OPERATOR SPACE EMBEDDING OF SCHATTEN p-CLASSES
INTO VON NEUMANN ALGEBRA PREDUALS

MARIUS JUNGE* AND JAVIER PARCET?

ABSTRACT. Let X; and X2 be subspaces of quotients of R@® OH and C' @ OH
respectively. We use new free probability techniques to construct a completely
isomorphic embedding of the Haagerup tensor product X; ®p X2 into the
predual of a sufficiently large QWEP von Neumann algebra. As an immediate
application, given any 1 < g < 2, our result produces a completely isomorphic
embedding of ¢; (equipped with its natural operator space structure) into
Ly (A) with A a QWEP von Neumann algebra.

INTRODUCTION

The idea of replacing functions by linear operators, the process of quantization,
goes back to the foundations of quantum mechanics and has a great impact in
mathematics. This applies for instance to representation theory, noncommutative
geometry, operator algebra, quantum and free probability or operator space theory
among other fields. The quantization of measure theory leads to the theory of L,
spaces defined over general von Neumann algebras, so called noncommutative L,
spaces. This theory was initiated by Segal, Dixmier and Kunze in the fifties and
continued years later by Haagerup, Fack, Kosaki and many others. We refer to
the recent survey [28] for a complete exposition. In a series of papers beginning
with this work, we will investigate noncommutative L, spaces in the language of
noncommutative Banach spaces, so called operator spaces.

The theory of operator spaces took off in 1988 with Ruan’s work [30] and it
has been developed since then by Blecher/Paulsen, Effros/Ruan and Pisier as a
noncommutative generalization of Banach space theory [3, 20, 24]. In his book
[23] on vector-valued noncommutative L,, spaces, Pisier considered a distinguished
operator space structure on L,. In fact, the right category when dealing with
noncommutative L, is in many aspects that of operator spaces. Indeed, this has
become clear in the last years by recent results on noncommutative martingales
and related topics. In this and forthcoming papers we shall prove a fundamental
structure theorem of L, spaces in the category of operator spaces, solving a problem
formulated by Gilles Pisier. Our main contribution here will be the following.

Theorem A. If1 < g < 2, there exists a QWEP von Neumann algebra A and a
completely isomorphic embedding of the Schatten class S, into L1(A), where both
spaces are equipped with their natural operator space structures.
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2 JUNGE AND PARCET

In the category of operator spaces, the L, embedding theory presents some
significant differences, some of them already apply to OH. For example, in sharp
contrast with the classical theory, it was proved in [6] that OH does not embed
completely isomorphically into any L, space for 2 < p < oco. Moreover, after
[25] we know that there is no possible cb-embedding of OH into the predual of
a semifinite von Neumann algebra. As it will be proved in a forthcoming paper,
this also happens in our case and justifies the relevance of type III von Neumann
algebras in the subject. In fact, our concern in this paper will be to prove a result
which is simple enough to present a self-contained approach and general enough to
serve as a guide for more general chb-embedding results. These latter results will
appear in [13], except for the lack of semifiniteness announced above which will be
considered independently in [14].

In order to put our result in the right context, let us stress the interaction between
harmonic analysis, probability and Banach space theory carried out mostly in the
70’s. Based on previous results by Beck, Grothendieck, Lévy, Orlicz... probabilistic
methods in Banach spaces became the heart of the work developed by Kwapien,
Maurey, Pisier, Rosenthal and many others. A fundamental motivation for this new
field relied on the embedding theory of classical L, spaces. This theory was born
in 1966 with the seminal paper [1] of Bretagnolle, Dacunha-Castelle and Krivine.
They constructed an isometric embedding of L, into L, for 1 < p < ¢ < 2, a
Banach space version of our main result; see also [7] for the analogous result with
noncommutative L, spaces. The simplest form of such embedding was known to
Lévy and is given by

0 (X loul?)’ = [ oeti

for scalars (ay)r>1 and where (6x)r>1 is a suitable sequence of independent g-stable
random variables in L1 () for some probability space (€, ). In other words, we

have the relation
E exp (i Zk aby) = exp (— ¢4 Zk 7).

More recently, it has been discovered a parallel connection between operator
space theory and quantum probability. The operator space version of Grothendieck
theorem by Pisier and Shlyakhtenko [27] and the embedding of OH [9] require
tools from free probability. In this context we should replace the 6;’s by suitable
operators so that (1) holds with matrix-valued coefficients aj,as,.... To that
aim, we develop new tools in quantum probability and construct an operator space
version of g-stable random variables. To formulate the quantized form of (1) we
need some basic results of Pisier’s theory [23]. The most natural operator space
structure on £, comes from the diagonal embedding ¢, < B(¢3). The natural
structure on ¢; is given by operator space duality, while the spaces ¢, are defined
by means of the complex interpolation method [22] for operator spaces. Let us
denote by (dx)k>1 the unit vector basis of ¢,. If ® denotes the operator space
projective tensor product and S, stands for the Schatten p-class over o, it was
shown in [23] that

e - l
Za ® 6 H = inf o /(Z b ll4 )q .
Hk:l FE % sme lofls,, (3 115, ) W3lsa

L)

q ar=aby B
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The answer to Pisier’s problem for £, reads as follows.

Theorem B. If1 < q < 2, there exists a sufficiently large von Neumann algebra
A and a sequence (zg)p>1 i L1(A) such that the equivalence below holds for any
family (ak)r>1 of trace class operators

oo 1 oo
inf oy (D2 106012) 182y ~e || an @ 24
ar=abef k=1 k=1

This result provides a completely isomorphic embedding of ¢, into L;(A) and
follows directly from Theorem A. Moreover, the sequence i, xso,... provides an
operator space version of a g-stable process and motivates a cb-embedding theory
of L, spaces. A particular case of Theorem B is the recent construction [9] of a
cb-embedding of Pisier’s operator Hilbert space OH into a von Neumann algebra
predual. In other words, a complete embedding of £5 with its natural operator
space structure into a noncommutative L; space, see also Pisier’s paper [26] for a
shorter proof and Xu’s alternative construction [36]. Other related results appear in
[11, 25, 27, 35], while semi-complete embeddings between vector-valued L, spaces
can be found in [12, 19]. All these papers will play a role in our analysis, either
here or in the forthcoming papers.

