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INTRODUCTION

1

In Banach space theory probabilistic techniques play a central role. For example
in the local theory of Banach spaces, geometric properties of finite dimensional
subspaces are proved from probabilistic inequalities. The probabilistic approach not
only enriched Banach space theory, but also introduced Banach space techniques
in other areas such as probability or convex geometry. A famous instance of such
interplay is Maurey/Pisier’s theory of type and cotype. Their results are certainly
inspired by Rosenthal’s work on subspaces of L,,. On the other hand, the latter is
strongly influenced by Grothendieck’s notion of absolutely summing maps, extended
by Pietsch to p > 1 and further developed by Lindenstrauss/Pelczynski in their
fundamental work on Grothendieck’s inequality.

All attempts to develop a similar theory for operator spaces have had only a
limited success, so far. This is probably due to the fact that there are many, if not
too many, different operator space structures on any Hilbert space. Indeed, in the
local theory of Banach spaces classification results typically measure the distance
of finite dimensional subspaces to Hilbert spaces and then study critical indices,
such as the best type p or cotype ¢ index [26, 30]. Therefore, the best one can hope
for is that for a given operator space there is a Hilbertian structure which allows
a similar local theory in the context of operator spaces. A good illustration of this
approach is Pisier’s version of Dvoretzky’s theorem for operator spaces [37]. We
will take a different approach here.

This paper is inspired by the work on the ‘Grothendieck’s program’ for operator
spaces [3, 8, 12, 41, 45]. To be more precise, let us start by describing Rosenthal’s
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theorem for subspaces of L, and Maurey’s factorization theorem. We first recall
some classical notions for a linear map 7' : X — Y between Banach spaces.

e T has cotype q if

1

(i ITanl)” < eo(T) (E iskwk
k=1 el

e T is absolutely (g, 1)-summing if

)
X

1

n 1 n
(Yo ITanly)” < mya(@) sup | enan| .
k=1 ¢ k=1 X

e T is g-summing if

(illkallqy)% < my(T) ~ sup (i|<¢,xk>|q)5.
k=1 k=1

llgllx~<1
The constants ¢q(T'), 74,1 (T), 7y (T') are the best ones for which the inequalities hold.

Rosenthal’s theorem [43]. Let X C Ly be infinite dimensional and let j : X — Ly
denote the inclusion map with adjoint 7* : Lo, — X*. Then, the following are
equivalent :

i) X embeds in L, for somep > 1,
i) X* has cotype q for some finite q,
iii) j* is (¢, 1)-summing for some finite q.

Using an adapted notion of (g, 1)-concave maps, Rosenthal’s theorem remains
true for infinite-dimensional subspaces of L, and 1 < p < 2. The shortest way to
prove Rosenthal’s result is a combination of the Grothendieck/Pietsch and Maurey’s
factorization results. Indeed, Maurey’s theorem (stated below) yields the hard
inclusion iii) = i) in Rosenthal’s result. The other inclusions follows from well
established facts in the theory.

Maurey’s factorization theorem [29]. Let 1 < p < g < oo and let C(K) denote
the space of continuous functions in a compact Hausdorff space. Assume that the
linear map T : C(K) — X is absolutely (p,1)-summing. Then, T is g-summing
and the following inequality holds

7q(T) < ¢(p, q) mp1(T).

This means that for any absolutely (p,1)-summing map T : C(K) — X, we may
find a probability measure p and a linear map w : Ly(K,u) — X such that, if
j: C(K) — Ly(K, ) denotes the natural inclusion map, T factorizes as

T(x) =wo j(x).

The main result of this paper is an operator space analog of Maurey’s theorem
stated above and its natural generalization for mappings T : Ly — X. We refer to
[4, 40] for basic definitions on operator spaces. Motivated by Pisier’s notion of a
completely g-summing operator [39], we define a map

T:X->Y
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between operator spaces to be completely (g, 1)-summing if

7 (1) = [[id @ T : b @in X — £y(V)]),, < oo

q,1
An expert in operator space theory might think that it is more natural to take
Schatten classes S; and S instead, see Remark 3.6 below for a little discussion on
this topic. Nevertheless, this weaker notion is enough to obtain the operator space
analog of Maurey’s factorization result.

Theorem A. If1 <p<qg<s<oo and X is an operator space, we have:

i) Let A be a C*-algebra and assume that the map T : A — X is completely
(p, 1)-summing. Then, there exist positive elements 61,02 € Log(A**) and
a map w : Ly(A*) — X such that T'(z) = w(d12d2) and

11 ]|2qllwlles 821l < e(p, q) mp (T).

ii) Let M be a von Neumann algebra and assume that the map T : M — X* is
normal and completely (p, 1)-summing. Then, there exist positive elements
di,ds € Log(M) and a map v : Ly(M) — X* such that T(z) = v(dy1zds)
and

ld1ll2qllv]lcolldzll2g < c(p, @) mph (T).

iii) Let M be a von Neumann algebra and assume that the map T : Ly(M) — X
is completely (p,1)-summing. Then, if 1/q = 1/s+1/w, there exist positive
elements di,da € Loy (M) and a completely bounded map v : Ly(M) — X
such that T'(x) = v(dizds) and

ld1ll2wl[vllcblldall20 < e(p, g, 5) mph (T).

Note here that the analogue of a measure on K is given by a state ¢ on A. The
natural analogue of the inclusion map id : C(K) — L,(K, p) is the positive map
gp(x) = dY/?P2xd'/?" where d is the positive density of the state ¢(z) = tr(dz) in
L1(A**). Despite the analogy of the results, a Banach space reader will have a
hard time recognizing similarities in the proof. The main difference relies on the
probabilistic part of the argument. Indeed, the new aspect of the key embedding
is based on our previous work [17, 18]. Let us state it here since it might be of
independent interest. Let X be an operator space and M be a von Neumann
algebra. Let us say that a linear map T : X — L,(M) is (p1, p2)-convex if

Ky po)(T) = |[id @ T : £, (X) — Lyp(M; £p,)]|, < o0

Theorem B. Assume that
T:X — L,(M)
is (p1,p2)-convex and 1 < p < q < (p1 Ap2) < 0o. Then, we have

T @id: Sq(X) = Ly(M; S|, < c(pa,1,P2) kpy po) (T).

We must emphasize that Theorems A and B hold for general von Neumann
algebras. The lack of a general theory of vector-valued noncommutative L, spaces
for arbitrary algebras forces us to start with a careful analysis of the spaces we will
handle along the paper. Let us also note that in the special case p = 1, Theorem B
is a dual version of Theorem A, and the corresponding notion of concavity is even
slightly weaker than the assumption in Theorem A i). Our first application is of
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course an operator space analog of Rosenthal’s theorem. Our notion of cotype here
will be the following. Let 2 < ¢ < oo and

Radq(X) = {Zk Ekl‘k‘ XL € X} C Lq(E;X),

where the €4’s are independent +1 Bernoulli’s on a probability space (X, v). Let ¢
be determined by () = J5, where the d;’s form the canonical basis of ¢;,. Then
we say that a linear map T : X — Y between operator spaces has cb-cotype ¢ if
c(T) = [t @ T : Radg(X) — £o(Y)||, < oc.

q

An operator space X has cb-cotype ¢ if idx does. We refer to [5, 27, 31, 32| for
previous attempts of defining a satisfactory notion of type and cotype for operator
spaces. In the following results, p’ will denote the conjugate index of p, % + 1% =1
Rosenthal’s result takes the following form in the operator space setting.

Corollary Al. If1<p<2and X C L,(M), t.fa.e.

i) There exists p < g < 2 such that X* is of cb-cotype ¢.
i) There exists p < q < 2 such that X* is completely (¢, 1)-summing.
iii) There exists p < ¢ < 2 such that X completely embeds into Ly(M).

In the category of Banach spaces, Rosenthal’s theorem was recently extended in
[16] for subspaces of noncommutative L, spaces. Although the relation with that
result is obvious, we note that Corollary A1 is not comparable since both hypotheses
and conclusions are stronger. Let us continue with the example of Pisier’s operator
space OH = [R, C]; /5. It is not too difficult to prove that the identity map on OH
is completely (2, 1) summing, see Lemma 3.1. However, we know from [12] that the
strong version of the little Grothendieck inequality fails

CB(B(H),0H) ¢ TI3(B(H), OH).

Corollary A2. If A is a C*-algebra, u: A — OH is completely bounded if and only
if there exist positive elements a,b € L1(A**) and a cb-map w : L,(A**) — OH for

some (all) 2 < p < oo such that u = w(a'/?xb'/?P). In particular, the isomorphism
I17,(OH,Y) =I5 (OH,Y) holds for 2 < p < oo and any operator space Y .

We refer to [39] for the definition of the completely p-summing norm mp and
the space II7(X,Y) of completely p-summing maps 7' : X — Y. This corollary
vastly improves on the results in [14]. We see that p > 2 is sharp in this result,
in contrast to what happens for Banach spaces. We end up the paper with some
further applications for Fourier multipliers on discrete groups and other mappings

between noncommutative L, spaces.

