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ABSTRACT. Let H be a subgroup of some locally compact group G. Assume
H is approximable by discrete subgroups and G admits neighborhood bases
which are ‘almost-invariant’ under conjugation by finite subsets of H. Let
m : G — C be a bounded continuous symbol giving rise to an Lj,-bounded
Fourier multiplier (not necessarily cb-bounded) on the group von Neumann
algebra of G for some 1 < p < co. Then, m,, yields an Lp-bounded Fourier
multiplier on the group von Neumann algebra of H provided the modular
function Ay coincides with Ag over H. This is a noncommutative form of de
Leeuw’s restriction theorem for a large class of pairs (G, H), our assumptions
on H are quite natural and recover the classical result. The main difference
with de Leeuw’s original proof is that we replace dilations of gaussians by
other approximations of the identity for which certain new estimates on almost
multiplicative maps are crucial. Compactification via lattice approximation
and periodization theorems are also investigated.

Introduction

In 1965, Karel de Leeuw proved three fundamental theorems for Euclidean
Fourier multipliers. Given a bounded continuous symbol m : R" — C, let us
consider the corresponding multiplier

~

T f(€) = m(€)F(6),
Tofa) = [ m(@F@e = g

The main results in [13] may be stated as follows:

i) Restriction. If m is continuous and T, is L,(R™)-bounded
T+ [ T aun) = [ m( ) du(h)

extends to a Lp(ﬁ)—bounded multiplier for any subgroup H C R™ where the
xr’s stand for the characters on the dual group and p is the Haar measure.

ii) Periodization. Given H C R" any closed subgroup and m, : R*/H — C
bounded, let m, : R®™ — C denote its H-periodization which is defined by
mx(§) = mq(€ +H). Then we find

| T, : Lp(R") = Ly(R™)|| = || Tom, : Lp(R7/H) — L, (R7/H)]|.

iii) Compactification. Let R}, be the Pontryagin dual of R}, . equipped
with the discrete topology. Given m : R™ — C bounded and continuous, the
L,(R"™)-boundedness of T, is equivalent to the boundedness in L, (R} ;)
of the multiplier with the same symbol

T > FOxer Y. mEOFOxe
1
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Together with Cotlar’s work [10], de Leeuw theorems may be regarded as the first
form of transference in harmonic analysis, prior to Calderén and Coifman/Weiss
contributions [6, 8]. The combination of the above-mentioned results produces
a large family of previously unknown L,-bounded Fourier multipliers —a sample
of them will appear in Appendix A— and restriction/periodization are nowadays
very well-known properties of Euclidean Fourier multipliers. Although not so much
known, the compactification theorem was the core result of [13].

Our goal is to study these results within the context of general locally compact
groups. Shortly after de Leeuw, Saeki [48] extended these theorems to locally
compact abelian (LCA) groups with an approach which relies more on periodization
and the structure theorem of LCA groups. On the contrary, no analog transference
results in the frequency group seem to exist for nonabelian groups, see [14, 15, 26, 54]
for a dual approach. This gap is partly justified by the noncommutative nature
of the spaces involved. Namely, the action in de Leeuw theorems occurs in the
frequency groups and the Fourier multipliers must be defined in the corresponding
duals. The dual of a nonabelian locally compact group can only be understood
as a quantum group whose underlying space is a noncommutative von Neumann
algebra. If pg denotes the left Haar measure on a locally compact group G and
Ac : G = U(L2(G)) stands for the left regular representation on G, the group von
Neumann algebra £G is the weak-* closure in B(L2(G)) of operators of the form

;= / F@)halg)ducle) with FeCu(G).
G

The Plancherel weight is determined by 7¢(f) = f(e) for f in Ce(G) % Co(G) and
Lp((A}) denotes the noncommutative L, space on (LG, 7g). Although very natural
in operator algebra and noncommutative geometry, group von Neumann algebras
are not yet standard spaces in harmonic analysis. The early remarkable work
of Cowling/Haagerup [12, 23] on approximation properties of these algebras was
perhaps the first contribution in the line of harmonic analysis. The L,-theory was
not seriously considered until [25]. However, only during very recent years a prolific

series of results have appeared in the literature [7, 31, 32, 33, 36, 40, 42].

In contrast with [13, 48] where compactification and periodization took the lead
respectively, we will first put the emphasis on restriction. Assume in what follows
that our groups are second countable. We say that a locally compact group H
is approximable by discrete subgroups (H € ADS) when there exists a family of
lattices (I'j);>1 in H and associated fundamental domains (X;);>1 which form a
neighborhood basis of the identity. On the other hand, we say that G has small
almost-invariant neighborhoods with respect to H (G € [SAIN]g) if for every F C H
finite, there is a basis (V;),;>1 of symmetric neighborhoods of the identity with

h=1V:h) AV,
lim NG(( J ) J)
=00 ra (V)

=0 forall heF.

Theorem A. Let H be a subgroup of some locally compact group G. Assume
H € ADS and G € [SAIN]y. Let m : G — C be a bounded continuous symbol giving
rise to an Ly-bounded multiplier for some 1 < p < co. Then

1T, t Ly(H) — Ly(H)|| < ||Tn : Ly(G) — Ly(G)||

provided the modular function Ay coincides with the restriction of Ag to H.
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A natural difficulty for the proof of Theorem A comes from the fact that we only
assume boundedness of our multipliers. Indeed, when G is amenable, cb-bounded
analogs easily follow from the recent transference results in [7, 40] between Fourier
and Schur multipliers. It should however be noted that, for L,-bounded multipliers
or even for cb-bounded multipliers over nonamenable groups, our approach requires
a different strategy which does not rely on previously known techniques.

Pairs (G, H) satisfying Theorem A include restriction onto Heisenberg groups
and other classical nilpotent groups. In fact, amenable ADS subgroups of locally
compact groups with Ay = AG\H also fulfill the hypotheses. Other nonamenable
pairs will be considered in the paper. Our assumptions are indeed natural for
this degree of generality. The condition G € [SAIN]y has its roots in de Leeuw’s
original argument. Although not explicitly mentioned, a key point in his proof
is the use of an approximate identity intertwining with the Fourier multiplier. In
the Euclidean setting of [13], this was naturally achieved by using dilations of the
gaussian, which is fixed by the Fourier transform. In our general setting, the heat
kernel must be replaced by other approximations and the SIN condition —small
invariant neighborhoods, which have been studied in the literature— yields certain
approximations intertwining with the Fourier multiplier. Our jump from SIN to
the more flexible almost-invariant class SAIN requires a more functional analytic
approach which circumvents the technicalities required for a heat kernel approach
in such a general setting. The crucial novelty are certain estimates for almost
multiplicative maps of independent interest. Surprisingly, our argument is equally
satisfactory and much cleaner. We will prove a limiting intertwining behavior of
our approximation of the identity as a consequence of the following result.

Theorem B. Let (M, T) be a semifinite von Neumann algebra equipped with a
normal semifinite faithful trace. Let T : M — M be a subunital positive map with
ToT < 7. Then, given any 1 < p < oo and x € L;'p(./\/l)

|7(@) - TV, < 5176 - T2

We will use Haagerup’s reduction method [24] to extend the implications of
Theorem B for type III von Neumann algebras. This will be the key subtle point in
proving Theorem A for nonunimodular G. Theorem B seems to provide new insight
even in the commutative setting. Namely, arguing as in the proof of Theorem A
we can use Theorem B to control the frequency support of a fractional power of a
function in terms of the frequency support of the original function, up to certain
small L, correction terms, we refer to Remark 1.5 for further details.

Let us now go back to the other assumption in Theorem A. The ADS property
of H was implicitly used in de Leeuw’s original argument and could be a natural
limitation for restriction of Fourier multipliers in this general setting, perhaps more
powerful tools could be used for nice Lie groups [53]. In our case, we will just prove
the validity of Theorem A for discrete subgroups I' of a locally compact group G
in the class [SAIN]r. Then, assuming H € ADS is approximated by (T';);>1, the
complete statement follows from the inclusion

[SAIN]y C [)[SAIN]r,,
J>1

and the following noncommutative form of Igari’s lattice approximation [28, 29].
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Theorem C. If G € ADS is approzimated by (I';);>1
1T £0(@) = Ly(@)l| < sup [T, Ly(F5) = Ly(T))]
j> J

for any 1 < p < oo and any bounded symbol m : G — C continuous ug-—a.e.

Apart from arbitrary discrete groups and many LCA groups, other nontrivial
examples in the ADS class include again Heisenberg groups and other nilpotent
groups. Although Theorem C is not very surprising, its proof is certainly technical
and it becomes a key point in our compactification theorem. Let G be a locally
compact group and write Ggjse for the same group equipped with the discrete
topology. Our next goal is to determine under which conditions

T : Lp(G) = Ly(Q)|| ~ [|Ton : Lp(Catise) = Lyp(Gatise) |

for bounded continuous symbols. Of course, we may not expect that such an
equivalence holds for arbitrary locally compact groups, since this would mean that
Fourier multiplier L, theory reduces to the class of discrete group von Neumann
algebras. Note also that restriction in the pair (G, H) always holds when both group
algebras admit L,-compactification since restriction within the family of discrete
groups follows by taking conditional expectations. This gives another evidence
that compactification only holds under additional assumptions. We finally consider
the periodization problem. Let H be a normal closed subgroup of some locally
compact group G. Consider any bounded symbol m, : G/H — C (not necessarily
continuous) and construct the H-periodization given by m,(g) = my(¢gH). The
periodization problem consists in giving conditions under which

| T, : Lp(G) = Lyp(G)|,, ~ ([T, + Lp(G/H) = Ly(G/H)|[ .
Theorem D. Let G be a locally compact unimodular group and H a normal closed
subgroup of G. Let us consider a bounded continuous symbol m : G — C and
let my : G/H — C be bounded with H-periodization m(g) = my(gH). Then, the
following inequalities hold for 1 < p < oco:

i) If G is ADS

| T, - L,(G) — L,,(@)H < || T : Lp(Gaise) = Lp(Gaise) |-
ii) If Gaise s amenable

| T : Lp(Gaise) = Lp(Gaise)|| < || T 1 Lp(G) = Lyp(G)]|-
iii) If G is LCA

[T+ Lp(G) = Lp(G)|| < [|Tom, : Lp(G/H) — Ly (G/H)||.
iv) If H is compact

Ty = Lp(G/H) = Ly(G/H)|| < || T, : Lp(G) — Ly(G)]|.

The unimodularity of G seems crucial for compactification, given the fact that
Gugise 1s always unimodular. The ADS condition is certainly natural to control
Fourier multipliers on G by the same ones defined on Ggisc. It is an interesting
problem to decide whether this assumption is in fact necessary. As we will see the

amenability in ii) and the commutativity in iii) (which goes back to Saeki) are very
close to optimal. The inequality in iv) also holds for nonunimodular G.
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Our conditions above can be substantially relaxed for amenable groups in the
assumption that our multipliers are completely bounded. This follows from the
transference results in [7, 40] between Fourier and Schur multipliers —which work
in the cb-setting for amenable groups— together with an approximation result for
Schur multipliers from [36]. In particular, de Leeuw theorems hold in full generality
in this context as we shall prove in the last section. The validity of our results for
nonamenable groups is what forces us to find new arguments in this paper. We will
close this article with two appendices. In Appendix A we analyze a certain family of
idempotent Fourier multipliers in R. By using restriction and lattice approximation
we will relate these multipliers with Fefferman’s theorem for the ball [16] and solve
a question from [32]. Appendix B contains an overview of what is known in the
context of Jodeit’s multiplier theorem [29] for locally compact groups.

1. Almost multiplicative maps

In this section we shall prove Theorem B and some consequences of it which
will be crucial in our approach to noncommutative restrictions. Our results are of
independent interest in the context of almost multiplicative maps on L,. Along
this section (M, 1) will be a semifinite von Neumann algebra with a given normal
semifinite faithful trace. We will need the following classical inequalities. They are
well known for Schatten classes and can be found in Bhatia’s book [4, Theorems
IX.4.5 and X.1.1]. The proofs given there can be generalized to any semifinite von
Neumann algebra, but we will provide more direct arguments. The second result
is a one-sided generalization of the Powers-Stgrmer inequality.

Lemma 1.1. Given 1 < p < oo, the identity
1 1 1 —is is ds
aryb = 2 /Ra (o +46)8 cosh(ms)
holds in L,(M) for any a, B, v in Lop(M) with o, § > 0. In particular

i) [la2yBE] < ey +8],
i) Ify =%, [[azyaz | <[yl

Proof. Inequalities i) and ii) follow from the first identity. By an approximation
argument we may assume that a? and 6% have discrete spectrum, so that they
are linear combinations of pairwise disjoint projections. By direct substitution this
reduces the problem to o, € Ry and v = 1. Since the map z + a'=?3% is
holomorphic on the strip A = {0 < Rez < 1} and continuous on its closure, its
value at z = % is given by the integral formula

%%: 1-zpz
atp /m“ 5% du(2)

where p is the harmonic measure on 9A relative to the point z = 1/2. Now, since
this measure gives the probability for a random walk from the point % of hitting the
boundary dA, it coincides at both components J; = {Rez = j} of the boundary
(j = 0,1). This means that there is a probability measure v on R satisfying the
identity

abph = %(/Ral—wﬂisdy(s)+/Ra—i551+i5 dy(s)) = %/Ra_is(a—kﬁ)ﬂis dv(s).
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An inspection of the harmonic measure in A yields dv(s) = ds/ cosh(ms). Indeed,
this can be obtained from the harmonic measure on the unit circle by means of a
conformal map, see for instance [3, p. 93]. The proof is complete. (]

Lemma 1.2. Ifp>1,0<0<1andz,y¢€ L;rp(/\/l)

0 0||

0
2% = °| ) < llz = yll,,-

Proof. Cutting z and y by some of their spectral projections we may assume that
(M, 7) is finite and x, y € M. We may also reduce the above estimate to the case
x >y > 0. To that end, note that

lla—bllp < llallpy + [b[5
for a, b > 0. Indeed, let g4 = 1a—b20 and g_ = 1,_y-o then
la=0bly = llg+(a—"b)g+lh +[lg—(b—a)g—[)
< llgrag |y + llg-bg- 15 < llallb + (o]}
as 0 < ¢4 (a—b)g+ < ¢ragy and similarly for the other term. Now let d1,0_ be the
positive and negative parts of 6 = —y = d; — d_. Let us consider the operators
a=x+06.) —2% and b= (y+6,)% —o°.

