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ABSTRACT. We obtain hypercontrativity estimates for a large class of
semigroups defined on finite-dimensional matrix algebras M,,. These
semigroups arise from Poisson-like length functions ¢ on Z, x Z, and
provide new hypercontractive families of quantum channels when ¥ is
conditionally negative. We also study the optimality of our estimates.

Introduction

Hypercontractivity is a phenomenon which arises naturally in different
subjects. Originally, it was discovered in the early 70’s simultaneously in
harmonic analysis and quantum field theory. Since then, hypercontractivity
has found connections with many different areas of mathematics, we refer
to Gross’ excellent survey [15]. More recently, hypercontractivity estimates
appear to be of great interest in topics like complexity theory, classical and
quantum information and condense matter theory. We refer for instance to
[5, 18, 19, 20, 23] and the references therein.

Two fundamental results in the theory play the role of basic building
blocks for other more elaborated hypercontractivity estimates. The first
one is the so-called ‘two-point inequality’ originally proved by Bonami [10]
and independently by Gross [14]. This result can be considered as the birth
of the theory. Given 1 < p < ¢ < oo, it gives the optimal time above which
the Poisson semigroup on Zjy is contractive from L,(Zz) to Ly(Zz). From an
operator algebra viewpoint, it can be regarded as the Ornstein-Uhlenbeck
semigroup on the Clifford algebra with one generator. Bonami’s inequality
was essential for Beckner’s famous theorem on the optimal Hausdorff-Young
inequality [6]. Other applications to information theory are described in [15].
The second result is an optimal convexity inequality for matrices by Ball-
Carlen-Lieb in [4]. This was crucial to find the optimal hypercontractivity
estimates for the Ornstei n-Uhlenbeck semigroup defined on the fermonic
Clifford algebra, a long standing problem finally solved by Carlen-Lieb in
[11]. In conjunction with central limit-type of theorems, it has also been a
key tool to find several generalizations of Carlen-Lieb results [9, 17].
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Carlen and Lieb followed in [11] an inductive argument due to the tensor
product structure of the fermonic Clifford algebra, which can be represented
in the algebras Mign = ®;7’:1 M. In fact, most applications of the two-point
inequality and of Ball-Carlen-Lieb inequality are precisely based on iteration
arguments by finding a suitable tensor product structure in the problem.
This excludes very basic scenarios like the cyclic groups Z, or the matrix
algebras M,, when n is not a power of 2.

The aim of the present work is to transfer some recent results on the cyclic
groups [16, 26] to obtain hypercontractivity estimates for certain semigroups
defined on finite-dimensional matrix algebras M,,. More precisely, given
n > 1, consider the (n x n)-unitary matrices

n n

2mikj
U = e n ej; and v = g €; 747
Jj=1 Jj=1

for any 0 <k, <n — 1. Here j + ¢ stands for j +¢ mod n and e; ; denotes
the matrix with all entries equal zero up to the entry (,7), which equals
one. The key objects in the sequel will be the unitary matrices

wie = upvy forany 0<kf4<n-—1,

which form an orthonormal basis of M, (see Lemma 1.1). Let us denote by
G = Zy, X Zy, the cartesian product of the cyclic group Z,, with itself. Given
any function ¢ : Z,, x Z, — R, we will say that ¢ is a Poisson-like length
function whenever the following conditions hold

e Spectral gap: ¢ := ming-. 1¥(g) > 0,

e Subadditivity: (g +¢') < ¥(g) +¥(g'),
e Length conditions: ¥ (e) =0, ¥(g) = ¢¥(—g).

If in addition v is conditionally negative

Zag:0:> Z agap(h —g) <0,

geG g,heG

then we say that v is a conditionally negative Poisson-like length function
or c.n.P. length in short. We should warn the reader that our definition of
Poisson-like length in [16] already considered the conditionally negativity
and the so called exponential growth property. Given a Poisson-like length
1, consider the semigroup Sy ¢ : M, — M, determined by

Sy t(wye) = e*w’(k’@wk,g for any ¢ > 0.