1. VECTOR-VALUED L, SPACES

Vector-valued, noncommutative L, spaces where introduced by Pisier [39]. One
of the main applications is a successful understanding of noncommutative square
and maximal functions. We now discuss several settings for which vector-valued
noncommutative L, spaces are defined and which will be needed below.
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1.1. The hyperfinite case. In Pisier’s setting, we assume that M is a hyperfinite
von Neumann algebra and X is an arbitrary operator space. For 1 < p < oo, the
space L,(M) = limy L,(M,) is a norm limit of finite dimensional von Neumann
subalgebras M. Therefore, it really suffices to understand vector-valued Schatten
p-classes. If R and C}" stand for the row and column subspaces of 5", then define

In operator space theory, the pairing (a,b) = tr(ah) is chosen between ST and M,,.
With respect to the paring (a,b) = tr(ab), we can reformulate the main properties
as follows:

a) If 1 < p < oo, then

al) el = inf lalla Iyl s 1,

a2) |zl mx) = sup laxd| L, (1 x)-
llallaplIBll2, <1

b) If 1 <p < oo, Ly(M; X)* = L, (M°P; X*) with respect to the bracket
<Zj aj © I;’Zk bi ®xk> = Zj ktr(ajbk) <x;a$k>'

1.2. Amalgamated and conditional L, spaces. Let us now recall some new
noncommutative function spaces from [18] which will be essential below. Let M
be an arbitrary von Neumann algebra and let R stand for the matrix amplification
M®B(Ls). In what follows we shall work with indices represented in the following
solid of R?

K= {(1/u,1/v,1/q)| 2<u,v<00, 1<g<o0, 1/u+1/qg+1/v < 1}.

Given 1 < p < oo such that £ = L + 1 4+ 1 for some (1,1 1) in K, we define
p u q v u’v’q

the corresponding amalgamated L, space as the subspace Lyq,(R; M) of L,(R)
equipped with the norm

g = i0f {lall 2, ) 19112, 01l v0) | 2 = ayd.

We shall also be interested in the duals of amalgamated L, spaces. To that end
given (%, %, %) € K and % = % + % + %, we define the corresponding conditional L,

space Lgs3(R; M) as the completion of L,(R) with respect to the norm

Jellass = sup {llozBlz.my | Il s 18] acrny < 1}

We refer to [18] for a more detailed exposition and note in passing that we have
changed/improved our terminology for amalgamated and conditional L,’s. Now
we collect the main complex interpolation and duality properties from [18]. Let Kg
denote the interior of K. Then we have:

i) Lugu(R; M) is a Banach space.
ii) Luggevs (R; M) is isometrically isomorphic to
[L@qo@(RQ M), Lﬂqlg(R§M)]97

. 1 1 1y_ (1-6 , 6 1-6 , 6 1-6 , 6
with (uie’qie’%)i(uo Jrul’ q0 thh’ vo +v1)'
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iii) If (1/u,1/v,1/q) e Kgand 1 —1/p=1/u+1/q+1/v
(LMQ(R; /\/l))* = Lggs(R; M) and (Lﬂq/g(R; M))* = Lyg(R; M),
with respect to the antilinear duality bracket (x,y) = tr(x*y).

1.3. Mixed norms I. The definition of amalgamated and conditional L, spaces
was mainly inspired by Pisier’s fundamental identities for the mixed norm spaces
L,(My; Ly(Mz)) with M; hyperfinite. Given 1 < p,q < oo and % = |% - %|, we
have

inf{Ha||L2r(M1)Hy”Lq(./\/h@Mz)Hﬂ”L%(Ml) | T = ayﬂ} if p < q,
zllL, L, = .
sup { 028, 640) | 10l 2 1) Il ey S 1} i P2 6

The extension to arbitrary von Neumann algebras is a matter of regarding these
spaces as amalgamated and conditional L, spaces. Indeed, given any von Neumann
algebra M and R = M®B({2), we may define

Largar (R M) if p <y,

Ly(M; S,) =

Remark 1.1. We define an operator space structure on L,(M;S,) by complex
interpolation. It thus suffices to provide the o.s.s. of the endpoints L,(M;S,) for
p,q € {1,00}. If p = ¢ the definition is obvious, while L;(M; Sy ) embeds into
the dual of L., (M;S1). Hence, it just remains to understand the o.s.s. of the
latter one. According to [40], we may define the operator space Lo, (M;S7) as the
quotient

M ®p S1 ®n M/kerq7
by the quotient map ¢(a ® x ® b) = ab ® x. Moreover, we also find

e Complex interpolation also gives Sy (L,(M;Sy)) = Ly(M, @ M;.5,).
e The same argument provides an o.s.s. for A(¢;) with A any C*-algebra.

Then we easily find that

a) If 1 < p < oo, then

al) fal,espy = inf lallplylle ansy bl

a2) ||x||LP(M§S;n) = sup ||a’buL1(M;Sgn)~
llalloprslbll2pr <1

b) If 1 <p < oo, we have L,(M;S")* = Ly (M;Sg7).
Note that M ®min X in the hyperfinite case is replaced here by Loo(M;Sg"). It
should be noticed that we still have L, (M;Sy") = [L,(M;S%), Lpy(M, ST")]1 /4 for

general von Neumann algebras, see [21, 23]. It is well known since [11] that the
norms of the boundary points are given by

Il vz =0 allza, a0 [9llat, oo bl 22y 00

1 1
2 2
ot 1 o) ], (500
i Tk g IRIR) gy

Ti=>yaikbjk

]|z, (A7)

2p
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Remark 1.2. We have just considered the amplification algebra R since we shall
be mainly interested in mixed-norms with values in matrix algebras. Nevertheless
at some points in this paper we will handle spaces of the form L,(M;; Ly(My)) for
non-hyperfinite M;. In this case the notions of amalgamated and conditional L,
spaces remains unchanged, see [18] for further details.

1.4. Asymmetric Schatten classes. Given any von Neumann algebra M, we
write LE(M) and L§(M) to denote the row/column quantizations on Ly(M) and
consider the operator spaces

Li(M) = M, L5(M)]2 and  LS(M) = [M, L§(M)].

In fact, a rigorous definition should take Kosaki’s embeddings into account as done
in [18, Identity (1.3)], but we shall ignore such formalities here. We have the
complete isometry L,(M) = L5, (M) @pmn L5, (M), where @y, stands for the
M-amalgamated Haagerup tensor product. This motivates the definition of the
asymmetric spaces

L(2u,20) (M) = L, (M) @ p,n L5, (M) = Layocoze (M; M).

These spaces were originally defined in [15] for finite matrix algebras, where the
definition simplifies in terms of ordinary Haagerup tensors. In this case, given an
arbitrary operator space X, we may as well consider the vector-valued space as

SBu20)(X) = CF @, X @p Ry
Its module behavior is explained better by
S5u,20)(X) = S0 00) @My ,h Soe(X) @y h S(o6,20)-
Again by interpolation, we find a natural 0.s.s. for L2 2,)(M) and we see that
CLL On L(2u,2v) (M) ®hn RZ = L(Qu,Qv)(Mn ® M)
According to [15], we have

a) If 1 <w,v < oo, then

al) zllsp, , ) = mi:I}Ifyb||a||2u||l/Hs;g(X)Hbllzm
a2) |zllsm, . x) = sup llaxd|| sm(x)-

llallzur s [10]l 20 <1

b) If 1 < u,v <00, S5, 9,)(X)" = 50, 9, (X™) with respect to the bracket

< Zj aj @z}, Zk b ® xk> = Zj}k tr(a;bg) (x5, 2k)-

1.5. Mixed norms II. The next family of spaces are noncommutative L, spaces
with values in asymmetric Schatten classes. Namely, let us recall the spaces
Loo(M;Cy) = [Loo(M; Cx), Loo(M; Reo)]1 /4 defined from the row/column spaces
Loo(M;Rs) = MR and Loo(M;Cyx) = COM. The spaces Lo (M;Cy) were
already considered by Pisier for semifinite von Neumann algebras [36] and by
Haagerup for general von Neumann algebras [6]. Define

Lgp(M’Cq) = Lgp(M) ®M,h LOO(M7CQ)7
gp(M; Rq) = LOO(M; Rq) M,k Lﬁp(M)-

These spaces satisfy:
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i) Ly, (M;Cp) = Cop(Lap(M)) isometrically.
ii) Do (M;Cy,) = [ Do (M;Cy), B (M;qu)b isometrically.

and analogous properties hold for the adjoint spaces. Indeed, the second property
follows from a nowadays standard interpolation technique originated in [36] and
further developed in [18; 44]. The first property is clear for p = oo and it then
suffices by interpolation to consider the case p = 1. Again, this is standard by
applying Pisier’s factorization trick in [39]. If % = |%’ — %|, the norm can written as
follows
I | infezay lallasl[Yll oo (Log(ry) TP <4,
Fap(MiC0) SUP|aflp.<1 NOEllcay(Logmy) 1P =0
If1<p<qg Ag<oocandl < sq,s, < oo satisfy é =1 —qij and R = M®B({s),

P
we set

LP(M; Cq, ®n qu) = ;p(M; Clh) @M,k Lsp('/\/l; qu)~
By interpolation, it is compatible with the symmetric case given in Paragraph 1.3.

Remark 1.3. Connes’ characterization of hyperfiniteness can be rephrased by the
condition Lo (M;OH) ~ M ®pmin OH, see [38]. Thus in general we have to accept
that the norms considered so far are different, but consistent. Namely, we have seen
that the asymmetric/nonhyperfinite norms generalize the symmetric/hyperfinite
ones respectively. Thus, there should be no ambiguity of what definition is being
used along the text.

Remark 1.4. If A is a C*-algebra, consider the norm
1

Y
(Zj,kajkakj> H(Zj,kbjkbkj)

Replacing A by M,,(A), we see that A(¢1) C {1 ®min A is a complete contraction
and according to an unpublished work of Haagerup, this is an isometry only for
C*-algebras with Lance’s weak expectation property. At any rate, we see that every
completely (p, 1)-summing map T : A — X satisfies

lid @ T+ A(tr) = LX), < 7y 1) (D).