Since y + 64 = x + J_ we deduce that 2 — y? = b — a. Moreover, by operator
monotonicity of s — s, a and b are positive. Then the result for z +J_ > x > 0
and y + 04 >y > 0 yields

2% = o°|[2 = lla = bllZ < llalls + 16l < 0- 1155 + 1611152 = 81155 = || — wllyn-

Let us then prove the assertion when z > y > 0. We will also assume y > €1
to avoid unnecessary technical complications. Using the integral representation for
s € M invertible

0

tfs dt -1
s? :Cg/ 5 A with cp = (/ uidu) .
R, Sttt r, w(l+wu)

Differentiating the above integral formula and putting § = x — y, we get

1
z’ —y° 209/ / t'(y +ud + )76 (y + ud +t) "' dt du.
0 JR4

Now, for a fixed u € [0, 1], we consider the continuous function

1 (ytud)T
b u = Vo (y+ud +1)

with positive values in the commutative algebra generated by y + ud. Moreover

5 1-6 te
ca/ 02 dt = 2 tG@L)zdt:Ci’ — _dt=1
Ry 0 Jr, (y+wud+t) 0 Jr, (1+1)

Therefore, the map on M defined by

Z 09/ tautzut dt
Ry
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is unital, completely positive and trace preserving. In particular, it extends to a
contraction on L,(M) for all 1 < p < oo, see [24, Remark 5.6] for further details.
We deduce

IN

1 6-1 0-1
la® 47|, 9/0 [ +u0) T 8y +ud) T du

1 1

1 0—1.1 —
9/0 162 (y +ud)” 62 Hp du < e/o w60l du = (|55,
where the last inequality follows from the operator monotonicity of s — s'=?. O

Proof of Theorem B. Given 1 < p < oo, we claim that

(1) |R(@) ~ RO, < 5 BE) - R

p

for any subunital positive map R : £% — M with values in M N L;(M) and any
positive z € ¢2,. The assumption above about the range of R is to ensure that
R : 0% — L,(M) is well-defined. Before proving this claim, let us show how this
implies the assertion. Indeed, if T': M — M is a subunital positive map with
ToT < 7 it follows from [24, Remark 5.6] that T extends to a positive contraction
on Ly(M). Now, when = € L3 (M) has a finite spectrum z = > i—oAjp; with
Ao = 0 and p; spectral projections, then p; € M N Li(M) for j > 1 and we may
define R : £, — M by R(e;) = T(p;), where (e;)}_; denotes the canonical basis of
27 . The map R clearly satisfies the assumptions of our claim and R(z%) = T'(z%)
for z = 2?21 Aje; and any o > 0. Hence (1.1) gives

I7) = TWDPl,, < 3T - TP

as desired. The general case x € L;"p(/\/l) follows by standard approximations. Let
n2

=)

k=1

It is an exercise to show that for « € {1, 2, %}, x5y — =% in the appropriate Lg-space.

3| =

1

3=

a1y (2).

Let us now prove the claim (1.1). As usual, (e;;)};—; will denote the canonical
basis of the matrix algebra Ml,,. We first use an explicit Stinespring’s decomposition
for R. Let m : £Z, — M, be the usual diagonal inclusion and put

ut = ej1 @ Rej)? € My (M),

s

j=1

so that we have R(r) = um(z)u*. As R is subunital uu* < 1 and u*u < Iy, (a4)-
For any positive y € £2, we get

R(y*) = R(y)* = un(y) (1 —u'u) n(y)u* = |[V1—wun(y)u”
Let us consider the following operators

a = RWz) = ur(\/z)u" € M,
b = V1—uwur(vVz)V1—uu € My(M).

2
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[N

Then we find z € M, 1 (M) with 2] < 1 so that /1 —uw*un(y/z)u* = b za
and

V1 —wrun(e)ut = V1 — wun(yVr) (1-uu) +uu) 7(v/a) u* = b2 za
We apply Lemma 1.1 twice to conclude. First
|R(x) = B(V/2)? |, = [[b* za%[[}, = a*2"bza2

ol
+
(=
ol
N
IS

1oy, < llaz"bz]l,, < [laz"b],,

Then, taking (o, 7, 8) = (a, a%z*b%,b) we obtain

[Jaz*b]|,, < %Ha%Z*b% +azz7b |, = %HR(IZ) - R(J")QHE'

This completes the proof of our claim and also the proof of Theorem B. O

Corollary 1.3. Let T : M — M be a subunital positive map with ToT < 7. Then
there exists a universal constant C > 0 such that the following inequality holds for
any x € Ly (M) and any 0 < 6 < 1

9 9
17" =a®ll, < CT@) - 2|5 Il

Proof. Given x € Lj (M), note that
IT(2) = 213 < [1Tll3 + [|2ll3 < 7(T(2*) + z]3 < 2|23

by Kadison’s inequality for T and 7 o T' < 7. In particular, the result is trivially
true for = 1 with constant 27. We claim the assertion holds for § = 27" with
constant % We will proceed by induction since we know it holds for n = 0. By
Lemma 1.2 and n + 1 applications of Theorem B

||T(x2*("+1) )

< |T(x

< TP =T o + [T =2

< J]27%7 ITG?) - T()?|;
=0

N——
C,=22""-2

—(n+1)

7@ =2 |y

On the other hand, Kadison’s inequality and 7o T < 7 yield
HT(xQ) - T(m)zH1 = 7(T(2*) —T(z)?) < 7(2* —T(2)?)
< o? = T(@)?)], < 2|T(2) - zf|,llz]2
since T' extends to a contraction on La(M) by [24, Remark 5.6]. Combining the
above estimates with the induction hypothesis for § = 27" we finally deduce that
2 3 —(n+1) —(n+1) 2
I < [5+22 G 12l |7 (@) — o5

However, the constant in the right hand side is less than 9/4 and the result follows
for & = 2=+ which completes the induction argument. For other values of
0 <6 <1 we write § = a2~ for some o € (1,2). Recall that s — s is
operator convex and s — s is operator concave on R, so that

T ") < T’ < T ")E

—(n+1) —(n+1) —(n+1)
2 ) _ 1,2

HT(m
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In conjunction with Lemma 1.2, Theorem B and our result for § = 27", this yields

o

17" -2, < |76 -T6 )5, + |76 -2

L3N

< HT(Z,Q’”)% _ T(J:Q*(nJrl))oéH2 + ||T(x2*”)% _ 330”2
6 0
< HT(J:Q_") _ T(xQ_("+l))2H2%n+1 I ||T(:c2_n) . x2—"||2%n+1
i a 3 a 0 0
< |(2"76)" +(5) 7] ITe = all2 w3

Hence, a simple calculation shows that the result follows for some C' < 3+T\/§ ([

Corollary 1.4. Let T : M — M be a subunital positive map with ToT < 7. Then
there exists a universal constant C' > 0 such that the following inequality holds for
any self-adjoint y € Lo(M) with polar decomposition y = uly| and any 0 < 6 <1

[ 360
I7Culsl?) — ulol’ll, < CITG) vl Il

Proof. Let us write y = y4+ — y_ for the decomposition of y into its positive and
negative parts, so that u|y|’ = yﬁ —y? . By positivity of the trace and T, we have

T(T(y+)y+) + 7(T(y-)y-) = 7(T(y)).

In particular

1T () =y lls + 1 T(u=) — y-|5 < 2093 — 27 (T(w)y) < 2| T@) -y, vl

Using this and Corollary 1.3 we deduce

|7 Culyl®) = ulyl®||§

Tk

< [zt =kl + 17t -]
< 2T - oo +IITw?) - o) 4]
.
< OO (1m0 — g 2l 13+ IT00) — - 2 18]
< O () — e+ 170-) — o 2] 1
< 20)7||T(y) -y, vl
The assertion follows taking powers /4 at both sides of the above estimate. ([l

Remark 1.5. The above corollary will be useful to localize the frequency support
of square roots for elements in Lp(@). This is even interesting in the commutative
case where we may control the frequency support of a fractional power f¢ in terms
of the frequency support of f, up to small L, corrections. As an illustration, if
the Fourier transform of f € Ly(R) is supported by (—«, @), we may consider the

positive definite functions

Gala) = (1

=l

25)+ for 5> 0.
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The associated Fourier multipliers are positive, unital and trace preserving, so that
we are in position to apply our results above. When 8 = «/2¢, we obtain that
supp (s C 1(—a,a) and 1 — (g(z) < ¢ for |z| < a. This yields for p > 2

2

|2y =) | < clgaF - FlLsle < s

Remark 1.6. It is well known that if T : M — M satisfies the above hypothesis
and 7 is finite, then its fixed points form a *-subalgebra. This is not true anymore
when 7 is semifinite, take for instance the map = +— s*zs on B({2) where s is
a one-sided shift. Nevertheless, in general, it is not difficult to show using the
generalized singular value decomposition that if € L (M) U L3 (M) satisfies
T(x) = z, then T'(z%) = 2 for 6 € [0,1]. Hence one could think of an ultraproduct
argument to get perturbation results as given explicitly in Corollary 1.3, with an
upper bound of the form F(||T(x)—x||2) for certain continuous function F vanishing
at 0. Unfortunately, semifiniteness is not preserved by ultraproduct and one would
have to deal with type III von Neumann algebras. The situation is then much more
intricate (even to define T' on L,(M)), that is why we choose to deduce the type
III result from the semifinite one in Section 7.2. The fact that there exists a unital
completely positive map T : (M, p) = (M, ) with ¢ o T = ¢ but T does not
commute with the modular group of ¢ (think of a right multiplier on a quantum
group with its left Haar measure) is an evidence that in the type III situation one
need extra arguments as those of Corollary 7.4.

2. Group algebras

Let G be a locally compact group equipped with its left Haar measure pg. Let
Ac : G — B(Ly(G)) be the left regular representation Ag(g)(€)(h) = (g~ th)
for any £ € Lo(G). When no confusion can arise, we shall write p, A for the left
Haar measure and the left regular representation of G. Recall the definition of the
convolution in G

Exn(g) = /Gﬁ(h)n(h‘lg)du(h)-

We say that & € Lo(G) is left bounded if the map n € C.(G) — & xn € Ly(G)
extends to a bounded operator on Ls(G), denoted by A(£). This operator defines
the Fourier transform of £. The weak operator closure of the linear span of A\(G)
defines the group von Neumann algebra £G. It can also be described as the weak
closure in B(L2(G)) of operators of the form

f= / Fl)Mg) dulg) = A(F) with e C.(G).
G

The Plancherel weight 7¢ : LG — [0, 00] is determined by the identity

re(ff) = /G F@) du(g)

when f = A(f) for some left bounded f € Ly(G) and 7¢(f*f) = oo for any other
f € LG. Again, we shall just write 7 for 7¢ when the underlying group is clear
from the context. After breaking into positive parts, this extends to a weight on
a weak-x dense domain within the algebra £G. It will be instrumental to observe
that the standard identity

o~

T(f) = f(e)
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applies for f = )\(f) € MCe(G)*C.(Q)), see [44, Section 7.2] and [50, Section VII.3]
for a detailed construction of the Plancherel weight. Note that for G discrete, 7
coincides with the natural finite trace given by 7(f) = (fde,de). It is clear that
the Plancherel weight is tracial if and only if G is unimodular, which will be the
case until Section 7. In the unimodular case, (LG, T) is a semifinite von Neumann
algebra and we may construct the noncommutative L,-spaces

AC(@ @' " fr1<p<2

7)\(06((}))“ ll» ’

prG,T)—Lp(é)—{ e
or2<p o0

where the norm is given by
1Fllp = (1 F17)'7

and the p-th power is calculated by functional calculus applied to the (possibly
unbounded) operator f, we refer to Pisier/Xu’s survey [47] for more details on
noncommutative L,-spaces. On the other hand, since left bounded functions are
dense in Ly(G), the map A : & — A({) extends to an isometry from Ly(G) to
Lg(é). We will refer to it as the Plancherel isometry and use it repeatedly in the
sequel with no further reference. Given a symbol m : G — C, we may consider the

associated multiplier T}, defined by

To(f) = /Gm(g)f(g)A(g)du(y) for € Co(G)*Ce(Q).

~

T, is called an L,-Fourier multiplier if it extends to a bounded map on L,(G).

The rest of this section will be devoted to collect some elementary results around
amenability and Fell absorption principles that will be used in the sequel. We will
also need the following result, which we prove for completeness.

Lemma 2.1. Let G be a second countable locally compact unimodular group. Then
the group von Neumann algebra LH is a von Neumann subalgebra of LG for any
closed unimodular subgroup H of G.

Proof. By the Effros-Mackey cross section theorem [49, Theorem 5.4.2], there
exists a Borel measurable map o : H\G — G defined on the space of right cosets
of G. Hence, we have a Borel measurable correspondence between G and H\G x H
given by
T:G>3gw (Hg, h(g)) € H\G x H,

where g = h(g)o(Hg). According to [18, Theorem 2.49] for right cosets and since
both G and H are unimodular, we know that there exists a G-invariant Radon
measure on right cosets. Therefore, the map

E— oYt
defines an isometry between Lo(G) and Lo(H\G x H). This allows us to identify
the algebras B(L2(G)) and B(L2(H\G) ®2 L2(H)). Then, for any h € H we get the
identity
(id @ X (h)) (€0 T™)(Hg. h(g)) = &(h™'h(g)o(Hg))
= &(h7hg) = Aa(M)(©)(9)
for £ € Ly(G) and g € G, which proves that LH ~ {Ag(h) : he H}Y' c LG. O
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In the sequel, if no confusion is possible and when Lemma 2.1 applies, we might
use the notation A(h) to denote both Ag(h) and Ag(h). Let us now recall some
well-known characterizations of amenability. Recall that amenability is stable under
closed subgroups, quotients, direct products and group extensions. After that, we
also give a formulation of Fell absorption principle in L,, from [41].

