be a discrete group acting on Loo(Rip,,., V). If 1 <p < o0
1

6(—A)72 xidg : Lp(Loo(Rgp v) ¥ G) = Ly (Loo(Ritgn: X R™, v X 7) x G)

with norm bounded by Cp®/(p — 1)>/2. Moreover, the same holds when n = co.

Proof. The cross product extension of (RI)) reads as

2 T ~ 1 , dt

= (0(=2) xide) f = Q(p-v. ;/]R(Bt % idg)f 7).

This gives §(—A)~2 xidg = \/7/2 Q(H % idg) where H is the transferred Hilbert
transform

1 dt

Hf(z,y) = p-vf/ﬂtf(z,y)*~

™ JR t

By de Leeuw’s theorem [2I Corollary 2.5], the Hilbert transform is bounded on
L, (Ryonr, v) with the same constants as in L,(R,X). The operator above can be
seen as a directional Hilbert transform at x in the direction of y, which also preserves
the same constants for y fixed. In particular, a Fubini argument combined with a
gaussian average easily gives that

H: LP(Rgohr’V) - LP(Rgohr X Rnal/ X P)/)
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again with the classical constants, even for n = co. To analyze the crossed product
H % idg we note that ; X idg is a trace preserving x-automorphism

Loo (R V) ¥ G = Lo (Riton: X R™, v x 7) x G.

According to the Coifman-Weiss transference principle [I7, Theorem 2.4] and the
fact that H is G-equivariant, we see that H X idg extends to a bounded map on
L, with constant c(p) ~ p?/p — 1. Indeed, it is straightforward that the proof of
the transference principle for one-parameter automorphisms translates verbatim to
the present setting. Then, the assertion follows from the complementation result
in Theorem |1.1| for M = Lo (R}, 7). The proof is complete. O

Given a length ¢ : G — R, consider its cocycle map by : G — R"™ and the
crossed product Lo, (R™,v) x G defined via the cocycle action .. The derivation
0y + L(G) = Loo(R™,7) x G is determined by d,(A(g)) = B(by(g)) x A(g). We
include the case n = oo, so that any length function/cocycle is admissible. The
cocycle law yields the Leibniz rule

5y (AMgh)) = 0 (A(9))A(R) + A(9)dy(A(h)).
An alternative argument to the proof given below can be found in Appendix A.
Proof of Theorem A2. Given the infinitesimal generator Ay, (A(g)) = ¥(g)A\(g)
and according to the definition of the norm in RC,(C) x G it suffices to prove that
1
14511 L @) ~et 10uflla,@xc ~eaw 100 flre,©xc-

The second norm equivalence follows from the Khintchine inequality in Theorem

with constant ca(p) ~ +/p?/p —1, let us prove the first one. Since by is a
cocycle, the map

m: Mg) € L(G) — exp (27ri<bw(g), )) X A(g) € Loo(RE 1y, V) X G

is a trace preserving s-homomorphism which satisfies

[N

(5(—A)7% A ch;) om = i(idLoe(R",’Y) X 7T) o 5wA; .
Indeed, if we let the left hand side act on A(g) we obtain

(0(=2)"F xida) om(A(g) = 8(=2)"F ((exp (2mi(bulg), ")) x Ag)

1 .
N m(gnmw‘s(exp (2W2<bw(9)w>)) x A(g)

¥(9)

_1
which coincides with i (idy, _(gn ) > T) 0dyA,%(Mg)). By Lemma both sides in
this intertwining identity are bounded L,(L£(G)) = Lp(Loo (R, X R™, v X v) x G)
for 1 < p < co. In particular, we obtain

2 . -1 ~ 1 ) dt
\/;z(zdLm(Rnﬁ) X 7r) 0dyA,cf = Q(p.v. ;/R(ﬁt X ch,)ﬂ'f?).

Since idy,__(rn ) X 7 is also a trace preserving *-homomorphism, this yields

= \/% exp (2mi(by (9),-)) © B(by(g)) 3 A(g),

_1 1
105 £l (Lo v i) = (| @r ) ¥ MO AL (AN L 1 ey xBn oy
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The constant given above also follows from Lemma The reverse estimate
follows with the same constant from a duality argument. Indeed, if we fix f to
be a trigonometric polynomial, there exists another trigonometric polynomial f’
with || f'||,» = 1 and such that

(=o)|4if], < (£ 45f).

Note that A;lm is only well-defined on f” = Zw(g#of’(g))\(g). However, since
Go ={g € G|9¥(g) = 0} is a subgroup, we may consider the associated conditional
expectation Eg, on £(G) and obtain f” = f' — Eq, f’ so that ||f”||,» < 2. On the
other hand, we note the crucial identity

trr(@ywa ((0p1) 0y f2)

> R@h®)( [ oy (BOIBb)) die) (Mo~ 1)

g,heG
= Y L@ R0 (bu@)bs(9), = 3 Fi@)fl9)b(e) = T((ALf1) A% f).
geG geG

Combining both results we get

; Uy L g
14571, = 7=2r (" ALS) = 7= (F"ALS)
1
= 1oz Mie@xa ((6,4, gy Sy f)
R o I T I Ly
*1—51#‘” p/wpm(p )%wp

The last estimate was already obtained in the first part of this proof, it also follows
from Lemma and yields ¢;(p) < p*/(p — 1)%/2. This completes the proof. a

Remark 1.3. Let us write I'y(f1, f2) for the gradient form

Lolhr. f2) = £ (AU fo + FiAu(Fo) — A £2)).

In the Introduction we related Theorem A2 with Meyer’s formulation in terms of
I'y via the identity Ezq)((dy f1)*0y f2) = I'y(f1, f2). The proof follows arguing as
above, and we find

Eca) ((0pf1)"0y f2) Z Fi(9) fa(h) (by(g) by (h)), Mg~ h) = Ty(fi, fo)

since (by(9), by (h))2, = §(¢(g) +(h) — 1/)(9_1h))7 as explained in Appendix B.

Remark 1.4. When 1 < p < 2, we may consider decompositions of f = f; + f2 so
that 0y f = ¢1 + P2 with ¢; = dy f; in our result. These particular decompositions
give rise to

ladsl, < e, int (ICuth foll, + [Tu(f5 )],

Somehow surprisingly, the reverse inequality does not hold. Indeed, using the
arguments in the next section this would imply that Theorem A1l holds with the
untwisted operators (b;), but this was already disproved in 48] by F. Lust-Piquard.
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Remark 1.5. Our constants grow like p*/2 as p — oo with a dual behavior as
p — 1. According to the results in the literature, one might expect a linear growth
of the constant ~ p. It is however not clear to us whether this is true in our
context since we admit semigroups which are not diffusion in the sense of Bakry,
like the Poisson semigroup. It is an interesting problem to determine the optimal
behavior of dimension free constants for (say) the Riesz transform associated to the
Poisson semigroup (e t\/i) in R™. On the other hand, we are not aware of any
known dimension free estimates with constants better than p3/2 for matrix-valued
functions in R”, even for the heat semigroup (e*?).

1.3. Riesz transforms in cocycle form. We are now ready to prove Theorem
A1l. The main ingredient comes from a factorization of the conditional expectation
Eze) @ Loo(2, 1) x G = L(G) in terms of certain right £(G)-module map. As
predicted by Hilbert module theory [30], this factorizations is always possible. In
our case, when ¢1, g2 € G,(C) x G it takes the form

Er(a)(9102) = u(é1) u(g2),
where u: G,(C) x G — C'p(Lp((A})) is defined as follows

= u( D01 A9)) = 30 (D (00 Blen)) pya,nM9) ) @ e

geG ji>1  geG

u;(9)

Before proving Theorem Al, it is convenient to explain where the infimum is taken
and how do we define the twisted form of (b;). The infimum Ry ;f = a; + b,
runs over all possible families of the form a; = u;(¢1) and b; = u,;(¢2) for some
¢1,¢2 € Gp(C) x G. This is equivalent to require that }°; B(e;) @ a; € Gp(C) x G
and the same for (b;). Once this is settled, if we note that

Z <Zbk¢ ekaej> )‘(g)u
geG  k>1 Hy
then the twisted form of the family (b;);>1 is determined by the formula

=2 <Zbk 9)ek; Qg 6;)>Hw/\(g)-

geG  k>1

~

Proof of Theorem A1l. If f € L;(G), we have that

u(d Z (Z bw wej Hy f(g))\(g)) Qej1 = ZRwa@ejl‘

i>1 geG i>1

When p > 2, the assertion follows directly from Theorem A2 since
_1 _1 _1 _1
Fw(AwavAff) Eﬁ(G)((5wA¢2f)*5¢Aw2f)
—1 .2 2
(A2 )" = D[Ry f]

Jjz1

and similarly replacing f by f*. When 1 < p < 2 we first observe that
11
||pr = HAi;AwaHp
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~ inf |Ec(c)(@701)2 H + [|Ec(c)(d293)? H
6wA;§f:¢1+¢'2

by Theorem A2. By the factorization of E.(q), we also recall the identities

(Ece@ion)’ = fulonl = (L0 o).
(Ece(@03) = luop)l = (P63 uy(e3) "

The injectivity of u gives that || f||, is comparable to the norm

(S wion)’| (Swten Fus(en)

Therefore, if a; = u;(¢1) and b; = u;(¢2) it suffices to see that bj = u;(¢3)* to
settle the case 1 < p < 2. Since u is injective and ¢o = u=(3", by ® eg1), we may
prove such an identity as follows

w63 = (w[( X (Ch@Ben) = A9) ])

inf
Ry, j f=u;(¢1)+u;(d2)

p

geG  k>1
= ([ X (E @B, (@) x Mg ])
9€G  k>1
= [ (b Blayg (). Ben))Ma ™|
9eG  k>1
= > (one s (X h@er) ), Ao) = b
9€C K1 v

Note that we have implicitly used that H,, and Lo(€, 11) are real Hilbert spaces. O

Remark 1.6. Let A be the infinitesimal generator of a given Markovian semigroup
S = (8t)i>0 acting on (M, 7). Sauvageot’s theorem [63] provides a factorization
A = §*0 in terms of certain symmetric derivation 6 : La(M) — M taking values
in some Hilbert M-bimodule M. As a consequence of our results, it is the nature
of the tangent module M and not of M itself which dictates the behavior of Riesz
transforms on L, (M, 7), in the sense that we find noncommutative phenomena as
long as M is not abelian regardless the nature of M.

Remark 1.7. Theorems Al and A2 are formulated for left cocycles, although
an alternative form is possible for right cocycles or both together, see the precise
definitions in Appendix B. The only (cosmetic) change appears in the statement of
Theorem Al for p > 2. The row version of Ry ; is

-1
Ri/),jf — 9ri Z <bw(g )7€J>7~i¢ J?(g)A(g).
perd ¥(g)
Note that Ry ;(f*) = =R, ;(f)* so that > ;(Ry; f*)*(Ry,; f*) can be written as a
row square function in termb of the row Rlesz transforms R’ . Although these two
formulations collapse for G abelian (left and right cocycles c01nc1de) the statement
does not simplifies for non-trivial cocycle actions and 1 < p < 2.
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Remark 1.8. On the other hand, it is interesting to note that Theorems A1 and A2
hold in the category of operator spaces [58]. In other words, the same inequalities
are valid with matrix Fourier coefficients when the involved operators act trivially
on the matrix amplification.

1.4. Examples, commutative or not. In order to illustrate Theorems Al and
A2, it will be instrumental to present conditionally negative lengths in a more
analytic way. As it will be justified in Appendix B (Theorem , these lengths
are all deformations of the standard inner cocycle which acts by left multiplication.
Namely, v : G — R is conditionally negative iff it can be written as

(CN) P(g) = 7 (2A(e) = A(g) — A(g™))

for a positive linear functional 7, : IIg — C defined on the space Il of trigonometric
polynomials in £(G) whose Fourier coefficients have vanishing sum. Having this in
mind, let us consider some examples illustrating Theorems Al and A2.

A. Fractional laplacians in R”. The Riesz potentials f — (—A)~#/2f are
classical operators in Euclidean harmonic analysis [69]. It seems however that
dimension free estimates for associated Riesz transforms in R™ are unexplored. If
we let our infinitesimal generator to be Ag = (—A)? and p > 2 (for simplicity), the
problem in R™ consists in showing that

1
-1 2\ 2
AT |y~ n
[( 185453 ) gy e Iy ca
jz21

for some differential operators ds ; and constants ¢(p) independent of the dimension
n. Ag generates a Markov semigroup for 0 < § < 1. Indeed, the non-elementary
cases 0 < B < 1 require to know that the length (&) = |€|8 is conditionally
negative. Since holds for G = R"™, the claim follows from the simple identity

1 _ 2wi(x,g) _ —2mi(x,§) — 1
kn (8) / [2e ‘ ) dus@) = 15

with dug(x) = dz/|z|" 2% and

V(€) = €1 = ¥p(E),

] /2
k,(B) = 2/71’ (1 — cos (27T<|§,S>)) |s|7cf+23 ~ T/2) max{%,ﬁ}.

The constant k,,(3) only makes sense for 0 < 8 < 1 and is independent of £. The
last equivalence above follows from the fact that the integral in the left hand side
is comparable to

2
1
Ly s
B, (0) |s|™ Re\B; (0) |5]™

and the equivalence follows by using polar coordinates. The associated cocycle
(Hp,p,bg) is given by the action ag¢(f) = exp(2mi(-,&))f and the cocycle map
& 1—exp(2mi(-, &) € Hp = La(R™, ug/kn(8)). Of course, we may regard Hg as a
real Hilbert space by identifying exp(2mi{x, &)) € C with (cos(2m(x, &)), sin(2m(x, &))
in R? and the product exp(2mi(z,&)) - [] with a rotation by 27 (x, ). Contrary to
the standard Riesz transforms for § = 1, for which Hg = R™ and the cocycle is
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trivial, we need to represent R™ in infinitely many dimensions to obtain the right
differential operators
- <b[3(§)a 6j>’Hg i

Ro J(€) = 95,457 1(€) = g e

In particular, Theorem Al (or its extension to unimodular groups in Appendix
A) gives norm equivalences for all 1 < p < oo which differ from the classical
statement when 1 < p < 2, since the cocycle action is not trivial anymore for
0 < B < 1. It is also interesting to look at Theorem A2. Taking into account that
z?g\f(é“) = |¢|22f(€) and the definition of the associated gradient form I's, we obtain

oyl ~ | ([ Mpstgemtoae)

for f smooth enough and

p

= —_—

1 _
Myo(2,€) = 5 (F@) F(=€) + F@)F() — [72()) g
More applications on Euclidean L, multipliers will be analysed in the next section.