T = inf
I@llaen =, _int

Indeed, for Theorem A i) only this weaker assumption of (p, 1)-concavity is required.
This concavity is the cb-version of Pisier’s notion of (p,1) C*-summability in [35].

Remark 1.5. In the hyperfinite and asymmetric cases we considered arbitrary
operator spaces and specific von Neumann algebras. In the mixed-norm cases the
situation is the opposite. There exists an intermediate notion of L,(M; X) valid for
QWEP von Neumann algebras and operator spaces contained in any C*-algebra
with the local lifting property. The notion was developed in [13] and is based
on the hyperfinite theory replacing norm approximations by ultraproducts. Some
arguments in this paper could be slightly simplified if we restricted to work over
QWEP von Neumann algebras.

2. KEY PROBABILISTIC ESTIMATES

In this section we use the theory of vector-valued L, spaces in connection with
convexifying operators. This leads to a change of density which will be crucial for
our proof of Maurey’s theorem.
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2.1. A cb-embedding for S,(X). Let us consider a weight function w indexed
over the integers Z and define the Hilbert space ¢5(w) determined by the following

norm
w0 :< Wy, | 2)5.
Hzn o . >, Walan]

If ¢5(w) and £5(w) denote the row/column o.s.s. on ¢3(w), we set

6 w) = [B), W], and @) = [5),Gw),.

Most of the time, our weights will be of the form w,, = A" for some A > 1. In that
cases we will write wy and fo(w)) instead. Our first step will be a description of
Sq(X) closely related to Xu'’s characterization [47] of R, and C,. Although it also
follows from a more general argument in [22], we give here a concrete approach for
completeness. In what follows we shall write @ < [ to indicate the existence of
an absolute constant ¢ such that a < ¢3. We begin with a well-known observation
comparing the J and K methods as in [12, 47].

Lemma 2.1. Let A and B be non-singular positive operators on a Hilbert space
H and assume further than A and B commute. If 0 < 6 < 1 and A > 1, let us
consider the constants

I I I 1
alh8) = \//\9 1oy 0 2= \/1 A0 T A0

Then, the equivalence c1(\,0) a < B < co(X,0) a holds with

a = HA(‘)Bl—GxHH7
1 1
. n(l— 2 . 3
g = z_ﬁzn(éx (-0 Ay, ) +<%)\ ’|1Bzul,) .

A duality argument also gives c1 (A, 0) 8 < o/ < ea(X,0) 8 with

N

1
P o=l (ST Azb2) + (S NBalR)

neZ neZ

W=

Proof. By simultaneous diagonalization, it suffices to prove the first assertion
for diagonal operators A = D, and B = D;. Then it is clear that the term § is
equivalent to

inf (Z An(1=9) Z lan|?|ynr]? + Z A0 Z |bk|2|znk|2) .

Tr=Ynk+2nk
BTYnkTERk N ez keN = keN

Nl

This equals

(Z xk=z}3¢f+znk [Z A0 gy + Z )\_n9|bk2nk|2])§-

keN nez nez

-

Thus, it suffices to prove the assertion for k fixed and then we may even assume that
xr = 1 by normalization. This reduces the assertion to scalars and we therefore
claim that

1N, 0)a?b =% < B < eo(N,0)a’b'
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for a,b > 0 and

B= inf (ZA"“_Q)\CL%IHZA‘”H\bpnF)%.

1=yn+pn
At neZ neZ

Let us start with an easy observation

inf 2 2 _ f 2 1—-t21: ~ :
1:121+p5|'y| + olpl ogggl& +o( ) min(4, o)

o
d+o
holds for all §,0 > 0. Going back to our claim, since |vy,| + |pn| > 1, it therefore
suffices to consider =, and p,, positive in the right hand side above. This leads to
the following estimate

B — inf 2)\n(1=0) |y 12 4 p27—n0), 12] c(n2\n(1=0) 12\ —nf
1:;£1+an [a®A vl 4+ 0227 | py 7] Zmln(a A ,2AT"Y)
neL neZ
\no(1-6) \—(no+1)0
_ 2yn(1-0) 2y—nb _ 2 2
= ) d®\ + Y A = &’ T TV T
A=n>a? /b2 A—n<a? /b2

Here ng is chosen so that A\~ (mo+1) < a2 /b2 < A7 and this gives
Cl(/\, 9)2 a20b2(1—9) g 82 5 02()\,9)2 0,291)2(1_0),

Hence, the first assertion follows. To prove the second assertion, given a positive
non-singular operator L acting on H, we denote by H, the Hilbert space equipped
with the norm

ll#, = [[1L]|%-
By the first assertion, we know that H 4epi1-6 is isomorphic (up to the constants
¢j(A, 0)) to the subspace of constant sequences in fo(A =% H ) +l2(A"% Hp). Since
H 40 g1-0 is a Hilbert space, it is isometric to its dual. In particular, recalling that

141—939:1j _ AQBI—G (Al—QQBQG—lx)’

we find that its norm in H is equivalent to the norm of A'~29 B29~1z in the quotient
of Lo(A~(=9H 4) N Ly (AN Hp) by the subspace of mean zero sequences. Writing
this down we obtain the second assertion. The proof is complete. O

To continue, we need to introduce Xu’s terminology in [47]. We will only define
the column spaces, but we shall freely use below the row analogs which are defined
in the obvious way. Let

N|=

Uy (w; bs) = Lo(Z,w; €5(N))  with norm H Zmnk ® Ok ‘ = (an Z |xnk|2) .

n,k neZ keN

Define £5(wy; f2) similarly, let £5° (wx; €2) = [(5(wx; €2), 05 (wx; £2)]1 and set

gf;cq (wy, 0) = £y" (wy %5 be) + 057 (w3 ™% by)  with  w) = wyn.
Let Cf}f e (w, 0) denote the subspace of Z-constant sequences. Using the bracket
<(ank)a (bnk)> = Z Zankbnka

n€Z keN

the dual spaces are

(gcii,cq

(wM 0))*

J -1
gcp/ »Cql (w)\ ) 9)7
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(o, (wx,0))" = €2, (wi,0),

with operator space structures given by

H Z Z Tnk & €(n,k),1 HMM(QJ) = Inax {np(x)’ Nq(l‘)},

nez k=1
Tnk @ €(n —|—CLH = inf max {1, (2),ng(2
| X el o =y max{n()n)

where the norms n,(§) and ng(§) are given by

o0
np(§) = HZ/\RG/ngnkQ@e(n,k),lHM o
nez k=1 m(Cpr)
ne(§) = HZ)\_"(l_e)/2Z€nk®€(n,k),1HM oy
nez k=1 m(Cq)

The following result is closely related to [46, Section 2]. However we have to
review the argument in order to understand the generalization presented below.

Lemma 2.2. Ifpy < g < p1 with % = 1;—09 + 1% and A > 1, then

Rq:CbCK 1(w)\,e) and qu_vchK 1(w)\79).

TposTp CpgCp

The constant of these complete isomorphisms only depend on A and 6.

Proof. Since both cb-isomorphisms are proved in the same way, we only argue
with column spaces. Let us first show that the inclusion Cgio,cpl (wxr,0) C Cy is

completely bounded. We recall the o.s.s. of C; from the main result in [44]
oo o 1
2
|Smoen| = aw (S lewl3)”
k=1 Min(Ca) allsgy bl s, <1 % (2

We may clearly assume that a and b are positive and invertible. Let us denote by
Lq(z) = ax and Ry(x) = xb the left/right actions. We define A = L,4/p, R, o/»,
and B = L 4/50 qu//pé. Then we apply Lemma 2.1 to x = Ek 2k ®eg,1 and deduce
that we have
o0 1
(Z ||axka§) C = HAQBI_‘QQCH2 < a\e)! inf {ny,n.}
k=1

Tr=Ynk+2nk

where

ny = (Z/\fneznaq/poynkbq’/pé ;)i
k=1

neEZ
e 1
- (Z/\n(l—e)zHaq/mznkbq’/p’l E)?
neZ k=1

Using again the 0.s.s. of £57° (wy?; £5) and €57 (wy~%; £2) as above, we get

1

(Z ||a$kb|\5) a1z e 2| s )
k=1
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where 17 = >, 6, is the constant-1 sequence in Z. Let us now show that

C, e, (w3 0) C Cy.
0 1

Indeed, arguing by homogeneity we assume that an Tnk & €(n,k),1 satisfies
Tnk ® €n H < 1.
That is, we may find (2y,x) such that > xni =), znr and

no —n(1-0)
max{ ‘ZA 2 an®e(n7k),1H 7’ A 2 an®€(n’k),1H } S 1.
M (C.)) Z Mo (C,)
n,k *\Ypo n,k v

Taking z, = ), Znk ® € and
A= ﬁaq//pll qu/pl and B = ﬁaq//pé 'qu/po,

we observe that
STATO Az |3+ Y A Bz, 13

neZ nez
_ Z/\_n(l_e)Haq,/p/lznkbq/plHz+Z)\n0Haq//p62nkb<1/poH§ < 2
y n,k

holds by our assumption. According to Lemma 2.1, £ = A20-1B1-20 >, #n satisfies
[AY=OB¢|ls < ca(N,0) and for £ =Y, o @ €1 With zp = > @pp = >, Znk, We
have

oo 1
(X llawsbi3)” = [|4°B* 7|, = [4=B4%7 B2 (3 20) | < ea(1,0).
k=1 neZ 2
Therefore, duality yields C; C Cgo}cm (wy, 8) and the assertion follows. O

Our next step is to construct a complete embedding of S,(X) into a 4-term sum.
Together with Proposition 2.6 below, this cb-embedding will be the key towards
the main result in this section. Let ), ,(w; X) be defined by

Sp(X) + Cp @1 X @y, f;q (w) + f;q (w) @p X ®p Ry + f;q (w) @p X Z;q (w).