Lemma 2.2. TFAE for any locally compact group G:

i) G is amenable

ii) Folner condition. Given ¢ > 0 and F C G finite, there exists Up . C G of
finite positive measure such that p(Up.g A Up ) < ep(Upe) for all g € F.

iii) Almost invariant vectors. Given € > 0 and F C G finite, there exists a
norm one function & € La(G) such that [|N(g)€ — €|l n,q) < € forallg € F.

iv) The inequality
|2, < [Eewera],,
ger M e MELG

holds for any finite ¥ C G, any von Neumann algebra M and (ag)ger C M.
Lemma 2.3. Given a discrete group G, we have:
i) If m: G = U(H) is strongly continuous, then
AT = AR 1y

are unitarily equivalent with 14 the trivial representation on H.

il) Let m: G — U(H) be strongly continuous and assume N = 7(G)" is finite.
Then, given 1 < p < oo, any semifinite von Neumann algebra M and any
a: G — L,(M) continuous and compactly supported we have

(‘Aa(9)®A(9)®ﬂ(g)du(9)‘LP(M@G@M

- H/Ga(g)em(g)du(g)‘

"

Ly(MBLG)

3. Lattice approximation

In this section, we want to deduce the boundedness of an L,-Fourier multiplier
from the uniform boundedness of its restriction to certain families of lattices. As
stated in Theorem C, this will be possible if G is approximated by these lattices
in the sense G € ADS defined in the Introduction. Observe that if G € ADS
is approximated by (I'j);>1, then the union U;I'; of the approximating lattices is
dense in G. Indeed, let g € G and V be an open neighborhood of g. Then Vg~!
is an open neighborhood of e and for j large enough we have X; C Vg=!. Let g;
be the representant of g~ in X;. In other words, there exists v; € I'; such that
g; = ;9% This implies v, = g;g € X;g C V, so that I'; NV # () and we deduce
the density result mentioned above. In the proof of Theorem C we shall need a
couple of auxiliary results, which are stated below.

Lemma 3.1. If G admits a lattice T" with AGlF = Ar, then G is unimodular.
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The result above implies that every ADS group is by definition unimodular. In
particular, our preliminaries on group von Neumann algebras from Section 2 suffice
for Theorem C. We need one more elementary result.

Lemma 3.2. Let G be a locally compact group and K C Q C G with K compact
and Q open. Let (V});>1 be a basis of neighborhoods of the identity. Then, there
exists an index jo > 1 such that for any j > jo

Kc | Jgvica.

geK

Proof. Take a left invariant distance d on G, so that d(K,Q°) = § > 0. Since
diam(V;) — 0, any jo with diam(V;) < § for j > jo satisfies the conclusion. O

Proof of Theorem C. The case p = 2 is straightforward since m is continuous
almost everywhere and the union of lattices I'; is dense in G, so that the L.-norm
of m is determined by lattice approximation. On the other hand, by a standard
duality argument, we may assume that p < 2. Moreover, the case p = 1 follows
from the assertion for 1 < p < 2 and the three lines lemma

1Tl < i 1T llpp < limy SUP Ty, llpop < SUP [Ty, fasr-

Therefore, we may and will assume in what follows that 1 < p < 2. The strategy
will be to approximate T, f weakly in L, by a sequence S;f constructed from a
family (S;);>1 of uniformly bounded maps as follows. For each j > 1 we first define
the map

;1 LT 3 ANy) = hjA(v)hj € LG,

where h; = AM(1x,) € LG. Since G is locally compact and (X;);>1 is a basis of
neighborhoods of e, we may assume that X; lies in a compact set. In particular we
have 0 < pu(X;) < oco. It is clear that ®; is completely positive and we may define
the family of operators

o4l
O = u(X;) ey
Now we note the straightforward inequality
10 cc = w) 2y la < 1(X,) 21 1x 3@ = 1.
Moreover, since the sets (yX;),er, are disjoint, we also have for v € T';
(@A) = T(WAMNhy) = (Ahyhy) 6
= (L 1) = A = uX)T(AM).
By complete positivity of ®;, the first estimate implies that ®3° : LI'; — LG is
a contractive map. The second estimate implies that <I>} is trace preserving and
hence defines a contraction L;i(LI';) — L:(L£G) by means of [24, Remark 5.6].
Using interpolation of analytic families of operators, we get
Hq)i; : Lp(fj) — LP(G)H <1 for 1<p<oo.
On the other hand, the Ly-adjoints ¥; = ®7 are given by
Wi(f) = D m(hAGT DR M)

vel;



14 CASPERS, PARCET, PERRIN, RICARD

for f € LG. Moreover, given 1 < p < oo, consider the contractions
N 11 ~ ~
\Ilé) = ((I’f )" = pu(X;) ! PW; 0 Ly(G) — Lyp(Ly),
where p’ denotes the conjugate of p. We are finally ready to introduce the maps
Sj::¢§Tmhjw§::M(xﬂ—3¢ijhjmj:1¢(G)—+1¢(Gx
which are uniformly bounded by
c;;::sgguzyup_:lm(rj)—»lﬁxrjﬂy
Jj> J

~

If we fix f € A(C.(G)*C.(G)), the sequence (S} f);>1 is uniformly bounded in L, (G)
by Cy||f|l, and it accumulates in the weak topology. We claim that S;f weakly
converges to T, f = w-Ly-lim; S; f. The theorem will follow by the L,-density of
AMC(G) * C.(G)). To prove it, we can reduce ourselves to show

(3.1) Tmf = Lo lim S;f forany f € A(Cc(G)*Ce(G)).
j—o0

Indeed, if it holds true and ¢ is any 7-finite projection

i [[qZf — a5, £]], < gl lim [T f = S;fll2 = 0,

j—o0 j—o0
where % = % + % Hence

4T f = Ly- lim, (¢S;f) = w-Lp- lim, (@S;f) = a(w-Ly- Jim S5 f )
for any 7-finite projection ¢, which implies T}, f = w-L,-lim; S; f. We now turn to
the proof of the key result (3.1). Let us introduce some notations. For j > 1 define
L;: Ly(G) 3 f e u(X;) " hyf € Lo(G)

and

~

PjILQ(G)Bf}—)

Z <fa /\(V)hj>l,2(('§)/\(7)hj € LQ(G)'

V€T

1
p(X;)
Given g € G and since (vXj),er, forms a partition of G, there exists a unique
v € T'; such that g € yX;. Let us write y;(g) for this element and consider the map
mj : G — C given by m;(g) = m(vy;(g)). We claim that

i) Sj = L5 PjT,L; on Ly(G).
ii) Lj, LY, P LQ(G) — Lg(@) are contractive and
[T, : L2(G) = La(G)]| < ml|oc-
ili) Given f € A(C.(Q)), the following identity holds
S (|25 =l + E5 7 = Flly + 1B f = Flly + 1T, £ = TS, = 0

~

In fact, the first three summands also converge to 0 for f € La(G).
The Le-convergence (3.1) follows from this. Indeed, i) gives for f € A(C.(G))
Tt = Sifll, < |Tmf = LiT S,
LT~ 1P,
+ LSBT = L3Py Tm, £
+ LSBT, f = L3Py Ton, L f |
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which clearly tends to 0 as j — oo by ii) and iii). Therefore, it suffices to justify
the properties i), ii) and iii). Let us start by noticing the following identity which
follows from Plancherel’s isometry

<ijf»)\(’7)hj>L2(é) = <mjf’1’YXj>L2(G) = m(7)<f’)‘<7)hj>Lz(@)'

Applying this to h;f we get

Sif = wXy) 7Y m(L AN L @ PAG)Ry
el
= 1) D Ty (Wi ) AN g) 1, @Ay = L3Py Ton, Ly f,
el
which proves i). Claim ii) for L; follows from [|1(X;) ™ hjlloo < |n(X;) " x, [ < 1.
The boundedness for P; is clear since it is the orthogonal projection onto the closed
linear span of (A(7)h;)er;. The last assertion in ii) is trivial since ||[1[|cc < [|m]|oo-
Let us finally prove the convergence results in property iii). By [18, Proposition
2.42], the family h; = ,u(Xj)*llxj forms an approximation of the identity, so that

jllngo||ﬁj*§f§|}L2(G) =0 for ¢€ Ly(G).

By Plancherel’s isometry, this yields vanishing limits for the first two terms in iii).
Moreover, the third term will converge to 0 if and only if the orthogonal projection
P; of Ly(G) onto span{1l,x, : v € T';} satisfies

(3.2) lim Hﬁjf —§H2 =0 forany &€ La(G).
j—o0

By the density of the simple functions in Ly(G), we may assume that ¢ = 1g for
a Borel subset Q of G with finite measure. Moreover, since the Haar measure is
outer regular, €2 can be assumed to be open. On the other hand, given any ¢ > 0
and since p is inner regular on open sets, there exists a compact set K C Q such
that u(2\ K) < e. By applying Lemma 3.2 to the basis of neighborhoods of the
identity given by (Xj_lXj) j>1, we obtain that there exists jo > 1 such that for any
J=Jo
Kc [Jv@X;c X 'X; ca
geK geK

The sets (7X;)yer, being disjoint, we can find a subset F C K satisfying

KcC |_| ’YJ(Q)X] c Q.
geFR

Moreover, since the sets Q and +,(g)X, are of finite measure, the set F has to be
finite. Hence, the function n = Y- p 1, (), satisfies [[€ —nll5 < p(Q\K) < e
and the limit (3.2) is proved. It remains to consider the last term in iii). Let £ > 0
and f € A(C.(G)) be frequency supported by a compact set K. Since v;(g) — ¢ as
j — oo and m is continuous p—a.e., we have m; — m p-a.e. Moreover, by Egoroft’s
theorem [19, Theorem 2.33], there exists a set E C K with u(E) < € and such that
mj; — m uniformly on K\ E. Pick jo > 1 satisfying

1
sup |mj(g) —m(g)| < e?
geK\E
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for all j > jo. Then we get for j > jo
2 -2
T = Taf 1@y = [1ms =m0

< / 17 (9)2|my(g) — m(g)| du(g) + / 17 (9)12|m(g) — m(g)| du(g)
K\E E

which is dominated by €(||ﬂ|% + 4Hm||go\|f||go) and proves iii) for the last term. O

Remark 3.3. Modifying the proof above, we may extend Theorem C. Namely, if
G € ADS is approximated by (I';);j>1 and both m : G — C and m; : G — C are
a.e. continuous symbols such that m; — m uniformly, then

HTm : LP(G) - LP(G)H < Sgll) HT(WLJ’)\F. : Lp(fj) - LP(fj)H
Jj> J

for any 1 < p < co. Indeed, it suffices to define

Sj = U(Xj)73(1)jT(mj) \I/j

\Fj
and consider m;(g) = m;(v,;(g)) in the proof of Theorem C. Then the fourth
summand in iii) will follow by means of Plancherel’s isometry noticing that we
have |m;(g) — m(g)| < [[m; — m||eo + [Mm(7;(g)) — m(g)| and hence converges to 0
a.e. Then we conclude as in the proof of Theorem C.

Remark 3.4. We have not performed an extensive study of groups satisfying the
ADS condition. Apart from discrete groups and many LCA groups, of particular
interest to us is the Heisenberg group, defined as the set H,, = R™ x R™ x R with
inner law (a,b,c) - (a/,b/,c') = (a+a’,b+V,c+ + 3((a,b) — (a/,b))). Tt is a
simple example of ADS group. Namely, take for instance the family of lattices
= %Z” X %Z” X QJ%Z which trivially satisfy the ADS condition. Other nilpotent
groups satisfying the ADS condition are the groups H(K,n) of upper triangular
matrices over the field K = R, C with 1’s on the diagonal. In this case, a simple
choice of lattices is I'; =Id, + (j" °Z®ers: 1 <r <s<n).

4. The restriction theorem

In this section we prove Theorem A for unimodular groups. In other words, we
prove that under the SAIN condition, Ly-Fourier multipliers of a unimodular group
G restrict to multipliers of any ADS subgroup H, and this restriction map is norm
decreasing. All our work so far will be needed in the proof.

Proof of Theorem A: Unimodular case. Let us first reduce the proof to the
particular case of discrete subgroups. Indeed, let H € ADS approximable by the
family (T';);>1 and assume that G € [SAIN]y. Since I'; C H C G and

[SAIN]y C [)[SAIN]r,,
j>1
the pairs (G,T;);>1 are under the hypotheses of Theorem A for discrete subgroups.

Moreover, since H is ADS, it follows from Lemma 3.1 that H must be unimodular.
Therefore, Theorem A for discrete subgroups in conjunction with Theorem C yields

[Ty, : Ly(H) — L,(0)||
< S‘>1I1) ||mep. : Lp(fj) - Lp(fj)“ < T LP(G) - LP(G)H'
,]7 J
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Hence, we shall consider in what follows a discrete subgroup I' of a locally compact
unimodular group G satisfying G € [SAIN]r. Observe that by unimodularity of G
and discreteness of I' our assumption Ag|. = Ar is superfluous. We have reduced
the proof of Theorem A for G unimodular to this particular case. Arguing as we
did at the beginning of the proof of Theorem C and using the continuity of the
symbol for p = 2, it suffices to consider 2 < p < oco. Moreover, by density of the
trigonometric polynomials in Lp(f), it is enough to prove that

(4.1) 1T N, @) < 1T Lo(@) = L@ 111, 1

for any trigonometric polynomial f € LI'. As we explained in the Introduction, the
basic idea is to construct an approximation of the identity in G which intertwines
with the pair (T, Tm‘r) in the limit. Let us fix such a trigonometric polynomial
fo € L' and let F C T" denote its frequency support

fo =" Fo(MA().
veF

Let (Vj)j>1 be the symmetric neighborhood basis of the identity associated to F by
the SAIN condition. Moreover, since I is discrete, we may take j large enough and
assume that the sets (7V;),er are disjoint. Let us define the selfadjoint elements
h; = n(V;)~Y2X(1y,) with polar decomposition h; = u;|h;|, and set

7 A\(y) = )\('y)uj|hj|% for v€T and 2<q¢< 0.
Then the proof will rely on the two following results.

Claim A. Given 2 < ¢ < 0o, we have:

~ ~

i) @ extends to a contraction Ly(T') = Ly(G).
ii) Given any f € LT frequency supported by F, we have

jlggo ||(I)?f||Lq(@) = ||f||Lq(f)'

Claim B. Given 2 < ¢ < p and any trigonometric polynomial f in LT’
; q q L
Jlggo HCI)]‘(TWF - Tm(q)jf)HLq(G) =0.

Let us finish the proof of Theorem A before proving these two claims. Let fy be
the trigonometric polynomial in LI' frequency supported by F that we have fixed
above. The algebra LI" being finite, we have

[T, ol ) = ?}r}j [T, foll .z, -

Since Tm‘F fo is also frequency supported by F, Claims A and B yield

s . q N
HTm‘FfOHLp(F) - (}I/I‘r]lojlggo ||(I)j(Tm|rf0)”Lq(G)
_ . . q N
= gl/f‘%jlggo ||TM((I)jf0)||Lq(G)
. . . A A q .
< ‘}l/f‘rjlgjlgglo HTm : Lq(G) - Lq(G)HH(I)ijHLq(G)

= ;%”Tm”qﬁWHfOHLQ(ﬂ < HTm : LP(G) - LP(G)HHJCO”LP(f)-
The latter inequality follows by interpolation since

—6 0
1Tnllgsq < 1 Tmll2Z2 0 Tmllp—p
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for % =104 g, so that § — 1 as ¢ — p. This completes the proof of (4.1).