B. Discrete laplacians in LCA groups. Let I'y be a locally compact abelian
group and so € Iy be torsion free. If 9;0() = ©(v) — (7, -+, S0Yjs - - -, ¥n) stand
for discrete directional derivatives in I' = 'y x I'g x --- x T'g, we may construct
the laplacian L = ) 970;. Lust-Piquard’s main result in [48] establishes dimension
free estimates in this context for the family of discrete Riesz transforms given by
Rj = 0;,L7'/% and R} = L~%/207. If p > 2, she obtained

n 1
(X 1Rs2 + 1R;ol?)
j=1

It is not difficult to recover and generalize Lust-Piquard’s theorem from Theorem
A1l for I' LCA, justified in Appendix A. Indeed, let I' be any LCA group equipped
with a positive measure fy. If G denotes the dual group of I, let us write yg : I' = T
for the associated characters and v for the Haar measure on G. Define

App = /G B3(9) Ay (xg)dv ()

|20 [ v =x = %) 0 [y dvto).

w(g):||17Xg Hi2(rvl“11))

Lp(]:‘) Nc(p) ||S0||Lp(1") .

If ¢ : G — Ry, then it is a c.n. length which may be represented by the cocycle

(’qu,()éw’g,bw(g)) = (LQ(F,,LLw),Xg : [ L 1- Xg)~

In other words, we have ¥(g) = (by(9),by(g))2, . Again, we may regard Hy as a
real Hilbert space by identifying x4(7) € C — (Re(xy(7)), Im(x4(7))) € R? and
the product x4 () - [ ] with a rotation by arg(x,(7)). Let us set

Ry = [ W¢<g>x9du<g> _ G%&Z’j)ag)xwv(g),
Rlp = /GW@(Q)XW(Q) = GW@(Q)XW(Q)-
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Then, Theorem A1 takes the following form for LCA groups and p > 2

H(/F IR} o|* + IRiw\Qduw(v))%H

Now, let us go back to Lust-Piquard’s setting I' = T'g x I'g x - - - X I'g and let us write
0; =(0,...,0,50,0,...,0) with so in the j-th entry. If we pick our measure iy to
be the sum of point-masses fiy =Y, j o, and recall the following simple identities

Ly(T) ~elp) ”(‘DHLP(F)-

R; = 9;L7% = R, —iR2,
1

Ry = L720; = R, +iR},
then we deduce Lust-Piquard’s theorem as a particular case of Theorem A1l for
LCA groups. We may also recover her inequalities for 1 < p < 2 —which has a
more intricate statement— from our result, we leave the details to the reader. The
advantage of our formulation is that it is much more flexible. For instance, we do
not need to impose sg to be torsion free. We may also consider other point-masses
giving rise to other forms of discrete laplacians. In particular, we may allow the
shift sg to depend on j or even I' not to be given in a direct product form. Many
other (not necessarily finitely supported) measures can also be considered. We will
not make an exhaustive analysis of this here.

C. Word-length laplacians. We may work with many other discrete groups
equipped with more or less standard lengths. Let us consider one of the most
canonical examples, the word length. Given a finitely generated discrete group G,
the word length |g| is the distance from g to e in the Cayley graph of G. It is not
always conditionally negative, but when this is the case we may represent it via the
cocycle (H| |, |,by ), where H, | is the closure of the pre-Hilbert space defined in
Ho by

(fi, f2)] | = *% Z f1(9) f2(h)|g~ Al
g,heG
and (o) |4(f), 0 1(9)) = (Mg)f, Ale) — A(g)), as usual. The identification of this
Hilbert space as a real one requires to take real and imaginary parts as in the
previous examples. The Riesz transforms

Ryjyf =01 A B f = 2mi S
g = 9 Li = 4T

| = Yl
satisfy Theorem Al for any orthonormal basis (e;j);>1 of H||. Theorem A2 also
applies with A} |(A(g)) = |g|A(g9) and the associated gradient form T'||. Further
Riesz transforms arise from other positive linear functionals 7, on Ilo.

B fgya )

Let us recall a few well-known groups for which || is conditionally negative:

i) Free groups. The conditional negativity of the length function for the free
group F,, with n generators was established by Haagerup [29]. A concrete
description of the associated cocycle yields an interesting application of
Theorem Al. The Gromov form is

K(g,h) = <b\ I(g>7b\ |(h>>HH = ol + |h|2_ lg—"hl

where min(g, h) is the longest word inside the common branch of g and h
in the Cayley graph. If g and h do not share a branch, we let min(g, h) be

= [min(g, )|




22

ii)

JUNGE, MEI, PARCET

the empty word. Let R[F,] stand for the algebra of finitely supported real
valued functions on F,, and consider the bracket (d4,d5) = K(g,h). If N
denotes its null space, let H be the completion of R[F,,]/N. Then, writing
g~ for the word which results after deleting the last generator on the right
of g, the system §; = 64 — §,- + N for all g € F), \ {e} is orthonormal and
generates H. Indeed, it is obvious that . belongs to N and we may write

P = Z ag(sg: Z (Zah)gg
geF, g€F,  h>g

for any ¢ € R[F,,]. Here h > g iff g belongs to the (unique) path from e to
h in the Cayley graph and we set £ = J.. This shows that N = R, and
dimH = oco. It yields a cocycle with a = A and

b:gelF, —d; +Ré € R[F,]/RJ.
Considering the ONB ({,)n.c we see that (b(g),&n) = 0g>p and
Rinf=> —F— ﬁ (9)
g=h |g

form a natural family of Riesz transforms in L(IF,,) with respect to the word
length. If p > 2, Theorem Al gives rise to the inequalities below in the free
group algebra with constants c(p) only depending on p

w (S5 il + | 5 22l

h#e g>h

1fllz, &,y ~

The case 1 < p < 2 can be formulated similarly according to Theorem Al.
Note that the L,-boundedness of the Riesz transforms R| |, is out of the
scope of Haagerup’s inequality [29], since they are unbounded on L

Finite cyclic groups. The group Z,, = Z/nZ with the counting measure
is a central example. Despite its simplicity it may be difficult to provide
precise bounds for Fourier multipliers, see for instance [35] for a discussion
on optimal hypercontractivity bounds. The conditional negativity for the
word length |k| = min(k,n — k) in Z, was justified in that paper. For
simplicity we will assume that n = 2m is an even integer. Its Gromov form

JA@m—j))+(kA2Cm—Fk) = ((k—j)A@2m—k+]))
2
can be written as follows for 0 < j <k <2m —1

K(j k) = (05,06) = GA@2m—k)A(m—k+7j)y

with s; = 0Vs, details are left to the reader. Note that K(j,7) = ¢ (j) as it
should be. Using the above formula, we may consider the associated bracket
in Iy ~ R[Zs,,] ©RJ and deduce the expression below after rearrangement

K(j,k) =

2m—1 2m—1 m k+m—1 k+m—1
< Z a;d;, Z bj5j> = Z ( Z aj)( Z ) Zakﬁk
= j= = j=k =

This shows that the null space N of the bracket above is the space of

elements Zj a;0; in R[Zs,,] © Ry with vanishing coordinates ay. If we
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quotient out this subspace we end up with a Hilbert space H of dimension
(2m—1)—(m—1) = m. Our discussion establishes an isometric isomorphism

2m—1 m
D : Z a;o; EHHZakek e R™,
7j=1 k=1

where o = (3, <o, 1 @05, 1a,) With
Ak:{jEZQm|j—kEsmod2m for some Ogsgm—l},

so that 15, = ®7!(ex). Consider the ONB of H given by 1,, for 1 <k < m.
We are ready to construct explicit Riesz transforms associated to the word
length in Zs,,. Namely, let Z/Q,\n = Ty, be the group of 2m-roots of unity
with the normalized counting measure. Then, using the ONB above we set

Ry wf = ;\:k A 7])f(j)xj with  x;(z) = 27.

If p > 2, Theorem Al establishes the following equivalence in Lp(ZQ:n)

H Z T ‘(Z’Z \/MT ‘2)%

Wlth constants independent of m. Slmllar computations can be performed
for n=2m + 1 odd and Theorem Al can be reformulated in this case. We
leave the details to the reader.

~e(p)

Toam) Ly (Zam)

iii) Infinite Coxeter groups. Any group presented by

G = <91,gz7--~,gm | (9jg)** = 6>

with s;; = 1 and s;, > 2 for j # k is called a Coxeter group. Bozejko
proved in [7] that the word length is conditionally negative for any infinite
Coxeter group. The Cayley graph of these groups is more involved and we
will not construct here a natural ONB for the associated cocycle, we invite
the reader to do it.

Other interesting examples include discrete Heisenberg groups or symmetric groups.

2. Hérmander-Mihlin multipliers

In this section we shall prove Theorems B1 and B2. Before that we obtain some
preliminary Littlewood-Paley type inequalities. Afterwards we shall also study a
few Besov limiting conditions in the spirit of Seeger for group von Neumann algebras
that follow from Riesz transforms estimates.

2.1. Littlewood-Paley estimates. Let (G, ) be a discrete group equipped with
a conditionally negative length and associated cocycle (Hy, ary, by). If b € Hy, we
shall write R, j for the h-directional Riesz transform

Rynf = 277@'2(:;@1[’(93/}’(?)%” F@)A ).

We begin with a consequence of Theorem A1l which also generalizes it.
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Lemma 2.1. Given (h;);j>1 in Hy and p > 2

) Sew (supln ||Hw)H( \m)

Nl=

(35 17 1)

L, (G Ly(G)

Proof. Given an ONB (ej)r>1 of Hy, we have
H(JZ |Rw’hjfj|2)§ L,(G)
= H Z (Z Z (hj,ex) H\,p/vf)) s CR)H,, J?j(g)/\(g)) ® ej,l‘

i>1  geGEk>1

Sp(Lyp)

H > Ryxfi @ Megn, )H ;

H Z Rd,’kfj ® <hjaek>?-l¢ej71HSp Sp(Lp)

J k=1 j,k>1
where A : () € L2(N x N) = (hj,ex)#,0; € l2(N). Since £5 := B(C,{3) is an
homogeneous Hilbertian operator space [58], the cb-norm of A coincides with its
norm which in turn equals sup; [|h;||3;, . Altogether, we deduce

H(Z|R¢hf; )% o < (?;II)“}LJHHw> j;1R¢,kfj®€(j,k),1HSP(LP)
- (igllhﬂlm) (J;llR“fj ) G
= (igllhﬂlm)) (;ﬂ'R”’ "“ﬂ)

for éw,k = Ry x ®@idp,) and f =3, fj ® e;1. Now, since Theorem Al also holds
in the category of operator spaces, the last term on the right hand side is dominated
by ¢(p)|lflls,(z,), which yields the inequality we are looking for. O

We need to fix some standard terminology for our next result. Let us consider a
sequence of functions ¢; : Ry — C in C*» (R4 \ {0}) for k,, = [2] + 1 such that the
following inequalities hold

(3, o) e oran o<k<i

Let M,(G) stand for the space of symbols m : G — C associated to Lpy-bounded
Fourier multipliers in the group von Neumann algebra £(G), equip any such symbol
m with the p — p norm of the multipler A\(g) — m(g)A(g9). Now, given any
conditionally negative length ¢ : G — R and h in the associated cocycle Hilbert
space Hy, let us consider the symbols

(by(9); h)y
¥(g)

Then, we may combine families of these symbols in a single Fourier multiplier
patching them via the Littlewood-Paley decompositions provided by the families
(¢;) and finite-dimensional cocycles on G. The result is the following.

my,n(g) = so that Ry n(A(g)) = 2mimy n(g) A(g)-
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Lemma 2.2. Let G be a discrete group equipped with two n-dimensional cocycles
with associated length functions 1, and an arbitrary cocycle with associated
length function 1. Let (p15), (p2;) be Littlewood-Paley decompositions satisfying
the assumptions above and (hj);j>1 in Hyy. Then, the following inequality holds for
any 1 <p<oo

H Z ©15(V1(-)) 25 (V2 (-))Mps

Jj=1

< h; .
M, () ~c(p,n) jgll)” JH'H%

Proof. Consider the multipliers

Ay 2 A(g) = 0 (¥(9))A9)-
When p > 2, let f € L,,(CA}) and f € Lq(é) with % + % =1 so that

‘T(f* Z Ay o1 Mpa 00 B (f)) ’
- ‘Z ( Ad}l’wf ) R‘/’Bv (A¢27¢2jf>)‘

H 2 Ao, ©0 Hch(uG)) H 2, Rosts (Mowions 1) © 8 HRCM(G))

by anti-linear duality. On the other hand, observe that Lemma [2.1] trivially extends
to RCy-spaces. Indeed, the row inequality follows from the column one applied to
fs together with Remark [1.7| and the fact that the maps R' hy satisfy the same
estimates. We apply it to th ast term of the right hand side. Comblnlng that with
the Littlewood-Paley inequality in [34] Theorem C| we obtain

‘7—(][* ZAwhtplewm@szwS,hj (f))‘ Sc(pvn) (S]‘;If ||thH«/13> ”fHLP(CA;)”fHLq(CA;)'
j>1 3>