L1(A®B(£2))

The construction which leads to this operator space version of g-stable random
variables is simpler than the one needed for more general cases and will serve as
a model for the latter in [13]. Let us sketch the argument in some detail. A key
ingredient in our proof is the notion of the Haagerup tensor product ®;. We first
note that ¢, is the diagonal subspace of the Schatten class S;. According to [23],
S, can be written as the Haagerup tensor product of its first column and first row
subspaces S; = C; ®, R,;. Moreover, using a simple generalization of “Pisier’s
exercise” (see Exercise 7.9 in Pisier’s book [24]) we have

@) Cqy —w (R®OH)/graph(Ay)*,
R, —a (C & OH)/graph(Ag)J‘,
with A; : C — OH and Ay : R — OH suitable injective, closed, densely-defined
operators with dense range and where <, denotes a cb-embedding, see [9, 26, 35]
for related results. By [9] and duality, it suffices to see that
graph(A1) ®p graph(As)

is cb-isomorphic to a cb-complemented subspace of Lo (A; OH). Before proceeding
it is important to have a little discussion on this space. Namely, our methods in this
paper will lead us to obtain such cb-embedding for a free product von Neumann
algebra A. In particular, A will not be hyperfinite and Pisier’s theory [23] of vector
valued noncommutative L, spaces does not consider this space. Our definition of
it is given by complex interpolation

Loo(A;OH,,) = [Cr(A), Ru(A)] 1,
where R, (A) and C,,(A) are the row and column subspaces of
MH(A) = Mn Qmin A= On Xn A Rn Rn

In fact, given 1 < p < oo and using instead the row and column subspaces of the
vector-valued Schatten class S} (L, (A)), we find a definition of L, (A; OHy). On the
other hand, we also know from [8] a definition of the spaces L,,(A; £7) and L, (A; £2)
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for any von Neumann algebra A. In particular, we might wonder whether or not
our definition of L,(A; OH,,) satisfies the following complete isometry

L:D(-A? OH,) = [L;D(-A§ Ego)a[’p(fh E’f)]%
Fortunately this is the case. The proof follows combining results from [17] and [37].

Let us go on with the argument. By the injectivity of the Haagerup tensor
product, graph(A1) ®p, graph(As) is an intersection of four spaces. Let us explain
this in detail. By a standard discretization argument which will be given in Lemma
2.8 below, we may assume that A; = dy; = >, A\jrerr is a diagonal operator
on ly for j = 1,2. Moreover, taking A\, = Ajjp41/2) for & = j (mod2) with [w]
being the integer part of w, it is no restriction to assume that the eigenvalues
of A1 and A, are the same. In particular, our considerations allow us to rewrite
graph(A1) ®p, graph(A2) in the form below

o2 = graph(dy) @i graph(dy) = (C 5" V) @ (RO G N)),
where ¢5"()\) is a weighted form of OH according to the action of dy, so that
cneg'() = {(ea,hea)|i=1}cCaOR,
RO = {(exAjews)| =1} c Re O

The notation for Ju 2 is in concordance with [13]. Namely, the symbol co in J 2
is used because we consider L,, versions of these spaces. The number 2 denotes that
this space arises as a ‘middle point’ in the sense of interpolation theory between
two related J-spaces, see [13] for more details. Now, regarding d§ = Y, Alexs as
the density dy of some normal strictly semifinite faithful weight 1) on B({3), the
space Jo,2 splits up into a 4-term intersection space. In other words, we find

Tro2(¥) = (C @y R) N (C @, OH)d N d; (OH @ R) Nd2 (OH @, OH)d2.
The norm of z in Ju 2(¢) is given by

maX{Hx”B(t’z dewHC@hOH’Hd xHOH@hR’||d4xd4H0H®hOH}

The two middle terms are not as unusual as it might seem

1
5 Hd;Z(fﬂij)HMm(OHQ@hR) = ”ai}l?q’d (Zazkxka)’M(Mm@B(&))
1
H(l'ij)d:ZHMm(CQ@hOH) = ||ﬂf£<1H(Z$Zkﬁk]) w‘h M, ®B(¢2))

Let us now assume that we just try to embed the finite-dimensional space S;". By
approximation, it suffices to consider only finitely many eigenvalues A1, As,..., A,
and according to the results from [11], we can take n ~ mlogm. In this case we
rename 1) by 1, and we may easily assume that tr(dy,) =, A{ =k, is a positive
integer. Therefore, we consider the following state on B(¢%)

1 n
= ki Z)\i Tkk-
" k=1

In this particular case, the space Js 2(1n) can be obtained using free probability.
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Theorem C. Let A= Ay *Ag*--- %Ay, be the reduced free product of k,, copies
of B(€3) & B({3) equipped with the state 1 (pn & ¢y,). If T, : Aj — A denotes the
canonical embedding into the j-th component of A, the mapping

ky,
Up T € Too2(¥n) — Zﬂ'j(l‘, —2) ®6; € Loo(A; OHy,,)
j=1

is a cb-embedding with cb-complemented image and universal constants.

Theorem C and its generalization for arbitrary von Neumann algebras is a very
recent result from [13]. However, since the result proved there covers a wider range
of indices, the proof is rather long and quite technical. In order to be self-contained
we provide a second proof of this particular case only using elementary tools from
free probability. We think this approach is of independent interest. Now, by duality
we obtain a cb-embedding

S;n —cb Ll(A; OHk,,,)-

Then, we conclude using the cb-embedding of OH from [9] and an ultraproduct
procedure. In fact, what we shall prove is the following far reaching generalization
of Theorem A, see Paragraph 2.1 below for details.

Theorem D. Let Xy be a subspace of a quotient of R®&OH and let Xo be a subspace
of a quotient of C' ® OH. Then, there exist some QWEP von Neumann algebra A
and a cb-embedding

X1 ®n X —ep L1(A).

Background and notation. We shall assume that the reader is familiar with
those branches of operator algebra related to the theories of operator spaces and
noncommutative L, spaces. The recent monographs [3] and [24] on operator spaces
contain more than enough information for our purposes. We shall work over general
von Neumann algebras so that we use Haagerup’s definition [4] of L,, see also Terp’s
excellent exposition of the subject [32]. The basics on von Neumann algebras and
Tomita’s modular theory to work with these notions appear in Kadison/Ringrose
books [18]. We shall also assume certain familiarity with Pisier’s vector-valued
non-commutative L, spaces [23] and Voiculescu’s free probability theory [34].

We shall follow the standard notation in the subject. Anyway, let us say a few
words on our terminology. The symbols (d;) and (e;;) will denote the unit vector
basis of £5 and B(¢3) respectively. The letters A, M and A are reserved to denote
von Neumann algebras. Almost all the time, the inclusions N'C M C A will hold.
We shall use ¢ and ¢ to denote normal faithful (n.f. in short) states, while the letter
1 will be reserved for normal strictly semifinite faithful (n.s.s.f. in short) weights.
Inner products and duality brackets will be anti-linear on the first component and
linear on the second. Given v > 0, we shall write vX to denote the space X equipped
with the norm ||z|/,x = 7v||z||x. In particular, if M is a finite von Neumann algebra
equipped with a finite weight v, we shall usually write 1) = ke with k = ¢(1) so that
¢ becomes a state on M. In this situation, the associated L,, space will be denoted
as k'/PL,(M), so that the L, norm is calculated using the state ¢. Note that this
notation does not follow the tradition in interpolation theory, which denotes by vX
the Banach space with unit ball vBx and so the norm is divided and not multiplied
by 7. Given an operator space X, the X-valued Schatten p-class over the algebra
B(£2) will be denoted by S,(X).
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Acknowledgement. The former version of this paper was much longer and also
significantly more technical, since it almost contained the proof of our main result
in full generality. This included all the results in this paper and also some of the
results announced for [13]. We owe the referee to suggest this more accessible
presentation which we hope will help the nonexpert reader.