Let L) denote the noncommutative Lj,-space on M, with respect to the
normalized trace trj,. In other words, Ly is just M, equipped with the norm

1ALy = —te(|AP)/?.

nl/P

Our main result provides the following hypercontractivity estimates for Sy, ;.
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Theorem A. Let
Vi Ly X Ly — Ry
be a Poisson-like length satisfying the growth condition
Ng() := [{(k,0) € Zy x Zy : (k,0) < R}| < Cp"
for any R >0 and certain C,p > 0. Then, the following holds:

(i) For any even integer q we have
[Spe s Ly = Ly|| =1 forall t>t(q,C,p,0),

where t; = max {%((% - %) log(2Cp%) + % log(q — 1)>,log p}.
(i1) If ¢ is also conditionally negative and 1 < p < ¢ < oo

HSw,t t Ly — LZH =1 forall t>tsp,q,C,p,0),
where ty = max {%(% log(2Cp?) + %log 3),10g p} log <%>.

Remarkably, the unitaries wy ¢ are very well-known in different contexts
of quantum information and computation like quantum codes [8, 13, 22],
quantum channel theory [1, 2] and so on. Note that in the case k = ¢ =1
we are dealing essentially with the Pauli matrices. An explicit formulation
of Theorem A (ii) in terms of these unitaries is

- n—1 n—1

11 —typ (ke

ne-al Y ap e )wk,ﬂ‘SnSH ak,fwkl’Sn
k,0—0 q k=0 P

for any ay, € C and t > ta2(p, q,C, p,0). According to Schoenberg’s theorem
Syt is a unital, normal, completely positive and trace preserving map when
1 is conditionally negative. Therefore, in this situation our semigroups are
formed by doubly-stochastic quantum channels (completely positive, unital
and trace preserving maps). Since hypercontractivity has been shown to be
a very useful tool to find bounds on the convergence time of semigroups of
quantum channels [12, 18, 19], our results could be of interest in quantum
information theory. Actually, similar results have been already studied for
semigroups consisting of tensor products of g-bits channels, i.e. of the form
e ttHn @ ... @ e tnHn acting on Man, where the tensor product structure
was crucially exploited by the authors, see for instance [21, 24].

The main novelties of Theorem A are three. The first one is clearly the
fact that we consider general matrix algebras M,,, lacking a tensor product
structure. The second one is the generality of our semigroups, defined by
means of very few restrictions on the generating function 1. As we shall
explain, our conditions are either necessary for hypercontractivity or very
natural. The third one is that the time ¢ provided in Theorem A is optimal
in different senses. More precisely, when ¢ >> max{C, p} we obtain a time
of order % log(q — 1), which is optimal. Moreover, when p >> max{q, C'}
we get a time of order log p, which cannot be improved.
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The key point to prove Theorem A is that the combinatorics involved in
the problem are exactly the same as those appearing when one studies the
Poisson semigroup on Z, X Z, associated to a function ¢, for which some
hypercontractivity results are obtained in [16, 26]. That is, even when no
group von Neumann algebra is described by the matrix algebra M,,, the
results developed in [26] can be transfered to the matrix algebra setting
whenever we consider ¢ an even integer.

The price for a general statement like Theorem A is that the result might
be not optimal for concrete choices of lengths. It is important to point out
that for such lengths, one may use transference from a more sophisticated
combinatorial approach in [16]. As an example which is particularly relevant
in harmonic analysis, we will treat here the case of the standard conditionally
negative Poisson-like length function on Z, X Z, defined by the metric of
the Cayley graph

|(k,£)] = min{k,n — k} + min{l,n — (}.
In the following result we find the optimal hypercontractivity time.
Theorem B. Givenn > 4
n n 1
ISj1.0: L5 = Ly]| = 1 ¢ > S log(q — 1)
whenever one of the following conditions hold

(i) ¢ € 2Z4 and n is even orn =5,
(ii) g € 2Z4 and n > T is odd with n > q.

In particular, for any 1 <p < g < oo and n > 4 we find that

n n log 3 qg—1
ISue: Ly = Lgll =1 forall > =5 log<p_1>.

As pointed in [16], one could follow a similar approach to deal with other
functions ¥ and groups. However, the dependance on certain computational
calculus forces that every proof must be done independently. We refer to [16]
for an explanation of the general method which could be used to generalize
Theorem B above to other concrete lengths which might be of interest.

1. Proof of Theorem A

In this section, we shall prove Theorem A and analyze its optimality in
various aspects. We begin with a collection of properties of the unitary
matrices wy, ¢ introduced above. The proof is trivial.