IN

The result follows taking supremums of f running over the unit ball of Lq(@). On
the other hand, when 1 < p < 2 the result follows easily by duality from the case
p > 2 since the involved multipliers are R-valued and therefore self-adjoint. ([

The only drawback of Lemma [2.2]is that we need finite-dimensional cocycles to
apply our Littlewood-Paley estimates from [34]. We may ignore that requirement
at the price of using other square function inequalities from [32], where the former
¢, are now dilations of a fixed function. Namely, given 1 <p <ocoand ¢ : Ry — C
belonging to a certain class J, of analytic functions, it turns our that the column

Hardy norm
2ds
c = (sAy) R
(KAl H(/R o)/ ) @)

does not depend on the chosen function ¢ € J,. We know from [32] that

H}(p,%) N HE(@,9) if 2 < p < oo,

forany p € J = ﬂ Jp # 0 and any conditionally negative length ¢ : G — R..
1<p<oo
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Lemma 2.3. Let G be a discrete group equipped with three arbitrary cocycles with
associated length functions 1, Y9, ¥s. Let p1,p2 € J and (hs)s>o in Hy,. Then
the following inequality holds for any 1 < p < 0o

H /]R 1(s1h1(-))p2(sth2()) My i, ds

s

< hs .
iy S sy el
Proof. Let us write Lp(@; L2.(Ry)) for the space RC,(L(G)) in which we replace
discrete sums over Z, by integrals on R with the harmonic measure. Arguing as
in Lemma [2.1] it is not difficult to show that Theorem Al implies

@ ds
H Rws hs

Z LG LE(RY)) > Ly (G L2 (R)) | Sy esssup sl
Ry s s>0

for p > 2. According to [32, Theorem 7.6], the maps
Br: fELyG) = (p1(Ap)S) g € Lp(Gr LE(Ry)),

D5 : f € LP'(G) = (902('A¢2)f)3>0 € Lpl(é; LEC(R+))’

will be bounded as long as Ay, are sectorial of type w € (0,7) on L,(G) and admit
a bounded H*(Xy) functional calculus for some 6 € (w,, 7) with w, = 7|1/p—1/2|.
Sectoriality is confirmed by [32], Theorem 5.6], whereas the H> (X)) calculus follows
from the existence of a dilation as proved in [32] Proposition 3.12]. The fact that
Sy.+ admits a dilation is a consequence of the main result in [61], see also [37]. The
combination of these arguments is explained for the Poisson semigroup on the free
group in [32] Theorem 10.12]. Therefore, the result follows for p > 2 by noticing
that

ds . ® ds
/ P1(5Ay, )p2(sAy, ) Ry n,— = P30 ( me*) 0 ®,.
Ry S Ry S
The case 1 < p < 2 then follows by self-duality exactly as in Lemma O

The dimension free estimate in Lemma [2.3] will be useful in Paragraph below.
Remark 2.4. Slight modifications also give:
i) Ifp>2

(S, 1)’
J>1

i) fl<p<oo

H ZAllJMPj R¢37hjf ®d;
j>1

.

< . 2 _
Lp(é) ~c(p) H<<hj7hk>) IS(ZQ)”fHLP(G).

Sewm (0 1R511, ) &)
RO, (L(Q) ™ (p,m) ?gll)H ]HHw3 ||f||Lp(G)

It becomes an equivalence when loi|> =1 and (h;) is an ONB of H,.

i) f1<p<ooand0<f#<2A%
| [ ertsmntneatsvatim S|, Seap esssup fm |
R+<ﬂ1 1(1))p2(s92 575 I, (qy ~e® FESIP Il foe (G

where \/¥3(g)ms(g) = (hé,,,bl/,s(g»q{w3 for all g and HmSHXw3 = Hh5||7.¢“
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Assertion i) follows as in Lemma2.1|with A : 6, € (2(N) = > (hy, ex)n,,d; € £2(N)
instead of the map A used there. Note that A’(A")* = ((hj, hx)); k. Moreover, by
duality we also find the following inequality for 1 < p < 2

iv) “;va}ljfj‘Lp(é) Selp) H(<hjvhk>)% (];fjﬁ)é

The same holds with the row square function in the right hand side. Indeed,
applying i) for f* in conjunction with Remark and duality, we obtain iv) with
row square functions and Rip, h, instead of Ry p;. However, all our results equally
hold for Ry ; and R), ;, so we deduce the assertion.

B(¢2) Ly(G)

Estimate ii) follows from the argument in Lemma According to Theorem
Al and [34, Theorem C], the equivalence holds when the sequence |¢;|? forms a
Littlewood-Paley partition of unity and the h; form an ONB of H,.

Finally, iii) is just an improvement of Lemma by interpolation. Namely,
assuming (wlog) that by,(g) span H,, when g runs over G, it is clear that h,
is univocally determined by m, and the norm in Xy, is well-defined. Once this
is settled, we know by Lemma that iii) holds for (p,0) = (¢,0) with any
g < oo and also for (2,1). Interpolation of the maps Lo (R4;Xy,) — My(G)
and Loo(R4;lo0(G)) — Ma(G) —the latter since p; € J C Lo(Ry, %) with
parameters % = 1;—9 + g yields the expected inequality. Note that

[LOO(RJF;X%), LOO(R%KOO(G))]Q =L (RJr? [Xw37£00(G)]9)~

2.2. A refined Sobolev condition. In order to prove Theorem B1, we start with
a basic inequality for Euclidean Fourier multipliers which is apparently new. Recall
the notation D, = (—A)?% and the fractional laplacian lengths 1. (¢) = k,(¢)|£|%
from the Introduction. Here H. = Lo(R", j1.) with dpu.(z)|z|"T%¢ = dx and (be, o)
stand for the corresponding cocycle map and cocycle action. The result below
shows how large is the family of Riesz transforms of convolution type in R™ when
we allow infinite-dimensional cocycles.

Lemma 2.5. If1 < p < oo and e > 0, then

‘D%-&-E(\/%m)” :

Ly (R™)

||m||Mp(Rn) 5c(p)

In fact, when the right hand side is finite we have

(h, be (€)) 2.

O =S =TT

for some h € L§(R™, u.) with
Pl e = D5 (Vo)

Moreover, the constants in the above inequality are independent of € and n.

Proof. If we consider the Sobolev-type space

WZs (R") = <m : R™ — C | m measurable,
(%.¢)

s

< oo},
LQ(R‘H)
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and L§(R™, ) is the mean-zero subspace of La(R"™, u.), then we claim that

A:he LyR™, p) — my € W?%’E)(IR{"),

1 .

m = — h(z) (2™ &™) — 1) du.(z
W= s [ ) dne(a).
extends to a surjective isometry. Indeed, let h be a Schwartz function in L3(R"™, p.)
with compact support away from 0 and write w.(x) = 1/|z|""2¢ for the density
dpe(z)/dx. In that case, the function hw. is a mean-zero Schwartz function in
Lo(R™) and

v

G = [ @) dp (o) = ()

In particular, this implies that we have

HA(h)HW?%aW) - HD%“( %mh)HLz(R”)
1
— H\/@(h%)w ) 1Al g (R e -

Therefore, since smooth mean-zero compactly supported functions away from 0
are clearly dense in L$(R™, u.), we may extend A to an isometry. Now, to show
surjectivity we observe from elementary facts on Sobolev spaces [I] that the class
of Schwartz functions is dense in our W-space. Therefore, it suffices to show that
A~1(m) exists for any such Schwartz function m. By Plancherel theorem, we find

[Dse(em)], ., = || Vo]

Denoting h = A~ (m) = wi\/@bgm, h is also a Schwartz function. We may write

La(R™,pie)

-1
Loy lw,

TOm©) = [ bl @) ds

/ h(z) (ezwi<£,w> —1)dp.(z) —|—/ h(z)we(x)de = A(€) +B.
The function A(¢) is well-defined since both h and 27%¢:%) — 1 are elements of the
Hilbert space Lo(R™, ui¢), so its product is absolutely integrable. Moreover, since
hwe € S(R™) we see that A(0) = 0 and conclude B = /4. (0)m(0) = 0. This means
that h = A=!(m) is a mean-zero function in La(R™, pi.), as desired. In other words
we know that every m € Wi, ) (R™) satisfies

5
<h,62”i<5"> _ 1>
m(e) = v and [Py e (Viem)| = bl -
Ve (€) : 2 o
This shows that every m in our Sobolev-type space is a 1.-Riesz transform and
its norm coincides with that of its symbol h. The only drawback is that we use a
complex Hilbert space for our cocycle, so the inner product is not the right one.
Consider the cocycle (He, e, be) with

H. = Loy(R" pue;R?) ~ Ly(R", pe; C),

be(§) = (cos(27r<§,->)—1, sin(27r<g,.>)) ~ 2milE)
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) = (Sore) Tambnie ) ) (1) = e

Then, it is easily checked that we have

e If & is R-valued and odd (h, e2mie) 1>u = @< (0) ) ba(f)>H .

o If h is R-valued and even <h,62”<5"> - 1>us = <(h> ) be(§)>H .

Therefore, decomposing

m = (Re(moaa) + Re(meven) ) + i (1m(1m0aa) + Im(meven) )

and noticing the elementary inequalities

| Re/Em(moa oven) < iz, _
:

W?ﬂ )(]Rn)
2 yE

we see how every element in our Sobolev-type space decomposes as a sum of four
Riesz transforms whose Mj-norms are all dominated by c(p)||m|w2,, NCOR O

Lemma 2.6. Let (G,v) be a discrete group equipped with a conditionally negative
length giving rise to an n-dimensional cocycle (Hy, o, by). If 1 < p < oo and
e >0, then

Imllm,c) Se) mi%fobw HD%JFE( quﬁz)‘ La®")

Proof. According to Lemma

(hj,be 0 by( >7—t
=S~ v o)

for any m € W(n/2 o (R") satisfying m = moby, and certain h; € Ly(R™, ). Next
we observe that each of the four summands above can still be regarded as Riesz
transforms on £(G) with respect to the following cocycle

Hye = L2(Rn7M6§R2)7

)

bue(g) = (cos(2n(bu(g).-)) — 1, sin(2r(by(9). ),

apeq(f) = ( cos(2m(by(g),-)) —sin(2m(by(g),")) ) <flo%’gl(.))'

sin(2m(by (9),-)) cos(2m(by(9),)) faoay -1()
We conclude noticing that
[mlim, () < c(p th 1. S e)lmlwz, @)

(5:9)

Namely, since 1. 0 by, is a cond1t1onally negative length (associated to the cocycle
above), the first inequality follows from Lemma for j =1 when p > 2 and from
Remark iv) when 1 < p < 2. On the other hand, the second inequality follows
from Lemma 2.5 O
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Proof of Theorem B1. Let Gy 0 = {g € G : ¥(g) = 0} denote the subgroup of
elements with vanishing ¢-length, which trivializes for injective cocycles. According
to m = moby, the multiplier m is constant on Gy o and takes the value m(e). This
means that the Fourier multiplier associated to mg = m(e)la, , is nothing but
m(e) times the conditional expectation onto £(Gy,0), so

[mllm, @) < Im(e)] + [lm —molm,q)-
Since m — my = (m — m(e)dp) o by and m = m — m(e)dy almost everywhere,
we may just proceed by assuming that m(g) = 0 for all g € Gy . Let n be
a radially decreasing smooth function on R with 1(_;;) < n < 1(_32) and set
#(&) = n(§)—n(2£), so that me may construct a standard Littlewood-Paley partition
of unity ¢;(&) = ¢(277¢) for j € Z. Note that we have
1 if£+#0,
Seo-{ 4l
JEL :
Since supp ¢; Nsupp ¢, = 0 for [j — k| > 2, we see that p; := 2(dj—1 + &; + ¢j41)
forms a partition of unity satisfying p; = 1/3 on the support of ¢;. We shall
be working with the radial Littlewood-Paley partition of unity in R™ given by

©j = pjo| [%. On the other hand, if we set ¢1; = p2; = /¢; We may write m as
follows (recall that m vanishes where 1 does)

m o= Y ($j09)m = 3 (¢j00)(pjod)m

JEZL JEZ
= 3> (p1j00) (p250¥)(pjov)m = 33 (p150%) (25 01)m;.
JEZL JEZ

Since we have

m;(9) = p;(¥(9))m(g) = p;(1by(9))M(by(9)) = (p;m)(by(9)),
we deduce that m; = m; o by with m; = p;m. We know by assumption that

sup HD%+5(\/1ESDJ' m) H < oo.
JEL 2

According to Lemma [2.5] and the proof of Lemma [2.6] this implies that we may
write m; as a Riesz transform m., ,, with respect to the length function ). o by,
whose associated infinite-dimensional cocycle was also described in the proof of
Lemma Since the families 1, po2; satisfy the assumptions of Lemma we
may combine Lemma [2.2] with Lemma [2.5] to obtain

Imlye = || 3 e (Des@a()my,

JEL

c(p,n) sup ||hjlla, < c(p,n) SUPHDg+a(\/¢esﬁj ﬁl)H :
JEL JEL 2

My (G)

IN

The dependence on n of ¢(p,n) comes from the Littlewood-Paley inequalities. O

In the following result, we use the standard notation

HZ(Q) = {f supported by ’ H(l +] \2)%J?HL2(W) < oo}7

H2 (@) = {f supported by @ | [IDafllLan) = | 1°F|,, geny < -



RIESZ TRANSFORMS AND FOURIER MULTIPLIERS 31

Corollary 2.7. If1 <p<oo and0<e <[3]+1— %, we also have

Imllm, @) Sepon,e) Imle)] + mzigfobw {jlellz) [ WQ”HH@JW)}

for any pair (G, 1) which gives rise to an n-dimensional cocycle (Hy, ty, by).
Proof. We have

ore (el = Vst o,
VEa(@) D41 Fpom() |

with k,,(¢) ~ 1‘7{%;22)% Indeed, it is simple to check that W%n/?,s) (R™) has a dilation
invariant norm. It therefore suffices to show that the following inequality holds up

to a constant c(n, €)