1. FREE HARMONIC ANALYSIS

We start with the proof of a generalized form of Theorem C for arbitrary von
Neumann algebras. Although we just use in this paper its discrete version as stated
in the Introduction, the general formulation does not present extra difficulties and
will be instrumental when dealing with non-discrete algebras in [13]. Our starting
point is a von Neumann algebra M equipped with a n.f. state ¢ and associated
density d,. Let N be a von Neumann subalgebra of M. According to Takesaki
[31], the existence and uniqueness of a n.f. conditional expectation E : M — N is
equivalent to the invariance of A" under the action of the modular automorphism
group o} associated to (M, ¢). In that case, E is y-invariant and following Connes
[2] we have E o gf = ¢f o E. In what follows, we assume these properties in all
subalgebras considered. Now we set A, = M @& M and define A to be the reduced
amalgamated free product von Neumann algebra xxAg of Aj,As, ..., A, over N,
where the embedding of the subalgebra N into M & M is given by = — (z,z).
Note that our notation xnAj for reduced amalgamated free products does not
make explicit the dependence on the conditional expectations Ej : Ay — N, given
by Ej(a,b) = $E(a) + $E(b). The following is the operator-valued version [9, 15] of
Voiculescu inequality [33], for which we need to introduce the mean-zero subspaces

Z\k = {x € Ag ’ Er(ag) = O}.

Lemma 1.1. Ifa € ,&k for1 <k <n andEx : A— N stands for the conditional
expectation of A onto N, the following equivalence of norms holds with universal
constants

n n 1
) 2
[ el ~ s ol + [ (X Entana)
k=1 k=1

Moreover, we also have

Y H(zn: EN(azak))% N
k=1

1

H Zakak 5

1

H Zakak 5

Proof. For the first inequality we refer to [9]. The others can be proved in a
similar way. Alternatively, both can be deduced from the first one. Indeed, using

the identity
n 1 n
apar)’|l = H ap e H
H(Z k%) 4 Z k& ek
k=1 k=1
and recalling the isometric isomorphism

My (a7 Ak) = *u1, (v Mn (Ak),

1
~ max ||, + H(ZEN axa))’

1<k<n

)

N

1<k<n

n 1
~ max |ag|a, + H(ZEN(GZCL’“DQ
k=1

M., (A)
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we may apply Voiculescu’s inequality over the triple
(M (A), M (A1), M (V).
Taking EN = idm, ® Enr, the last term disappears because

H ( i EN((ak®e1k)*(ak®e1k))) ' ‘
k=1

The third equivalence follows by taking adjoints. The proof is complete. (I

’Mn(N):1<11:E HEN akak)® HN < 12’:2”||akHAk~

Let 7 : Ay — A denote the embedding of Aj into the k-th component of A.
Given z € M, we shall write z; as an abbreviation of m(x, —x). Note that xj is
mean-zero. In the following we shall use with no further comment the identities
Ex(zrzy) = E(za*) and En(z}x) = E(z*z). We will mostly work with identically
distributed variables. In other words, given x € M we shall work with the sequence
x = mp(z, —x) for 1 <k < n. In terms of the last equivalences in Lemma 1.1, we
may consider the following norms

masx { ol g, Vit [EG@a®) ]}
lollen, = max {Jallm, v [E@"2)} | }-

Here the letters R and C stand for row and column according to Lemma 1.1. The
symbol oo is motivated because in [13] we work with L, versions of these spaces.
The number 1 arises from interpolation theory, because we think of these spaces
as endpoints in an interpolation scale. Finally, the norms on the right induce to
introduce the spaces L. (M, E) and LS (M, E) as the closure of M with respect to
the norms

=z, ,

HE(xa:*)%HN and HE(m*x)%HN
In this way, we obtain the spaces
ot (MLE) = M0 y/nL (M,E),

go,l (Ma E) = Mn \/ﬁLgo(M’ E)
Remark 1.2. It is easily seen that

eyl = sup{lorliu | ol <1,

o 1
IE@ )| = sup {laBla | 18l.m <1}
This relation will be crucial in this paper and will be assumed in what follows.

The state ¢ induces the n.f. state ¢ = p o Epr on A. If Ag, denotes the
n-fold direct sum A® AP ... d A (which we shall identify with A ® C™ in the
sequel) we consider the n.f. state ¢, : Ag, — C and the conditional expectation
En + Agn — A given by

On Zak®5k 7%2 and Zak®5k Zak

k=1 =
Let us consider the map

(1.1) iz €M Y 2 ®0; € Ay with = mi(x, —2).
k=1
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Lemma 1.3. The mappings
n
up s €RLJ(ME) = Yz ®en € Ry(A),
k=1

uc.: x€Cy i (ME) = Zxk ® ex1 € Cn(A),

k=1

are isomorphisms onto complemented subspaces with universal constants.

Proof. Given x € R, ;(M,E), Lemma 1.1 gives

n 1 n
lar (@)l = || (S wnai)? |, ~ max ala, + || (D2 En(orai))
k=1 —

A 1<k<n
k=1
In other words, we have

1
2

N

Hur(x)HRn(A) ~lzllm + Vool (e ~ Izllze -

Thus wu, is an isomorphism onto its image with constants independent of n. The
same argument yields to the same conclusion for u.. To prove the complementation
let us construct the corresponding projection. Let Ea, : A — Ay denote the
conditional expectation onto Ag. Given ay,as,...,a, € A, we can always write
Ea, (ax) as mg(ag, i) for some aj, a2 € M. Then, if we set the elements

by, — 7Tk(ozll€ + o3 _04,1C —|—ai>
2 2 ’
the projection onto the image of u, is given by

II: Zak ® e € Rp(A) — Zbk ®e1x € Rp(A).

k=1 k=1

By means of the upper estimate in Lemma 1.1 we have

n . N n ) %
H(;bkbk) |, = max Ibella, + H (kz_:l EN(bkbk))

Since it is clear that [|bg[la, < [|Ea, (ak)lla, <[5 aka,t)% HA’ it suffices to show

[ Ewan) [ < (2 i)
k=1 k=1

However, using the identity

N

0

* 1 *
Ex(bubi) = JEn((ok + of) (g +af)’)

1 1 * *
— §EN(EAk(ak)EAk (ak)*) + ZEN(OC}CQ% —&—aia,lc )

combined with Holder’s inequality for conditional expectations [8], we get

(> Ewtan)’
k=1

1

% H(Zn: Ex(Ea, (ax)Ea, (‘”f)*)> ’

IN

N N

+
N =
/N
Eal
[
—_
m
Ed
—
Q
ol
Q
Ealle
*
~—
N—
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1+x/§H
= 2

1
2

N

(3 Ex(En, (a0 (@)"))
k=1

Kadison’s inequality gives Ea, (ax)Ea, (ax)* < Ea, (araj) so that we finally obtain
n NEL 14V NEL 1V s
(o), = 252 o), < 52 S

N
as we wanted. The column case follows in the same way. 0

N A

The careful reader will have observed that the projection maps u,w; and u.w}
are algebraically the same map uw*, modulo the identification of R, (.A) and C,,(A)
with Ag,. If we consider the conditional expectation £, : A — Ay and we set
En, (Zk) = (ak,ﬁk), then

n

uw*(zn:zvc@c?k) :Zm(%i% —53',%2”:53‘ —0@) ® 0.
j=1 j=1

k=1 1
In particular, Lemma 1.3 allows us to identify the interpolation space

X% = [ (7;071(MaE)7 &,1(M7E)]

1
2
with a complemented subspace of Lo (A; OH,,). This will be implicitly used below.
However, the difficult part in proving Theorem C is to identify the norm of the space
X 1 Of course, according to the fact that we are interpolating 2-term intersection
spaces, we expect a 4-term maximum. This is the case and we define \702)2(./\/1, E)
as the space of elements = in M equipped with the norm

1
e AneT sup (0wl g, o0 Lol 180, < 13}

where £(u, v) is given by 5(1}7@) = %—f— % Obviously, multiplying by elements «, § in
the unit ball of L., (N') and taking suprema does not contribute to the corresponding
Le(uv) (M) term. In other words, we may rewrite the norm of = in JZ ,(M,E) as

lallgz e = max{flallay, , | wv € {4,00} |

where the A?u ») orms are given by

lellag, o = Izl

lzllap, = nt Sup{||$ﬁ||L4(M) | 181y < 1},

lallag, ., =t sup {llazl i | llallson < 1},

lollap,, = nt sup{lloavﬁllLQ(MH letllzoays 1Bllzacny < 1}~

These norms arise as particular cases of the so-called conditional L, spaces, which
are defined and will be further exploited in [13]. Before identifying the norm of X 1
we need some information on interpolation spaces.