Proof of Claim A. Since the SAIN condition implies G second countable, we may
consider LT" as a von Neumann subalgebra of LG by Lemma 2.1. Thus Claim A i)
is clear for ¢ = oo by writing |25 f|zcc = [ fujllce < Iflzce = [ fllcr. Moreover,
by Plancherel’s isometry and disjointness of the sets ('ij)Wep we get

(42) IO, o) = Wil ) = n(V) || 0 F) L,

yel

= 1712,

Claim A i) then follows using interpolation for analytic families of operators, we
leave the details to the reader. The upper estimate in Claim A ii) follows from i)
and it suffices to show that lim; ||®7(f)|l, > || f]l; for trigonometric polynomials f
in LI' frequency supported by F. Let ¢* be the Ls-conjugate index of ¢, so that
1/¢+1/¢* =1/2. We have

HfHLq(f) = ||f*HLq(f) = sup ka*HLz(f)'

k = <1
el <

k trigonometric polynomial

Fix such a polynomial k =

ka*||L2(f)

JeM (’y))\(’y). Then, since @7 is an isometry by (4.2)

H‘I)?(kf*)”h(f;) = ka*thLz(@)
1k f*hy — @7 (R)u; @51 N L@ + 195 R)w®7() "L, @)
By Hélder’s inequality and Claim A i)

197 (), 820 ) < 192 (], 0|22 1, 0 < 192, -

For the first summand, let us prove that

IN

This will complete the proof of Claim A. Since h; is self-adjoint
O (k)u;®(f)* = kuylhs [>T wus|hy |2 00l f* = khy f*.
Then, by Plancherel’s isometry and the Cauchy-Schwarz inequality we get

IRy = kb £l )
= || X RO = ARG )|

L2(G)
vy eM,yeF
< Y RO TG DR = 2 A D L@
v eM,yeF
= > RO T V)T v = 1
v eM,yeF
2o T (RO Vi AV N 3
= k —
MZ! oIl (i)

IN

> nfeR) (X M ey

y'eM,yeF vy eM,yeF
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AV
= |kl @1 G)|M|(ZMM(‘J/J’Y))> ’

which converges to 0 as j — oo since we assumed have that G € [SAIN]r.

Proof of Claim B. Without loss of generality we may assume that f = A(y) for
some v € I' by the triangle inequality in L,(G). Replacing m by m(y -) we may
assume that 7 = e (we leave the details to the reader here). This means that we
are reduced to prove

. 2 2
(4.3) Jim [[m(e)u;hyls — T (uylhy|7)

!’Lq(@) =0.

Given € > 0 and since m is continuous in e € G, there exists a neighborhood U,
of the identity such that |m(g) — m(e)| < € for every g € U.. Since G is locally
compact we may assume that U, is relatively compact and so pu(U:) < co. Let W,
be a symmetric neighborhood of e with W2 C U, and define

T nwo)
Hence, ( is a coefficient function of the left regular representation and the coefficient
is given by the positive vector state with respect to the vector /L(WE)_%].WE. It
is then standard that ¢ is continuous, positive definite and ((e) = 1. Furthermore
by construction supp ¢ C U.. Let T; be the associated Fourier multiplier, then
T¢ : LG — LG is a normal, trace preserving, unital, completely positive map. This
implies that it extends to a contraction

T - Lp(é) - Lp(é)

for every 1 < p < co. By Plancherel isometry we have
2 1 2 1
Tehy = hj||5. @ = 1€ = Du(Vi) "2 1y, 27/ ¢(g) — 112du(g),
H ¢rj JHLZ(G) H n(V;) JHLQ(G) n(V;) V,| (9) (9)

which converges to 0 as j — oo since V; — {e} and ( is continuous at e. At
this point we need our result on almost multiplicative maps. Indeed, since h; is a
self-adjoint operator of Lo-norm one, we deduce from Corollary 1.4 that

(4.4) lim [|T¢ (ujlhy|7) — uylhy| =0.
J—)OC

|’Lq(é)
Let us now prove (4.3). Setting z; = u;|h;|>/? we write
Im(e)z; — Tmzllp, @) < lImle)(z —Tez))l,, @
+ lIm(e)Tez; — Tn(Tez))ll @)
+ T (Tezj) = Tmzilly @) = A5+ B +C.
By (4.4), lim; A; = lim; C; = 0. By definition of U. we have
| Tm(e)—myc - Ly(G) — Lo(G || = [[(m(e) = m)(llL. (@) <e.
On the other hand, since ||T¢ : p(G) — Lp( )|| =1 we get
[ Timer-mc : Lp(G) = Lp(@)| < fm(e)] + || Ton : Lp(G) = Ly(@)]|
Applying the three lines lemma to the symbol (m(e) — m){ we obtain

1 1-6 6
B, < 1*9( WA+ || T+ Ly ( ) for - =-"—— 4 —.
< € |m(e)] || H or . 5 ”
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This implies (4.3), which gives Claim B and completes the proof of Theorem A. O

We end this section by giving some examples of groups satisfying the conditions
of Theorem A. We have already considered the ADS condition in the previous
section, so let us analyze the SAIN condition. There are two general conditions
which imply small almost invariant neighborhoods:

e G € [SIN]y (small invariant neighborhoods) if there exists a neighborhood
basis of the identity of G consisting of open sets that are invariant under
conjugation with respect to H, see for instance [22, 38] for this class of pairs
(G,H) when G = H. Of course, we have [SIN]g C [SAIN]g.

e Another interesting class of pairs satisfying the SAIN condition is given by
amenable discrete subgroups I' satisfying AG\F = Ar, see Theorem 7.11
below. As a consequence of it, we shall show that Theorem A holds for
pairs (G, H) with H any ADS amenable group.

Concrete examples (even in the nonunimodular setting) will be given in Section 7.

Remark 4.1. Both properties above are strictly weaker than the SAIN condition
since none of them is included in the other one. To see this, let us construct
examples of pairs (G,I"), where I' is a discrete subgroup of a unimodular, locally
compact group G, satisfying only one of these two properties:

i) The free group with two generators Fy can be represented as a (non-closed)
subgroup of SO(3). This way Fa acts on R? and the open balls B,.(0) C R3
with center 0 and radius r are invariant under the action of Fy. We may
consider the semidirect product G = R? x Fy, which is unimodular since
the action of Fy is measure preserving. Then the sets B,(0) are naturally
contained in G and in fact form a basis of neighborhood of the identity which
are invariant under conjugation with respect to Fy. Hence R? xFy € [SIN]g,
but Fs is not amenable.

ii) Let G be the Heisenberg group in R™ and I' = Z™ x {0} x {0} C G. Then
I" satisfies our second property above but G ¢ [SIN]p. Indeed, let U be a
small neighborhood of (0,0, 0) invariant under conjugation by I'". Assume
that U C R™ x R™ x [—L, L] for some L > 0. Since conjugation in the
Heisenberg group gives

(—CL, —b, —C) : (x7y7t) : (a7b7 C) = (m,y,t - <a7y> + <b’ .13)),

we deduce that (z,y,t) € U = (z,y,t —ay) € U for all a € Z". But we
can find an element (z,y,t) € U with y # 0 and a sequence (a;);>1 in Z"
verifying |a;y| — oo which contradicts this property.

Remark 4.2. We already know from Lemma 3.1 that every ADS group must be
unimodular. On the other hand, it also holds that G € [SAIN]y with Ay = Ag, |
implies H unimodular since

_ — i MBIV
o TR — (ViR V)
j—o0 1(V;)
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for every h € H. In particular, all our conditions in Theorem A point to the

unimodularity of H. As we shall see in Section 8, this is not the case when we work

with amenable groups in the category of operator spaces. We leave as an open

problem to decide whether unimodularity is an essential assumption for restriction
of Fourier multipliers.

5. The compactification theorem

We now extend de Leeuw’s compactification theorem. In other words, given a
locally compact group G, let us write Ggijsc to denote the same group equipped
with the discrete topology. Under the conditions in Theorem D, we prove that the
L,-boundedness of a Fourier multiplier on G is equivalent to the L,-boundedness
of that multiplier defined on Ggjsc. In this section and for the sake of clarity, we
will write A = Ag and X' = Ag,,.. for the left regular representation on G and
Gugisc respectively. Moreover, we shall use a similar terminology for trigonometric
polynomials in both £G and LGgisc

F=Y TN & = FloN).

g€eF geR

Before proving the compactification theorem, let us first discuss the conditions on
the group G that we impose. In de Leeuw’s proof of the compactification theorem
for R", the following basic properties were crucial:

P1) We have
R" = | J2-izn.

Jj=1

P2) There is an injective homomorphism ¥ : R™ — R}, —the dual to the
canonical inclusion map R},.. — R"— with dense image and such that

f = f' oW for any pair (f,f') € Loo(R") X Loo(R},,,) of trigonometric
polynomials with matching Fourier coefficients. In particular

1@y, = sup |f 0 ()] = sup [f(E)] = [/l
£€R £ER

Of course, we will replace P1) by our ADS condition. On the other hand, P2)
is not a general property of locally compact groups. Indeed, according to Lemma
2.2 iv) for M = C (see the proof), if ||fllzc = IIf ||l zGy.. for any trigonometric
polynomial f in £G then the amenability of G is equivalent to the amenability of
Gaisc- However, this is false in general. Consider for instance the group G = SO(3)
which is compact, hence amenable. On the contrary, since the free group Fs is a
subgroup of Ggisc = SO(3)aisc, the discretized group Ggigse is not amenable. In the
following result we show that ||f|lzc = ||/l £Ga. When Gaisc is amenable.

Lemma 5.1. If f is a trigonometric polynomial in LG:

i) We always have || f'l|cca.. < [1fllcc-
i) The reverse inequality holds true whenever Gais. is amenable.
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Proof. Let (V;);>1 be a symmetric basis of neighborhoods of the identity in G
and let F C G be finite. Then for j > 1 large enough and h; = u(V;)"*/2A(1y,)
the following map is isometric

(5.1) th : EQ(F) CLg ger — (Zag )h S LQ(@)
g€eF
Indeed, since (gV;)qer are disjoint for j large enough

12, @)1 = w5 | S aA @), = X lagl = lal, e

geF g€eF

To prove i), we first write
/ } /
||f ||['Gdisc = sup <f §1’§2>e2(GdisC)

where the supremum runs over all finite subset X C G and all &;,& € ¢5(X) with
[I€1]l2 = |&2]l2 = 1. Pick any such X and &;,&». Since f'¢; is supported by FX the
inner product above can be taken in ¢5(S), where S = FXUX. Applying (5.1) to this

finite set S, we may find an isometry Ly, : £2(S) = La(G). Since L (f'&1) = fLr(&1)
<f/£17£2>€2(s) = <Lh(f/£1)7Lh(£2)>L2(a) = <th(£1)7Lh(£2)>L2(a) S Hf”LG

Taking suprema we obtain i). If Ggjsc is amenable, Lemma 2.2 yields

Iflec = | Zﬂg)A(g)

< HZf DN mp = 1 G

LGRLGdise
ger ®LGq

where the last equality comes from Fell’s absorption principle in Lemma 2.3 ii). O

Remark 5.2. It follows that Ggjsc amenable = G amenable, but not reciprocally.

We can now prove Theorem D i) and ii), the noncommutative version of de
Leeuw’s compactification theorem. The first implication requires P1) and follows
easily from the lattice approximation in Theorem C. The second one requires an
analogue of P2) —Gygjsc amenable, as suggested by Lemma 5.1— and it follows by
adapting our restriction argument in Theorem A.

Proof of Theorem D i) and ii). If G € ADS is approximated by lattices (T';);>1,
then I'; C Ggisc for j > 1. Since both groups are discrete, we may restrict by taking
a Conditional expectation In conjunction with Theorem C, we obtain

1T L Ol < sup [T, : Ly(T5) = Ly(T)]
Jj=1 J

< T+ Lo(Gaiee) = Lp(Gaico) ||

This proves i). For the converse implication, we may and will assume as in the
proof of Theorem A that 2 < p < co. Now, since Gqjsc is amenable, we claim that
G € [SAIN]g,,..- Namely, it follows by the exact same argument as in Theorem
7.11 since our proof there does not use the fact that the topology on the subgroup
is induced by the topology of G. Once we know that the SAIN condition holds, the
goal is to show that

1T,y < T (@) = L@ 17 oy
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for any trigorlpmetric polynomial ' € LGgise. Fix such a trigonometric polynomial
fo =2 er fo(VN(7) € LG and let F C G denote its frequency support. Let
(Vi)j>1 be the neighborhood basis of the identity associated to F by the SAIN
condition. Following the proof of Theorem A, define h; = p(V;)~/2A(1y,) with
polar decomposition h; = u;|h;|. The main difference with the restriction theorem
is that we may no longer assume that the sets (gVj)4eq are disjoint. Then we
cannot define properly the maps <I>§ for all j, since they are not contractive any
longer. However, this still holds true at the limit.

Claim A’. Let 2 < g < co. Then
i) If f" € LGgisc Is any trigonometric polynomial

li N R [ —

et sttt @ < 112, @)
ii) If f' € LGqjsc is frequency supported by F, we also have
2
|| fuslhyl @

. _ / o

fm le,@ = 11 @)

The intertwining result we gave in Claim B of the proof of Theorem A —restated
conveniently without using the maps <I>§ — holds replacing I" by Ggjse with verbatim
the same argument. Moreover, Theorem D ii) follows from it and Claim A’ above
exactly as in the proof of Theorem A. Thus, it suffices to justify this claim.