Lemma 1.1. Given 0 < k, £ <n — 1, we have:

(1) upuy = wpu = Upty and VRV = VeV = Vkyg.
.. _ 2mikt
(i) ugve = e n wvouy and trp(wke) = 6(k,0=(0,0)-
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(iii) (wg,e)f o= s a Hilbert-Schmidt orthonormal basis of M, with respect
to the inner product (u,v) = try(uv®).

Let us recall some basic notions of harmonic analysis on the finite abelian
group G = Zy, X Zy,. Let us equip G with the counting measure, so that its
Pontryagin dual G = G is endowed with the normalized measure. Then the
family

~ 2mwi((k,£), )

Wge =€ n for 0<k{<n-1
forms an orthonormal basis of 62(@). Moreover, it satisfies the analog of
Lemma 1.1 (iii). Namely7 we have trg(wg ) = 5(k 0)=(0,0), Where the trace is

given by trg(f) = nQ Z(a e f(a,b). Given f : G— C, we may decompose

F= > fk )i,

0<k<n—1

where the (k:,f)—th Fourier coefficient of f is given by
2mi{(k.0).(0.0))
Z Fla,b)e" .

(a beG

For a Poisson-like length v : G — R, its Poisson semigroup P ; is given by
Pyt (W) = e WROg, .

This semigroup is known to satisfy some hypercontractivity properties. More
precisely, it is established in [26, Proposition 13] and in [16, Theorem B|
that for any Poisson-like length function v with order of growth given by
Ngr(1) < Cpft (recall the definition of N(¢)) in the statement of Theorem
A) and any 2 < ¢ < oo we have

(1.1) || Pyt : Lo(Zn X Zn) — Lg(Zn X Zy)|| =1 forall ¢ > ti(q,C,p,0)
for some time t1(q, C, p, o). Ricard and Xu’s result [26] yields a better time

L((2 = Y 1og0s) + T10g(g - 1) log ).
2 gq 2

t(Q> Ca Py U) = max {E

Their estimate relies on a deep result, an extension of the Ball-Carlen-Lieb
convexity inequality to any semifinite von Neumann algebra. Note that they
proved it in the normalized situation ¢ = 1, but we can deduce the time
t1(q,C, p, o) for any spectral gap o by keeping track of the parameter o in
their proof. In contrast, the arguments in [16] are much more elementary
and the proof of Theorem B there is rather simple and relies entirely on a
combinatorial approach.

Proof of Theorem A. Our transference argument relies on the fact that
Py+ and Sy ¢ act similarly on the orthonormal basis (wge)o<ke<n—1 and
(W ¢)o<k,e<n—1 respectively, which share the property that its trace is zero
except when (k,f) = (0,0). The lack of commutativity of the wy ’s yields
an additional (unimodular) phase when computing the Lg-norm for an even
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integer ¢, which can be killed after a triangular inequality thanks to the
unconditionality of the Lo-norm. We claim that for q € 2Z

(1.2) 1Sy : Ly — L2|| < ||Pyt : La(Zgy X Zn) = Lo(Zny x Zyy))-

Thus Theorem A (i) will follow by (1.1). Indeed, we will prove that for
any even integer ¢ and any matrix A = ZZ}LO arowy ¢ € M, the following
estimate holds

(13)  Sue Dl < 1Pya(Hllg < [PuillooIfll2 =[Pyl I Al2:

where
n—1

f= Z |ak7@’1f17k7g S Loo(Zn X Zn).
k(=0
The last identity of (1.3) is clear by unconditionality of the Lo-norm. Thus
it suffices to justify the first inequality. For any even integer ¢, we may write
”Sw,t(A)H%g as follows

—t3; ¢(/fjafj)trn<

[ * *
E : kg 0y Ahg g " "~ Qg 0 € Wiy 0y Wk to 'wkq,zq)'

(k;j05)ELn X Ln,
1<j<q

According to Lemma 1.1 (ii), this can be written as

_ 5 (ks b
Z ak‘l,élakQ,eg .o akq7£qe tz] w( J ])a(klaela PP 7k(p£q)
(k]’ ,fj)EZn XL,

—ky kg — kg =0

—l1Hlo—-4Lq=0
where a(ki, 41, - , kg, {q) is a complex number of modulus one coming from
the commutation r elations given in Lemma 1.1 (ii). Thus, by the triangular
inequality we get

ISy (A%, < > |Gy 1 Gy s+~ Ut g, € 2 VR ),
(k;j,0j)ELn X L,
—ky ko —-Akg=0
—l1tLly—+Lg=0
Observe that similar computations replacing the matrix unitary wy, ¢ by the
commutative unitary wy ¢ yield that the right hand side above is equal to
[Pyt (f) Ly (2 x2)- This proves (1.3) and ends the proof of Theorem A (i).