Lemma 1.4. If (1/u,1/v) = (0/2,(1 — 6)/2), we have for x € M
lolwernomen, = sup{lazlle,on | lolz,on <1},

lelize e a = sup{l2Ble,0 | 181100 < 1},
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lzlliLe. (ME),Lr (ME) = SUP{HQWHLQ(M)\ ez, vy 18] ooy < 1}~

The proof can be found in [13]. In the finite setting, this result follows from
a well-known application of Helson/Lowdenslager, Wiener/Masani type results on
the existence of operator-valued analytic functions. This kind of applications has
been used extensively by Pisier in his theory of vector-valued L, spaces. We shall
also need an explicit expression for the norm of L. (A; OH,). The formula below
was proved by Pisier in [21] for semifinite von Neumann algebras. The general case
is due to Haagerup, see also [13, 37] for more general statements.

Lemma 1.5. We have

n n 1
ag @0 H =su H apoa H2 a>0, llalls<1%.
sz_l P asom,) p{ kz:l kAT LZ(A)\ [lel2

Now we are ready for the main result in this section.
Theorem 1.6. We have isomorphically

[ go,l(M’E)v &,1(M7E)] = ;,2(M7E)'

1
3
Moreover, the constants in these isomorphisms are uniformly bounded on n.
Proof. We have a contractive inclusion

X% C JToo2(M,E).
Indeed, by elementary properties of interpolation spaces we find

where L7 and LS, are abbreviations for L7 (M, E) and LS (M, E) respectively.
Using the obvious identity [AoXo, \1X1]o = Ay ~?A{ Xy and applying Lemma 1.4 we
rediscover the norm of the space JZ ,(M,E) on the right hand side. This gives
that the inclusion Xy C JZ 5(M, E) holds contractively.

To prove the reverse inclusion, we note from Lemmas 1.3 and 1.5 that

||CE||X% ~ H“(x)||[cn(A>,Rn<A)]%

n
= [Xaos
=1 Lo (A;0H,)

n 1
2
sup 3 | Y wtam|” ezl < 1} _A
{ k=1 L2(A)

Thus, it remains to see that

(1.2) A gmax{nx\

A7, | WV E {4,00}} = llzll7z ,(mE)-

In order to justify (1.2), we introduce the orthogonal projections Ly and Ry on
L3(A) defined as follows. Given a € Ly(.A), the vector Li(a) (resp. Ri(a)) collects
the reduced words in a starting (resp. ending) with a letter in Ag. In other words,

following standard terminology in free probability, we have

Ly : Lo(A) — LQ([@ EB Z\jﬂ&jg"'/&jm]”)a

m21j1=k#ja# - Fjm
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R : L2(A) — L2([ @ @ 'Z‘jl'&jz T '&jm]//)'

m>1 ji#joF - Eh=jm

Now, given a positive operator a in Ly(A) and a fixed integer 1 < k < n, we
consider the following way to decompose a in terms of the projections L and Ry
and the conditional expectation Enr: A — N

(1.3) a=Ex(a)+ (Le(a) + Ri(a) — Reli(a)) + vk(a),

where the term v (a) has the following form

vi(a) = a — Ex(a) — Lg(a) — Rg(a — Li(a)).

The triangle inequality gives A% < A? + A2+ A2, where the terms A; are the result
of replacing a in A by the j-th term in the decomposition (1.3). The terms in the
bracket of (1.3) are understood as one term which gives rise to Ay. For the first
term we use

A} = gxzm(a)xk\ e
< éEN(wiEN(a)xk)HLQ(N)
+ kz:xZEN(a)xk - EN(x,’;EN(a)xk)‘ o = Al AL
Since Ex- (wZEN(a)x;) = E(+*Ex(a)z) and a € B} ), we obtain
Ay = n?sup {trN(ﬁ*E(x*EN(a)x)ﬁ)% 18l Lay < 1}
< nt sup {iraa(F 00" aw8) | follzuon, [8lan < 1)

This gives A1 < [|zf[an, . < [|#]l 72 ,(m.E)- On the other hand, by freeness

(4,4) =
N 1
A%, = (Z HxZEN(a)wk — EN@"ZEN(@)W@) HiQ(A)) )
k=1
1

2 (Z Hx,’;EN(a)kaQLQ(A)f =2n2 ||x*EN(a)x|}L2(M).
k=1

IN

Then positivity gives
A < V2|zllay, < V2l2llgn e

Let us now estimate the term A,

H zn:xZ(Lk(a) + Ri(a) — Rkl—k(a))xk’
k=1

sup {
k
sup {

La(A)

NE

tra (be(Lk(a) + Ri(a) — Rk'—k(a))l’k) | bl o) < 1}

NE

trA(xkbx’,;(Lk(a) + Ri(a) — RkLk(a))> | 16l o (a) < 1}

=~
Il

1
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< (Sl ) (3 o)+ Reto - Rl )

|\b|\L2<A)<1

The second factor on the right is estimated by orthogonality

1
(Z Lk (a) + Re(a RkLk(a)HiQ(A)) * < 3lallpaa < 3.

For the first factor, we write b as a linear combination (by — be) + i(bs — by) of four
positive operators. Therefore, all these terms are covered by the following estimate,
to be proved below.

Claim. Given a € BL (4 We have

1

n 1
w2 I 1
(1.4) (Z kaaxk||L2(A)) < max{||33||M, n%  sup ||scﬁ||L4(M)}.
k=1

18Nl L <1

Before justifying our claim, we complete the proof. It remains to estimate the term
Aj associated to v (a). We first observe that v (a) is a mean-zero element of Lo(.A)
made up of reduced words not starting nor ending with a letter in Ag. Indeed, note
that Exr(yx(a)) = 0 and that we first eliminate the words starting with a letter in
Aj by subtracting Li(a) and, after that, we eliminate the remaining words which
end with a letter in Ay by subtracting Ri(a — Li(a)). Therefore, it turns out that
the family of random variables z5v1(a)z1, x572(a)za, - . ., iy (a)x, is free over N.
In particular, by orthogonality

n 1 n 1
§ * 2 _ 2 * 2 1
H k=1 xk’m(a)xk L2(A) N (k-=1 ka’Yk(aMkHLQ(A))

However, recalling that ~y,(a) is a mean-zero element made up of words not starting
nor ending with a letter in Ay, the following identities hold for the conditional
expectation Ea, : L1(A) — L1(Ax)

n, (14(0)* (ma} ~ Ex(oaf)) w(a)) =0
En (W(a) (), — EN(:Eka))vk(a)*) =0.