Proof of Claim A’. Let ¢ > 0 and let f’ be any trigonometric polynomial in
LGaisc. Since interpolation cannot be used any longer in our case, Claim A’ i) will
simply follow from the three-lines lemma. Let a = a(f’,e,q) be a trigonometric
polynomial in £G such that
1

g _ 4 l 2
(5.2) [1£12 — a”LG =|If'* —a Hccdisc < §5q/ )
where the equality comes from Lemma 5.1 (together with a standard approximation
argument in the weak-+ topology) since Ggisc is amenable, and a’ denotes the
trigonometric polynomial in £Ggjs. associated to a. By (5.1), there exists an index
jO = jO(f/, €, Q) such that

(5.3) okl = 0],y forany j> o

The map Fj(z) = u|f|9%/?u;|h;|? —where f = u|f| is the polar decomposition of
f € LG— is holomorphic on the strip A = {0 < Rez < 1} and continuous on its
closure. Since Fj(it) = u|f|"?/?u;|h;|" is a partial unitary

sup || Fj(it) || ca < 1.
teR
On the other hand, by (5.2) and (5.3) we get for all t € R
[F+ i), @
q
= H|f|2thL2(é)

q /2
< |51 - a)hJ‘HLQ(a) + ”ahj”Lz(é) < B + Ha/”Lz((Td\isc)

EQ/Q g a
< 5+l =Pl e I P lem < Eqm“'f/”f(@;)'
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Therefore, the three-lines lemma implies that for any j > jo

2
659 15D, = Ifulhlil,e
2
q/2 19/2 )E / _—
< (P ) < e 1 ey

which proves Claim A’ i). To prove Claim A’ ii) we proceed exactly as in the proof
of Theorem A, but using our version of Claim A’ i). For a fixed trigonometric
polynomial f’ in LGgisc frequency supported by F, let &' = k'(f', ¢, ¢) be another
trigonometric polynomial in £Ggjs. (frequency supported by M C G finite) and
satisfying ”k/HLq*(G/d\;sc) = 1 with

3

< IS e + 5

!
Hf HLq(G/d\isc)
where 1/qg 4+ 1/¢* = 1/2. We may choose jo = jo(f', ¢, ¢) such that for any j > jo
) 1K o = IF Bl o

11) ||]€Uj|hj|2/q*

Lq*(@) S 1 +6,

WigAV; 2
i) Z“(g 9B V) SN
= n(Vj) K21 A 112K
Namely, the first property follows from (5.1), the second one from (5.4) and the
third one from the SAIN condition. By the same argument as in the proof of
Theorem A, we obtain that for any j > jo

17, ey < &+ A+l fuilh90 -
Letting € — 0T, this implies Claim A’ ii) and completes Theorem D ii). |

Remark 5.3. According to Remark 3.4, we know that the Heisenberg group H,,
and the upper triangular matrix groups H(K,n) are ADS. Moreover, since they
are nilpotent the same happens for their discretized forms, which implies in turn
that the discretized forms are amenable. In summary, if G denotes any of these
groups, it satisfies the two-sided compactification result in Theorem D i) and ii) for
bounded continuous symbols

[T : Lp(G) = Lp(Q)|| = |Ton ¢ Lp(Catise) = Ly(Catiee) |-

6. The periodization theorem

We finish our collection of noncommutative de Leeuw’s theorems in the Banach
space setting for unimodular groups with the periodization theorem, nonunimodular
groups and statements in the operator space setting will be considered below. In
this section we consider a locally compact, unimodular, second countable group
G; a normal closed subgroup H of G; a bounded symbol m, : G/H — C and
its H-periodization m, : G — C given by m.(g) = mq(¢H). As mentioned in
the Introduction, the abelian case has been solved by Saeki [48] but we cannot go
further in the line of Theorem D iii). More precisely, in general

T, : Ly(G/H) = Ly(G/H) # T : Ly(G) — L,y(G).
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Indeed, consider for instance the infinite permutation group H = S, and construct
the cartesian product G = T x S, so that G/H ~ T. By [45, Proposition 8.1.3], for
1 < p # 2 < oo we can find a bounded m, : T — C giving rise to a Fourier multiplier
which is bounded in ¢,(Z) but not completely bounded. Then, its H-periodization
My = My ® td cannot define a bounded Fourier multiplier on

Ly(G) = £,(Z; Lp(R)),

where R = LS, denotes the hyperfinite II; factor. Hence, Theorem D iii) fails for
this pair (G, H). In fact, since Pisier’s result on the existence of bounded/not cb
multipliers has been extended to any infinite LCA groups [1, 25], with that process
we can construct a large class of counter-examples by taking any group of the form
G = K x H with K an infinite LCA group and H a group satisfying that LH contains
arbitrarily large matrix algebras M,,. This suggests that there is not so much to do
in this direction outside the class of abelian groups. The result in Theorem D iii)
was already proved by Saeki [48]. Hence, we now focus on the reverse implication
given in Theorem D iv) for G nonabelian and H compact.

Proof of Theorem D iv). Assume H is compact and let uyy denote the normalized
Haar measure on H. By duality it is enough to consider the case p > 2. By Lemma
2.1, we may see LH as a von Neumann subalgebra of £G and identify Ag(h) and
A (h) for any h € H. Consider the operator

1= / (k) dun(h) € £H C LG.
H

Since H is a normal, compact (unimodular) subgroup of G, we deduce that II
is a central, H-invariant projection of LG onto the functions of Ly(G) which are
constant on H-cosets, denoted by

H = TILy(G) = {g € Lo(G) : £(g) = £(g') when gH = g’H}.

The map 7 : G = M := (LG)II given by 7(g) = A(g)II defines a *-representation
of G over the Hilbert space H. Moreover, 7 is invariant on cosets, hence this yields
a x-representation of the quotient G/H still denoted by = : G/H — M. Observe
that 7(gH) = vAq/u(gH)v*, where the unitary v : Ly(G/H) — H is the natural
identification. Hence 7 can be extended to a normal map 7 : £L(G/H) — M by
setting 7(f) = vfv*. Since this map is isometric and surjective at the L, and Lo
levels, this yields by interpolation an isometric map

7+ Ly(G/H) = Ly(M) = L,(G)II

for any 2 < p < oco. On the other hand, 7 intertwines the Fourier multipliers so
that moT,,, = Ty, o7. Indeed, let f € A(C.(G/H)). Since the G-invariant measure
on left cosets [18, Theorem 2.49] coincides with the Haar measure on the quotient
group G/H when H is normal we get

o T (f) = /G g PG (g1

. ma(am Fa) ([ Mah) dian(0)) diac (1)

G/
Gm(g)f(gH)A(g) dpc(9) T = T, o7(f).
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Using this property, we conclude with the estimate

1T,y 7y = 170 Ty (Dliyrvy = ITme 07, @
[T+ Lp(G) = Lp( O II7 ()], @y
= T, Lo(@) = L@I£1l, Tm)

for f € LP(E/T{). This completes the proof of Theorem D iv). O

IN

7. Nonunimodular groups

This section is devoted to extend our results to nonunimodular groups. Again the
main focus will be on restriction since compactification and periodization admit less
generalizations, see Remark 7.13. When G is nonunimodular, the modular function
Ag is not trivial and the Plancherel weight —defined in Section 2 and denoted by
¢ in this section— is not a trace. This forces to introduce noncommutative L,
spaces associated with arbitrary von Neumann algebras. We will in fact consider
two different such L, spaces, the Haagerup and the Connes-Hilsum ones [27, 51]
which turn to be isomorphic as we explain below. Recall that the proof of Theorem
A in the unimodular case is based on crucial results derived from Theorem B.
Thus we will need to extend these results to arbitrary von Neumann algebras by
using Haagerup’s reduction method. After that, we will derive Theorem A for
nonunimodular groups and give some examples.

7.1. Haagerup’s reduction for weights. We start by recalling the reduction
method from [24] adapted to a von Neumann algebra M C B(H) equipped with
a fixed normal semifinite faithful (nsf) weight ¢. Note that the constructions in
[24] are carried out with respect to a normal faithful state ¢ instead of a weight.
This is not sufficient for our purposes. The weight case is treated in an unpublished
extended version of [24] by Xu. For the sake of completeness, we will indicate below
the technical modifications of the arguments in [24] to obtain the analogous results
for weights instead of states. In this paragraph, we consider the so-called Haagerup
L,-spaces defined in [51], see also [24] for a standard introduction of the concepts
involved. Since they are only used in this auxiliary technical subsection and the
next one, we will not detail the construction but refer to the above mentioned
works. Let 0% be the modular automorphism group of ¢ and denote

n, = {ze€M: p(z*r) <oc} and m, = nin, = span{y“xr : z,y €n,}.

In this subsection we fix G = U,,>127"Z with the discrete topology and consider
the crossed product R = M X,» G. Recall that R is the von Neumann algebra
acting on Lo (G, H) generated by the operators

()\(t)f)(s) =¢(s—t) and (W(I)f)(s) =% (x)&(s)
for s,t € G,z € M and € € L3(G, H). We define the unitary operator
(w()€)(s) = 7(5)&(s)

for (s,7,€) € G x G x Ly(G, H) and 0 (z) = w(y)zw(y)* for z € R. Then 7(M) is
the fixed point algebra for @ and the conditional expectation £ : R — M is given
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by E(z) = [5a,(x)dy. The dual weight @ on R is defined as $ = pon~ ' o . Let
R be the centralizer of @ in R and denote by Z(Ry) its center. Consider

b, = —iLog(A(27™)) and a, = 2"b,,

with Log the principal branch of the logarithm, so that 0 < Im(Log(z)) < 2w. Then
b, € Z(Rg) and ¢, (-) = @(e~ " -) formally defines a nsf weight. More precisely,
¢, has Connes cocycle derivative (Dyp,,/Dp)s = e~ for s € R.

Theorem 7.1. Let R,, be the centralizer of ¢, in R. The sequence (Ry)n>1 forms
an increasing sequence of von Neumann subalgebras of R. Moreover, the following
properties hold:

i) R, is semifinite for each n > 1 with trace .
ii) There exist conditional expectations &, : R — R, such that

P0&=0 and E,00? =0?0&, forall seR.

iil) &n(z) — x o-strongly for v € ng and U,,5, Ry is o-strongly dense in R.

Proof. The proof is a mutatis mutandis copy of the arguments in [24, Section 2].
We indicate the main adaptations. Observe that [24, Lemma 2.2] does not remain
valid. This lemma is applied only in two places, where the arguments need to be
adapted. Firstly, it is needed to prove the uniqueness of b,, in [24, Lemma 2.3], but
this does not play a role in the subsequent proofs. Secondly it is used in the proof
of [24, Lemma 2.6]. However, we claim that the following fact still holds true: for
every ¥ € ng and every € > 0 there exists a trigonometric polynomial P on T with

(7.1) | [bn — P(A(277)), ] HSZ <e forall neN,

where [z,y] = zy — yx denotes the commutator of two operators z and y and
||y||?a\ = @(y*y) for any y € R. This fact is what is actually needed. Let us now
prove it. If x € ng, then

(bn = POE@T™))a||% = B(2*[bn — POR™™)2).

Now @(z* - ) is a normal functional on R and hence it restricts to a normal
functional w on the von Neumann subalgebra generated by A\(27"), which equals
Lo (T). So w corresponds to integration against a function in L;(T). Recalling
that b, = —iLog(A(27™)) we see that we may choose P such that for every n we
have w(|b, — P(A(27™))|?) < &. On the other hand, we first consider

z€T5:= {x € R : zis analytic for 0? and 0% (z) € n,Nny, Vz e (C}.
In that case, from Tomita-Takesaki theory we have
—n 2 ~ —n D (%
[2(bn = P[5 = &(@lbn — PON2T™)Po?;(27)),

and as above we may find P such that for every n this expression becomes smaller
than e. This proves our claim (7.1) in case € 75. For a general operator = € ng
the claim follows by taking a net (x;);cs in 75 such that ||z; — 2|/ — 0 (see for
instance [50]) and using that ||b, | < 27.

Let us now return to the constructions of [24, Section 2]. The statements and
proofs of [24, Lemmas 2.3, 2.4, 2.5] remain unchanged except that b, might not be
unique, which is not relevant for the proof. Note in particular that the restriction
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of ¢, to its centralizer is semifinite. Then Lemma 2.6 remains true provided x € ng
instead of general z € R and also Lemma 2.7 remains valid for € ng. Indeed, as
in the proof of Lemma 2.7, this follows from Lemma 2.6 in case 2 € ng (and also in
the weight case one invokes Lemma 2.5 to derive strong convergence, which implies
o-strong convergence for a bounded net). This completes the proof. O

Let L,(M),L,(R) and L,(R,) be the Haagerup L,-spaces constructed from the
weights ¢, @, and @ restricted to R,, respectively, see [51] or [24, Section 1.2]. The
modular automorphism group o? restricted to M ~ (M) equals ¢¥. By Theorem
7.1, the restriction of @ to R,, is semifinite. This implies that the crossed products
M Xgoe R and R, X, 5 R are well-defined subalgebras of R x,s R. Let D be the
generator of the left regular representation in each of these crossed products, then
D is the usual density operator in the Haagerup L,-space L,(R). Recall that we
have two @-preserving conditional expectations £ : R — M and &, : R — R,.
For 1 < p < oo, by Remark 5.6 and Example 5.8 of [24] we obtain contractive
projections

EP: Ly(R) = Ly(M) and &P :L,(R) — Ly(Ry)

given by EP(Dﬁ xDﬁ) = Dﬁg(:v)Dﬁ for any € mg, and similarly for &,. More
generally, for any p < 7,5 < oo such that | + { = J we have EP(DraD*) =

D+ E(z)D* for x € mg, see [24, Proposition 5.5] for the proof in the state case.

Remark 7.2. The notation DrzD* for z € mg used in [24] and which we keep
using in the sequel is formal. If x can be decomposed as a finite sum z =) Y57
with y;, 2; € ng, then the notation D7D+ stands for Zj D%y;f . [szi], which is
a well-defined element of LP(R) by [52, Theorem 26] and Holder’s inequality. Here
[ -] denotes the closure of a preclosed operator. Arguing as in [20] one can derive

that this expression does not depend on the decomposition of x.
Lemma 7.3. Given 1 <p < oo and x € L,(R) we have

R
Tim_ €8 () — o, = 0.

Proof. We first assume that 1 < p < 2. Let x € R and 2/,2"” € R,, for some

m > 1. Assume moreover that z,z” € ng, 2’ € nzg and n > m. Let r be such that

11 =1 Since &,(2/) = 2’ and &,(2”) = 2", using the convention of Remark

P
7.2, Holder’s inequality and [52, Theorem 23| imply

1 1 1 1 1 1 1 1
|er(D7a'xa” D7) — D7 a'xa” D> ||p |D7 '€, (x)a" D7 — D a'za" D> ||p

ID* ||, ||(Enlx) — 2)2" DE ||,

IN

ID7 2|l ||(En(z) — 2)A(")]|, = 0,

since &, (x) — x strongly by Theorem 7.1. Here A denotes the canonical injection
of ng into its Hilbert space completion. We claim that the linear span of elements
DY7 3!z DV? with x,2', 2" as above is dense in L,(M). Then the result will
follow for any operator € L,(R) for 1 < p < 2 by contractivity of EP. By [52,
Theorem 26] the linear span of DY/"y* = [yD/"]* with y € n3 is dense in L, (M)
for 2 <r < co. Then the Hélder inequality gives that span{Dl/’"xDl/2 CxEemg}
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is dense in L,(M). Let (z});e, (z});jes be nets in R,, of elements that are analytic

for o and such that
O’f(l‘;), af(z;') €ngNnj

!/
J
using [20, Lemma 2.5] and [34, Lemma 2.3] we get

for every z € C. Assume that Ui/r(ac ) — 1 and 052(:10’/) — 1 strongly. Then

J

D%x;xm}’D% = Ufi/T(x;) .DrzD? ~af/2(x;’) — DraD?,
in the norm of L,(M). Here, the domains of the operators in the first equality
are equal by an argument similar to the one we will use to prove Lemma 7.6.This
concludes our claim, and hence the Lemma for 1 < p < 2. We now consider the
case p > 2. Suppose that we have proved the Lemma for p/2. Take 2z € R such
that x € ng. By Holder’s inequality

|(En(@) = 2)DF |2 = [[(En(@) = ) - DF (Enlz) = 2)7],
1€ (@) = alloc|(Enlz) — 2) D7 |,

2

= &) = allocllER(@D?) — xD?

