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Abstract. We obtain hypercontrativity estimates for a large class of
semigroups defined on finite-dimensional matrix algebras Mn. These
semigroups arise from Poisson-like length functions ψ on Zn × Zn and
provide new hypercontractive families of quantum channels when ψ is
conditionally negative. We also study the optimality of our estimates.

Introduction

Hypercontractivity is a phenomenon which arises naturally in different
subjects. Originally, it was discovered in the early 70’s simultaneously in
harmonic analysis and quantum field theory. Since then, hypercontractivity
has found connections with many different areas of mathematics, we refer
to Gross’ excellent survey [15]. More recently, hypercontractivity estimates
appear to be of great interest in topics like complexity theory, classical and
quantum information and condense matter theory. We refer for instance to
[5, 18, 19, 20, 23] and the references therein.

Two fundamental results in the theory play the role of basic building
blocks for other more elaborated hypercontractivity estimates. The first
one is the so-called ‘two-point inequality’ originally proved by Bonami [10]
and independently by Gross [14]. This result can be considered as the birth
of the theory. Given 1 < p ≤ q <∞, it gives the optimal time above which
the Poisson semigroup on Z2 is contractive from Lp(Z2) to Lq(Z2). From an
operator algebra viewpoint, it can be regarded as the Ornstein-Uhlenbeck
semigroup on the Clifford algebra with one generator. Bonami’s inequality
was essential for Beckner’s famous theorem on the optimal Hausdorff-Young
inequality [6]. Other applications to information theory are described in [15].
The second result is an optimal convexity inequality for matrices by Ball-
Carlen-Lieb in [4]. This was crucial to find the optimal hypercontractivity
estimates for the Ornstei n-Uhlenbeck semigroup defined on the fermonic
Clifford algebra, a long standing problem finally solved by Carlen-Lieb in
[11]. In conjunction with central limit-type of theorems, it has also been a
key tool to find several generalizations of Carlen-Lieb results [9, 17].
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Carlen and Lieb followed in [11] an inductive argument due to the tensor
product structure of the fermonic Clifford algebra, which can be represented
in the algebras M2n =

⊗n
j=1M2. In fact, most applications of the two-point

inequality and of Ball-Carlen-Lieb inequality are precisely based on iteration
arguments by finding a suitable tensor product structure in the problem.
This excludes very basic scenarios like the cyclic groups Zn or the matrix
algebras Mn when n is not a power of 2.

The aim of the present work is to transfer some recent results on the cyclic
groups [16, 26] to obtain hypercontractivity estimates for certain semigroups
defined on finite-dimensional matrix algebras Mn. More precisely, given
n ≥ 1, consider the (n× n)-unitary matrices

uk =

n∑
j=1

e
2πikj
n ej,j and v` =

n∑
j=1

ej,j+`

for any 0 ≤ k, ` ≤ n− 1. Here j + ` stands for j + ` mod n and ei,j denotes
the matrix with all entries equal zero up to the entry (i, j), which equals
one. The key objects in the sequel will be the unitary matrices

wk,` = ukv` for any 0 ≤ k, ` ≤ n− 1,

which form an orthonormal basis of Mn (see Lemma 1.1). Let us denote by
G = Zn×Zn the cartesian product of the cyclic group Zn with itself. Given
any function ψ : Zn × Zn → R+, we will say that ψ is a Poisson-like length
function whenever the following conditions hold

• Spectral gap: σ := ming 6=e ψ(g) > 0,
• Subadditivity: ψ(g + g′) ≤ ψ(g) + ψ(g′),
• Length conditions: ψ(e) = 0, ψ(g) = ψ(−g).

If in addition ψ is conditionally negative∑
g∈G

ag = 0⇒
∑
g,h∈G

agahψ(h− g) ≤ 0,

then we say that ψ is a conditionally negative Poisson-like length function
or c.n.P. length in short. We should warn the reader that our definition of
Poisson-like length in [16] already considered the conditionally negativity
and the so called exponential growth property. Given a Poisson-like length
ψ, consider the semigroup Sψ,t : Mn →Mn determined by

Sψ,t(wk,`) = e−tψ(k,`)wk,` for any t ≥ 0.