Let us write K, 4(w) for the same space when X = C and K, 4(wx; X) / Kp,q(wn)
for exponential sequences. Here it is important to recall that we will be considering
weights w on the index set Z x N which are constant on the N-component, so that
(using the terminology above) another description for this space could be

Kypq(w; X) = [c,,(z x N) + €51 (w;ez)} ®n X O, [Rp(z x N) + €5 (w;zz)].

In the following result, we study a map Sq(X) — Ky, p, (w; X) of the form

o0 o0 o0
g €r1 @ Tpe Q ey — E wij(Po, 1, q) E €1 Qep1 Qxpe Ve ey ;.
k=1 i,j=—00 k,e=1

Just to shorten the notation, we change the order of tensors and write
oo
T = ( Z wi;(po, p1,q) eij) .
1,j=—00

With this terminology, we have 1 ® 17 = Zi,jEZ e;; for 1 =" - 0, as above.

neE”Z
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Proposition 2.3. If py < q < p1 with % = 1;09 + z% and A > 1, then

wiz € Sy(X) = (D N e ) @ u € Ky (w0 X)
i,j=—00
is a completely isomorphic embedding with constants depending only on (A, 0).
Proof. According to Lemma 2.2, the mappings
reCy — 1, @z eCk (wy, 0),

CpoCp1
(lUA7 0)7

are cb-isomorphisms. Recalling that 1z ® 1z =", jez €ij> We get

reER;, 1, @z eck

TposTp1

xr € Cq Rp X Qp, Rq — (Z ‘62‘]‘) R x € CK (wA,G) Rp X Qp Céovrm (U})\,Q)

Cp »C
i,j P Cp1

a complete isomorphism. The right hand side inherits its o.s.s. from

Gor e (WA, 0) @1 X @, G (wy,0) = > U @n X @V

CpgCpy
3,j=1,2

Z/Il = g;l’o (w;e; Eg) 5 UQ = 6;“ (’U}}\ie; 62) 5 Vl = g;po (w;e; fg) 5 Vg = f;pl (w}\,(g; fg)
Thus, is suffices to show that the map

€ ) Ui X V) (Z/\_w/Qeii> z (ZA_je/zejj) € Kpo,pi (wir; X)
i,j=1,2 i€l jez
is a complete embedding, in this case with constants independent on A\ and 6.
Moreover, since both spaces are the sum of 4 spaces indexed respectively by (po, po),
(po,p1), (p1,p0) and (p1,p1), it clearly suffices to check our claim term by term.
However, this later fact follows from repeated use of the complete isometries

z € L3P (w3 l2) @n X ®p Ly (wyy; Lo)
— (Z/\i/QeiO z (Z)‘éﬁeﬁ) € Cp®n X ®n Ry,
€L JEL

with A1, A2 € {A7 A9} and p,q € {po,p1}. Details are left to the reader. O

Remark 2.4. The cb-embedding of L,(M) into a von Neumann algebra predual
from [17, 18] can be described by means of the map w : L,(M) — Ky 2(wy) defined
on M®B(¢2(Z)) with the weight given by A. Indeed, it suffices to apply the Poisson
map from [18, Section 8.2] (a suitable average of sums of independent copies which
embeds L; + Lit¢(w) in Ly, for a suitable strictly seminfinite weight w) with
coefficients in OH in order to embed Ky 2(wy) into some Ly (A).

We shall also need an extended form of the embedding of Proposition 2.3 for
arbitrary von Neumann algebras. More concretely, that we have an isomorphic
embedding Ly, (M;Sq) — Lp, (M;Kpy pi (wy)). Fortunately, we only need this in
the scalar case X = C, something that simplifies our approach very much. Our
first task is to define the space Ly, (M; Ky, p, (w)) appropriately. We have

ICPOJ’I (w) = Cpo + Cpl (w)} ®h [R;Do + Rpl (w) )
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where the row/column spaces are taken in the index set Z x N and the weight
w is constant on the N-component. Recall that in Section 1 we have defined the
spaces Ly, (M;Cy) and L5, (M; R,) and the same definition is valid for the weighted
row/column spaces. Moreover, we may define

Loy (M; Gy, (w1) + Cgy(w2)) = Ly, (M; Cg, (w1)) + Ly, (M; C, (w2)),

L5, (M; Ry, (w1) + Ry, (w2)) = L5,(M; Ry, (wn)) + L5, (M; Ry, (w2)),
for arbitrary weights by viewing them as both embedded into the space of sequences
with values in Lo, (M), and thereby defining the sum by taking the corresponding
quotients. This allows us to consider

Ly, (M; Kpo.p1 (w)) = 2p0 (M Cpo + Cpl( )) QM;h L;pg (M5 Ry, + Ry, (w))

with norm given by

inf H Qg ‘

Tij= ik Prj Lz, (M Cpo+Chpy (w) hRH(6kj)HC@thpo(M?RpoﬂLRm(w))'

Proposition 2.5. If pg < g < p1 with 1 = 1}9;0‘9 + % and A > 1, then

wiw € Ly, (M Sg) - ( Z NI ¢45) @ € Ly (M Kpo,py (102)

i,j=—00

is a complete isomorphic embedding with constants depending only on (X, 0).

Proof. Lemma 2.2 remains valid here as well, i.e. we have

gpo (M Ccii ,Cpq (w/\79)> b Lgpo (M,C )7
QpO(M Crp Tpy (U/)\79)) Seb 2p0 (M R )

Indeed, by the factorization properties of the spaces involved it really suffices to
prove this for pg = oo, and then the exact same argument in Lemma 2.2 applies
since the key formula is the operator space structure of Cj, which according to
[6, 36] is still valid for arbitrary von Neumann algebras

— < 2
sz $k®€k71HLw(M;Cq) = sup (Zk ||a93kb||L2(M))

HaHqu(M),HbHL%, <1

=

Since we have
Lpy (M;5;) = (M;Cy) @pmn Ly, (M; Ry),

an element in Ly, (M;S;) factorizes as a product of two elements in Ly, (M;Cy)
and L5, (M; Ry) respectively. Thus, we deduce it can be written as a product of
two sums from

L, (M; ck

CpgCpy

2Po

(wx,0)) and L§

2po

(M Crp \Tpy (’U))\,g))

respectively. Arguing as in Proposition 2.3, we see that u is bounded. To prove the
converse, we observe that a norm estimate for u(x) means a factorization of the
form wpe = 3, N2 B, ;0N 072 valid for all 4, j € Z and with

(O‘ik,m) S Lgpo (Mv Cpg + Cp1 (UJ)\)) Qhn R7
(Bm,je) € C®n Ly (M; Ry, + Rp, (wa)).

We may rewrite this as
Tre = Qibje
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where a;;, = N2Y" Qipm @ e1m and bjp = NY2Y By @ en1. We may also
assume by approximation that we are only dealing with finitely many nonzero
entries xp, with full left and right support in a finite von Neumann algebra M. Let
ej¢ be the left support of bj,. Then we deduce from a;xbje = Tre = ai1bj, that we
have a;rej; = a;sej;. This holds for all indices j, ¢ and hence for e = Ve;, we find
a;pe = agpe for all k and @ # /. Taking vy = a;,e, we deduce

Tre = Vibje

for all j. Similarly, let f be supremum of the right supports of the vx’s. As above
we deduce that fbj, = fb; for all £ and j # j'. Thus we may define wy = fbj,
and obtain a factorization

The = VpWe

such that vy, = a;xe and wy = fbj,. Since the space Ly, (R;Cp, + Cp, (wy)) is a
right R-module and L5, (R; Rp, + Ry, (wy)) is a left R-module, we may now apply
the announced extension of Lemma 2.2 and deduce that

(vg) € LQPO(M;CQ) , (wy) € Lgpo(/\/l;Rq).

This implies = (zx1) € Lp,(M;Sy) and hence w is an isomorphism. Tensoring
with another copy of L, (M,) does not change constants in this argument and
hence wu is indeed a complete isomorphism. The proof is complete. ([l

2.2. Change of density. We need an alternative description of L,(M; Ky, 4, (w))
according to another description of the space L,(M;Cy, ®p Ry,). Namely if we

kei=2L4 Lagndl=1L+4+_L weh he Banach s isometr
taep Sj—l—qjadq 2q1+2q2, e have the Banach space 1sometry

LP(M; Co ®n Ry,) = Lﬁq@(PJ M).

This follows again by complex interpolation. In particular, L,(M; Ky, q,(w)) is
Banach space isomorphic to a 4-term sum of amalgamated L, spaces. Certain
embedding in [18] for these spaces will be essential in the following change of density
argument. Recall the notion of (pi,ps)-convex maps T : X — L,(M) from the
Introduction.