IN

Hp/Q’
which goes to 0 as n tends to oo. Therefore, the result for a general operator
x € Ly(R) follows by density [52, Theorem 26], recalling that £ is contractive. O

7.2. Almost multiplicative maps on arbitrary von Neumann algebras. We
now apply the reduction method detailed above to the results of Section 1 needed to
prove Theorem A in the nonunimodular setting. Let M be a von Neumann algebra
with a nsf weight ¢ and T': M — M be a positive map such that poT < . Given
1 < p < o and according to [24, Remark 5.6], the map T induces a bounded map
T, on the Haagerup L,-space L,(M) determined by

1 1 1 1
T,(DZ xDZ) = DZ T(z)DZ

for x € m,, where D, denotes the density operator of ¢. With that notation, we
can state and prove the following analogues of Corollary 1.3 and Corollary 1.4 for
arbitrary von Neumann algebras.

Corollary 7.4. Let M be a von Neumann algebra equipped with a nsf weight ¢
and let T : M — M be a subunital completely positive map with poT < ¢ and
Too? =0f0T for every s € R. Then there exists a universal constant C > 0 such
that the following inequality holds for any x € L§ (M) and any 0 < 0 < 1

0 0 s
730 ~o*]; < Cl1Tato) o ol
Proof. We use the notations of Section 7.1. By [24, Section 4], we know that the
map T admits a subunital completely positive normal extension, which is given by
T:R > w(x)A(s) — 7(T(x))A(s) € R

for any (s,z) € G x M. Note that £G is in the multiplicative domain of T.
Moreover, we also have

$oT <@ and ofoT=Toof.
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Recall that of™ and &, are defined in [24] respectively by
2 n
o (z) = e P (x)e* ™  and &,(z) = 2”/ of(x)ds
0

for any (z,s) € R x R. Note that these expressions were used in [24] for states,
although the same construction is valid for weights and the resulting conditional
expectations commute with the action of the modular automorphism group. Since
e’ ¢ LG, we deduce that T commutes with &,. Hence, we may consider its
restriction to R, and deduce that we still have that

pnoT < on.
By Theorem 7.1 i) (R, ¢y) is semifinite and we may extend T to a contractive

map on the tracial L,-space L,(Ry, ¢n). This extension does not depend on p. On
the other hand, for 1 < p < co the map given by

T,(DY*xDY*) = DY/*T(x)DY* for zem;

extends to a bounded map T : Ly(R,p) — Ly(R,$) by [24, Remark 5.6]. Since
EoT =To€& , where £ : R — M is the p-preserving conditional expectation, the
restriction of fp to L,(M) equals T,,. Moreover, it commutes with £2 and we may
consider the restriction

Ty : Ly(Ru, @) = Ly(Ro, B).

As it is proved in [51], we have L,(R.,®) ~ L,(Rn, ¢n) isometrically, and the iso-
morphism preserves positive elements. The two restriction maps 7" and 7T}, are com-
patible with respect to that isomorphism. Namely, let &), : L,(Ry, @) = Lp(Rn, ¢n)
be the isometric isomorphism given by HP(D;/ % a:DjE/ ) = e ze forany x € mg,
then

&pOfp:T\o,ﬁp on L,(Rn,®)

since ay, lies in the multiplicative domain of T. Fixz € L$ (M), then by Lemma
7.3 iii) and the fact that T, commutes with ££ we can write

|75 (2 Hfg(xe) *xouL%(R)

)*SCQHL%(M)

o

= Jim [[&d 0 T3") ~ £1 @)1,

= Jim T3 (0 0%) & @O, .5

= lim ||T(k2 (&1 (2° &1 ("

— n1—>H<§oH (K%( (@ ))) _K%( n (@ ))HLZ(RWW)-
0

2
[

By Corollary 1.3 in (R, ¢ ) applied to the map T and to K2 (Sn (me))% € LI (Rn,pn)

(ACOREY P

. 2. 0\\% _ 2 an3llZ LSNY 11k
= Cnlglgo”T< 3 (4 (7)) ) ”%(5’(‘9 () (o) mg (&) (Ruom)
~ 2 1 2 1
:CHILIEO|IT2(S,§(Q;9)5) —&i(x HL2 n@HS HHLQ(RH,Q)'
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We finally claim that

Jim [[&d ") ],

which yields the result since ||Th(z) — ||z = || T2(x) — z|]2. This claim follows
from Lemma 7.3 iii) and the fact that for any operators =,y € Lo(R) such that
lyll2 < ||x]|2 and any parameter 0 < § < 1 we have

L 1—1
lz = yll2 < Kl|=” —o”[|5F Il
for any integer k > 1 satisfying % < #. Indeed, we first observe that for 1 < p < oo
and k € Z4
[a* =y*||, < Kllz = yllpellzllye for @,y € LL(R)

with ||y||px < ||z||pk. This easily follows from Hélder inequality and the identity
k—1
d -yt =Y T @ gy
J=0

Then we get

k— k Ok k— k
§VE < g|ja? 2 oE ]| Sk

0
-y ”2 /6
The last inequality follows from the Powers-Stgrmer inequality Lemma 1.2. Note
that we have not justified the validity of such inequality for type III algebras. It is
however a simple exercise to deduce it from [35, Proposition 7 and Lemma B]. O

1 1
= yll2 < klle® =y [|ox[|2]

Corollary 7.5. Let M be a von Neumann algebra equipped with a nsf weight ¢
and let T : M — M be a subunital completely positive map with poT < ¢ and
Too? =0f ol for every s € R. Then there exists a universal constant C > 0
such that the following inequality holds for any self-adjoint y € Lo(M) with polar
decomposition y = uly| and any 0 < 6 <1

0 0 EATIT
172 (ulyl”) = ulyl’[|, < C[|Ta(y) — yl|; llylls"-
Proof. The proof is similar to the one of Corollary 1.4, details are omitted. (]

7.3. Connes-Hilsum L, spaces. In this subsection we recall the construction
for group von Neumann algebras of Connes-Hilsum L,-spaces [27], since we shall
use them in the proof of Theorem A. This construction will also be needed in the
next section, in order to apply the transference results from [7] in the category of
operator spaces. Since our proof of Theorem A will rely on the results derived
from Theorem B established in Section 7.2 for the Haagerup L,-spaces, we need to
compare both constructions.

The Connes-Hilsum construction for group algebras. We shall follow the
presentation of [7]. Let G be a locally compact group and let p : G — B(L2(G)) be
the right regular representation

p(9)(©)(h) = Aa(g)?€(hg)
for any £ € Ly(G) and g,h € G. Set

o(6) = /G £(9)p(g)du(g) for any € € Ly(G).
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There exists a nsf weight ¢’ on the commutant LG’ = p(G)” given by

ST = /G £(0)P? du(g)

when f = p(§) for some £ € Ly(G) and ' (f*f) = oo for any other f € LG'. For a
nsf weight w on LG, the partial derivative (dw/dy’ )% is the unique closed densely
defined operator, whose domain consists of the left bounded functions in Ly (G) and
such that

[(deo/dig)3€} . ) = WAEAE)) < o0,

For 1 < p < oo, the Connes-Hilsum noncommutative space L,(G) = L,(G,¢’)
is then defined as the set of closed densely defined operators f on Lo(G) with
polar decomposition f = u|f| such that « € LG and |f|P equals dw/dy’ for some
w € LG,. In that case

~ ~

1 1
1, @ = w)F = [,

Equipped with this norm, L,(G) is a Banach space and the Holder inequality holds
by understanding the product of two operators as the closure of their product. For
¢ € L1(G) N L2(G), we have the Plancherel formula

MOAY € L@ with  [NOA] L = I€lia@)

In fact, such elements are dense in Lg(@). Moreover, the set of operators

[NOAY] : €€c(@))

is dense in L,(G) for 2 < p < oo, see [52, Theorem 26]. Connes-Hilsum L,-spaces
are compatible with interpolation, meaning that we may find a compatible structure
so that the family (Lp(@)) 1<p<oc forms an interpolation scale, further details can
be found in [7]. Let 2 < p < oo and consider any symbol m € Lo (G). Given any
¢ € C.(G), we have

MO AmEAG"] € Ly(G).

Then we may consider the associated multiplier

TP - Ly(G) 3 N(€)AZ"] = [Mm&) A" € L (C),

which is called an L,-Fourier multiplier if it extends boundedly to L,(G) (to a
normal map if p = 00). For 1 < p < 2 and a given bounded symbol m, we define
the associated multiplier by

T! = (T ) and  TF = (TP )* where Mop(s) = m(s™ ).

Mop

Relation between Haagerup and Connes-Hilsum spaces. Let us fix some
notation. We let M be a von Neumann algebra equipped with nsf weight . Let
¢ be a nsf weight on the commutant M’. We let L, (M) be the Connes-Hilsum L,
space constructed from ¢’. Let d = dp/dy¢’ be the spacial derivative. Let € m,,
and write x = ), y7 z; with y;, z; € ng, (finite sum). Define

Jplw) =Y dyp - [2d%] € Ly(M).

The sum above does not depend on the choice of y; and z;, see [20]. We let L,(M)
be the Haagerup L,-space constructed from ¢ with density operator D. Define also

Jpou(@) =Y D3y} - [mD%] € Ly(M).
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Let S, be the set of all z € M such that z is analytic for 6% and ¢?(z) € m,, for
every z € C. Recall that if a is a closed unbounded operator and b is a bounded
operator then ab is automatically closed.

Lemma 7.6. For every x € S, we have

=

jp(z) = d¥ 0% (2) = [0% , (x)d7].

2p 2p

Proof. Let y;, z; € n, be such that

*

Using [52, Lemma 22] for the first inclusion and an elementary inclusion

0¢ , (x)dr Cdo%ad% C Y doy; - [7d%] € Ly(M).

2p

Hence
1\ % 1 1 *
(0% (@)d?)" 2 (d2y - [2d?])" € Ly(M).
2p 2

By (the proof of) [27, Theorem 4 (1)] we in fact have an equality

(0% (@)dn)" =3 (dwy; - [zad™))".
Therefore, taking adjoints yields the equality in the next line

d7o% (1) 2 [0° . (@)dv] = ) d=y] - [d],

2 2 i
whereas the first inclusion follows from [52, Lemma 22]. Because the right hand
side is in L, (M) this inclusion is in fact an equality by [27, Theorem 4 (1)]. O

Lemma 7.7. For every v € S, we have

Jpn(#) = D7o% (z) = 0% , («)D5].

Proof. The proof is the same as of Lemma 7.6. The only difference being that
every time that we used [27, Theorem 4 (1)] one uses [51, Proposition 1.12]. O

Proposition 7.8. Let T : M — M be a completely bounded map with poT < ¢
that commutes with 0%. Let Ty x @ Lp(M)y — Ly(M)y be the extended map to
the Haagerup Ly-space given in [24, Remark 5.6] and which is determined by the
relation below for x € S,

Ty dp.(x) = G (T(2))-
Then, the isometric isomorphism
Kp : Lp(M) = Lp(M)x
defined in [51] intertwines T, and T) », where
Tp: Lpy(M) 3 jp(x) — jp(T(x)) € Lpy(M)  for z€S,.
Proof. Note that the statement above uses that 1" preserves the set S,, which is

clear from the definition. Let ug : La(R,H) — L2(R,H) be the map defined by
(up€)(s) = d**¢(s) with s € R. Let Dy be such that D§ = \(s), where

(A(s)€)(t) = £(t = 5)



34 CASPERS, PARCET, PERRIN, RICARD

is the left regular representation on Lo(R). It is proved in [51, Proposition IV.3]
that

uom(X)uy = @1,
upA(s)uy = d* @ \(s),
where z € M and s € R. Let kp : L,(M) — L,(M)y be the isometric isomorphism

defined in [51] by a — ui(a ® Dé/p)uo. Let 1 <p <ooandx €S, Consider the
element d'/Pz which is in L,(M) by Lemma 7.6. Then

Tpmo;ﬁp(d%x) = Tp’x(uS(d%LE@DO%)UO)

L 1

= T, (uz‘) (d? @ D¢ )uous(z @ l)uo)

= T, (D%w(x)) = D%W(T(Z‘))

1
= ug (d% ® D¢ )ugug (T(z) ® 1)ug
1

= ug(d%T(aﬂ) ®@D§)ug = kpo Tp(d%x).
Note in particular that at each instance we have an equality of domains and the
fourth equality follows from Lemma 7.7 and the definition of T'. Similarly, the last

equality follows from Lemma 7.6. Since such elements d'/Px are dense in L,(M)
this proves that T}, x o k), = kp, 0 T},. This completes the proof. O

Remark 7.9. In particular, Corollary 7.5 is valid for Connes-Hilsum L,-spaces.

7.4. Nonunimodular restriction theorem. We finish this section by sketching
the proof of the restriction theorem in the nonunimodular setting, enlightening the
main changes. Note that in the nonunimodular case, the Fourier multipliers depend
on p. However, for the sake of clarity we just used the notation T}, in the statement
of Theorem A given in the Introduction. After the proof, we shall construct some
natural examples illustrating Theorem A which complement what we did in Section
4. We shall also give a brief discussion on Theorem D in Remark 7.13.

Proof of Theorem A: Nonunimodular case. The proof follows the same
strategy as in the unimodular case, the main ingredient being that in this case the
operator h; should be defined as

hj = HleAE}ZH;;(G) MLy, A61)AE] € La(G).

Note that h; is a self-adjoint operator. Indeed, according to [20, Lemma 2.5] and
the fact that V; is symmetric (recalling that £*(g) = Ag(g)~*¢(g~1)), we obtain
the following identity

o= lna

a' ||;21(G)ACE;A(1%AE;Z)*

1 _ 1 _3
HleAG4 HL;(G)Aé)‘(lvjAG4)

s — _1

= H:I'VjAG4 ||L2(G) [A1v,)AcH)AE] = hy.