Using property (1.5) we find

(1.5)

HCEZ’Yk(a)kaiQ(A) = tra(zpye(a) zraiye(a)zr)

= tra(ziéa, (w(a) zraziye(a))zr)
tra (2., (Ve (a) En(zray)ye(a)) zr)
trA('y a)xpriyk(a) Ex(zray, ))
tra(Ea, (ve(@)zrzin(a)”) Ex(zxey))

= tra(Ea, (W (@) En(zrai)ve(a)*) En(ziy))

= tra(En(ene}) Fye(a)En (kai)mm(0) En(2ra7) 7).

In conjunction with ||vx(a)||2 < 5]la|2 and Holder’s inequality, this yields

| 2%k (a kaLZ(A) |Enr(za*)? Wk(a)EN(fm*)%HiQ(A) <25 ||2l|70 ()
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It follows from Remark 1.2 that
lollzs ey < sup ozl | llall,on < 1}-

The inequalities proved so far give rise to the following estimate

4,00) T

. 3
| Y win@a], < VBl ., < VEleloz e,
k=1

Therefore, it remains to prove the claim. We proceed in a similar way. According
to the decomposition (1.3), we may use the triangle inequality and decompose the
left hand side of (1.4) into three terms B, Bg, Bs. For the first term, we deduce
from positivity that

1

" 1 1 1 1
(Z kaEN<a>wZHZ(A>)4 = ni|zEx(@)a||L, vy Snt sup 2Bl
k=1 181,y <1

On the other hand, it is elementary that

1

(Z |25 (Le(a) + Ri(a) — Rk'—k(a))kaZ(A)) '
k=1

n
<l (|
k=1

This leaves us with the term Bj. Arguing as above

n 1
(Z ||$ka(a)$ZHiz(A)) ! <5 nit sup 126 £y (rm)-
k=1

18llLyay<1

Therefore, the claim holds and the proof is complete. O

1
xZ(Lk(a) + Rk(a) — RkLk(a))kaiz(A)> 4 <3 ||xHM

Remark 1.7. The arguments in Theorem 1.6 also give

Izl re  (MmE)], ~ maX{Hﬂ?HM, lllar, ., },

1
2
lallier ymeyany  ~ max {Jallae el }-

Now we show how the space X/ is related to Theorem C. The idea follows
from a well-known argument in which complete boundedness arises as a particular
case of amalgamation. More precisely, if L5(M)/L§(M) denote the row/column

quantizations of La(M) and 2 < ¢ < oo, the row/column operator space structures
on Ly(M) are defined as follows

LyM) = [M, Li(M)]
LgM) = [M, Ls(M)]

(1.6)

Qv Qv

The following result from [13] is a generalized form of (3) in the Introduction.

Lemma 1.8. If M,, = M,,(M), we have

m

1 1

||d$ (%i5) HMm(Lg(M)) = Hozﬁ;l;?g ’ dé<§aikl’kj) ’ La(Mo)]
1 ¢ 3

H(mij)déHMm(Li(M)) B Hﬁﬁifg H <,;xikﬁkj)dé‘ La(Mm)’
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The proof follows from

1 m
- 42 s = e e (Cown)],,,,,
I =z [(Seasi)ed] .

and some complex interpolation formulas developed in [13]. The identity (1.7) from
which we interpolate is a well-known expression in operator space theory, see e.g.
p-56 in [3]. Now we define the space J3 5(M) as follows

7o (M) = M Nt L§(M) N ni Ly (M) N ns Ly(M).

Lemma 1.8 determines the operator space structure of the cross terms in JZ (M).
On the other hand, according to Lemma 1.5 it is easily seen that the following
identity holds

m
1 1
dé( Z Oéiﬂklﬁlj)dé’
k=1
In other words, the o.s.s. of JZ ,(M) is described by the isometry

(1~8) Mm( 07:3,2(/\/1)): ;,Q(MmaEm)v

where M,,, = M,,,(M) and E,, = idy,, @ ¢ : M, — M, for m > 1. This means
that the vector-valued spaces J ,(M,E) describe the o.s.s. of the scalar-valued
spaces JZ 2(M). In the result below we prove the operator space/free analogue
of a form of Rosenthal’s inequality in the limit case p — oo, see [13] for more
details. This result does not have a commutative counterpart. The particular case
for M = B(¢%) recovers Theorem C. Given a von Neumann algebra M, we set as

above A, = M & M.

1 1
|2 () dE g, oy = 50|

ladlsge 1 8llsp <1 La(Mn)

Corollary 1.9. If Ay = #n-Ag, the map

n
u:w € JLo(ME) = > 2k @0k € Loo(Ax; OHy)
k=1
is an isomorphism with complemented image and universal constants. In particular,
replacing (M, N, E) by (M, My, Ep,) and replacing Anr by the non-amalgamated
algebra A = A1 x Ay x -+ x A,,, we obtain a cb-isomorphism with cb-complemented
image and universal constants

o1 E TR H(M kamkeL (A; OH,,).
k=1

Proof. The first assertion follows from Lemma 1.3 and Theorem 1.6. To prove
the second assertion we choose the triple (M,,,M,,,E,,) and apply (1.8). This
provides us with an isomorphic embedding

Om @ € My (T2 5(M)) =) 2, @ 0 € Loo(Ap; OH,),
k=1
where the von Neumann algebra A,, is given by
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The last isometry is well-known, see e.g. [9]. In particular
Loo (A OHy) =M, (LOO(A; OH,,))
and it turns out that the map o, = idy,, ® 0. This completes the proof. O

m

2. COMPLETE EMBEDDING OF SCHATTEN CLASSES

Given 1 < ¢ < 2, we construct a completely isomorphic embedding of S, into
the predual of a QWEP von Neumann algebra. In fact, we prove Theorem D and
deduce the cb-embedding stated in Theorem A via Lemma 2.1 below. Theorem
B and the subsequent family of operator space ¢-stable random variables arise by
injecting the space ¢, into the diagonal of the Schatten class 5.

2.1. On “Pisier’s exercise”. Given a Hilbert space H, we shall write in what
follows H, = B(H,C) and H, = B(C,H) for the row and column quantizations on
‘H. Moreover, given 1 < p < oo we shall use the following terminology

H, = [HT,HC]% and H., = [HC,HT}%.
When H = {5, we shall use (R,C, R, Cp) instead. In the same fashion, H,, stands
for the operator Hilbert space structure on H. Given two operator spaces X; and
Xs, the expression X; =~ X9 means that there exists a complete isomorphism
between them. We shall write X; € OS(X3) to denote that X; is completely
isomorphic to a quotient of a subspace of Xs. Let us recall a generalization of
Exercise 7.9 in [24]. This result became popular after Pisier applied it in [26] to
obtain a simpler way to cb-embed OH into the predual of a von Neumann algebra.
In fact, the argument in [35] for a similar result is easily adaptable to our setting
and we will omit details.