Proposition 2.6. Let 1 < p < p; Aps <00 and

G/ G )
a=(-—-— ).
p D2 p n
IfT: X — L,(M) is (p1, p2)-conver and w is any weight, then
T®id: Kpp, (w; X) — Ly(M; Kppy (w®))  with  (w*)n = (wn)®
is completely bounded and its cb-norm can be estimated by c(p, p2) k(p, po) (T)-
Proof. We may and will assume that X is finite dimensional. Given natural
numbers m,n € N, consider a faithful state ¢,,, on M, with density dg, . We may

regard the density d,g,, of n¢,, as a diagonal operator whose entries form a weight
on the index set {1,2,...,m}. Define

Kipg(0ms X) = [67(d0, )+ 65'(d2y )] @n X @0 |67 (dh,, ) + G1(dl, ).
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As above, the expression IC;‘yq(qu) will be reserved for the scalar-valued case. The
space ngq((bm; X) can be written as a 4-term sum of asymmetric L, spaces as in
[15, 17, 18]. Namely, if we consider the asymmetric spaces

1 o1
L(2p72q) (pm; X) = fgp (dém) ®p X Qp ly! (d;m),

we have
m
H E Tij ®6ij :n2p+2q d2p ( E Tij ®6”>d2q
=1 L2p,2¢) (nPm;X) = C'm®hX®hRm

This gives a description of K ,(¢m; X) in terms of asymmetric Schatten classes.

Consider the n-fold free product

According to [12], we know that A, is QWEP. In particular, it is very well-known
the existence of a normal *-homomorphism p and a normal conditional expectation

& as follows
p: A, — (HuSl)* and €& : (Husl)* — A,.

We also know that we have L, extensions p, and &, for 1 < p < oco. Let us
denote by m; : M,, — A, the j-th coordinate map. Then pm; : M,, — [I],, S1]*
is a #-homomorphism. Following an argument of Kirchberg, we observe that by
Kaplansky’s density theorem the unit ball of [],, Sw is dense in the strong and
strong* topology of [[[,, S1]*. Let B = ¢51*(Z,]] Ss) the C*-algebra of all strong
and strong* converging families. Then [[[,, S1]* is a quotient of B. Since My,
is nuclear, we can apply the Choi-Effros lifting theorem [2, Theorem 3.10] for the
maps 7; and find nets v, ; : My, — [],, Sec of completely positive and contractive
maps such that (v, ;) converges to pr; in the strong and strong™ topologies. Let us
consider the maps

Lz EKp, (mi X prWJ @o; €[], Sl

wg @ € Ly(Mi K, () = S (ids, ) © 7)) © ) € Ly(A, EM: ).
j=1

We claim that u; is completely contractive and us is an embedding. Let us note
that u is also a cb-embedding, a fact which will not be needed nor proved in this
paper. The proof that uy is an embedding (defining L,(M; K} . (¢ )) as indicated
before the statement of this result) was given in Theorem 7.3 and Remark 7.4 of
[18]. Moreover, we know that ug is a complete contraction while the cb-norm of its
inverse is controlled by a constant ¢(p, p2), see Remark 2.8 below for more on the
value of ¢(p, p2). For the first part of the claim, let us show that

1
Hul(m)Hnu Sp(en (X)) <ne ||37HL(2,,,2,,>(¢7”;X)'

In fact, we will only prove this inequality since the remaining ones for the terms
associated to (2p,2p1), (2p1,2p) and (2p1,2p1) are similar. Indeed, we refer the
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reader to [15, Proposition 3.5] for the exact same argument. Since p < p;, we have

1
||“(9U)Hnus (e ( (Z prﬂ'] )Hzﬁu sp(X))p'

Therefore, it suffices to consider a fixed component j. We may write z = ayb* such
that a,b € L5,(¢n) are of norm 1 and [|z][1,, o) (6m:x) ~ Y]z, (x)- Then, the
element ys ; defined by

Ys.; = (vs; ®idx)(y) € H S..

satisfies ||ys ;1| < ||lylla,, (x). Moreover, the strong convergence guarantees the norm

convergence of limg po,7;(a) ys j p2p7;(b) = popm;(a) pmi(y) popm;(b) = ppm;(z) (see
[20] for further details) and we obtain

prﬂj(x) HHM S,(X) < HxHL(zp,zp)(Cﬁm;X)'

Since the same inequality holds after tensorizing with the identity on S, this proves
our claim. On the other hand, using the (p1, p2)-convexity of T in conjunction with
the contractivity of u;, we deduce

H > o ( ;@ idx () (ida,, © T(x))dyP) )
Jj=1

mj(Tx) for short

p(Lp(M;£3,))

< Epup) (D) l2llken (%)

P,P1

Moreover, we may understand this as a cb-inequality, which remains true after
tensorizing with idg,. Then we recall from [18, Chapter 3] that the space L, (p,)
is stable under the conditional expectation

&+ [, Sp(Lo(M;65,)) = Ly(An@M;

? P2 ’ ;Dz)

Therefore, we have proved that
|EptaT < K, (D X) = Lo(An@M: 65| 4y < Ko o) (T).
Note that the range of E,u T is still of the form

Epun T (z ZTI‘] (Tx)

This means in particular that &,u1T maps K | (¢m; X) in the range of

uz [Lp(M; K, (6m)) ]

Thus we obtain

T @id: K}, (dm: X) = Ly(M; KD, (0m)]] o S Py P2) Fpy o) (T)-

Let us now prove the assertion. First we may replace ¢,, by the state ¢,, ® 7
on M,,, where 74 is the normalized trace on M,. Then we note that the space of
elements z ® e, with e a fixed projection satisfying 74(e) = =, is simultaneously
complemented in all the asymmetric spaces Lz 24) considered. Thus, we restrict
our attention to this subspace. Moreover, we clearly have

L+L
n» "% |z ® eHL(zp,zq)(¢m®Te;X) Hdn'mmmdn'vqu HCHL@;,X@%R’”'
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By [15, Lemma 1.2], tensorizing with ids,, ,  we obtain a complete isometry

1

z®e€ Ky, (pm @1 X) = d" $d2:¢ € Kpp, (wx; X)

p,p1

with wy = (n7d¢m)575. A similar argument leads to the complete isometry

Tr®e € Ly(M;K2 (¢m @7T1)) — d2”

P,p2 nYgm

Txd“ﬁw € Ly(M; Kp p, (wy))

1

with p = (nfyd(i,m)éfg = w®. This implies the assertion for w = (nyc/)m)ﬁ P,
It just remains to show that the general case follows from this one. Indeed, by
approximation it clearly suffices to show it for w being a weight on {1,2,...,m} as
far as we see that the constants are independent of m. Therefore, we have to see
that every w supported on {1,2,...,m} can be obtained in this form. Given such
a weight w, we consider the functional on M, given by

m PPy
Qﬁm( Z aijeij> pr "o
i,j=1
and the state ¢, defined by ., = ¥ (1ar, )Pm. Let us set n = [t (1ar,)] + 1
where [-] stands for the integer part. Let 0 < v < 1 be determined by the relation
ny = ¥, (Lly,, ). We may assume by approximation that 7 is a rational number.
Let 74 be the normalized trace on M,. Taking ¢ large enough, we may consider a
projection e in M, satisfying 7,(e) = . Hence, the embedding

T € (Mm7¢m> —r®ec (Mmfv¢m & TZ)
produces the desired identification w = (n’yddjm)i*%. The proof is complete. [

Remark 2.7. The embedding of the algebra A, into an ultraproduct algebra is
the key tool used in [13] to generalize vector-valued noncommutative L, spaces
to QWEP algebras and such notion underlies the proof of Proposition 2.6. Note
however that we do not need at any rate to require M to be QWEP.

Remark 2.8. According to Remarks 2.2 and 5.7 of [19], the value of the constant
¢(p, p2) above remains uniformly bounded in p and ps as far as (p,pa2) = (1,00).
In that case, we only know that it is controlled by 1 + m. Note that this
singularity near (1,00) seems to be removable since the corresponding complete

embedding holds at the point (1, 00).

Remark 2.9. Although not needed for our purposes in this paper, let us point a
generalization of Proposition 2.6 for potential applications. Only for this remark
we shall write L,[M; X] to denote the generalization of L,(M;X) for QWEP von
Neumann algebras in [13] Assume that 1 < s <uAv <uVv<p Aps <ooand
set = (1— p%)/(% - —) If the map T : X — L, (M) is (p1, p2)-convex and w is
any weight, then
T ®id : Kyp, (0; X) — Ly (M; Ky, (0?))

is completely bounded and its cb-norm can be estimated by c(s, p2) kp, p,)(T'). The
proof follows the same pattern. Indeed, arguing as above we know that the mapping

EuTuy K3y ) (s X) — Lu[An; Ly(M; €y,)] is completely bounded. Moreover, we
also have complete contractions

Ly [An; Ly(M; 02))] = Lg[Ap; Ly(M; 02))] — Ly [M; Ly(Ay; )]

1 P2 ) P2 n5 Cpy
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given by the identity map. The first one follows from the fact that s < u and A,
is a noncommutative probability space. The second one follows from Minkowski’s
inequality since s < v. Then, we use again the embedding

Ly (M; K2, (6m)) = Lo [M; Lo(An; £3,)]

$,P2 ) T pa

to conclude

T @id : K, ($ms X) = Lo (ML, (9m)) ]y S (55 02) Ky o) (T)-

The change of density in this case is given by

1

w = (nydy, )71 % and = (nydg, )77 "

Thus, it turns out that x4 = w? for our choice of 3. This completes the argument.