Lin 4oy~
[osecF, < 1257

for functions supported by (say) the corona € = By(0) \ B1(0), which is the form
of the support of ¢g. In other words, we need to show that

AE:feHQ%JrE(Q)»—wH‘eH%+E Q)

defines a bounded operator. These two families of spaces satisfy the expected
interpolation identities in the variable @ = (1 — 0)agy + 0ay with respect to the
complex method. To prove that A, is bounded we use Stein’s interpolation. Assume
by homogeneity that f is in the unit ball of Hi/2+s (©2) and let 8 = 2¢ for n odd and
0 = ¢ for n even. Thus, there exists F' analytic on the strip satisfying F'(§) = f
and

max { sup || F(it) || nz, (), sup ([ F'(1 + it) ||z, (Q)} <L
tER 2 teER 51+t
Given 0 < 6 < 1, define now the following analytic family of operators
L.(F) =exp (8(z = 0)*)] |*/°F (=),
so that Lo(F) = Ac(f). We claim that the following estimates hold

_ T =5t 562
P, ) S D+ T

| L14ie(F)

. < c(n)(l + |t|)[%]+1676t266(179)2'
H2n L, ()
[Z1+1
Then, the trivial estimate e =3¢ (14 [t))# < [le=*" (V3 +|¢])? |0 ~?/? in conjunction
with the three lines lemma imply the statement of the corollary with the constant
eS((1=0)6%+6(1-6)%)

c(n) Vkn(e)

§its
If a = 5(1+4it) and uy(§) = [£]|*, our second claim follows from the simple inequality
H£1+it(F) o
[2%]+1(Q)
s .
< C(n)leé(l-i-zt—@) | sup HaguaHLm(Q)HF(l —i—lt)HHz -
0<|BI<[5]+1 [51+1
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Indeed, since [5] + 1 € Z the Sobolev norm above can be computed using ordinary
derivatives and the given estimate arises from the Leibnitz rule and the triangle
inequality. A similar argument shows that the map f ~ | |*'f is contractive on
Lo(€) and bounded on H[Z%]H(Q) up to a constant c(n)(1 + |t[)[31+1. By complex
interpolation

17, g < Il ) < el +1e)%
n 2

Fllnz, )
2

Since £/6 € {1,1}, our first claim follows by taking f = F(it). O

Remark 2.8. On the other hand, a quick look at the constant we obtain in the
proof of Corollary shows that our Sobolev type norm is more appropriate than
the classical one in terms of dimensional behavior. Namely, it is easily checked
that the constant ¢(n) above grows linearly with n since it arises from applying the
Leibnitz rule [§] 4+ 1 times. In particular, we obtain a constant

na/4 1

© /T2 Ve

which decreases to 0 very fast with n. We pay a price for small £ though. This
could be rephrased by saying that our Sobolev-type norm is “dimension free” (see
Paragraph below) and encodes the dependance on £ > 0. Indeed, the constant
¢(p,n) in Theorem B1 is independent of .

c(n)v/kn(e)

Remark 2.9. The Coifman—Rubio de Francia—Semmes theorem [16] shows that
functions in R of bounded 2-variation define L,-bounded Fourier multipliers for
1 < p < oo. In this 1-dimensional setting it can be proved that our abstract Sobolev
condition implies bounded 2-variation. In summary, if we set HMg for the class of
Hormander-Mihlin multipliers in R, -Rieszg for the multipliers in R satisfying the
hypotheses of Theorem B1 and CRSg for the Coifman—Rubio de Francia—Semmes
class, Corollary 2.7] and the comment above yield

HMg C v¢-Rieszg C CRdFSg.

In higher dimensions, Xu extended the notion of ¢-variation to generalize CRS
theorem [73]. Although we do not know how to compare our condition in Theorem
B1 with Xu’s one, ours seems easier to check in many cases.

Remark 2.10. Corollary [2.7] implies for m = m o by,

||m||Mp(G) ,Sc(p,n) |m(e)| + sup H‘ “maﬁﬁlHoo
0<|BI<[5]+1
Indeed, it follows from the well-known relation between Mihlin smoothness and
Sobolev-Hormander smoothness, see e.g. [23] Chapter 8]. This already improves
the main result in [34] for 1 < p < oo. In the case of unimodular groups whose
Haar measure does not have an atom at e, the term |m(e)| can be removed from
Theorem B1, Corollary and the inequality above, see Appendix A.

2.3. A dimension free formulation. A quick look at our argument for Theorem
B1 shows that the only dependence of the constant we get on the dimension of the
cocycle comes from the use of our Littlewood-Paley inequalities in Lemma[2.2] The
proof of Theorem B2 just requires to replace that result by Lemma [2.3
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Proof of Theorem B2. As in the statement, let v be a conditionally negative
length whose associated cocycle (Hy, aqp, by) is finite-dimensional; let m be a lifting
multiplier for that cocycle, so that m = m o by; and let ¢ : Ry — C be an analytic
function in the class J considered in Paragraph Arguing as in Theorem B1
we may assume with no loss of generality that m vanishes where 1 does. In other
words, certain noninjective cocycles may be used as long as m is constant on a
nontrivial subgroup of G. Since ds/s is dilation invariant

d d
mie) =k [ elsv@)mlo) S =k, [ plvo)Pmio) T
for some constant k, # 0. Note that
ms(g) = @(s¥(g))mlg) = my =iy 0 by with s = o(s| - |*)mn.

Then we proceed again as in Theorem B1. Indeed, we know by assumption that

esssupHdemU,ﬁ( wams)‘ < oo.
-z 2

s>0

According to the proof of Lemma[2.6] this implies that we may write m; as a Riesz

transform m. _, with respect to the length function v = 1. o by for almost every

s > 0. Since the families ¢1, 2 = ¢ satisfy the assumptions of Lemma [2.3] we may
combine this result with Lemma 2.5 to obtain

ds

Imlho, @ = ko[ [ o0 mo,
R4 §

M, (G)

S e(p)esssup [[hall, < c(p)esssup [Dasrsy _ (Vibew(sl- )| . O
>0 >0 2 2
Remark 2.11. Lemma 2.5 admits generalizations for any conditionally negative
length ¢ : R™ — R, whose associated measure v is absolutely continuous with
respect to the Lebesgue measure and such that 1 — cos(27(¢,-)) € L1(R™,v) for all
¢ € R™. Indeed, if we set dv(x) = u(z)dx we also have

—

1
W Zoim =7 ‘
||m||Mp(R ) ~Se(p) H\/a\[m Lo (R™)

as long as the space determined by the right hand side admits a dense subspace of
functions m for which v/£m satisfies the Fourier inversion theorem. The Schwartz
class was enough for our choice (¢,v) = (¢, te). Lemma can also be extended
when v is invariant under the action o, of the chosen finite-dimensional cocycle

(Hy, 0, by). This invariance is necessary to make sure that the construction in
the proof of Lemma yields a well-defined cocycle out of ¢ and .

Remark 2.12. Although the above mentioned applications are of independent
interest, it is perhaps more significant to read our approach as a way to relate
certain kernel reproducing formulas with some differential operators/Sobolev norms
in von Neumann algebras. Namely, consider any length

0(9) = 7 ((2M(e) = A9) = Mg ™)) with 7y (f) = 7(fwy)

for some positive invertible density w,, and construct the spaces

Lo(G,ry) = {h€Lo(@) | lIhll2 = o (|h*)F < oo},

W3(G,r) = {melul@) ] Imlwy = [A(Vm

. < oo}.
L2 (G)

1
) |
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Here X\ stands for the left regular representation, playing the role of the Fourier
transform. This is the analogue of what we do in the Euclidean case. Then, there
exists a linear isometry

Ay i h e LYG,7y) CTIQID W2(G,7),
¥()
where L;(é, Ty) denotes the subspace of mean-zero elements. The surjectivity of
Ay depends as above on the existence of a dense subspace of our Sobolev type
space admitting Fourier inversion in £(G) (in fact, this can be used in the opposite
direction to identify nice Schwartz-type classes in group algebras). Whenever the
map Ay, is surjective, it relates the “Sobolev norm” of a Riesz transform with the
Lo-norm of its symbol, which in turn dominates its multiplier norm up to ¢(p). We
have not explored applications in this general setting.

Remark 2.13. Using Laplace transforms in the spirit of Stein [68], we can prove
Littlewood-Paley estimates in discrete time and also L, bounds for smooth Fourier
multipliers even for infinite-dimensional cocycles. These results will appear in a
forthcoming paper.

2.4. Limiting Besov type conditions. Let n be a radially decreasing smooth
function on R™ with 1g, o) < 7 < 1g,(0) and set p(§) = n(§) —n(2£), so that me
may construct a standard Littlewood-Paley partition of unity ¢ (¢) = @(27¢) for
k € Z. Consider the function ¢ =1 — Zj>1 pjand let « € R, 1 < p,q < co. Then
the Besov space Bf, (R™) and its homogeneous analogue are defined as subspaces
of tempered distributions f € §’'(R™) in the following way

B @) = {7 es®) [, = (S2elgn i)’ < oo

kEZ

1
B,RY) = {7 e SR | ISl =16+ fllp+ (D 2@k f12) " < oo}
k>1
Note that || |5, is a norm while ||| |||%, is a seminorm. Besov spaces refine Sobolev
spaces in an obvious way. For instance, it is straightforward to show that we have

B2,(R™) ~ HL(R™) and  BZ,(R") ~ HZ(R")
with constants depending on the dimension n. It is a very natural question to
study how can we modify the Sobolev (5 4 €)-condition in the Hérmander-Mihlin
theorem when e approaches 0. This problem has been studied notably by Seeger

[66], [67], see also [IT], 44} [65] and the references therein. In terms of L,-bounded

Fourier multipliers for 1 < p < oo the best known result is
HmHMp(R") Sc(p,n) sup H@O m(2j-)||B2 (R7)?
JEL g1

where (&) = (&) = n(&) —n(2€) as defined above. Of course, we may not expect
to replace the Besov space in the right hand side by the bigger one Bi/Q’Q(R”) or
its homogeneous analogue

1
suplllggmlll} 2 = sup (30 2*|@ * (eym)3)°
Jez I€L ey,
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= up (Y27 + (eom@) )

IEL ez
The identity above holds from the dilation invariance of the norm we use.

In the following theorem we show that a log-weighted form of this space sits in
M, (R™). Similar results for Euclidean multipliers were already studied in [2] by
Baernstein/Sawyer, the main difference being that they impose a more demanding
¢1-Besov condition. Our argument is also very different. We formulate our result
in the context of discrete group von Neumann algebras, although it also holds for
arbitrary unimodular groups. The main idea is to replace the former measures
dpe(z) = we(z)dr with w.(z) = |z|~"*2%) used to prove Theorem B1, by the
limiting measure dv(z) = u(z)dz with

1

u(w) = o (1m0 @)+

71 n x ).
1+10g2 |J?| R \B1(0)( )

Let us also consider the associated length

L0E) = 2/ (1 = cos(2m(¢, x))) u(z) da.
After Theorem [2.15| we give more examples and a comparison with Seeger’s results.

Lemma 2.14. The length above satisfies

() ~ —

fﬂﬁﬁ#mw@+o+W%Hﬁw%@@.

Sketch of the proof. We have

o B dx 1 —cos(27(z,§)) do
5 _/131(0)1 coS(27r<$7f>)|xn+/Rn\Bl(O) (1+log2|z]) |al”

By dilation invariance of |z|~"dx, we can write

_ _ £ ) do
A() = /Bg,(o) 1 — cos (27r<m, €] >) FE

By symmetry the direction of £ is irrelevant and using polar coordinates we find

= A(§)+B().

o If [¢] < 3, we get

o If €] > %, we get

x,e1)|? dx
ag~ [ lelby . f A e(m)(1+ og el
B, (0) |z BKKM\B%m)Lﬂ
On the other hand, using spherical symmetry we may also write

1 — cos(2m(z[¢|, e1)) dz

B(¢ :/ .
© r\Bi0)  (L+logz]) |z
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e When [¢| < 1, we find

1 dx T, e 2 dx
r\B (o) (1+]1og |z|) || B0\ (1 + log? |]) |z[™

2[¢€]

1
By polar coordinates it is easy to see that B(§) ~ ¢(n) —————.
&~ T Tog el
dx
e When [£]| > L we just get that B(¢) ~/ ~ ¢(n).
i mevBy (o) (1+log? [z

Combining the estimates above we get the equivalence in the statement with B (0)
replaced by B1(0). However, since 1 + [log|¢|| ~ 1 when [¢] € [1,1], this is
equivalent to the right hand side in the statement. The proof is complete. O
Theorem 2.15. Let (G, 1)) be a discrete group with a conditionally negative length
gwing rise to an n-dimensional cocycle (Hy, oy, by). Let (@;) ez denote a standard

radial Littlewood-Paley partition of unity in R™. Then, if 1 < p < oo the following
estimate holds
T
Lo (R™)

~epny Im(e)|+ inf {Sup(z2 kaHSDk* \[4,0] )Hz)z}v

1 -
Hm||Mp(G) Sepny  Im(e)|+ inf {SupH\/a(\/Zngm)

m=moby, | jez

m=moby | jez ez

where u, £ are as above and the weights wy, are of the form Sg<o + k>8>0 for k € Z.