Lemma 2.1. If1 <p < q <2, we have
R, € QS(RP Do OH) and C, € QS(CP Do OH).
Remark 2.2. A few comments are in order:
i) The argument in [35] also gives
R, € QS(RPO Do Rpl) and Cj € QS(CPO Do C’pl)

for any indices p, pg, p1 satisfying 1 < min(pg,p1) < p < max(pg,p1) < 00.
ii) We shall apply Lemma 2.1 for p = 1. In [13] we will use it in full generality.
iii) Let S denote the strip

S:{ZGC| O<Re(z)<1}
and let S = 0y U 01 be the partition of its boundary into
Op = {ZE(C‘ Re(z) :0} and 0y = {ZE(C| Re(z) = 1}.

Given 0 < 6 < 1, let g be the harmonic measure of the point z = 8. This is
a probability measure on 9S (with density given by the Poisson kernel in the
strip) that can be written as pg = (1—6)po+6p1, with p; being probability
measures supported by 0; and such that f(§) = fas fdug for any bounded
analytic function f : S — C which is extended non-tangentially to 0S. Let
us consider the following pair of Hilbert spaces

H:(lfe)%Lg(ao,/J,o;€2) and ’CZQ%LQ(al,Ml;gg).
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The space of bounded analytic functions f : S — R, + OH will be denoted
by F(R,, OH) and we will equip it with the operator space structure of
H,, D2Kop. Similarly, we set F(Cp, OH) = H,, ®2Kon. Then, the argument
in [35] shows that we have

Ry~ F(R,,OH)/ker Q € QS(R, &2 OH),
Cy ~e F(Cp,OH)/ker Q € QS(C, ®2 OH),

for the mapping Q : f — f(6). However, it will be convenient in the sequel
to observe that ker Q can be regarded in both cases as the annihilator of
the graph of certain linear operator, see (2). Recall that for a linear map
between Hilbert spaces A : K1 — Ky with domain dom(A)

graph(A) = {(1‘1,1172) € K1 ®2 Kz | 21 € dom(A) and x5 = A(xl)}.

Let us consider for instance the case of R,. We first note that F(R,, OH)
is the graph of an injective, closed, densely-defined operator A with dense
range. This operator is given by A(f|80) = fj,, forall f € F(R,,OH). A
is well defined and injective by Poisson integration due to the analyticity
of elements in F(R,, OH). On the other hand, ker Q is the subspace of
F(R,,OH) composed of functions f vanishing at z = 6. Then, it easily
follows from the identity f(0) = [, fdue that ker Q is the annihilator of
F(R,,0H) = graph(A) regarded as a subspace of

(1= 0)2 Lo (0o; la)r,, @2 07 La(01; 2)on.

2.2. Embedding of K-spaces. We fix M = B({3) and consider a family y1, 72, . ..
of strictly positive numbers. Then we consider the diagonal operator on /5 defined
by dy = 3", vkexr- This operator can be regarded as the density d, associated to
a normal strictly semifinite faithful (n.s.s.f. in short) weight ¢ on B(¢3). Let us
set ¢, to be the projection ), ., err and let us consider the restriction of ¢ to the
subalgebra ¢, B(¢2)qy, -

Yn (Qn( Zij xijeij)Qn) = Z Velkk-
k=1

Note that if we set k, = v¥,(gn), we obtain ¥, = k,p, for some state ¢, on
gnB(£2)g,. If dy, denotes the density on ¢,B(¢2)g, associated to the weight 1y,

we define the space Jx 2(¢n) as the subspace

{(zzd% dizd%zdiﬂze B¢ }
’ Yn? Y TPy Y Q’n (Q)qn

of the direct sum

L = (Cn & Rn) @2 (Cp @5, OH,) ®2 (OH,, @, Ry) ®2 (OH, ®5 OH,,).

In other words, we obtain the intersection space considered in the Introduction

(Cn ®h Rn) N (Cr @, OHp)dy Ndj (OH, ®p Ry)Ndj (OH, ®, OHy)d,) .

n

Lemma 2.3. Let us consider

]C1,2(wn) - joo,2(wn)*
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Assume that k, = > ,_, vk is an integer and define A, to be the k,,-fold reduced
free product of QnB(KQ)Qn S3) QnB(KQ)Qn- If Ty - Qn8(62)Qn S3) QnB(KQ)Qn — A, is the
natural embedding into the j-th component of A, and x; = m;j(x, —x)

k
1 n

w:x e ’Cl,g(ﬂln) — Tn le’j ®5j € Ll(An,OHkn)
j=

is a cb-embedding with cb-complemented image and universal constants.
Proof. We claim that
Too2(¥n) = T2 (4nB(l2)an)
completely isometrically. Indeed, by (1.6)
K Ly (0uB(2)ans 9n) = ki [B(R), LE(B(), wa)]

= ki [B(3),d2, Ly(B(£3), tr,)]

Shl=

-

Se

1
2

kidd, [Co ®h Ry Ry @h Ry L= di (OH, @y, Ry).
We can treat the other terms similarly and obtain

i L5 (40 B(62)4n 0n) = (Cyy ©1 OH,)d

ki Lo(guB(6:)gn, on) = i (OH, @), OH,)d} .

In particular, Corollary 1.9 provides a cb-isomorphism
ky,
0:2 € Joo2(n) — ij ® 0 € Loo(An; OHy,,)

j=1

onto a cb-complemented subspace with constants independent of n and

k
1 n » .
(o(2),w(v)) = 5= D_tra,(z5y;) = tra(a™y) = (z,y).
n j=1
Therefore, the stated properties of w follow from those of the mapping o. ([l

Now we give a more explicit description of Ky 2(1,). Using the terminology
introduced before Lemma 2.3, the dual of the space L7 is given by the following
direct sum

Thus, we may consider the map
Uy 2 LT — L1(gnB(l2)gn)
given by
1 1 1 1
\Iln(xl, X9, X3, .134) =121 + xgd;z” + d;zn.rg + d;zn .734d$".

Then it is easily checked that ker ¥,, = ._700’2(1/%)L with respect to the anti-linear
duality bracket and we deduce Ki2(n) = L}/ker¥,. The finite-dimensional
spaces defined so far allow us to take direct limits

Jso2() = | Too2(@bn) and  Kia(¢) = | Ki2(¢n).

n>1 n>1



18 JUNGE AND PARCET

Lemma 2.4. Let A1, Aa,... € Ry be a sequence of strictly positive numbers and
define the diagonal operator dy = >, Apexr on la. Let us equip the space graph(dy)
with the following operator space structures

RNe3"(N) = graph(dy) C R @, OH,

Cnieg"(A) = graph(dy) C C @, OH.
Then, if we consider the dual spaces

C+e3()) = (CasOH)/(RNEGN)",

R+(3'(N) = (Re OH)/(Cnig(n)",

there exists a n.s.s.f. weight ¢ on B(l2) such that
(R+65"(V) @n (C+ 65" (N) = Kra(¥).
Proof. Let g, be the projection

Zakék € ly — Zakék € f?
k=1 k=1
If ¢, = qn D qn, we define the subspaces
0a(C + 188 (N) = {Gunla,b) + (RN W) | (a,b) € Co OH} € C+ 15" (N),
an (R + 03 (N)) = {qAn(a,b) +(Cneg )" | (a,b) € Ry OH} C R+ 68" (N).