Now we are ready for the key embedding of this paper.
Proof of Theorem B. Let

_ = — izi_i_i
q p Y41 p P2
and A > 1. Then we have the identity
11 1 _ 1 1_ 1
_ P P> P 4 _ P 4 _
m=1—11-_1-1_1-0%
p PP D2 P m

where « is the real number defined in Proposition 2.6. Let
g Sq(X) = Kpp, (wr; X)) and w0 Sq — Ky p, (wy)
be the cb-embeddings given by Proposition 2.3. Taking u = A%, we note that
(T ®@id)ug x = (up,u @idp, a)(T @ id).
Indeed, we deduce from pu” = A*7 = XY that

(g @ i, )T @id)(@) = (N p T2 e ) @ T(a)

3,j=—00
e . .
— ( 3 A0 6“) @T(z) = (T ®id)ug(z).
1,j=—00
According to Proposition 2.6, we know that
T ®id : Kpp, (wr; X) — Ly(M; Kpp, (w5))

is completely bounded and hence (T' ® id)ug, » is completely bounded. Thus, we
derive that (uy, , ®idp, am))(T ®id) is completely bounded. Since u, ,, ® idr, )
is a cb-embedding by Proposition 2.5, we obtain

||T X id : Sq(X) — Lp(M; Sq)ch S C(pa (LplapQ) k(pl,pz)(X)' U
Remark 2.10. Keeping track of constants, we have
pp2 . 62()‘1 0)2
< f
C(pv qaplap2) ~ P2 _|_p_p2 )1\1’>11 cl()\@,H/oz)Q
Pp2 e A=A AT (A )

PPz +p—ps As1 (A0 — (N + Ao0 — 2)
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pp2 O D b pp2 1

1m =
pp2 +p—p2 x—1t A0 —1 pp2+p—p2 10’

unless (p,p2) = (1,00), in which case the first term on the right behaves like 1.

3. MAUREY’S FACTORIZATION AND APPLICATIONS

We now prove an operator space form of Maurey’s factorization theorem. Then
we will establish some selected applications for operator spaces, noncommutative
L, spaces and Fourier multipliers.

3.1. Maurey’s factorization. Let us begin with some basic inequalities to be used
below. We refer the reader to the Introduction for the definition of the operator
space analogs of cotype p and absolutely (p, 1)-summing maps.

Lemma 3.1. Let2<p<o0:

i) If T has cb-cotype p, then
ﬂ;f’l (T) < c;b(T).

ii) idp,(my s completely (p, 1)-summing for any algebra M.

iii) Let us consider two von Neumann algebras M, N and assume that the map
T : Ly(M) — L,(N) is a completely bounded map. Then, the following
inequality holds for 1 < ¢ < oo

|T @id: Ly(M;tr) — Lp(Lp(N))|, < 1T lleo-

Proof. Consider Q = TV equipped with the product topology and the correspond-
ing Haar measure . Clearly, the map j : £; — C(2) given by j(o)(w) = >, wrak
is a complete contraction. Hence, we have

H,] & ZdX : él Qmin X — Loo(Q) Qmin X”cb S 1.
The inclusion Lo (£2; X) C L,(2; X) is also completely contractive and

i® idx(€1 S min X) C Radp(X)

Hence i) follows by definition. To prove ii) it suffices to show that the space L, (M)
has cb-cotype p. Let A : f € Lo(Q)OM — ([, ferdu)i>1 € loo(M) be the
Rademacher coefficient map. A is a complete contraction and coincides with the
orthogonal projection A : La(Q; La(M)) — €3(La(M)). Thus, by interpolation
we deduce that A : L,(Q; L,(M)) — €,(L,(M)) is a contraction. We conclude
by restriction to Rad,(L,(M)). Assertion iii) now follows from the fact that the
inclusion Lg(M; £1) C Lg(M) ®@min C(€2) is completely contractive. Indeed, in that
case, we may compose with

Ly(M) ®min C(Q) = Ly(N) @i C(Q)
L@ Ly(N)
A

— Lp(Lp(N)).
It therefore suffices to show that for every w € €2, the map

Gt Lg(M;l1) = Ly(M)  with ¢ (x) = Zk WETE
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is completely contractive. Recall that S (Lq(M; 1)) = Ly(M,, @ M; £1) and hence
we just need to show that ¢,, is a contraction for all w € 2. Assume z = Ej a5y

such that ; .
H(Zk,j ak;ai;) ’Qq ‘(Zk,j bijbij) * 2y

Then, the Cauchy-Schwartz inequality implies

| ], = |32, cnonitns]

q ) q
1 ) 1

= H(Zk,jaw’tj)zngH(Zm ok | *BisPrs) 2%

Lemma 3.2. Let 1 <p < oo. Then L,(M) has cb-cotype ¢ = max{p,p'}.

<1

<1 O

Proof. Let Q = {—1,1}" with Haar measure u. Given 2 < p < co and arguing
as above, we know that the map A : L,(Q,L,(M)) — £,(L,(M)) defined by
A(f) = ([ ferdp)r<n is a complete contraction. This yields the result for p > 2.
When p < 2 we note that A : Loo(Q2; L1(M)) — £oo(L1(M)) is completely bounded.
Again interpolation yields the result. The sharpness of this result is justified in
Remark 3.12 below. ]

Lemma 3.3. Let A be a C*-algebra and ¢ be a state on N' = A** whose restriction
to A is faithful. Let d € L1(N') be the associated density with support e in N'. Let
us set N = eNe. Then, we have
|:A7 Ll(Ne)} 1= Lp(Ne)-
P

Proof. Following Kosaki’s work, we have symmetric injective embedding of N, in
Li(N,) = (N,)* given by t(z) = d*/?2d"/?. Let € A and y be an analytic element
in N,. Then we observe that

(1(x),y) = tr(d"?2dPy) = tr(ded"Pyd™/?) = ¢(z0i/2(y))

Since the elements of the form o, 5(y), y analytic, are in dense in N,, we deduce from
t(x) = 0 that ¢(xz*z) = 0. However, ¢ is faithful and hence (A, L1(N;)) is indeed
an interpolation couple and we may define X, = [A, L1(Ne)]1/,. By Kaplansky’s
density theorem we known that eAe is strongly dense in N, and hence d'/2Ad"'/?
norm dense in Li(N;). Thus the interpolation couple has dense intersection. The
unit ball in X7 is the closure in the sum topology of the unit ball in

Zp = [A*> Ll(Ne)*] 1= [Neu Ll(Ne)} 1_1>
P P
see [1] for further details. Here the natural inclusion map is again given by
nenN, —dindz € Li(Ne) — d%nd%u € A*,
because A is the intersection in the interpolation couple. Certainly, Li(N;) is
faithfully embedded in A*. Thus in the dual picture we find exactly the symmetric
version of Kosaki’s embedding [25], Z, = L, (N.). Since L, (N.) is reflexive,
its unit ball is already closed in the sum topology. Indeed, given any converging
sequence in the sum topology, it is easily checked that the limit is a cluster point of
the sequence in the weak™ topology. This gives X = L, (M), so that the inclusion

X, C Ly(Ne) is isometric. The assertion then follows from the fact that the norm
dense subspace d'/?? Ad'/? of L,(N.) is contained in X,,. O
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Lemma 3.4. Let U be an ultrafilter on an index set I and

S HZ/{ Ll(M

Let ¢(x) = lim; 0 tr(d;x) be the corresponding weak limit state and d € Li(M**)
the corresponding nonfaithful density supported by e in M**. Then, there exists a
completely contractive map densely defined on d*/?? M d'/?P by

Uy : dFxd® € Ly(eM*™e) (df%x df%’). € Hu L,(M)

Proof. Let e, be the support of
¢u($i). = limi7u tr(dia:i)

and consider the o-finite von Neumann algebra M, = eu[Hu Ll(./\/l)reu. The
image of w,, sits on L,(My,) and ¢y is faithful on My,. Hence, the spaces L,(My)
interpolate by Kosaki’s result. Let f be the support of ¢ in M and e be the support
of ¢ in M**. Note that e < f. We apply Lemma 3.3 to A = M; = fMf and
obtain

Ly(eM*™e) = [My, Li(eM*™e)] ,

Therefore, the map u, is obtained by interpolation. Clearly uo.(x) = ey (x)®ey is a
complete contraction. The interesting part is the case p = 1. For a positive z € M,
we note that

102 2 dF)2 1y 1y = limige tr(df w0 d?) = limigy tr(diz) = ().

For a positive element x € M**, we may apply Kaplansky’s density theorem and
approximate z'/2 in SOTNSOT* by a net x) € M such that ||Jz,|| < [|z'/?|. Then
we have

lim; g || (2x — x#)di% Hz = lim, g tr(ds| oy — z,)%) = ¢ (|lzx — 2, ]?).
Hence, (xAdi%)‘ is Cauchy in [, L2(M) with limit (x %d%) because
(8(lax =2l )'? < 6(loa—a)? + ol — 2P?)*
= (¢(@32r) + 02" 2) — d(232) — P(z" 7))
+ (Sanz) + o(@"z) — glagz) — d(a"@y))
converges to 0. Moreover, we have
up(x) = (d,»:c2 £C2d *e H Li(M

Now let x € eM**e be a self-adjoint element. Then we recall from [7] that

IN
Nl

[N

limgy |[d2zd?]|, < inf  g(1) + dlaz) = |[dPad? |,

T=x1—T2

where the infimum is taken over positive elements in e M**e. This implies that
ulzd%xd% € Li(eM*™e) — d2xd EH Li(M

is a c.p. map with uf(1) = 1. Hence, u; and u] are contractions. Interpolation
and the density of [My, Ly(eM**e)];/, C Lp(eM**e) implies the result. Since the
same argument holds for M,,(eM**e), u, is a complete contraction. O
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Proof of Theorem A. Let us begin by proving the statement i). Let N/ = A**
and consider the adjoint mapping T* : X* — A*. Since A* ~ L1(N°P) and T
is a completely (p, 1)-summing map we deduce from (the dual version of) Remark
1.4 that [|[T* @ id : £y (X*) — Li(N°P;log)||ep < 757 (T). According to Theorem
B, this implies

|T* @id : S (X*) — Li(NP;Sy)||,,, < elps @) g (T).