If 4 is in addition conditionally negative, Sy, is a unital cp-map by
Schoenberg’s theorem and it has positive maximizers, see [16, Lemma 1.1]
for details. In that case, we may combine Gross’ extrapolation technique
with interpolation results to deduce L, — L, hypercontractivity estimates
from Ly — L4 ones. Namely, if we have H&M LY — LZH =1forallt >to4
then we claim that for any 1 < p < ¢ < oo we have HSTN s Ly — LgH =1
for all t > t3 4log(q—1/p—1). We refer to [16, Appendix A] for a proof with
the time t94 = % log 3, where we used the L,-regularity of the associated
Dirichlet form coming from [25] in the tracial case. Then our claim follows
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by adapting these arguments for an arbitrary time ¢2 4. Applying it to the
time to 4 = t1(4, C, p, o) obtained in Theorem A (i) yields assertion (ii). O

Remark 1.2. We claim that

1 1 /q—2
|Sps: Ly = L[ =1 =t > max{%log(q— 1), maxz/;< )logn}

This proves certain optimality in the order of our estimates:

a) When ¢ is large compared to p and C, the hypercontractivity time
in Theorem A (i) behaves like 5= log(q — 1), which is optimal from
the claim above.

b) When p is large compared to ¢ and C the time we find in Theorem A
(i) behaves like log p, which (especially for o ~ 1) coincides with the
order of our lower estimate above. Indeed, for C' = 1 for instance,

we have p® < n? and obtain that ¢ must be greater than or equal to
g

mamp( ) log p. Tt is easy to see that by letting p = n?/7 we get
Ngr(¥) <n? = p° < pf since R > o.

Let us justify our claim. To prove the first lower estimate ¢ > % log(q — 1)
we may use a well-known argument which in fact works for arbitrary indices
l<p<g<oo

(1.4) Sy : L —>L”H—1:>t>—log( _1)

To see this, pick (k,¢) € Zy, X Zy, with ¢(k,¢) = 0 and £ > 0. Define

I+ e(wk,g + w;;’g) if (k‘,f) 75 (%, %)
A=< I +ewymnm if n =0 mod 4 and (

I +icwy o p/2 if n =2 mod 4 and (

= (%.3)
(ﬂ n
272

In the first case try, (wg¢) = trp(w? ;) = try((w} ,)?) = trn(w ’

7

RS

)=
P
|Alln = [trn((1+2€(wu+ww)—l—€ (wH—I—(wM +2I) )2>

}

= [tra (1 + pe(wre +wig) + 2o = D(wh + (wi )2 +21) + o(?)) |

3=

1
= (1 +p(p—1)e* + 0(52)) P =14 (p—1)e*+o(e?).
The same computation yields
1Sps( Al =1+ (g — e 7e* + o(?).

Thus, by comparing these two norms we easily obtain (1.4). In the case
(k,0) = (5, %), since w?l/Q’nm = (—1)™2I the same argument gives rise to
the identity
1
14l =1+ 5(p = 1)e* + o(e?)

and we obtain the same conclusion, which completes the proof of (1.4).
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Let us now prove the second lower estimate

1 qg—2
t>
T max1 2q

log n.

Assume that [|Sy ¢||2—sg = 1 and let A = ZZ,ZiO agwie € My,. Then, we
may write A; = Zk,e ak,getw(k’e)ww so that Sy A; = A. This yields

= t(k,0) |2 1/2 t
lAllzy < (D2 lanee®012) 7 < etmev) A .
k=0

Q=

1
Since [[id : Ly — Ly|| =n? ¢, we deduce that ¢ must satisfy

11 1 1 1
> (7 — 7> logn.
q

T maxtp \2

Remark 1.3. Our conditions on the generating lengths v : Z,, x Z,, — Ry
are not very restrictive. Namely, the existence of a spectral gap ¢ > 0
is a necessary condition for hypercontractivity. On the other hand, the
conditional negativity, subadditivity and symmetry of the length are very
natural in this context. We refer to [16] for more detailed explanations.