Then one defines again @7 : Lq(f) 5 f— fuj\hj\% € Lq(é), where h; = u;|h,|
is the polar decomposition. The proof proceeds then exactly as in the unimodular

case in Section 4, which relies on two claims. We can check that Claim A and
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Claim B can be proved mutatis mutandis, except that we need Corollary 1.4 for
noncommutative L,-spaces associated with type III algebras. Recall that we applied
this result to the Fourier multiplier T for some unital, continuous, positive definite
function ¢ € Loo(G). Then T¢ is a unital completely positive, p-preserving map and
by [24, Example 5.9] it commutes with the modular automorphism group. Thus,
we may apply Corollary 7.5 in conjunction with Remark 7.9. O

We now illustrate Theorem A with some example, the main of which will be to
show that we can apply restriction to any ADS amenable subgroup for which the
modular function restricts properly. We need a preliminary technical result.

Lemma 7.10. Let G be a locally compact group. Let € > 0 and &,m1,--+ ,n, be
positive functions in L (G) satisfying >, |€—mnell1 < € and ||€||y = 1. Then there
exists t > 0 such that

Z Hl{€>t} - 1{W>t}HL1(G) < EH:I-{£>t}||L1(G)
=1

Proof. Given g € G and 1 </ < n, we have

1€(9)| = /0 Lie)>epdt,

1€(9) — me(g)] = /0 Lic)>0 — Linoy>ey | dt-

Hence the hypothesis can be written as follows

0o N
/ Z 11iesty = Lpesoyllaeydt
0 =1

n

> NE = nellzye

/=1
o0
< elélley@ = 5/0 [1iesipllzy o) dt

This immediately implies the existence of some ¢ > 0 satisfying the assertion. [

Theorem 7.11. We have
G € [SAIN]r

for any discrete amenable subgroup U satisfying that AG'F =Ar=1.

Proof. Fix a finite set F C I'. Since I' is amenable and discrete, we know from
the Fglner condition (see Lemma 2.2) that for any j > 1 there exist a finite subset
Ur; C I such that

|UF j’}/AUF j| 1
———> < —— forany ~vye€F.
Ur JIF|
Let (Z;);>1 be a basis of symmetric neighborhoods of e such that u(Z;) < oc.
Since the sets (Ur ;);>1 are finite, by continuity of the multiplication on G we
can find a sequence (W;);>1 of symmetric neighborhoods of the identity such that
UQGUF]‘ g 'W;g C Z;. Define for each j > 1

; 1 vy
G = ww 3 2 Lowg

QEUF
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By unimodularity of I' (since it is discrete), we have |{;[/z,(q) = 1 and we can
prove

_ 1
||§j(’7'7 1) _ fjHLl(G) < m for any v € F.
Indeed, using that for any j > 1 we have
_ 1
Ei(v-v 1) —& = [Up_ (W) ( Z 19*1ng - Z 19*1WJ'9)’
7 17 geUp j4\Ur,; 9€UF,;\UF 57
and by construction of the Fglner sets (U ;);>1 we get

Ur. ivAUp 4 1
|Ur,j7AUr 4| <

. . 71 —_ y SRl
6™ =&l < U JIEl

Here we also used that Up jyUUp ; C I for any v € F and the unimodularity of I'.
Hence, by applying Lemma 7.10, for each j > 1 we can find ¢; > 0 such that the
set V; = {&; > t;} satisfies

p(V A Iy = Ll
(7.2) ) 7 R Dl
u(V;) 11v; Iz, (@)

It remains to check that (Vj);>1 is a basis of symmetric neighborhoods of the
identity. Since W; is symmetric, we have &;(g7!) = £;(g) for any g € G and Vj is
clearly symmetric. On the other hand, note that ||&;]|ec = &;(e) = u(V;)~!. Thus
&i(e) > t;, otherwise we would have 1\/7. = 0, which contradicts (7.2). Finally, the
inclusions '

1
< -.
yeF ~eF J

V; Csupp(§;) C U g 1VngCZ

g€Ur ;
ensure that (V);>1 is a basis of neighborhoods of the identity. (]
Corollary 7.12. We have
[T, + LylE) > Ly < [T Ly(C) > Ly()]

for any ADS amenable subgroup H satisfying the identity Ay = AGlH.

Proof. According to Theorem C, we have

[Ty, Lp(H) = Ly(H)|| < . : Ly(T;) — Ly(Ty)|
]_ J

for any family (I';);>1 of discrete subgroups approximating H. By amenability and
unimodularity of H it is easily seen that each I'; satisfies the hypothesis of Theorem
7.11, from which the assertion follows. This completes the proof. O

Beyond discrete amenable subgroups of unimodular groups, other pairs (G, H)
satisfying Corollary 7.12 are given by G unimodular and H belonging to the families
in Remark 3.4. Corollary 7.12 also admits pairs with G nonunimodular, consider for
instance the affine group G = R™ x GL, (R) which is nonunimodular [18]. However
Ag restricts to SLy, (R) (which is unimodular) trivially and hence also to every ADS
subgroup. In particular ADS subgroups of O,,(R) will form examples of subgroups
of G that satisfy the criteria of Theorem A.
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Remark 7.13. Outside the cb-setting (Section 8), the compactification Theorem D
i) and ii) does not have a suitable analogue in the nonunimodular setting (at least
not from our techniques) since we require that Ag = Ag,,.. = 1. Similarly the
periodization Theorem D iii) is meaningless, since we showed that commutativity
of G (hence unimodularity) is an essential assumption. However, Theorem D iv)
does generalize to nonunimodular groups provided that Ang = Ay, the proof is
analogous to the one we gave for unimodular groups.

8. Operator space results

The goal of this section is to study de Leeuw’s theorems for locally compact
groups in the category of operator spaces. More precisely, we are interested in
restriction, compactification and periodization results under the assumption that
our multipliers are not only bounded, but completely bounded when we equip our
L, spaces with their natural operator space structure [45, 46]. Then we aim to
show that the conclusions also give cb-bounded multipliers. It is easily seen that
this is the case when we keep the hypotheses of Theorems A, C and D. In other
words, we have for 1 < p < oo:

e If H e ADS and G € [SAIN]y, we have
Ty, Lp(H) = Ly(H)||, < [T : Lp(G) = Ly(G)]|

for bounded continuous symbols m : G — C provided AG\H = Apy.
o If G € ADS is approximated by (I';);>1

HTm : LP(@’) - LP(G)HCb < 5211) HTm\p. : Lp(fj) - Lp(fj)ch
j> J

for bounded m : G — C which are continuous pg—almost everywhere.

e If G is ADS, Ggjsc is amenable and m continuous
T Lp(G) = Ly(G)||, = | Ton + Lp(Gaise) — Lp(Gatise) | .-

The < holds for G € ADS, the > for Ggjsc amenable and G unimodular.
e If H < G is compact and m,(g) = m,(gH) is bounded

~

[Tt Lp(G) = Lp(@)||y, = [|Tim, : Lp(G/H) = L(G/H)]| .

Indeed, except for Theorem D iii) our results remain valid when we apply them
to the cartesian product of G with any finite group, since our ADS and SAIN
assumptions are stable under that operation. This operation allows to generalize
our results to the cb-setting in a trivial way.

Remark 8.1. The upper estimate < in our cb-periodization result can be extended
to any pair (G,H) as long as G is discrete, LG is QWEP and Ag = Ay on H.
Indeed, the discreteness of G and G/H allows us to apply Fell’s absorption principle
in Lemma 2.3 ii) to the strongly continuous representation 7 : g — Aq/u(gH) and
the existence of an invariant measure is then used to factorize the integral over G
as an integral over G/H x H. After rearrangement and Fubini’s theorem (for which
we use the QWEP property following [30]) one concludes.
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Motivated by the transference results from [5, 7, 40] between Fourier and Schur
multipliers, an alternative approach to obtain de Leeuw type theorems is to exploit
that such results are much more elementary for Schur multipliers. Namely, given
a bounded symbol m : G — C, recall that the associated Herz-Schur multiplier is
formally defined as the linear map

. 1
Sy : E : Qgy1,92€91,92 77 E m(gy  92)g,,9:€g1,92-
91,92€G g91,92€G

By the boundedness of m, it is clear that S,, is (completely) bounded on the
Schatten class Sa(L2(G)). When it maps S2(L2(G)) NS, (L2 (G)) to S, (L2(G)) and
extends to a cb-map on S, (L2(G)), we say that S, is a cb-bounded Schur multiplier
on Sp(L2(G)). Let us analyze de Leeuw operations for Schur multipliers.

Lemma 8.2. If 1 <p < o0 and m: G — C is continuous
[Sim + Sp(La2(G)) = Sp(La2(G))|,
= HSm : Sp(’€2(GdiSC)) — Sp(’€2(GdiSC))HCb'
Moreover, let H be a closed subgroup of G. Then we additionally have

i) If m: G — C is continuous

HSm\H : SP(LQ(H)> - Sp(L2<H))HCb < Hsm : S;D(L2(G)) - Sp(L2(G)>HCb-
ii) IfH< G and mq : G/H — C is continuous
[Simr = Sp(L2(G)) = Sp(L2(G))|, = [|Sm, = Sp(L2(G/H)) — Sy (L2(G/H))|[ -

Proof. Lafforgue and de la Salle established in [36, Theorem 1.19] (extending an
unpublished result of Haagerup in the L..-case) that for any locally compact group
G and any continuous symbol m : G — C, the cb-norm of the Schur multiplier is
given by

(81) S = Sp(La(G)) = Sp(L2(G))]|,

= sup [[Sm, 1 Sp(La(F)) = Sp(La(F))]| .-
FFﬁCn(i}te

The first assertion (compactification) and property i) (restriction) follow directly
from this. The cb-periodization ii) for Schur multipliers can also be deduced from
(8.1) as follows. For a fixed fundamental domain X, we consider the natural map
o : G/H — X. Then we may identify the group G with the cartesian product
G/H x H as in the proof of Lemma 2.1 via the bijective map

T:G>g~ (¢gH,h(g9)) € G/HxH
where g = o(gH)h(g). For 1 < p < oo, this gives a map
T : Sp(L2(G)) = Sp(La(G/H) @ La(H))
which is completely isometric on finite subsets. Moreover, this map intertwines the

Schur multipliers T o Sy, o T=! = S, @ idg(p, ). Therefore, by (8.1) we can
write

[Sm, © Sp(La(G/H)) = Sp(La(G/H))]|,
= sup sup sup || S, @ idm,, ® i, (A)’|sp(z2(F1)®ez(F2)®e;)'

n>1(F1,F2)eG/HxH HAHspgl
F1,F2 finite AEM\FlHFQ\n



NONCOMMUTATIVE DE LEEUW THEOREMS 39

On the other hand, each term of this supremum satisfies
Hqu ® idM\Fz\ ® id,, (A)Hsp(eQ(Fl)wz(FQ)@z;)

= 0 @ i, ) (S, @ e, ) (T @ i )(A) |5, 00 )02 er)

= [[(Sm, ® idMn)(‘K)Hsp(ez(F)@oz;)’
where F = Y=1(F; x Fy) C G is finite and
A=T"'@idy, (A) € S,(la(F) @ £3)
is of norm 1. Hence we deduce that
(S, : Sp(L2(G/H)) = Sp(La(G/H))|| o, = [|Smn : Sp(L2(G)) = Sp(La(G))|],,-

Indeed, the left hand side is clearly dominated by the right hand side. The lower
estimate also holds since for any finite subset F C G, we can find finite subsets
F; € G/H and Fy C H such that

FC Y Y(F; xFy).

Thus, the result follows using that the cb-norm in (8.1) is increasing with F. [

This shows that de Leeuw theorems extend in almost full generality to the context
of Schur multipliers, only continuity of the symbols is needed. In particular, we
do not impose any of our former conditions like ADS, SAIN, the compatibility
of modular functions or the amenability of Ggjsc. We now want to use certain
transference results to obtain de Leeuw type theorems for Fourier multipliers from
the results in Lemma 8.2. More precisely, we will use that we have

82) || Twm : Lp(G) = Lp(G)l, = ||Sm : Sp(L2(G)) — Sp(L2(G))],,,
for 1 < p < oo under the following conditions

(i) G is an amenable group,

~

(ii) m € Loo(G) defines a completely bounded Fourier multiplier on L, (G).

When p = 1,00 this was proved by Bozejko and Fendler [5]. Other values of p
were first considered by Neuwirth and Ricard [40], who proved (8.2) for amenable
discrete groups. Caspers and de la Salle [7] then obtained this result for arbitrary
amenable groups and 1 < p < co. We shall need this identity to transfer Lemma
8.2 to Fourier multipliers. Hence the price to avoid our conditions listed at the
beginning of this section is to assume amenability of G.

Remark 8.3. Observe that the transference theorem proved in [7] requires the
extra assumption that the symbol m : G — C gives rise to a completely bounded
Fourier multiplier on £G. The set of such symbols is denoted by M.,(G). By
approximation we may extend the identity (8.2) to any bounded symbol m : G — C
satisfying the above condition (ii) whenever G is amenable. Indeed, consider a
symbol m € Lo (G) verifying (ii). Notice that when G is amenable there is a
continuous contractive approximate unit (m;);>1 in the Fourier algebra A(G) with
compact support. Take also (x;);>1 a contractive approximate unit in L;(G) that
also belongs to Lo (G). Define

mij = Xj * (mim) € Lo (G).
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Clearly m; ; € A(G) and hence lies in M, (G). On the other hand, one can check
that

~

: Ly(G) = Ly(G)| .

.

| T Lp(G) = LG, = lim [T,
10 = Sp(L2(G)) = Sp(La(G))[ly, = Um[Sms; = Sp(L2(G)) = Sp(La(G))|

Indeed, the lower estimates easily follows from standard properties of Fourier and
Schur multipliers, and we may deduce the upper estimates from the fact that
T, ; = T (vesp. Sp,, — Sm) pointwise in the weak-topology of Lp(é) (resp.
Sp(L2(G))). Using Caspers and de la Salle’s result for the symbols m; ; in M, (G),

this allows us to conclude that (8.2) holds true for the symbol m.
Theorem 8.4. Let 1 < p < oo and G amenable:
i) If m: G — C is bounded and continuous and H is a closed subgroup of G
[T, Lop(H) = LoDl < ([T L(G) = Lp(G)
ii) If m: G — C is bounded and continuous and Ggisc s amenable, we have
[T Lo(@) = Lp(@)||y, = [T+ Lp(Citise) = Lp(Catoe) -

ili) If mq : G/H — C is bounded and continuous and H is a normal closed
subgroup of G

[T, Lp(G) = Ly(@)||y, = || Tom, : Lp(G/H) = L(G/H)]|,.