Proof. Arguing as in Theorem B1 we may assume with no loss of generality that
m vanishes where 1 does, so that m(e) = 0. According to Remark [2.11]and Lemma
Lemmas and apply in our setting (¢, v, u). Moreover, according to our
argument for Theorem B1, we find

) = 3> 6;(¢(9)) (2;m)(by(9))
JEZ
for a certain smooth partition of unity ¢;. If
supH\f \/Z@jm)/\HQ < o0,
the (generalized) proofs of Lemmas [2.5| and imply that m; = (@;m) o by, is a
Riesz transform mg 5, with respect to the length function ¢ = £ o by, which comes
from a composed cocycle as in Lemma thanks to the orthogonal invariance of

v (radial density). Since the families ¢1; = @2; = ¢; satisfy the assumptions of
Lemma [2.2] we combine this with Lemma [2.5] to obtain

ey = || X et Omen,

JEZ

My (G)

IN

~\ AN
c(p,n) sup [|hyllw, < elp supH (Ve m
sup 1 72 (Ve m)

This proves the first estimate of the theorem. The second follows since

|71 Sl ~ e i~ 2wl gl

keZ
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Remark 2.16. According to Remark [2.11] other limiting measures v apply as long
as we know that 1—cos(27(¢, -)) belongs to L1 (R™, v) and the measure v is invariant
under the cocycle action . In particular, any radial measure dv(z) = u(x)dx such
that u(s)(s*1(0,1)(s) + 1(1,00)(s)) € L1(Ry, ds) satisfies these conditions. Note that
any such measure will provide an associated length of polynomial growth, so that
the associated Sobolev type spaces admits the Schwartz class as a dense subspace
satisfying the Fourier inversion formula, as demanded by Remark 2.1} If fact, it is
conceivable that for slow-increasing lengths ¢

@« (Vegsm)ll; ~ €2k * (s)

Therefore, under this assumption we would finally get

" £(2
HmHMp(G) Sc(p’n) \m(e)|—|— inf {Sup(ZQ ku

m=moby | jez \ ;=7 (2%

)’}

Remark 2.17. The Besov space B2 /2, 1 (R™) used in Seeger’s result is not dilation
invariant. Thus, in order to compare his estimates with ours, we first need to dilate
from pom(27-) to p;m. Using the elementary identity

2~ J”/2||p 2i7.)

Hﬁ*f@j')HLQ(Rn) fHL (R™)

and easy calculations, we obtain

lpom@Mzs, gy = = (16 (om(@))[l, + D2 2% @5 * (om(27))]],
k>1

) 1
~2E(X I em)) + X 2¥ [ (el
k4 7<0 k4s>1
On the other hand, our estimate in Theorem gives
1
(T 25 = (Vgm)|2)* (zznkkzuwk s (Vigm)|3)
k<0

It seems we get better estimates for k¥ < min(0, —j) and worse for k£ > max(0, —j).

3. Analysis in free group branches

In this section we prove Theorem C. We shall use the same terminology as in
Section for the natural cocycle of Fo, associated to the word length | |.
particular, recall that the Hilbert space is H| | = R[F]/Rd., with o | = X and
b |(g9) = 0y +Rd.. The system &, = §, —d,- with g # e forms an orthonormal basis
of H| |, where g~ is the word which results after deleting the last generator on the
right of g. By a branch of F,, we mean a subset B = (gx)x>1 with gr. = g; . We
will say that g; is the root of B.

Proof of Theorem C i). Given t > 0, let
me(j) = tje”m(j).
Our hypotheses on m imply that

-
IS

|me() —me(d — 1) Ste™ ¥ e~ <te 7.
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In particular, we find the following estimate

sup > [e(lg)v/Io] — tella ™ )v/To71?

geB

- . - . 2 . - . 1
S s> ) — (i — 1) + e - 1P~
t>0 =1 J

N

d
sup/ th_tSsds—F/ (ts)2e_2ts—s = / (e +e ) dr < 0.
t>0 JR, Ry s Ry

Therefore, if we define hy = > g (ht, &g)n, &g With

(he &y = (ellg)V/lgl = n(lg™)VIgT) for g€ B,

it turns out that (h¢)¢>o is uniformly bounded in | |. Moreover

Sg =Y & ="0(9) = mulgl) = {6y 1(9)s )y |

h<g \/m

In other words, m;o| | coincides on B with the Fourier symbol of the Riesz transform
R |,n, associated to the word length | | in the direction of h;. Assume (wlog)
p > 2. Let us now fix f € L,(L(F)) with vanishing Fourier coefficients outside
B. Recall that T5.((A(g)) = m(|g|)A(g9) and A} generates a ‘noncommutative
diffusion semigroup’ as defined in [32] Chapter 5|, which satisfies the assumptions
of [32, Corollary 7.7] by [32, Proposition 5.4 and Theorem 10.12]. One side of [32]
Corollary 7.7] applied to & = Tro( | f and z = Tjq)  f* with F(z) = z%e™?* implies

| T 1 f Il

Se(p) H (/]R+ (|(tA‘ |)2e*2tA\ | Trnol \f|2 n |(tA‘ |)2e’2t‘4\ T ‘f*|2) %)

for all ¢ € B.

1
2

o [N Ty e EoN |

since Tr;,0| |= R| |,5, on B. By the integral version of Lemma for p > 2, together
with the uniform boundedness of (h¢)i~o

HTﬁw\ If”p gc(p)

‘(/]R (|G(tA\|)f|2+|G(tAH)f*|2)%>%

P

for G(z) = ze*. By the other side of [32, Corollary 7.7] applied to z = f and
x = f*, the right hand side is dominated by || f||,. This completes the proof. O

We will say that a family of branches T = {By, : k > 1} forms a partition of the
free group when Foo = {e} U (UpBj) and the By’s are pairwise disjoint. Given a
branch B € 7 let us write gg 1 for its root. We will say that B is a principal branch
when its root satisfies |gp,1| = 1. If B is not a principal branch, there is a unique
branch B™ in 7" which contains gg ;. Given g € Foo, define Ilgg to be the biggest
element in B which is smaller than or equal to g. If there is no such element, set
IIgg = e. Now let us fix a standard Littlewood-Paley partition of unity in R,.
That is, given n : Ry — R, a smooth decreasing function with 19 1) <1 < 1(g2),
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set ¢(&) = n(€) —n(2€) and ¢, (&) = ¢(27%¢) for k € Z. Assume in addition that
V& is Lipschitz (as we assume in Theorem C). Then construct

pr=>Y ¢; and @; =¢;

<1
for j > 2, so that 37, ¢; = 1. Define A; : AM(g) — /;(|g])A(g) and
Vi (Ma, gDMs, o] = /25 (T gD g]

A
N (9)

for any g € Fo, with the convention that HB; g = e if By is a principal branch.

Aj,k: )‘(g) = 5HBkg#e

Lemma 3.1. If1<p<2and f € L,(L(Fx))
1
* 7 ~* 2
(Z a5k k + byykbj,k)
gk
Proof. Define hj i, =3 g, (hjk &g)n, &g With

i) = (Vi aDlgl = Ji(lgDlg~|) for g€ By,

To show that hj; € H| |, we note that ¢; and ¢; (j > 2) are supported by [0, 4]
and [2771, 271 respectively. Therefore, arguing as we did in the proof of Theorem
C i), we obtain (using that /¢ is Lipstchitz)

Ihild, < 3 Weslah = estlaDPlol +1es(a™ DIigl = Vig )

gEBy

> el - et - it - iz

20-1<4<2i+141

inf
Ajef=a;jk+bj K

50(1)) HfHP
14

A

< LA
~ 1

27 -1<4<2i+141

< 1.

In particular, the family (h; ) is uniformly bounded in #, | and

dg = th =b1(9) = (0(9), hjk)u, = Z (Ens Mg k)2 -

h<g e£h<Tlp,

By cancellation, the latter sum is
V2i (e, 9) e, g| — /0 (- g)[Tg 9| when Te,g # .

b h; ~
Muf = 32 OO Pkl g R
g€F \/m
Now, according to the definition of hj it is easily checked that (h;x,hj x)#, |
vanishes unless k = k' and |j — j/| < 1. This implies that each of the subsystems
(h2jx) and (hgjt1,k) are orthogonal and uniformly bounded. Once this is known
and splitting into two systems, the assertion follows immediately from Theorem A1l
by standard considerations. The proof is complete. [

Hence
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Proof of Theorem C ii). It clearly suffices to prove the result for B a principal
branch. Let T = {By : k > 1} form a partition of F., which contains B; = B as a
principal branch. Given f € L,(L(Fs)) with vanishing Fourier coefficients outside
B, it is then easily checked that A;f = A; 1 f because B is a principal branch and

A f = 0 for other values of k. Therefore, the first estimate follows from Lemma
@ For the second estimate, we use the fact that ¢; is a partition of unity together
with the inequality in Remark n 2.4{iv). Namely, we obtain

||f||Lp(1§) =

- iR\ i (5 +bj)H _

L,(B
j>1 ;n( )
1

< [|(thssan ) (}:aa +b,07)"

Now observe that (hj1,hy1) vanishes when |j — k| > 1 and it is bounded above
otherwise. This shows that the matrix above is bounded since it is a band diagonal
matrix of width 3 with uniformly bounded entries. We are done. O

B(¢2) Lp(L(Fs))

Corollary 3.2. If B is any branch of Fo, and 2 < p < oo

(Sl

j>1

with the multipliers Aj : AM(g) — /¢, (|g])A\(g) defined as in Theorem C ii).

8 c(p) ||f||Lp(]§)7

Proof. It easily follows from the identity A; = R| 5, , and Remark i). O

Remark 3.3. Bozejko- Fendler theorem [§] shows that Fourier summability fails in
Ly(L(F,)) when |} — 7| > 1 and the partial sums are chosen to lie in a sequence
of increasing balls w1th respect to the word length. This may be regarded as
some sort of Fefferman’s disc multiplier theorem [26] for the free group algebra
although discreteness might allow some room for Fourier summability near Lo in
the spirit of Bochner-Riesz multipliers. This result indicates that we might not
expect Littlewood-Paley estimates for nontrivial branches arising from sharp (not
smooth) truncations in our partitions of unity, as it holds for R or Z.

Appendix A. Unimodular groups

Let (G,v) be a locally compact unimodular group with its Haar measure. Let
us write A : G — B(L2(G)) for the left regular representation determined by
Ag)(p)(h) = p(g~1h) for any p € La(G). Let us recall in passing the definition of
the convolution in G

prnlg) = /G p(hy(hg) du(h).

We say that p € Ly(G) is left bounded if the map n € C.(G) — pxn € La(G)
extends to a bounded operator on Ly(G), denoted by A(p). This operator defines
the Fourier transform of p. The weak operator closure of the linear span of A\(G)
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defines the group von Neumann algebra £(G). It can also be described as the weak
closure in B(L2(G)) of operators of the form

F =) = /G F@)Mg)dulg) with FeC.(G).

The Plancherel weight 7 : £(G), — [0,00] is given by
w(rn = [ 1fta)P auta)

when f = )\(f) for some left bounded f € L2(G) and 7(f*f) = oo for any other
f € L(G). After breaking into positive parts, this extends to a weight on a weak-x
dense domain within the von Neumann algebra £(G). It is instrumental to observe
that the standard identity

m(f) = f(e)
holds for f € Co(G) % Co(G), see [54, Section 7.2] and also [72], Section VIL.3] for a
detailed construction of the Plancherel weight. Note that 7 is tracial precisely due
to the unimodularity of G and it coincides with the finite trace 7(f) = (fde, d.) for
G discrete. The pair (£(G),7) is a semifinite von Neumann algebra and we may
construct the noncommutative L,-spaces

Ly(£(G),7) = Ly(G) = { NC(O @) ri<p<2

)\(CC(G))H I for 2 <p< oo

where the norm is given by || f|l, = 7(|f|?)!/? and the p-th power is calculated
by functional calculus applied to the (possibly unbounded) operator f, we refer
to Appendix B below for more details on the construction of noncommutative L,
spaces. On the other hand, since left bounded functions are dense in Ly(G), the

~

map A : p— A(p) extends to an isometry from Lo(G) to L2(G).

Given m : G — C, set

Tof = /G m(9) F(@)Mg)dulg) for F e ColG)+Cu(G).

Ty, is called an Ly-Fourier multiplier if it extends to a bounded map on Lp(a).
Our goal in this appendix is to study the validity of our main results in this
paper —Theorems A1, A2, B1 and B2— in the context of non-necessarily discrete
unimodular groups. More precisely, given G unimodular we shall be working with
continuous conditionally negative lengths v : G — Ry which are in one-to-one
correspondence with continuous affine representations (H, ay, by ), as it follows
from Schoenberg’s theorem. Precise definitions of these notions as well as the
construction of crossed products of von Neumann algebras with locally compact
unimodular groups will be given in Appendix B below. Most of the time, our
results in the discrete case must be modified by the simple replacement of sums
over G (discrete case) with integrals over G (unimodular case) with respect to the
Haar measure v. We should also replace finite sums (trigonometric polynomials)
by elements in A(C.(G)) or A(C.(G) *C.(G)) depending on whether p > 2 or p < 2.