Note that, since the corresponding annihilators are ¢,-invariant, these are quotients
of C, @2 OH,, and R,, ®,, OH,, respectively. Moreover, recalling that ¢,(z) — x as
n — oo in the norms of R,OH, C, it is not difficult to see that we may write the
Haagerup tensor product (R + €5"(X\)) ®; (C + £5"())) as the direct limit

U @ (R +68"(N) @ 4n(C + 58" ().

n>1
Therefore, it suffices to show that
(R A+ £3"(N) @1 ¢n(C + £3" (X)) = K1 2(¢n),

where 1, denotes the restriction to ¢,B(¢2)q, of some n.s.s.f. weight ). However,
by duality this is equivalent to see that g,(CNI3"(AN)) @4 gn(RNLSHN)) = Teo 2 ()
where the spaces g, (RN £5"(\)) and ¢,(C N ¢3"(\)) are the span of

{(5k7)\k5k) |1<k< n}
in R, ®; OH,, and C,, ®> OH,, respectively. Indeed, we have

0 (CH"N) = (Cn®2 OH,) /an(RN (N,
an (R + 5" (A) = (Ry®20H,)/q,(CN GOy
completely isometrically. Using row/column terminology in terms of matrix units
dn (C N Egh<>\)) = Span{(€i17 )\i eil) € Cn D2 OHTL}?
qn(Rﬂﬂgh()\)) = span{(elj,)\jelj) € R, ®2 OHn}.

Therefore, the space g,(C N 5" (X)) ®4 g, (R N 5" (X)) is the subspace
span{(eij,)\jeij,)\ieij, )\i)\jeij)} = {(z,sz,dAz,dAsz) ‘ z € an(fg)qn}
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1
of the space L7, defined above. Then, we define vy, € R4 by the relation Ay = ;2
and consider the n.s.s.f. weight 1 on B(f2) induced by d. In particular, we
immediately obtain

@n (C N LS(N)) @k qn (RN LSH(N)) = {(z Zdinad%pnz’ din'zdiﬁ }
The space on the right is by definition Js 2(¢). This completes the proof. |

2.3. Proof of Theorem D. In this last paragraph, we prove Theorem D. Let us
begin with some preliminary results. The next lemma has been known to Xu and
the first-named author for quite some time. We refer to Xu’s paper [35] for an even
more general statement than the result presented below.

Lemma 2.5. Given 1 < p < oo and a closed subspace X of R, ©2 OH, there
ezist closed subspaces Hy, Ha, K1,Ko of lo and an injective closed densely-defined
operator A : K1 — Ko with dense range such that

X ~cp Hir, ©2 Haon ©2 graph(A),

where the graph of A is regarded as a subspace of K1, ®2 Kaon and the relevant
constants in the complete isomorphism above do not depend on the subspace X.
Moreover, since R, = Cp the same result can be written in terms of column spaces.

In the following, we shall also need to recognize Pisier’s operator Hilbert space
OH as the graph of certain diagonal operator on ¢5. More precisely, the following
result will be used below.

Lemma 2.6. Given 1 < p < 0o, there exists a sequence A1, s, ... in Ry for which
the associated diagonal map dx = Y, Apexr : R, — OH satisfies the following
complete isomorphism

OH =, graph(dy).

Proof. Let us define
u: 6, € OH — (A, 0k, 0x) € graph(dy).

The mapping u establishes a linear isomorphism between OH and graph(dy). The
inverse map of u is the coordinate projection into the second component, which
is clearly a complete contraction. Regarding the cb-norm of w, since graph(dy) is
equipped with the o.s.s. of R, @2 OH, we have

ulles = /1 + &2
with £ standing for the cb-norm of dy-1 : OH — R,. We claim that
1

< (3o )"

so that it suffices to take A1, Ao, ... large enough to deduce the assertion. Indeed,
it is well-known that the inequality above holds for the map dy-1 : OH — R and
also for dy-1 : OH — C'. Therefore, our claim follows by complex interpolation. [J

Remark 2.7. The constants in Lemma 2.6 are uniformly bounded on p.

Before beginning with the proof, we need a bit more preparation. The following
discretization result might be also well-known. Nevertheless, since we are not aware
of any reference for it, we include the proof for the sake of completeness.
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Lemma 2.8. Given 1 < p < oo and a closed densely-defined operator A : R, — OH
with dense range in OH, there exists a diagonal operator d) = Zk Ap€rp on by such
that, when regarded as a map dy : R, — OH, we obtain

graph(dy) ~c graph(A).

Moreover, the relevant constants in the cb-isomorphism above do not depend on A.

Proof. Let us first assume that A is positive. Then, since R, is separable we deduce
from spectral calculus [18] that there exists a o-finite measure space (2, F, u) for
which A is unitarily equivalent to a multiplication operator My : Lo(2) — Lo(€2).
Thus we may assume A = My. Now, we employ a standard procedure to create a
diagonal operator. Given ¢ > 0, we may approximate the function f by

g= Zk(k5)1k6<f§(k+1)6-
This yields a 1 4 § cb-isomorphism
graph(My) ~c graph(My).
Therefore, defining the measurable sets
O = {w e Q| ks < flw) < (k+1)5},

we have that La({) is isomorphic to f3(ng) with 0 < ng = dim La(g) < oo.
Choosing an orthonormal basis for La(€4), we find that M, is similar to dy where
Ak = kdé with multiplicity ng. This gives the assertion for positive operators. If A is
not positive, we consider the polar decomposition A = u|A|. By extension we may
assume that u is a unitary. Thus, we get a cb-isometry graph(A) ~q graph(|A|)
and the general case can be reduced to the case of positive operators. O

Lemma 2.9. Let M be a von Neumann algebra. Then
Ly (M; OH) = [Ly(M; C), Ly (M, R)],
completely embeds into Ly (A) for some von Neumann algebra A. Moreover, we have

i) If M is QWEP, we can choose A to be QWEP.
ii) If M is hyperfinite, we can choose A to be hyperfinite.

Proof. We recall from Pisier’s theorem [21] (see also [13, 37]) that

. 1
1>, @ = inf lalla (32, lowl3)* ol

L,(M;OH) Tr=ayk
The first part of the proof recaptures Pisier’s argument in [26]. Pisier’s exercise
with endpoints L;(M;C) and Li(M;R) implies that L;(M;OH) is completely
isomorphic to the quotient of F(Li(M; C), L1(M; R)) by the kernel of the mapping

Q: f e F(Li(M;C), Li(M; R)) — f(1/2) € L1(M; OH).
Here F(L1(M;C), L1(M;R)) is viewed as a subspace of
Ly (M; L5(0o; £2)) @1 L1 (M; Ly (903 £2))

and we find a completely isomorphic embedding

Ly(M;OH) C L1 (M; L5(0o, £2)) ®1 L1(M; L5 (01, £2))/ker Q.
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It is worth mentioning that formally we might need a finite M here to make the
interpolation argument work. However, this is no restriction in view of Haagerup’s
reduction procedure [5]. Write kerQ as a tensor product L; (M) ® ker ¢ with

q: fe€F(C,R)— f(1/2) € OH

and diagonalize ker ¢ as in Lemma 2.5. Hence, it suffices to consider the quotient
space

|5, mos

= inf
Tp=ar;+br;

Li(MQOA)
(D2, N aigans)? 1+H(Zk’jujbkjb2j)§ )

Indeed, a continuous version of this formula has been obtained in [9] and the proof
there generalizes to arbitrary von Neumann algebras. Now, we may apply Pisier’s
approach [26] and find an embedding of Ly (M;Q(\, 1)) in L1 (M & T'(A, ) where
L(A, p) is the free quasi-free factor introduced by Shlyakhtenko.