Dualizing again, we obtain the following key inequahty

|IT @ id: A(S, X)| ., < clp.q) 75 (T).
Here we interpret A(S,) as in Remark 1.4
A(ST) = [Min(A), A(ST)]

C [LOO(A**7S<7>TOL)>LOO(A**aS{n)]% - LOO(N,S(T)

Now we follow Pisier and apply the Grothendieck-Pietsch separation argument as
in [39, Theorem 5.1]. Namely, the substitute of the auxiliary Theorem 5.3 there for
AQ®min Sy has to be replaced here by the fact that A(S;) C Lo (N S,) is understood
as a conditional L., space with norm given by

||’I||A(sq) = sup {”O‘xﬂHLq(]\ﬂ%B(b)) | HO‘”qu(N)v ||/3HL2Q(N) < 1}~

Then, it turns out that Pisier’s argument in [39] generalizes verbatim to this setting
and we find nets (ay) and (by) in the positive part of the unit ball of Log(N)
satisfying the inequality

IT()|s,x) < c(p, q) w5 (T) limy Hawaqu(Lq(N))'
On My (N), we define the state
. 1
o(x) = limy 3 [tr(a?\qxn) + tr(biqxgz)].

Let d € Li(M3(N)) be the density of ¢. We also use the notation d,,d, for the
densities of the states ¢,(x) = lim) tr(a?\q:v) and ¢p(x) = limy tr(b?\qx). According
to Lemma 3.4, we see that

LA 1
ug (A% d®) = (72 dy)* with dy =3 (en ©a} +en b)),
is a complete contraction. Restricting this to the (1,2) entry, we deduce that

limy 2 Jaraba |, =l 43 (er0 @ ) a7,

IN

1 1 1y
[d27 (erz @ @) da ||| = 277 [|da" wdy™ | .
Moreover, the same chain of inequalities holds for x replaced by an element in

M,,(A). The first assertion then follows immediately. Indeed, it just remains to
choose the densities 679 = d,, 657 = dy, and define the map

w(d1202) = T(x).
To prove ii), we follow an argument by Haagerup. According to the first part applied
to A = M, we find 1,95 € L;rq(./\/l**) of norm 1. Moreover, using the existence
of a central projection z in M** such that M = zM**, we define dy = z; and

dy = z03. Let (z)) C M be a net of contractions which converges strongly to z
in M**. Then d; = lim) z)d; and dy = lim) z)02. On the other hand 1,; — z)
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converges strongly to 0, where strongly refers this time to M. Since T' is supposed
to be normal, we have T*(X*) C L1(M). This implies
limy,, (2%, T(2az2,)) = limy , (2T (2%) 2, ) = (2%, T(x)).
Let € S¢(M) and «* in the unit ball of Sy (X™*) so that
17,0 = |2 T@)].
Then we find

1T ()]s, (x)

limy . [(z*, T (z2az2,)) |

IN

c(p, q) 775?1 (T) limy ,, |‘51Z/\xzu(52qu(Lq(M**))
= C(p,Q)Wﬁf’l(T)||d193d2||sq(Lq(M**))'

This shows that v(dyzd2) = T'(x) is continuous and even completely bounded. The
proof of iii) follows the same pattern above. We first dualize and consider the map
T*: X* — Ly (M), which is (p', 00)-convex. Indeed, this follows by duality since

Ly(M; ) 2, 1 ®min Ls(M) = £p(X)

is completely bounded. Then, since s’ < ¢’ < p’ A co, we may apply Theorem
B to deduce that T ® id : Sp(X*) — Lg(M; Sy ) is completely bounded with
cb-norm controlled by ¢(p, g, s) w;’fl(T). Dualizing back and with the help of the
Grothendieck-Pietsch factorization theorem (adapted to this setting as indicated
above), we find nets (ay), (b)) in the positive part of the unit ball of Lo, (M) such
that

”T(x)HSq(X) < C(p, q, s) ch){)l(T) lim ||a>\xb>\||5q(Lq(M))'

Let us assume for simplicity that ay = by = dy. Recall that this can always be
done using the 2 x 2 matrix trick from above. Then we define the following weak*
limit in Ly (M)

tr(dx) = limy, tr(d?\w/slx)_
The assertion is obtained from the inequality
limy ’|d>\xd/\Hq < ||dS//2w$ds,/2qu,

w/s

which follows by approximating x ~ dl)f/ 2d »/ and applying Lemma 3.4. ([l
Remark 3.5. According to Remark 2.10, we obtain

cp,a) S 75

q
We also have the weaker estimate ¢(p, q, s) < q(s —p)/(q — p) for s < oo.

Remark 3.6. We may define canonically
7 (T) = |lid @ T : £y @min X — 6,(Y)]|,

p.q

as the completely (p, ¢)-summing norm of 7 : X — Y. At the time of this writing,
it is not clear whether 72 (T') = w9(T') holds for all maps T. However, Pisier’s
factorization theorem immediately implies that every completely p-summing map

is completely (p,p) summing, and 7£° (T) < 79(T). If in addition T is a normal
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map on an injective von Neumann algebra, then the norms are equivalent. Indeed,
let 7% : Y* — L1(M) be the adjoint, M injective such that

T (T) = ||id @ T* : 4y (Y*) — L1(M; )

p,p

‘Cb < Q.

Recall from [15] that we have a ch-embedding j : S;' — L1(N;£,), so that

Zd@j : Ll(M,Sg/L) — Ll(M@)N;ép/)
is an isomorphic embedding. This map uses independent copies and hence it is
easy to check that j ® idy~ : SJH(Y™) — L1(N; £y (Y™)) remains bounded with a
constant ¢(p). Then we find the following diagram

T*

S;’}‘(Y*) — Ll(M, Sy
il 157!
LiN; 0y (YS) 15 Li(M&N;L,).
The two maps | and T are bounded, and hence
Hids;'; (9 T Sg(y*) — L1(M; Sg/l)

| < clp) mry(w)

is still bounded with constants independent of m. This completes the argument.

3.2. Applications I. Operator spaces. Our first application is an operator space
analog of Rosenthal’s theorem [43] for subspaces of (commutative or not) L, spaces.
This partly justifies our definition of cb-cotype, see [5, 15, 27, 32] for related notions.
Proof of Corollary Al. We shall prove i)=ii)=-iii)=-1). The first implication
follows from Lemma 3.1. For the second implication, assume that X* is completely
(pp, 1)-summing for some index p < pg < 2 and let j : X — L,(M) be the inclusion
map. Take the (necessarily normal) adjoint map T' = j* : L, (M) — X*. Given
po < ¢ <p',the map T : £1 @min Ly (M) — £y (X*) is completely bounded since
idx~ is completely (pg, 1)-summing and
gl Qmin Lp/(M) i} 61 Qmin X Z—d> sz) (X*)

In particular, T satisfies the assertion of Theorem A. Let v : Ly(M) — X* be
the corresponding map. Then v* : X — L,(M) is also completely bounded and
dyv*(z) d2 = j(x). In particular, since dy, ds are norm 1 in Lo, (M) and % = %—&— i

1121, 0y = 13 @) st 2,0y = [ldrv™ @) o]y 1 ) < 107 @) ag g i)

Thus, X is cb-isomorphic to v*(X) C L,(M). For the third implication, the
Rademacher transform map A : f € Rad(Lqy (M)) — ([, ferdp) € Ly (Ly(M))
is completely contractive and this remains true for every quotient of Ly (M). In
particular, X* has cb-cotype ¢’. The proof is complete. (I

Corollary 3.7. If p > 2 and idx is completely (p,1)-summing
I7(X,Y) =1g(X,Y) for all operator spaces Y and q > p.

Proof. The inclusion
7 (X,Y) C I (X,Y)
is well-known. For the converse, we consider u : M,,, — X and note that

o () < [|ullep m'y (idx).
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Theorem A for M = My, gives a,b € S3; and a cb-map w : S;* — X such that
u=woMuy and |lafzqlwlellbllg < c(p,q) ulles 754 (idx)-

The argument now follows by a standard duality argument. We refer the reader to
[39, Chapter 7] for a brief review of the duality theory of p-summing maps both in

the Banach and operator space settings. We shall also use the p-nuclear norm vy

and the fact that it is trace dual to mg,, see [10, Chapter 3]. If T: X — Y and
v:Y — M,,, we deduce that

tr(vTu)| = [tr(MapvTw)|
vy (Mapv)mg, (Tw)
[lleo llall2qllwlles|bll2q 7 (T)
< elp, @)mph (idx) |[vl|epllull o 7w, (T).
Thus we obtain the inequality

sup ’tr(vTu)| < ¢(p,q) ﬂgf’l (idx) g (T).
lullenllvller<1

Since CB(Y, M,,) = [ST*(Y)]* and CB(M,,, X) = ST Qmin X, we get
HT ®id : ST Omin X — ST(Y)H < ¢(p,q) ng’l(idx) 7o (T),
but the left hand side is the completely 1-summing of 7. The proof is complete. [

Proof of Corollary A2. The first assertion follows from Theorem A, while the
second assertion follows from Lemma 3.2 applied to OH and Corollary 3.7. (]

3.3. Applications II. Noncommutative L, spaces. We now investigate some
further consequences of our results for linear maps between noncommutative L,
spaces equipped with their natural operator space structures.