Notice that the proof of Theorem A1l for discrete groups rests on the validity
of Theorem A2 for this class of groups. In the unimodular case, we may follow
verbatim the proof (replacing sums by integrals as indicated above) and conclude
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that Theorem A1 is valid for arbitrary unimodular groups as long as the same holds
for its ‘Meyer form’ in Theorem A2. Thus, we shall only prove this latter result for
unimodular groups. The crucial difference with respect to the original argument is
the fact that the group homomorphism g € G + by (g) X g € Hy x G is no longer
continuous when we impose the discrete topology on H,, and the product topology
on the semidirect product H,, % G. Recall that the discrete topology was crucial in
our argument to obtain a trace preserving *-homomorphism

71 L(G) 3 Mg) = Au(by(g) % g) € L(Hy x G) ~ L(Hy) x G.

Here we use the isometric isomorphism Ay (by (9) X g) + exp(27i(by,(9), )%, ) X A(g)
between L(H, x G) and L(#Hy) x G. Thus, our argument at this point requires
an explanation or a modification. We would like to thank the referee for the proof
presented below. Although in the same line as ours (even longer), it is a bit more
natural, it avoids this subtle point and improves certain estimates obtained along
our argument. Of course, according to Theorem [I.I]—whose proof extends trivially
to unimodular groups— and as we did in our proof of Theorem A2, it suffices to
show that

(A1) 11z ~ew 1804y Fllg, e

Proof of . Let v denote the standard gaussian measure in the real Hilbert
space Hy, recall that dim #H,, = oo is admissible. Let M := Lo (Hy,¥) Xa, G and
consider the map

Jy : Ag) € LIG) = 1 x A(g) € M,
which extends trivially to a *-homomorphism. Let Ezq) : M — L(G) stand for
the corresponding conditional expectation. Construct the *-derivation D, densely
defined in the weak-* topology of M as

D¢ /fgm dv(g —2m/fgb¢, Ag) dv(g)

F

where the function g — f is continuous and compactly supported on G with values
in Loo(Hy,7), so that DyJy = 6y. f R = 6¢,A;1/2, the crucial identity is

—7 A~ d ~
M@(p.v./RetDw o Ju(f) 775) for f e L3(G)NAC(Q)),

where @ is defined as in Theorem Before justifying it, we shall complete the
proof of (A.1]). We claim that

tD
(A3 WPy = o [P BT, —lu 2,00

for 1 < p < oo. (A1) follows from (A-2) & (A-3). Indeed, let f € LS(G)NA(C(G))
which is admissible by density. Since d;,6,, = Ad, we deduce R*R = id L3(E) and

obtain

* 1 * x A% A 1 *

(A2) Rf =

This yields the upper estimate in (A.1]) with constant ~ p?/(p—1) (which improves
the one obtained in our former proof of Theorem A2). The lower estimate is a
trivial consequence of (A.2) and (A.3) and the constant behaves like p*/(p — 1)3/2
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as we found in our former proof. It remains to justify (A.2) and (A.3]). To prove
(A.2)), we start with the simple identity

Rf =

7o)
(/G\/%A(g)dwg))
= o= [ ([ i) u0).) 5 Mo) dvla)

= \/ﬂ/ / /H ‘t(bw(g)7y>d7(y))(bw(g)7.> x A(g) dt dv(g)

for f € L3(G) N A(Ce(G)). Integrating by parts coordinatewise

(] oo @)oo,

- 3 /m et s 4y )><ej7.>

- 1t >~ ( / DD dy (1)) e )

- 1t 1(/ DDy () e
-3l s @) (y Ny (y) = %Q(eitwg),»),

Combining this identity with our expression above for R f, we obtain

\/ﬂ/ / /H ,t(bw(g)7y><y7,>d7(y)) %} 1 M) dv(g).

Truncating the integral over R to the compact set Qn. = [-N,N] \ [—¢,¢], it is
clear that we can apply Fubini. In particular, we may rewrite the term inside the
square bracket above as

, dt
lim Ane(g, )y, )dy(y) with Anc(g,y) = / e tbu (D)
e—0 ’ ’ t
N—oo Y Hy On,e

By the symmetry of Qx ., we may replace the imaginary exponential in Ax .(g,y)
by sin(t(by(9),y)). Thus, Ax(g,y) is uniformly bounded in N, e for g fixed and
(by(9),y) # 0. In particular, by the dominated convergence theorem

lim [ Axc(9,9)(y, )dy(y) =/H (p-V-/Re”(b“g)’”%y%~>dv(y)-

e—0
N—oo ” He

Now, using that f €C,. (G) we obtain

Rf = \/ﬂ / ( / t“’”(g)’w%)@, '>dv(y)] x A(g) dv(g)
= — [ F@Q(px. [ @) s xg) vt
= \/_%@[/Gf(g)pv /Re“(b”(g)")% x A(g) dV(g)]
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This reduces the proof of to show that the term in square brackets is Uo.Jy, (f).
This follows applying Fubini which in turn can be justified as above. Note that
etbu(9)) 5 Ng) = e'PvJy(A(g)) follows from Dy = idy_(3,.) * 6y and the
fact that 6, is a derivation because (Hy, oy, by) is a cocycle. The proof of
follows from the fact that (exp(tDy))tcr is a one parameter group of isometries of
L,(M). Indeed, each of the maps exp(tDy) is a *-automorphism since (H, ey, by)
is a cocycle. On the other hand, both maps exp(tD,) and exp(—tD,) are trace
preserving, hence isometries of L (M). By interpolation, we obtain a one parameter
group of isometries of L, (M) for 1 < p < co. According to this and [5, Theorems
5.12 and 5.16], we deduce as a consequence of the fact that L,(M) is UMD
for 1 < p < co. This completes the proof. O

It remains to study Theorems Bl and B2 for unimodular groups. As we shall
see Theorem B2 holds for arbitrary unimodular groups, whereas Theorem B1 will
be proved under the additional assumption that G is ADS, see below for a precise
definition of ADS group. The validity of Theorem B1 for arbitrary unimodular
groups is left as an open problem for the interested reader. Namely, assume for
simplicity that by : G — Ry is injective and v{e} = 0, so that we do not have to
worry about the value m(e) as we did in Theorem B1. Then, a careful reading of
the proof of Theorem B1 shows that it holds for a given unimodular group G as long
as Lemmas 2.2 and [2.6] hold for such a group G. Lemma [2.6| only uses Theorem A1l
and Remark iv). However, the latter is dual to Remark i) which follows as
Lemma 2.1} Finally, this lemma is again a consequence of Theorem Al. Therefore,
it turns out that Lemma[2.6| holds for arbitrary unimodular groups because we have
already shown that Theorem A1l does. On the other hand, the proof of Lemma
works as well for a given unimodular group G as long as [34, Theorem 4.3] does.
The latter result is the Littlewood-Paley estimate

(A1) |5 80008 @3] oy Setvamns 1
J=

ROy (£

The problem here is again that we use the map
7: A(g) € L(G) = A (by(9), 9) € L(Hy x G) = L(Hy) x G

(where H,, is some R%. . and G is discrete) in a crucial way for [34, Theorem 4.3].
Since the argument used above for Theorem A2 seems to be very specific for the
Riesz transform, we need an alternative approach. The strategy is to use that
holds for arbitrary discrete groups as proved in [34]. In particular, if we let Ggjsc
denote the group G equipped with the discrete topology and consider the linear

map
Lyf = Ay, f 5,
our goal is to prove the following ine(i:;lity forl<p<oo
(A5) Ly Ly(G) = ROL(@)]| £ [|Ly = Lp(Gatise) = RCH(L(Caise))

This can be regarded as a Hilbert space valued version of the noncommutative
de Leeuw compactification theorem [I3] Theorem D i)]. We will show that
and therefore holds for every unimodular ADS group. A unimodular group
G is called approximable by discrete subgroups (ADS) when there exists a family
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of lattices (I'x)r>1 in G and associated fundamental domains X; which form a
neighborhood basis of the identity. It is worth noting that every nilpotent Lie
group is ADS, we refer to [13] for more details and a discussion of the limitations
to go beyond ADS groups for restriction and compactification theorems.

Proof of (A.5). We clearly have
Ly(Tx) € Lp(Gaisc)
isometrically for all £ > 1. In particular, this immediately yields

Sup [ Ly + Ly(T) = BC(ET)| < || Ly : Lp(Gatoe) = RCH(£(Gate)

sup||Ly, : RC,(L(Th)) = Ly(Th)]| < |
Ty

k>1

)

LY, RCy(L(Gaise)) = Lp(Garne)|

Indeed, both inequalities are obvious for p > 2 and the case 1 < p < 2 follows by
duality. Since the case p = 2 is clear and using duality one more time, it suffices to
show for 1 < p < 2 that

Ly« Lp(G) = RCH(L(G))|| < gI;HLw\F; : Lp(Tx) — RCR(L(Tw))]],

L%« RCy(L(G)) = Ly(G)|| < zlifl)HLZ‘f;:ch(ﬁ(Fk))—)Lp(f;)H.

This is a Hilbert space valued form of the noncommutative extension of Igari’s
lattice approximation theorem [13, Theorem C]. Following the terminology used in
the proof of [I3, Theorem C], define

S;Pk =dho Aw*%’\rk oWy where W) = (@z/)*.

It is worth mentioning that, although the maps ®} and ¥ depend on p, the operator
S;pk does not. This will be relevant below. We shall also use the following operators

Aw,kf = ZSﬂf@@ and B¢7k<2fj ®5j> = ZS;’bkfj
j=1 j=1 j=1

o~ ~

Since ®% : L,(T'y) — L,(G) is a complete contraction [I3], we deduce

[ A 2(@) = RC(L@)] < sup||Luy_ s L,(F2) RO

E>1

| Bue s RG(L(G) > Ly(@)]| - < supl|Ly + ROH(£(T) = Ly(Tw)]|
2 Tk

Therefore, the assertion will follow if we can show that we have
Lyf = w— RCH(L(G)) — klim Ay i f,
—00
Liyf = w—L,(G) - Jim By if,
on a dense class of Lp(év)7 RC,(L(G)) respectively. To justify the first limit, we
argue as in [I3] Theorem C] and reduce it to prove strong Lo convergence for

f= )\(f) with f € Co(G) % Cc(G). Indeed, if (g;);>1 is a sequence of projections in

~

£.(L.(G)) with % = % + %, then we find

RO (L(G))

|2 as(85f — o) 05
j=1
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< Z||Qj(S;‘pkf_A¢#ij)||Lp(CA})
j=1

< (Xl ) (SIS = A flne)
Jj=1 j=1

Since fis compactly supported, only finitely many elements in (S;pk J =Dy, f)i>1
do not vanish. As in [I3], Theorem C], this implies that strong Lo convergence
implies weak L, convergence. On the other hand, since only finitely many j’s give
non-zero terms, it suffices to show that

(A.6) Ly — lim St = Ay, f

for each j > 1 and every f € A(C.(G)*C.(G)). The proof of this is exactly the same
as in [I3] Theorem C] and we shall not reproduce it here. This justifies the first
limit. The second one is very similar. Again we may reduce it to prove strong Lo
convergence, this time with the exact same argument as in [I3]. Moreover, we may
pick f = Ej fi ®d; with f; # 0 for finitely many j’s. Then, the problem reduces
one more time to justify as we have indicated above. O

Finally, we conclude analyzing Theorem B2. In this case, the proof is completely
parallel to that of Theorem B1 with the only difference that we use Lemma [2.3
instead of Lemma The Littlewood-Paley estimate used in that lemma follows
from [32] and holds for any semifinite von Neumann algebra M. In particular, it
holds with M = L(G) for every unimodular group G.

Appendix B. Operator algebraic tools

Along this paper we have used some concepts from noncommutative integration
which include noncommutative L, spaces and sums of independent noncommuting
random variables. In the context of group von Neumann algebras, we have also
used crossed products, length functions and cocycles. In this section we briefly
review these notions for the readers who are not familiar with them.

Noncommutative integration. Part of von Neumann algebra theory has evolved
as the noncommutative form of measure theory and integration. A von Neumann
algebra [41], [72] is a unital weak-operator closed C*-algebra and, according to the
Gelfand-Naimark-Segal theorem, any such algebra M embeds in the algebra B(H)
of bounded linear operators on a Hilbert space H. We write 14 for the unit. The
positive cone M is the set of positive operators in M and a trace 7 : M — [0, 0]
is a linear map satisfying
() =7 f7).

It is normal if sup, 7(fs) = 7(sup, fo) for bounded increasing nets (f,) in My;
it is semifinite if for any non-zero f € M, there exists 0 < f’ < f such that
7(f') < o0; and it is faithful if 7(f) = 0 implies that f = 0. The trace T plays the
role of the integral in the classical case. A von Neumann algebra is semifinite when
it admits a normal semifinite faithful (n.s.f. in short) trace 7. Any operator f is
a linear combination f; — fo 4+ ifs — if4 of four positive operators. Thus, we can
extend 7 to the whole algebra M and the tracial property can be restated in the
familiar form 7(fg) = 7(gf). Unless explicitly stated, the pair (M, 7) will denote a
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semifinite von Neumann algebra equipped with a n.s.f. trace. We will refer to it as
a noncommutative measure space. Note that commutative von Neumann algebras
correspond to classical L, spaces.

According to the GNS construction, the noncommutative analog of measurable
sets (characteristic functions) are orthogonal projections. Given f € My, the
support of f is the least projection ¢ in M such that qf = f = fq and is denoted
by supp f. Let Sj\—/t be the set of all f € M such that 7(supp f) < co and set
S to be the linear span of Sx/[. If we write | f| = v/ f*f, we can use the spectral
measure dy : Ry — B(H) of |f| to define

[fIP :/ sPdy(s) for 0<p<oo.
Ry

We have f € Sy = |f|P € Sty = 7(|fP) < oo. If we set |||, = T(|f|p)%, we
obtain a norm in Sy for 1 < p < oo and a p-norm for 0 < p < 1. Using that Sy
is an involutive strongly dense ideal of M, we define the noncommutative L, space
L, (M) associated to the pair (M, 7) as the completion of (Sa4, || ||p). On the other
hand, we set Lo, (M) = M equipped with the operator norm. Many fundamental
properties of classical L, spaces like duality, real and complex interpolation, Hoélder
inequalities, etc hold in this setting. Elements of L,(M) can also be described
as measurable operators affiliated to (M, 1), we refer to Pisier/Xu’s survey [60)
for more information and historical references. Note that classical L, spaces are
denoted in the noncommutative terminology as L, (€, u) = L,(M) where M is the
commutative von Neumann algebra Lo (2, p).

A unital, weakly closed x-subalgebra is called a von Neumann subalgebra. A
conditional expectation E : M — A from a von Neumann algebra M onto a von
Neumann subalgebra A is a positive contractive projection. It is called normal
if the adjoint map E* sends L;(M) to Li(N). In this case, the restriction map
Ei = E*|L, () satisfies E] = E. Note that such normal conditional expectation
exists if and only if the restriction of 7 to the von Neumann subalgebra N remains
semifinite, see [72] for further details. Any such conditional expectation is trace
preserving 7 o E = 7 and satisfies the bimodule property

E(a1bas) = a1E(b)as for all aj,as € N and b € M.