To preserve hyperfiniteness, something that will not be applied in this paper but
in [13], we have to refer to [11]. The results there are also stated in the operator
space setting. However, the isomorphism is based on the central limit procedure
and a Khintchine type inequality which holds in full generality. For the central
limit procedure we shall first consider finitely many coordinates x1, xs,. .., Z, and
finite sequences

A(”):()‘17A27"'7)\n) and M(n):(:ula,u2a"'7,un)'
Let R(\, 1) denote the Araki-Woods factor constructed from (A, 1) with quasi-free
state ¢ and density d. Let R(A(n), x(n)) be the corresponding finite dimensional
matrix algebras and

1<k<m

This yields elements & € Lq1(Ry,.5) such that

szsfn” Ml (s ) 2 ™ € & )

Then we take first n — oo and then m — oco. Here we use the isometric embedding
of Li(M,Q(\ p)) in its bidual and the fact that finite sequences are dense in
L1(M;0H). We obtain an infinite tensor product R = ®x>1R(A, p). This yields
an embedding in L;(M®R) where R is an Araki-Woods factor. Indeed, the III;
factor will do. By replacing M with M,, ® M we see that this embedding is
automatically a complete isomorphism. Thus for M hyperfinite (resp. QWEP) the
tensor product M®R has the same property. O

Li(M@Rn )

Proof of Theorem D. By injectivity of the Haagerup tensor product, we may
assume that (X1,Xs) € Q(R @2 OH) x Q(C @2 OH). In particular, the duals Xj
and X3 are subspaces of C' @2 OH and R @5 OH respectively. Therefore, according
to Lemma 2.5 above, we may find Hilbert spaces H;; and K;; for 4,5 = 1,2 such
that

X’f ~b Hll,c S>D) HlQ,oh 2 graph(Al)’
X5 ~a Hoir ®2 Hazon @2 graph(As),
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where the operators A; : Ki1c = Kigon and Ag @ Ko, — Koz on are injective,
closed, densely-defined with dense range. On the other hand, using the complete
isometries H} = H. and H} = H,, we easily obtain the cb-isomorphisms

X1 ~a Hirr @2 Hizon @2 ((’Cu,r D2 ’C12,0h)/graph(Al)l>v
Xo ~a Hot,e D2 Hooon @2 ((]C21,c D2 K22,oh>/graph(A2)J—)~
Let us set for the sequel

Z
Zy

(K11,r @2 K12,0n) /graph(A1)*,
(’C21,c D2 ’C22,oh)/97“aph(A2)L-

Then, we have the following cb-isometric inclusion

(2.1) X1 ®@p X2 C Ay D2 Ao Do Az Do Ay Bo As Do As,
where the A;’s are given by

Ay = 2102

Ay = Hiir ®n X

As = X;®nHouec

Ay = Higon ®n 22

As = Z1®pHaon

As = Hi2,on @n Ha2,0n-

We now reduce the proof to the construction of a ch-embedding 21 ®;, 22 — L1(A)
for some QWEP von Neumann algebra A. Indeed, according to [9] we know that
OH cb-embeds in Li(A) for some QWEP type III factor A. Hence, the term Ag
automatically satisfies the assertion. A similar argument works for the terms Ao
and As. Indeed, they clearly embed into the vector-valued Schatten classes S7(X2)
and S7(X7) cb-isometrically. On the other hand, since OH € QS(C'@®R) by “Pisier’s
exercise” and we have by hypothesis

X1 € OS(R@2 OH) and X, € QS(C &, OH),

both X; and X3 are cb-isomorphic to an element in QS(C' @ R). According to [9]
one more time, we know that any operator space in QS(C' @ R) cb-embeds into
Li(A) for some QWEP von Neumann algebra A. Thus, the spaces S;(X;) and
S1(X3) also satisfy the assertion. Finally, for A4 and As we apply Lemma 2.6 and
write OH as the graph of a diagonal operator on /5. By the self-duality of OH we
conclude that these terms can be regarded as particular cases of Aj.

It remains to see that the term Z; ®; 2, satisfies the assertion. According to
the discretization Lemma 2.8, we may assume that the graphs appearing in the
terms Z; and Z, above are graphs of diagonal operators dy, and dy,. In fact, by
polar decomposition as in the proof of Lemma 2.8, we may also assume that both
diagonal operators are positive. Moreover, by adding a perturbation term we can
take the eigenvalues A1y, Aox, € Ry strictly positive. Indeed, if we replace Aj, by
Eik = A\ji + € for 7 = 1,2, the new diagonal operators d¢, and d¢, satisfy the
cb-isomorphisms

graph(dy;) ~c graph(de;) for j=1,2
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where (arguing as in Lemma 2.6 above) the cb-norms are controlled by

i

4

(Zk el ) '
Therefore, taking the £;’s small enough, we may write

2, = (Re, OH)/(C 8" (M) = R+£8"(\1) with dy, : C — OH,
Z, = (C @y OH) /(RN 15" (M) = C+£3"(\s) with dy, : R — OH,

where dy,,d), are positive and invertible. Now we set

Ak = A{k+1/2] for k=3 (mod?2).

If we define dy = >, A\xex, we find a complete embedding
Z1®p 22 C (R+65"(N) @ (C+ 8" (V).

According to Lemma 2.4, we can regard Z; ®j, Z5 as a subspace of

K12() = U Kra(wn),

n>1

for some n.s.s.f. weight 1) on B(¢3). It remains to construct a completely isomorphic
embedding from K; 2(%)) into L1 (A) for some QWEP algebra A. To that aim we
assume that the numbers k,, = v,,(¢,) are non-decreasing positive integers. This
can always be achieved by the same perturbation argument used above. This will
allow us to apply Lemma 2.3. Now, in order to cbh-embed /i 2(%) into Li(A) it
suffices to construct a cb-embedding of K1 2(1y,) into Li(A}) for some A}, being
QWEP and with relevant constants independent of n. Indeed, if so we may consider
an ultrafilter U containing all the intervals (n,o0), so that we have a completely
isometric embedding

Ki2(¢) = U Ki2(tn) — Hn,u /C1,2(1/1n)'

n>1

Then, according to [29], our assumption provides a cb-embedding

Kia() — Li(A) with A= (HH’MA;*)*.

Moreover, we know from [10] that A is QWEP provided the A/ ’s are. Thus, it
remains to construct the ch-embeddings Ky 2(¢,,) — L1(A}). According to Lemma
2.3, we have a cb-embedding

K:I,Q(wn) - Ll(An; OHkn)'

Now we observe that A,, is QWEP since it is the free product of k,, copies of M,,6M,,
and we know from [9] that the QWEP is stable under reduced free products. Hence
Lemma 2.9 implies that L;(A,; OHy, ) C L1(A}) such that A, is also QWEP. O

Proof of Theorem A. Use S, = C; ®;, Ry, Lemma 2.1 and Theorem D. O
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