Corollary 3.8. Let 2 < ¢ < p1 < g2 < py < 00. Assume that
T: LP2(M) - L;D1 (M> and S qu(N) - Llh (N>

are completely bounded maps with M, N being QWEP von Neumann algebras. In
the case po = 00 or gz = 00, assume in addition that the corresponding map is
normal. Then, the following map is completely bounded

T®S: Ly, (M§ Ly, (N)) — Ly, (M§ Ly, (N))
Proof. If 2 < p; < g2 < p2, we claim that
(T®id)(z®y) =y T(x)

satisfies
|T @ d : Ly, (M; Lgy(N)) = Ly (N5 Ly (M), < b1, 62) [ Tl

Indeed, if po = g then L,,(M; Ly, (N)) = Lp,(M&N) = L,,(N; L,,(M)). Since
N is QWEP, we deduce the assertion from the complete boundedness of T. A
similar argument can be found in [13]. When py > g2, we use that L, (M) has
cb-cotype p; and Theorem A to factorize

T:’UOMab,
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where v : Ly, (M) — Ly, (M) is completely bounded and My,(z) = axb with a,b
positive norm 1 elements of Las(M) for 1/g2 = 1/pa+1/s. It is clear that the map

Mab ®id : Lpz (Ma L(I2 (N)) - L(]2 (Ma L(12 (N))
is completely contractive. Moreover, our argument for ps = go gives
Hv ®1id : Ly, (./\/l; Ly, (N)) — Ly, (N; Ly, (./\/l)) ch < clp1,p2,q2) W;?,l(T)
< e(p1,p2, ) 1T cb-
This proves our claim. Moreover, if
2<q<pi<@<p2

the same argument for id ® S yields

[id ® S Lgy (N5 Lp, (M) — Ly, (M; L, (V) ||, < €(p1, 01, 62) [|S et
Combining the two estimates, we deduce the assertion. The proof is complete. [
Corollary 3.9. If2 <p < q < oo and M, N are hyperfinite

CB(L1(M), Ly(N)) = T3 (Ly (M), L,(N)).
Proof. Since 1 < p’ < 2 and according to [17, 18], we have a cb-embedding
Jj: Ly(N) — Li(A) for some hyperfinite von Neumann algebra A. The dual
map j* : AP — L,(N) is a complete surjection. Let u : Li(M) — L,(N) be
a completely bounded map and u* : L, (N) — M its adjoint map. Since M
is injective, we have a cb-norm preserving extension w : Li(A) — M°P. The

restriction @ of w*(M°P)* — A° to L1 (M) gives an extension of u : L (M) — AP
such that u = j*w* and

llles < Tullcollllealli™ lleo < ellulles.

Since L,(M) has cb-cotype p from Lemma 3.2 and j* is normal, we know from
Theorem A that j* is completely ¢-summing. Recall that the fact that A is injective
is used here to ensure that A(S}") = A ®min 5. Thus we conclude u = j*@ is also
completely g-summing. [l

Corollary 3.10. If M is finite and hyperfinite and
T:Li(M) — La(M)
is completely bounded, then the eigenvalues of T : Loy(M) — La(M) satisfy

(>, \Ak(T)Ff A

Proof. Tt is well-known [10, 3.4.3.13] that

(3, @) < =)

for 2 < g < co. Here A\ (T) are the eigenvalues in non-decreasing order. Let us take
the opportunity to correct an oversight in the proof. In [10, p.238] it was claimed

that ,
Hu Sp = [Hu Soos Hu 52}

2
P
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interpolates. However, this is not an interpolation couple. Instead, one has to use
Pisier’s factorization theorem and use that for a positive density d = (d;) € [[;, S
the spaces

LS, = cl({(d}/%id;/?”)' [ (2:)* = eulw)*eu € ([, 51)*}) <IL,$

form an interpolation scale, due to Kosaki’s interpolation theorem. In the rest of
the proof one works with these spaces. In order to push the result to ¢ = 2, we may
apply a standard tensor trick. Let m € N and j, : Lo(M®™) — L1(M®m) be the
natural completely contractive inclusion map. Then we deduce from Corollary 3.9
that

3
S

(S mmp)® =

v
/N
>
Ea
—~
N

®

INA
3
e
|
<3
/N
>
-
S
®
3
)
N—
Q=

m__ m m __m

< n¥E AT, < nEE o) 797,
We now claim that [|[7%™|, < ||T]|7. Indeed, given
T:Li(M)— Ly(M) and S:Li(N)— La(N),
we observe that
Li(M&N) -5 Li(M; Ly(N)) — La(N; Li(M)) = Lo(MEN)

where the middle map is a complete contraction by Minkowski’s inequality. Hence
we have ||T'® Sllep < ||T)leo||S|lep- Applying it m — 1 times, we deduce our claim
and therefore we get

m

(X mP) " <n¥%elo) T3,
k=1

Thus, taking m-th roots and sending (m, ¢) — (00, 2), the result follows. O

Corollary 3.11. Let 1 <p < oo and ¢ >pVp'. If M is hyperfinite and the map
T: M — M is normal with a factorization T = vw, where v : L,(M) — M and
w: M — L,(M) normal, both completely bounded. Then, we have

(D2, eI) " < e(p,q) [0]olle]cs

Proof. When p > 2, this follows from Theorem A because w : M — L,(M) is
completely g-summing and hence T' = vw is also completely g-summing. In the
case 1 < p < 2, we consider T* = w*v* and deduce from Corollary 3.9 that the
map v* : L1(M) — Ly (M) is completely ¢-summing. Following the eigenvalue
estimates from [10, p.238] and letting T, = T*|1,, we know that 77" is compact for
some m € N. Hence T™ is also compact and 7T is a Riesz operator. Recall that an
operator T': X — X is Riesz if for all € > 0 there exist n,m € N and y1, ..., Yy, such
that 7" (Bx) C U, yr + eBx. Fortunately, we know by a result of West which can
be found in [34, 3.2.26] that for a Riesz operator the eigenvalues sequence (A (7))
can be arranged so that (A\;(T)) = (A\(T*)). We also refer to [34, Section 3.2]
for the definition of the eigenvalue sequence respecting the algebraic multiplicity.
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Hence our estimate of the g-norm of (A;x(7%)) implies the same estimate for the
eigenvalue sequence of T : M — M. O

Remark 3.12. Let us consider an example. Given a sequence (px) € ¢, of positive
numbers, the cb-norm of the diagonal map A\/ﬁ tep1 € C— /i er1 € Cp is given
by

o0 1
|aye:C =Gyl = (X uk)” = laym: =],

k=1
Hence, A /; factors through S, and S;y and therefore the best possible exponent in
Corollary 3.11 is indeed pVp'. This also shows that Lemma 3.2 can not be essentially
improved, because C, = R,y C S, is a complemented subspace and hence we can
not have cotype 2, at most cotype p. However, for p = 2 we know that the exponent
is not attained in general because the little Grothendieck inequality fails in this form
[12]. Also hyperfiniteness is necessary, because in the free group algebra VN(F)
every diagonal operator A, (A(gx)) = pr A(gr), gk the generators, factors completely
through L,(VN(F)) whenever A, : R, N C, — RN C is completely bounded.
Note here that the span of the generators is completely complemented (see [40])
and we may therefore view these maps as defined on VN (F). That is, u € £ap.
Hence the eigenvalues are not in /.

3.4. Applications III. Fourier multipliers. Our last application is devoted to
Fourier multipliers. Let G be a discrete group and let VN (G) stand for the finite
von Neumann algebra generated by the left regular representation A. Given a
function ¢ : G — C, the corresponding Fourier multiplier A(g) — ¢(g)A\(g) will be
denoted by Ty.

Corollary 3.13. If2<p < g < oo and if
Ty : VN(G) — Ly(VN(G))
is completely bounded, then Ty : Ly(VN(G)) — L,(VN(G)) satisfies
1Ty - Ly(VN(@)) = L(VN(@)|,, < elp.0) | Ty : VN(C) — L(VN(@G))],.
Proof. The algebra C[G] of finite sums }° ayA(g) is dense in Ly (VN(G)) and
T3;(C[G]) C C[G]. This shows that Ty is normal. Theorem A gives two norm 1
elements a,b € Log(VN(G)) and a cb-map v : Ly(VN(G)) — L,(VN(G)) such

that Ty(z) = v(azd). Let 7 : VN(G) — VN(G)®VN(G) be the representation
given by m(A(g)) = A(g) ® A(g). Let us show that the map

Aap: 2 € Ly(VN(G)) — (1®a) m(z) (1@ b) € Ly(VN(G)RVN(G))

is completely contractive. This is obvious for ¢ = oo, while for g = 2
2 ) 5
| ar@@ar@n|, = 3 laglariop];
g
lall3 11013 Zg g |?

Jall2 161 | 3= A

On the other hand, note that id®v : Ly(VN(G)®VN(G)) — L,(VN(G)QVN(G))
is completely bounded. Indeed, id ® v : Ly(Ly) — L4(Lp) is clearly completely

IN
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bounded and the inclusion L,(L,) C L,(L,) is completely contractive. The latter

as

sertion follows regarding the involved spaces as conditional L, spaces and using

interpolation. Combining this with A, we find that

T(Ty(A(g)) = d(9)A(g) @ AMg) = Mg) ® v(ar(g)b) = (id ® v) A (A(g) © A(g)).

Finally, we observe that = : L,(VN(G)) — L,(VN(G)QVN(G)) is a completely
isometric embedding. This follows from the L, version of Fell absorption principle
[33]. Therefore, we conclude that T, = 77! (id @ v)Agyp is completely bounded. O

A
of
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