Given von Neumann algebras N' C A, B C M, we will say that A, B are independent
over E whenever E(ab) = E(a)E(b) for all a € A and b € B. Similarly, we will say
that a family of random variables (f;);jes in M is fully independent over E if the von
Neumann algebras generated by any two disjoint subsets of (f;);jes are independent
over E. The noncommutative analog of Rosenthal inequality [62] was obtained in
[39] and reads as follows for p > 2. If the random variables (f;)jes C L,(M)
satisfy E(f;) = 0 and are fully independent over E, then we find

) Gl a], (;IIfJIZ);+H(;E(f]*fj))% p+H(;E(fjf;‘));

p

Group von Neumann algebras. Let G be a discrete group with left regular
representation A\ : G — B(¢2(G)) given by A(g)dn, = 0g4p, where the d,’s form the
unit vector basis of ¢5(G). Write L(G) for its group von Neumann algebra, the weak
operator closure of the linear span of A(G) in B(¢2(G)). Consider the standard trace
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T(A(g)) = dg= where e denotes the identity of G. Any f € L£(G) has a Fourier
series expansion of the form

~

> flo)Mg) with 7(f) = f(e).

geG
Define

Lp(é) = L,(L(G), 7) = Closure of L(G) wrt ”fHLp(é) = (r|fP)",

S

the natural L, space over the noncommutative measure space (L(G),7). Note
that when G is abelian we get the L, space on the dual group equipped with its
normalized Haar measure, after identifying A(g) with the character x,. The group
von Neumann algebra £(G) associated to a locally compact unimodular group G
is defined similarly, we refer to Appendix A above for the details.

Let G be a locally compact unimodular group. Given another noncommutative
measure space (M,v) with M C B(H) assume there exists a trace preserving
continuous action « : G — Aut(M). Define the crossed product algebra M x, G
as the weak operator closure of the x-algebra generated by 1, ® A\(G) and p(M)
in B(La(G;H)). The representation p : M — B(L2(G;H)) is determined by the
following identity

[p(2)](0)(9) = ag-1(2)(4(g))-
When G is discrete, the operator p(z) takes the form
plx) =D ap-1(z) @enn
heG
with eg 5, the matrix units in B(¢2(G)). A generic element of M X, G has the form
>y fa @a Alg), with fg € M. Playing with A and p, it is clear that M X, G sits in
MEB(l:(G))

Zg fg XaNg) = Zg p(f5)(Lrm @ Ag))
= nghﬁ, (Oéh—l(fg) ® @h7h) (1/\/1 ® egh’,h')

= Zghoth(fg) D epg-1p = Zg.h O[gfl(fghfl) & €g,h-

When G is unimodular, the expression for p(x) is replaced by a direct integral with
respect to the Haar measure on G and a generic element in M X, G has the form
/. o foxA(g)du(g). Similar computations lead to the following formulae for the basic
operations in the crossed product algebra

b (f N )‘(g))* = ag_l(f*) Ao )\(971)7
o (f Xa AMg)([' %a Alg")) = fag(f') ¥a Agg),

Moreover, if v denotes the trace in M we consider the trace

V Xa T(/G fg Xa A(g)du(g)) =v(fe)

Since a will be fixed, we relax the terminology and write [ fg 3 X(g)du(g) € MxG.

Let us now consider semigroups of operators Sy, = (Sy.¢)i>0 on £(G) which act
diagonally on the trigonometric system. In other words, Sy : A(g) — e 9\ (g)
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for some function ¢ : G — Ry. Sy = (Sy.+)i>0 defines a noncommautative Markov
semigroup when:

i) Sw,t(lﬁ(G)) =1z for all t > 0,

ii) Each Sy ¢ is normal and completely positive on £(G),

iii) Each Sy is self-adjoint, i.e. 7((Sy+f)*g) = 7(f*(Sy.+9)) for f,g € L(G),
)

iv) Sy+f — fast— 0" in the weak-* topology of L(G).

These conditions are reminiscent of Stein’s notion of diffusion semigroup [68]. They
imply that Sy is completely contractive, trace preserving and also extends to a
semigroup of contractions on L,(L£(G)) for any 1 < p < co. As in the classical case
Sy always admits an infinitesimal generator
—Ay = lim 751% — e
t—0 t
In the Ly setting, A, is an unbounded operator defined on

Spif — N
W e L(G)}.

with Sy = exp(—tAy).

doma(Ay) = {f € Ly(G) | lim

As an operator in Lg(é), Ay is positive and so we may define the subordinated
Poisson semigroup Py = (Py.1)¢>0 by Py, = exp(—ty/Ay). This is again a Markov
semigroup. Note that P is chosen so that (07 — Ay)Py = 0. In general, we let
—Ay p denote the generator of the realization of Sy = (Sy,¢)i>0 on Ly(L(G)).
It should be noticed that kerA, , is a complemented subspace of L,(L£(G)). Let
Ej, denote the corresponding projection and J, = id; &) — Ep. Consider the
complemented subspaces

~

LE(G) = Jy(Ly(G) = {f € Ly(G)| lim Syuf =0},
The associated gradient form or “carré du champs” is defined as
1 * * *
Pofinf) = 5 (AU fe + FiAW(f2) = Au(Fif2).
Since Sy = (Sy1)t>0 is a Fourier multiplier, we get Ay (A(g)) = ¥(g9)A(g) and

Tt = [ R g™ ) i) ZUGR) y ( y dyg) dpa().

GxG 2

The crucial condition 'y (f, f) > 0 is characterized in the following paragraph.

Length functions and cocycles. A left cocycle (H,a,b) for the unimodular
group G is a triple given by a Hilbert space H, a continuous isometric action
a: G — Aut(H) and a continuous map b: G — H so that

ag(b(h)) = b(gh) — b(g)-

A right cocycle satisfies the relation ay(b(h)) = b(hg™') — b(g~!) instead. In this
paper, we say that ¢ : G — Ry is a length function if it vanishes at the identity e,

P(g) = ¢(g~") and
2., Be=0=3"  Bebulg™th) <0

for any finite family of coefficients 8,. Those functions satisfying the last condition
are called conditionally negative. It is straightforward to show that length functions
take values in R;. In what follows, we only consider cocycles with values in real
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Hilbert spaces. Any cocycle (H,«,b) gives rise to an associated length function
Up(g) = (b(g),b(g))n, as it can be checked by the reader. Reciprocally, any length
function 1 gives rise to a left and a right cocycle. This is a standard application
of the ideas around Schoenberg’s theorem [64], which claims that ¢ : G — Ry
is a length function if and only if the associated semigroup Sy = (Sy.1)i>0 given
by Sy @ A(g) — exp(—t¥(g))A(g) is Markovian on £(G). Let us collect these
well-known results.

Lemma B.1. If ¢ : G — Ry is a continuous length:

i) The Gromov forms

U(g) +(h) —(g~"h)
2 )

U(g) + (k) = P(gh™")

Kl(g.h) = 5 :

define positive matrices on G x G and lead to
(i f2hos =X, ROE) 0. NEM)
on the group subalgebra R[G] of L(G) given by

R[C] = {/\(

(9) +¥(h

Kj(g.h) =

-~

) | f: G — R finitely supported}.

ii) Let /Hfb be the Hilbert space completion of
(R[G]/N? (-, Vi) with NJ) = null space of (-, )y ;-
The mappings bi) g€ G A(g)—Ae) —&—Ni € Hi form left/right cocycles
together with
ay, ,(u+ Ny)
afp,g(u + Ni)

Ag)u+ Ni),
ul(g™!) + Ni,

which determine isometric actions O‘{b :G— Aut(?—[fb) of G on H{b'
iii) Imposing the discrete topology on ’Hi}, the semidirect product Gi) = Hi x G
becomes a unimodular group and we find the group homomorphisms below
ﬂ'i:gEG — b}b(g)xge(}}b,
1, :9€G bi(g_l)xgeG?p.
The previous lemma allows to introduce two pseudo-metrics on our unimodular

group G in terms of the length function . Indeed, a short calculation leads to the
crucial identities

g~ h) = (bl(g) = b (R), b (g) — bl ()

1 1 2
I LAORLADI

lgh™h) = (V(9) — b (R), b (9) — B3 (R))

In particular,

2 2 2
I LACORLADI S

dist (g, 1) = v/blg1h) = [bL(g) — b4 (W)l
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defines a pseudo-metric on G, which becomes a metric when the cocycle map is
injective. Similarly, we may work with dista(g,h) = /¥ (gh—!). When the cocycle

map is not injective the inverse image of 0

Go={9€G|uv(9) =0}

defines a subgroup. The following elementary observation is relevant.

Remark B.2. Let (H1,a1,b1) and (He, ag,b2) be a left and a right cocycle on G.
Assume that the associated length functions 1y, and 3, coincide, then we find an
isometric isomorphism

A1z :bi(g) € Hi > ba(g7h) € Ho.
In particular, given a length function ¢ we see that Hzll} ~ 'Hi via b}p (9) — bi (g~ h).

Remark B.3. According to Schoenberg’s theorem, Markov semigroups of Fourier
multipliers in £(G) are in one-to-one correspondence with conditionally negative
length functions ¢ : G — R,. Lemma automatically gives

() = (AU + £ Au) — Au(r D)

= [ T Ko A ) duta)d) = 0

Theorem B.4. Let Iy denote the space of trigonometric polynomials in L(G)
whose Fourier coefficients have vanishing sum, as defined in the Introduction. A
gwen function ¥ : G — Ry defines a conditionally negative length if and only if
there exists a positive linear functional Ty : IIg — C satisfying the identity

vlg) = 7 (2A(0) = Mg) = A ™).

Proof. Assume first that ¢ : G — R satisfies the given identity for some positive
linear functional 7, : IIg — C. To show that 1 is a conditionally negative length it
suffices to construct a cocycle (Hy, ay, by) so that 1(g) = (by(g), by (9))%,, - Since
I is a *-subalgebra of L(G), (f1, f2)n, = T4 (f7 f2) is well-defined on ITy x IIp. If
we quotient out the null space of this bracket, we may define H,, as the completion
of such a quotient. As usual, we interpret H, as a real Hilbert space decomposing
every element in Il into its real and imaginary parts. If IV, denotes the null space
let

a¢7g(f + Nw) = )\(g)f + N¢ and bw(g) = /\(g) — )\(6) + Nw.
It is easily checked that (Hy, ay,by) defines a left cocycle on G. Moreover, since
2X(e) = A(g9) = A(g™1) = |\ (g9) — A(e)|?, our assumption can be rewritten in the form
¥(g) = (by(9), by (9))n, as expected.

Let us now prove the converse. Assume that ¢ : G — Ry defines a conditionally
negative length and define

m(M(g) = Ae)) = ~3(9).

Since the polynomials A(g) — A(e) span IIy, 7, extends to a linear functional on Il
which satisfies 7, (2A(e) — A(g) = A(g™") = 3 (¥(g) +¥(g™")) = ¥(g). Therefore, it
just remains to show that 7, : IIo — C is positive. Let f =3 asA(g) € Ilo so that
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>, @g = 0. In particular, we also have f =3 a4(A(g) — A(e)). By the conditional
negativity of 1) we find

mo(F12) = 2 @y (Ag) = M) (A(h) = A(e))

g9,heG
= 3 dganry (Mg ™) = Ag™1) = Ah) + A(e))
g9,heG
(g™ +o(h) — v(g~'h) LS (]
= aga = —= aganpy(g—"h) > 0.
g,%;G o 2 29%€:G o

This shows that our functional 7 : IIg — C is positive. The proof is complete. [

Appendix C. A geometric perspective

In this appendix we will describe tangent modules associated with a given length
function, and how they can be combined with Riesz transform estimates. Let us
recall that a Hilbert module over an algebra A is a vector space X with a bilinear
map m : (p,a) € X x A — pa € X and a sesquilinear form (, ) : X xX = A
such that {p,na) = (p,n)a, (pa,n) = a*{p,n) and (p, p) > 0. We refer to Lance’s
book [42] for more information. Define £(X) as the C*-algebra of right-module
maps 71" which admit an adjoint. That is, there exits a linear map § : X — X
such that (Sp,n) = (p,Tn). A Hilbert bimodule is additionally equipped with a
s-homomorphism 7 : A — £(X) and a derivation § : A — X is a linear map which
satisfies the Leibniz rule

d(ab) = w(a)d(b) + 6(a)b.

A typical example for such a derivation is given by an inclusion A C M into some
von Neumann algebra M, a conditional expectation E : M — A”, and a vector
p such that 6(a) = ap — pa. We have seen above that for a conditionally negative
length function 3, we can construct an associated (left) cocycle (Hy, cuy, by). In
the following, we will assume that the R-linear span of by (G) is H,. Let us recall
the Brownian functor B : Hy — Lo(€2) which comes with an extended action o
of G on Lo (£2). This construction is usually called the gaussian measure space
construction. Here the derivation is given by

dy 2 A(g) = B(by(9)) x Alg)-
We have already encountered the corresponding bimodule in context with the

Khintchine inequality. The proof of the following lemma is obvious. In fact, here
left and right actions are induced by the actions on M = Lo () x G.

Lemma C.1. Let G be discrete. The Hilbert bimodule
Q4(G) = 0y (CIG) (X x A(G))  with (p,n) = Er(a(p™n)
is exactly given by the vector space Xy = {Zg B(&) x A(g) : &y € 'Hw}.
Proof. For & = by(g) we consider 6,(A(g))(1 x A(g™ 1)) = B(&). Since Hy is the
real linear span of such ¢’s, we deduce that Xy, is contained in §,(C[G])(1 x A(G)).