2. Proof of Theorem B

In the proof of Theorem A we have seen that, to study the Ly — Ly
hypercontractivity of Sy for ¢ an even integer, it suffices to study the
hypercontractivity Lo(Zy X Z,) — L¢(Zy,, X Zy) of the Poisson semigroup
Py+. Moreover, if the length ¢ on Z, x Z, arises from a (conditionally
negative) Poisson-like length function ¢ on Z,, as follows

(2.1) Y(k,0) = (k) + o) forany 0<k¢<n-—1,

then hypercontractivity estimates for the Poisson semigroup P, ; associated
with ¢ yield similar hypercontractive estimates for Py, ;. This follows from a
general transference result of Bonami, who related, for any compact abelian
group G, hypercontractivity in G and in the infinite cartesian product G*
by using Minkowski’s inequality [10, Theorem III.2]. In our case, we can
transfer Lo — L, hypercontractive estimates with direct arguments. In
fact, we can prove that for any 2 < ¢ < oo

(2.2) [Py Lo(Zn X Zn) — Lg(Zn X Zy)|| < |[Ppy : La(Zn) — Lg(Zn)|*.
Recall that the Poisson semigroup P, ; associated with ¢ is given by

Poi(Wy) = e g,

for any 0 < k < m — 1, where the family w; = e%vilk', 0<k<n-1

defines an orthonormal basis of the complex valued function on Z,. Let
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[+ Zyn x Ly, — C, since Wy ¢(a,b) = w(a)we(b) we can write

1Pyt (g (2axza) = (ig Z ‘ Z Fk, 0)e R0, (a, b)‘q>

1/q

IN

n—1
1 1/q
\I%,t\lwq(n;Hfbllig(zn)> :
=0

where f, = Y121 fy(k)y, is given by fi(k) = Y00 Fk, 0)e O w,(b). The
triangular inequality in L, /5(Zy) then yields

n—1 n-1 Jan1/
1Pyt (N Lyznxza) < IP ,t”?ﬁq(% > (% > \fb(k‘)|q>2 q)l 2
b=0

k=0
2 1/2
o)

=P AM({LZI | nzlﬂk,f)ew%e(
k=0 (=0

< HP 7t||%~>q||f||L2(ZnXZn)7

which proves (2.2). In conclusion, whenever the length 1 is of the form (2.1)
for some length ¢ on Z,, we are reduced to the hypercontractivity of the
Poisson semigroup P, ; defined on Z,. In particular, a natural Poisson-like
length function on Z,, is the word length

p(k) =min(k,n — k) forany 0<k<n-—1.

Moreover, it is proved in [16, Appendix B] that this length is conditionally
negative. By using a combinatorial approach much more involved than
the one used to get non-optimal hypercontractive estimates as in (1.1), in
conjunction with some numerical estimates, we obtained in [16, Theorem
A.3] the optimal hypercontractivity time for the Poisson semigroup P, ¢
associated with the word length function on Z,. Namely, we established
that for any n > 4

1
(2.3) IPeyt = La(Zn) = Lo(Zn)|| =1 &t 2 S log(q — 1)
whenever one of the following conditions hold

i) ¢ € 2Z" and n is even or n = 5,
ii) ¢ € 2Z* and n > 7 is odd with n > q.

This result can be regarded as an extension of the two-point inequality which
establishes the case n = 2. The case n = 4 was then deduced by using a
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reduction argument in [7], whereas the case n = 5 was proved by Andersson
in [3]. We studied in [16] the remaining open cases n > 6. When n = 3
the presence of a 3-loop in the Cayley graph prevents from obtaining the
expected optimal time, and in fact the optimal time in this case is not even
conjectured. This serves to prove Theorem B.

Proof of Theorem B. First observe that the word length | | on Z,, X Z,, is
clearly of the form (2.1) and arises from the word length ¢(k) = min(k, n—k)
on Zy,. Hence || is a c.n.P length. By combining the transference result (2.2)
between Py ; and P, with the optimal hypercontractivity for P, ; stated
in (2.3), we obtain that for any 2 < ¢ < co

1
HP\H t Lo(Zn X Zn) = Lo(Zp x Z)|| =1 forall > 510g(q —1).
Using (1.2) from the proof of Theorem A, we deduce that for any q € 2Z,
1
ISy s L8 = Ly =1 forall ¢ > loga—1).

Moreover, this is optimal by (1.4). Finally, the conditional negativity of | |
allows us to apply Gross’ extrapolation technique as in the proof of Theorem
A (ii) with to4 = %logS to get Ly — Ly hypercontractive estimates. O
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