Proof. It follows from Lemma 8.2, the transference theorem (8.2) from [7] and
Remark 8.3. O

Remark 8.5. Recall that the lattice approximation Theorem C only works in
the unimodular setting (since we need to assume G € ADS), hence applying the
transference in that case would not improve the cb-result obtained directly from
Theorem C. In fact, applying the transference theorem from [7] and Remark 8.3
in conjunction with Theorem 8.4 i) to that result, we deduce the analog for Schur
multipliers. Namely, for any group G € ADS approximated by (I';);>1, 1 <p < o0
and any bounded a.e. continuous symbol m : G — C, we have

[Sm + Sp(L2(G)) = Sp(L2(G))|,, = §g§\15m|rj 1 Sp(€2(T)) = Sp(E2(T5))]|

A. Idempotent multipliers in R

Idempotent Fourier multipliers are those whose symbols are the characteristic
functions of a measurable set Y. Intervals in R or polyhedrons in R™ are examples
of idempotent symbols which yield L,-bounded Fourier multipliers (1 < p < 00) as
a consequence of the boundedness of the Hilbert transform. When n > 1, we know
from the work of Fefferman [16] a fundamental restriction for L,-boundedness of
idempotent Fourier multipliers over (say) convex sets 3 with boundary 9%. Namely,
let

oxt = {v es! ’v L 62}.

Then, given II C R™ any 2-dimensional vector space, Q = 9L+ N1II can not admit
Kakeya sets of directions in the sense of [16] or [21, Lemma 10.1.1] when ¥ leads
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to an Lp-bounded idempotent multiplier. To be more precise we need a bit of
terminology. Given a rectangle R in R?, denote by R’ one of the two translations
of R which are adjacent to R along its shortest side. After a careful reading of the
argument in [16, 21], we could say that a subset € of the unit circle in R? admits
Kakeya sets of directions when for every N > 1 there exists a finite collection of
pairwise disjoint rectangles Rq(N) with longest side pointing in a direction of 2
and a family Rg(N) formed by rectangles R’ adjacent to the members of Rq(N)
along their shortest side and such that

U R’ZN’ U =®

RERq(N) R'ERG(N)

The above symbol | | refers to the Lebesgue measure. This notion is closely related
to Bateman’s notion of Kakeya sets of directions [2]. Fefferman’s theorem implies
that 0% must have vanishing curvature for L,-boundedness, as for polyhedrons.
Other regions with flat boundary —polytopes with infinitely many faces— may or
may not admit Kakeya sets of directions. This is very connected to the boundedness
of directional maximal operators [2, 43] but we shall not analyze these subtleties
here. Apart from the geometric aspect of X, one may consider which topological
structures of ¥ yield L,-boundedness. In dimension 1, Lebedev and Olevskii [37]
showed that ¥ must be open up to a set of zero measure, see also Mockenhaupt
and Ricker [39] for L,-bounded idempotents which are not L,-bounded.

Our aim in this Appendix is motivated by a problem left open in [32]. The
authors provided there a noncommutative Hormander-Mihlin multiplier theorem
using group cocycles in discrete groups as substitutes of more standard geometric
tools for Lie groups. This gave rise to some exotic Euclidean multipliers which are
L,-bounded in R™. Consider the cocycle b : R — R* given by

s+ b(s) = (cos(2ms) — 1,sin(27s), cos(2mfs) — 1, sin(27Bs))
associated with the action o : R ~ R* ~ C2
as(x1, e, 3, T4) ~ as(21,22) = (e%iszl,e%wszQ).
Then, any symbol of the form m(s) = m(b(s)) satisfying that
10%m(s)| < |s|71Pl for seR*\ {0} and 0< |3 <3

defines an Ly-bounded Fourier multiplier in R for 1 < p < co. Take for instance m
a Hormander-Mihlin smoothing of the characteristic function of an open set 3 in
R* intersecting the range of b. If 3 € R\ Q, the cocycle b has a dense orbit and m
oscillates from 0 to 1 infinitely often with no periodic pattern. A moment of thought
shows that the L,-boundedness of such a multiplier follows from the combination of
de Leeuw’s restriction and periodization theorems, but this cocycle formulation led
Junge, Mei and Parcet to pose a similar problem in [32] when the lifted multiplier
m is not smooth anymore. More precisely, let m be the characteristic function of
certain set X which yields an L,-bounded multiplier in R* and intersects the range
of the cocycle b. Is m = mob an Ly-bounded idempotent multiplier on R?

In order to answer the question above, let us formulate the problem in a more
transparent way. The image of the cocycle b is an helix in a two-dimensional torus
which up to a translation we may identify with T2 ~ [0, 1]?. Moreover, under this
identification, the helix corresponds to the straight line v in R? passing through
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the origin with slope 8. Let us consider the set {2 which results of the intersection
between ¥ and the two-dimensional torus where b takes values. We shall identify
this set with the corresponding set in [0, 1]2, still denoted by €. According to the
results in [16], we know that ¥ must have flat boundary. Assume for simplicity
that X is a simple object like a semispace or a convex polyhedron —finite unions
and certain infinite unions of this kind of sets also define L,-bounded idempotent
multipliers— so that €2 is a closed simply connected set. In summary, given a simply
connected set € in [0,1]? and certain slope 3, we may consider the idempotent
Fourier multiplier associated with the symbol determined by Figure I below and
given by

Mg 5(s) = 153((3,55) + Z2) for seR.

O
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FIGURE I
The idempotent symbol Mg
Mg = 1 when 7 intersects 2 + Z? and 0 otherwise

Our problem is to decide for which pairs (€, 5) we get L,-bounded idempotent
multipliers on R. There are two cases for which the answer is simple. If the slope
B € Q, the helix is periodic and so is Mg g. Therefore, the L,-boundedness follows
by the boundedness of the Hilbert transform for 1 < p < oo (finitely many times) in
conjunction with de Leeuw’s periodization in R. On the other hand, we also obtain
L,-boundedness when (2 is a polyhedron (finitely many faces) since we know its
characteristic function defines an L,-bounded idempotent multiplier in R? (finitely
many directional Hilbert transforms). Namely, its Z?-periodization in L,(R?) and
its restriction to v in L,(R) are still bounded by de Lecuw’s periodization and
restriction theorems. In particular, the interesting case arises for sets ) admitting
Kakeya sets of directions —either having smooth boundary with non-zero curvature
as in Figure I or with infinitely many flat faces admitting Kakeya sets— and slope
B € R\ Q. We will answer this problem in the negative by combining de Leeuw’s
restriction, lattice approximation and Fefferman’s construction.

Theorem A.1. Assume that
BER\NQ and Q C[0,1]* admits Kakeya sets of directions.

Then Mq_ g does not give rise to a bounded multiplier in L,(R) for 1 <p # 2 < co.
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Proof. Assume there exists 1 < pg # 2 < oo such that
(A1) | Tq s ¢ Lpo(R) = Ly, (R)]| < Cp < 0.

Let Mo g(L) = Mg 5 1jo1) be the L-truncation of our multiplier. If HT,, denotes
the norm of the Hilbert transform on L,,(R), it is clear that we have the following
bound

;ipHTMw(m : Ly (R) = Ly (R)|| < 2CoHT,,.

On the other hand, we may consider the polygon IIo(L, ) determined by the
crossing points of v + Z? with Q in [0, L]. More precisely, let us set

o(L, 8) = conv(m{ (s,88) +Z2 : s € [O,L]}).

It is illustrated in Figure II and Mg g(L) = My, 1,),8(L). By the irrationality
of 3, the set v + Z? is dense in [0,1]? and IIg(L, 3) converges uniformly to Q as
L — oo. In particular, by constructing finer and finer Kakeya sets of directions, we
may pick Lg large enough so that the following inequality holds

(A.2) glI{OH Lo : Ly (R?) = Ly (R?)|| > 4Co HT,,.

We will complete the proof by showing that (A.1) and (A.2) produce a contradiction.

b s 4

2
9 slope 8

1 8 4

Ficure I1I
The polygon Il (L, ) determined by a L-truncation
If 8 € R\ Q, the polygon Iq(L, 8) converges to 2 as L — oo
Pick coprimes p # g such that g ~ [ /Dilate Mg, g and approximate it by Z,,

Indeed, according to Dirichlet’s diophantine approximation, since [ is irrational we
may find infinitely many coprime integers p, g so that |3 — p/q| < 1/¢?. Denote by
7 the set of such pairs of coprime integers and pick (p,q) € Z. On the other hand
by dilation-invariance of the L, -operator norm of Thi, ,, (A.1) implies

HTMS’% : LPO (R) - L;DO (R)” < 2GC HTPO

2+ 2
for M () = M (/255 6) L., ().

Divide the segment in 7 running from the origin to the point (Lg, SLg) into pg
equidistributed points. Formally, we identify this segment with the torus T and the

(A.3)
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set of points
f(lak Lok
bq pq
with the cyclic group Z,,. According to (A.3) and de Leeuw’s restriction
HT(M ¢ Lpo (Zpg) = Ly, (ZPQ)H < 2C HTY,.

Since p and ¢ are coprime, we may consider the group isomorphism

) :Oﬁkﬁqul}:{k/pq : 0<k<pg—1}

P,q
0,5)17pq

k k k
A:Zyy > = s (f,f)ez X T,
P> g p'q P q
where Z, x Z, is viewed as a lattice of [0,1]2. It is clear that A extends to an
isometry on L,, of the corresponding dual groups (still denoted by A) and we
obtain

(A.4) | T,y t Lipo (Ziy X Zg) = Lipy (Zy X Zg)|| < 2CoHTy,,
where 1my, (51, 52) = Mg (LoA™ (51, 52)). Given 0 < ky <p—Tland0 <k <g—1

let k = k(k1,k2) be the only integer 0 < k < pg — 1 satisfying that kmodp = k;
and kmod q = ky. Then, we can write
ki ko p.q Lok VP +¢? Lok
moa(G ) = MES(SE) = Mas (k) Lo ()
P q P\ pg pgr/1 + 52
/02 1 o2 /2 1 o2
— MQ75(Lp7q)(p74>qk) with L,, = 2 'S
pg\/1+ B2

Letting eg and e» be the unit vectors in the directions of v and (3, <) respectively
q

P +q¢*, (1,8) k k p*+q? p* + ¢
R G I
pq 14 52 D q pq pq a

/pQ—I—qQ}e,g—e%} < M 51

2
q q
since we may assume with no loss of generality that 8 < 1 and p < g. We obtain

mp,q(ﬁ,ﬁ) - 19((§,§)+a(k)+z2)

IN

P q
k k 9 1
= Tz i < =
1HQ(Lp,q,5)((p, q) +a(k)+2?) with |a(k)| < R
We deduce that there must exist a small perturbation Q(p, q) of Q so that
Mpq = 1Q(p,q) and Q(p,q) — Q uniformly as p,q — oo.

1Zp x2q

By considering the symbol m,, ; = 19(1,,,1) : T? — C for (p, q) € Z, we get a sequence
of symbols which converges uniformly to 1 and satisfy the uniform estimate below

sup || Ti Lo (Zy X Zg) = Ly (Zy X Zg)|| < 2Co HTy.

(P,9)€Z
By the lattice approximation result obtained in Remark 3.3, this would imply that
1, yields an L, -bounded Fourier multiplier in T2, and also in R? by standard
periodization and Hilbert transform truncation. This is a contradiction since {2
admits Kakeya sets of directions. The proof is complete. (I

p,q)lszzq
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Remark A.2. This result also holds in higher-dimensions by using cocycles into
higher-dimensional spaces, essentially the same argument applies. On the other
hand, when 8 € R\ Q and 2 is a polytope with infinitely many faces not admitting
Kakeya sets of directions, the conjecture is that such 2 should define a L,-bounded
Fourier multiplier (1 < p < o0) so that we may argue as we did for polyhedrons
with finitely many faces. In dimension 2 this is supported by the results in [2, 9] as
for higher-dimensions by [43].

B. Noncommutative Jodeit theorems

Jodeit’s theorem [29] provides another approach to de Leeuw’s compactification
by looking at extensions of Fourier multipliers. He proved that any L,-bounded
Fourier multiplier on Z™ is the restriction of a L,-bounded Fourier multiplier on
R"™. To be more precise, define

p

MA(G) = {m: G = C [T L,(C) = Ly(G)

for 1 < p < g < oco. One of the results in [29] is that there is a bounded linear
map ¢ : MJ(Z") — MJI(R") so that the restriction of ¢(m) to Z" is m. When
n = 1, the symbol ¢(m) = m is just the multiplier given by the piecewise linear
extension m = 1[7%)%1 *m ok 1[7%’%1 of m. Then the ADS property readily gives
compactification but one looses on the norm by some constant depending on n.

This question of extending multipliers from a subgroup makes sense for general
LCA groups and suits in our framework. A commutative solution was provided
by Figa-Talamanca and Gaudry in [17] by extending Jodeit’s result to arbitrary
discrete subgroups I' of LCA groups G. Given any such pair, they construct a
contractive map ¢ : MJ(I") — MJ](G) so that ¢(m) = m with m = Axm A where
A is a positive definite function with small support relative to I'. This is not the
exact analogue of Jodeit’s result (as A = l[_%,%] * 1[_%7%]) but one gains on the
constants. Shortly after, Cowling [11] generalized it to all pairs H C G where H is
closed but not open, G LCA and m € C.(H). In the same paper, he also looked at
periodization. The underlying idea is to use suitably the disintegration theory and
with that respect are of commutative nature.

If we restrict ourselves only to discrete subgroups, such a result would perfectly
fit in our framework. In full generality, we yet do not have the right tools to
extend Fourier multipliers. However, for the completely bounded ones, we can use
transference from Schur multipliers as in Section 8. Indeed, the latter are much
more flexible and it is proved in [36, Lemma 2.6] that a Jodeit’s theorem for them
is elementary. More precisely, if I' C G is a lattice with a symmetric fundamental
domain X and m : I' = C is a cb-bounded Schur multipliers on S,(¢2(I")), then
m = 1x xmx* 1x is a cb-bounded Schur multiplier on S,(L2(G)). In particular we
obtain the following extension result.

Theorem B.1. LetT' C G be a lattice in an amenable locally compact group G with
a symmetric fundamental domain X. For any m : T — C with m = 1x +m x 1x

1T = Lo(G) = L@, < [T Lp(D) = LoDy,

In particular, the cb-bounded version of Jodeit’s theorem holds with constant 1.
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