The converse is obvious. Moreover, since dy is a derivation, it is easy to see that
O(C[G])(1 = A(G)) is invariant under the left action. O
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Of course, the gaussian functor B is not really necessary to describe the bimodule
Q2 (G) ~ Hy x G. Note that the product of two elements p, 7 in Lo(L(2) x G) is
well-defined as an element of L; (Lo (£2) x G), so Ez(q)(p*n) = (p,n) makes perfect
sense. The following proposition shows that our previous results extend to the
tangent module and not only to differential forms with ‘constant’ coefficients given
by elements in Hy C Qy(G). Given p = 3, B(&r) @ A(h) € Qy(G), define the
extended Riesz transform in the direction of p as follows

(CORy,f = D A0 )Ry, f

heG
. <b¢(g)a§h>ﬂ¢; ~ —1
= 2mi — A(h
MZGG e (@A™ g)
= 2o (3 BE) m) (X 2L b0u0) «\0)]
heG 9eG v(g)
= QWZEﬁ(G)(p*(swA;%f)

since we have

| BOBEH = €,
Note that we recover the Riesz transforms Ry, 5, for p = B(h) X A(e).
Proposition C.2. Given p, p; € Qy(G), and 2 < p < oo:

) Ryt Lp(G) = Lp(G)|| Sen) lellanic)-
i) H(Z\Rw,ﬂm?)
j>1

i) || (3 R, (1)

Jjz1

1

2

1/l

B(l2)®L(G)

Sev) H( pmpk>)

1
* 3 2) 2
 Setw) 312111’!|E£<G>(Pjpj)|\ae)H(;U’jl )

Proof. Assertion i) follows from ii) or iii). The second and third assertions follow
from the well-known Cauchy-Schwarz inequality for conditional expectations, whose
noncommutative form follows from Hilbert module theory [30]
1 ) R
|Ec(e) @ idpe,) (x|, < [[Ecie) ® idpe,) (x2) || 2| (Ece) @ idse) () ||,
Indeed, for ii) we use (C.1)) and pick
_1
r = Zp}k ®ej and y=0yA4,° f®en.
j>1
Then, the inequality follows from Theorem A2. On the other hand, for iii) we take
1
x = Zp;‘ ®e;; and y= ZawAw2fj ® ej1.
j=1 Jj=21

After it, the result follows from the cb-extension of Theorem A2 in Remark O

Remark C.3. The ‘adjoint’ of Ry, given by
Rl (f) =Ry, (f)
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_1 1
can be written as RL,p(f) =B (p oA, 2 ()" = —Er()(0yp A, * (f)p). Hence
1
* * z * 2
(S RE, ) P)| Sewr 5w [Eccor (3o 2| (D2 1451
j>1 P gzl j>1

It is however, in general, difficult to find an element 7 such that RIM( ) =Ry, (f)
unless G is commutative and the action is trivial. This is a particular challenge if
we want to extend the results from above literally to p < 2, because then we need
both a row and a column bound to accommodate the decomposition R(f) =a +b
in the tangent module Q,(G).

p

Let us now indicate how to construct the corresponding real spectral triple. We
first recall that ,(G) is a quotient of the universal object Q(G) C C[G] ® C[G]
spanned by de(a)b, where the universal derivation is de(a) = a® 1 — 1 ® a. Using
J(a ®b) = b* ® a*, the universal object becomes a real bimodule. In other words
the left and right representations m¢(a)(p) = (a ® 1)p and 7.(a)(p) = p(1 ® a) are
related via Jm.(a*)J = mg(a). This implies in particular, that [a, JbJ] = 0 and
hence we find a real spectral triple. In our concrete situation, we have a natural
isometry J(z) = z* on M = Ly (Q) x G, which leaves the subspace Q(G) C Lo(M)
invariant. Hence Q,(G) is a quotient of Q4(G). The Dirac operator for this spectral
triple is easy to construct. The underlying Hilbert space is

~

H=04(G) ® L2(G)
where ,,(G) denotes the closure of Q(G) in Ly(M) and

0 dy
D=5 ¢ )
Note that d;,(B(§) x A(g)) = (&, by(9))A(g) is densely defined. Using the diagonal
representation for C[G], we find that Ty, = [dy, A(g)] is a right module map from

~

Ly(G) to Q4(G) such that Ty () = by (g) x (A(g)z) and hence
(@, Ty Tyy) = (by(h), by (9))(z. A~ g)y) = (T4 (A(R), M9))y)

~

for all z,y € Ly(G). It then follows that

[ (75 5 Moy = mes{Irets Dl ot )l

Here (A(g))0(A(h)) = 6(A(g)A(R))—6(A(g))A(h). This gives precisely the Lip-norm
considered in [33]. The drawback, however, is that we have replaced the natural
candidate Lo(Loo(2) x G) by the much ‘smaller’ module H.

Replacing the gaussian construction by the corresponding free analogue, it is
possible to work with a larger object. As in the gaussian category, given any
Hilbert space K, we have a function

s: K= To(K)
into the von Neumann algebra generated by free semicircular random variables and
a representation o : O(K) — Aut(To(K)) with s(o(h)) = a,(s(h)). This allows us to
define 6% __(A(g)) = s(by(9)) X A(g) € To(Hy) x G. The proof for the boundedness

free
of the corresponding Riesz transforms

_1
2

frdl AT
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follows from the corresponding Khintchine inequality for x = >,  s(£) % A(g).
Namely, we find

lally ~o max {[|Eci (@ 2)? ], [Eci (@), }
for 2 < p < oo and

el ~c it [[Ec@(@ian)? ], + [|[Ecw (2223 ],

In fact, it turns out that

EL(G)(|$free|2) = EE(G)(lmgaussP)

for xpree = 3¢, 8(§) @ A(g) and Tgauss = Do¢ , B(§) ¥ A(g). This means the
bimodule Xy, can be realized either with independent gaussian or free semicircular
variables, where Xf;ree = s(Hy) @ G C To(Hy) x G. Recall the natural inclusion of
To(Hy) x G into the Hilbert space La(To(Hy) % G) = La(To(Hy)) ® €2(G). More
formally, we may denote by 1. the separating vector in the GNS construction and
then find A(g)1, = e,. The map DY __ is densely defined on Ly(To(Hy) x G) as
follows

free

Df,(a®eg) = —s(bulg™)a @ e,
Proposition C.4. The tuple

(CIG], La(To(Hs)  G), D, )

free’

is a real spectral triple satisfying the following identities for f = Zg f(g)/\(g) in
C[G] CTy(Hy) x G

(DY, eer M9)] = s(by(9)) x A(g),
and

1 1
1D reer Aoty ~ max { T s DIy 1T 7 2y }-

Proof. If g € G, we find
[Dfrec N@)(a®@en) = Df,.(a®egn) = Alg)(=5(bp(h™)a en)

= —s(by((gh) ")) (@ ® egn) + s(by(h™"))(a ® egn)

= oy (s(by(9)))a @ egn = p(s(by(9))) 0 Mg)(a ® en),
where p(b)(c®e4) = a;,lg(b)c ® e4 on the tensor product. After the corresponding
identifications in the inclusion T'g(Hy) ® L(G) C La(To(Hy) x G), this implies
[D;/free, AMg)] = 6?Tee(/\(g)). The operation J is the adjoint for the crossed product
and hence [A(g), J(A(h))J] = 0 shows that we obtained a real spectral triple (we

ignore further compatibility properties for DY
deduce that

J at this point). By linearity we

free?

(DY eer ] = 0% (f).

Now, we use a central limit procedure. Consider the crossed product I'y(¢5*(H)) % G.
Then, the copies 7;(T'o(H) x G) given by the j-th coordinate are freely independent
over £(G). Thus Voiculescu’s inequality from [3I] applies and yields that for any
w =3¢, 0¢45(§) ¥ A(g) and the sum of independent copies

H i%gs(f ®ej) X A(g)‘
j=1

F0><1G
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1 1
< wllrone + vVmlEzq) (W w)llZ gy + VmllEz ) (ww)lIZq)

Dividing by y/m and observing that w and ﬁ E;"Zl ag ¢5(§ ®€ej) @ A(g) are equal
in distribution we find indeed, letting m — oo

M -

Jeollrgnc ~ max |

Thus for a differential form w € Xfree(Gr)7 we get
ool gree ~ max{fjwlix, . [lo”{lx, }-

In particular, we conclude that

18%ree (F)lIvanc ~ max {|ITufs £) e Do £ 2y -

This expression is certainly finite for f € C[G] and the proof is complete. O

It turns out that in the free case D% free CAN NOb be extended to a global derivation
onT'g(Hy)»xG. On the other hand, for the gaussian case d,(A(g)) = B(by(g)) X A(g)
does not belong to Lo, (©2) x G, and hence both models for generalized tangent spaces
have their advantages and disadvantages.

Let us now return to the gaussian spectral triple on . As in [I5], we have to deal
with the fact that this spectral triple might have some degenerated parts, but in
many calculations of the (-function of | Dy | the kernel is usually ignored. We recall
that for a self-adjoint operator D, the signature is defined as sgn(D) = D|D|~!. In
our particular case, if A;l(eg) = ﬁeg is a compact operator and F' = Dy|D,,|~*
is the corresponding signature, then it is well-know [15] that

(7 )]

is compact for all a € C[G]. This follows from the boundedness of

2 (75 2]

[15, Proposition 2.4] and then [I5, Proposition 2.7] applies. In our situation, we
know that §, = RwAll/2 and hence d,, vanishes on Hy = span{e, : ¥(g) = 0}.
Clearly, we see that 4,0, = Ay is the generator of our semigroup which also
vanishes on Hg. On the other hand, we have

5467, = RyAuR;,

and hence the range of 4y, is given by the first Hodge projection Ilyqg = Ry Ry,
This can be described explicitly. Indeed, for g with 1(g) # 0 we denote by @, the
projection onto the span of B(by(g)) € L2(92) and get

RwRZ:ZQQQ(@egg = FZ(}% E({)w )

Problem C.5. Show that F : Qy(G) + L(G) = L,(L(22) x G) where the closure

is taken in L,,, admits dimension free estimates
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Appendix D. Meyer’s problem for Poisson

Let A = 02 be the laplacian operator on R™. Classical theory of semigroups of
operators yields that the fractional laplacians (—A)? with 0 < 8 < 1 are closed
densely defined operators on L,(R™) [74, Chapter 9, Section 11] and regarding them
as convolution operators we see that the Schwartz class lies in the domain of any of
them. Moreover, they generate Markov semigroups on Lo, (R™). When g = % we
get the Poisson semigroups P; = exp(—ty/—A). In this appendix we shall show that
Meyer’s problem fails for this generator when p < % Recall that Theorem
A2 confirms that holds for p > 2 and provides a substitute for 1 < p < 2.
Let us first give a formula for the corresponding carré du champs I" 1.

Lemma D.1. For any Schwartz function f, we have

Ty(f.f) = / PV P, f2dt

1
2

where Vg(x,t) = (0u, 9, Oxsgs - - -, 0z, g, 0tg) includes spatial and time variables.

Proof. Let Yt = ‘Ptf|2 and Ft = (8tPt)(§0t) — Pt(at@t). Since 8t2pt + Apt =0

O Fy = (07 Pr) (1) — Pu(0Fp1) = —APi(p1) — Pi(0F 1)
On the other hand, we may calculate

R = 200.PfIP+ (Pf*)(O;Pif) + (O} Pf)(Pif)

= 2(0,Pf1* = (P )(APf) — (AP.f*)(Pif).
Therefore, we get
0iF; = —2P(|VP.f]).

Note that Fy = limy_,o F} = QF%(f, f) by the definition of Carre du Champ and
Fy — 0ast— co. We get

oo

QF%(f,f):/ —8tFtdt:2/ P,|VP,f|*dt.
0

0
]

Proposition D.2. The equivalence (MP)) fails for Poisson semigroups P, = e~ tV—2
on R™ forany 1 <p< nz—j:l with n > 2. More precisely, for any non-zero Schwartz
function f we have

2n

(.f)f)% ¢ Lp(]Rn) fO?” any p< ——

r .
n+1

1
2

Proof. We follow an argument from [25]. Fix a non-zero f € L,(R™) and |z| > 4.
Then

LGN = [ RITRP @

> t
— cn —— |VP,.f(y)|2dydt
/0 / (\m—y|2+t2)%| )

2
1 1

Cn 7|VPtf(y)|2dydt = CpCf——T

/1 /y<1 ||+t 7zt
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for ¢y = f12 fly\<1 |V P, f(y)|?dydt > 0 (since f # 0) and any |x| > 4. Then

(f, )% € L,(R") = §<n+1>>n > p> =

‘We then conclude that
T4 (4, f)%||p =00 while ||(—A)if||p < 00

for any non-zero Schwartz function f with p < f—_{_’l Therefore, (MP) fails. |

Thus, our revision of (MP)) in this paper is needed even for commutative semigroups.

Remark D.3. According to the proof of Proposition there exists f € S(R")
such that (—A)if € Ly(R") but T'y jo(f, f) = E£wn) (0172761 /2f) does not belong
to L, /2(R™). This should be compared with Theorem A2 for G = R"™, which claims
there is a decomposition 6y 5 f = ¢1 + ¢ With ¢1,¢2 € L, (Loo(Q2) x R™) and such
that Ezgny(¢7é1) and Ezmn)(¢2¢3) belong to Ly /o(R™). On the other hand, by
[30, Proposition 2.8] we know that the following inequality holds

* 1 * 1
T3 (£ N2, < [Ecny(@161) ]|, + [[Ecen)(952)2]],-
This implies that
Ecn)(9202) ¢ Lp/2(R™),
even knowing that ¢y € Lj(Loo(2) x R™). We recover the known fact for § < 1

||E£(R")(¢§¢2)||Lp/2(Rn) y ||¢§¢2||LP/Q(LOO(Q)NRM = H¢2||%,,(LOO(Q)><R")-
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