Let Lnp denote the noncommutative Lp-space on Mn with respect to the
normalized trace trn. In other words, Lnp is just Mn equipped with the norm

‖A‖Lnp =
1

n1/p
tr(|A|p)1/p.

Our main result provides the following hypercontractivity estimates for Sψ,t.
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Theorem A. Let
ψ : Zn × Zn → R+

be a Poisson-like length satisfying the growth condition

NR(ψ) :=
∣∣{(k, `) ∈ Zn × Zn : ψ(k, `) ≤ R

}∣∣ ≤ CρR
for any R ≥ 0 and certain C, ρ > 0. Then, the following holds :

(i) For any even integer q we have∥∥Sψ,t : Ln2 → Lnq
∥∥ = 1 for all t ≥ t1(q, C, ρ, σ),

where t1 = max
{

1
σ

((
1
2 −

1
q

)
log(2Cρσ) + 1

2 log(q − 1)
)
, log ρ

}
.

(ii) If ψ is also conditionally negative and 1 < p ≤ q <∞∥∥Sψ,t : Lnp → Lnq
∥∥ = 1 for all t ≥ t2(p, q, C, ρ, σ),

where t2 = max
{

1
σ

(
1
4 log(2Cρσ) + 1

2 log 3
)
, log ρ

}
log
(
q−1
p−1

)
.

Remarkably, the unitaries wk,` are very well-known in different contexts
of quantum information and computation like quantum codes [8, 13, 22],
quantum channel theory [1, 2] and so on. Note that in the case k = ` = 1
we are dealing essentially with the Pauli matrices. An explicit formulation
of Theorem A (ii) in terms of these unitaries is

n
1
p
− 1
q

∥∥∥ n−1∑
k,`=0

ak,`e
−tψ(k,`)wk,`

∥∥∥
Snq
≤
∥∥∥ n−1∑
k,`=0

ak,`wk,`

∥∥∥
Snp

for any ak,` ∈ C and t ≥ t2(p, q, C, ρ, σ). According to Schoenberg’s theorem
Sψ,t is a unital, normal, completely positive and trace preserving map when
ψ is conditionally negative. Therefore, in this situation our semigroups are
formed by doubly-stochastic quantum channels (completely positive, unital
and trace preserving maps). Since hypercontractivity has been shown to be
a very useful tool to find bounds on the convergence time of semigroups of
quantum channels [12, 18, 19], our results could be of interest in quantum
information theory. Actually, similar results have been already studied for
semigroups consisting of tensor products of q-bits channels, i.e. of the form
e−t1Hn ⊗ · · · ⊗ e−tnHn acting on M2n , where the tensor product structure
was crucially exploited by the authors, see for instance [21, 24].

The main novelties of Theorem A are three. The first one is clearly the
fact that we consider general matrix algebras Mn, lacking a tensor product
structure. The second one is the generality of our semigroups, defined by
means of very few restrictions on the generating function ψ. As we shall
explain, our conditions are either necessary for hypercontractivity or very
natural. The third one is that the time t provided in Theorem A is optimal
in different senses. More precisely, when q >> max{C, ρ} we obtain a time
of order 1

2σ log(q − 1), which is optimal. Moreover, when ρ >> max{q, C}
we get a time of order log ρ, which cannot be improved.
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The key point to prove Theorem A is that the combinatorics involved in
the problem are exactly the same as those appearing when one studies the
Poisson semigroup on Zn × Zn associated to a function ψ, for which some
hypercontractivity results are obtained in [16, 26]. That is, even when no
group von Neumann algebra is described by the matrix algebra Mn, the
results developed in [26] can be transfered to the matrix algebra setting
whenever we consider q an even integer.

The price for a general statement like Theorem A is that the result might
be not optimal for concrete choices of lengths. It is important to point out
that for such lengths, one may use transference from a more sophisticated
combinatorial approach in [16]. As an example which is particularly relevant
in harmonic analysis, we will treat here the case of the standard conditionally
negative Poisson-like length function on Zn × Zn defined by the metric of
the Cayley graph

|(k, `)| = min{k, n− k}+ min{`, n− `}.

In the following result we find the optimal hypercontractivity time.

Theorem B. Given n ≥ 4∥∥S| |,t : Ln2 → Lnq
∥∥ = 1⇔ t ≥ 1

2
log(q − 1)

whenever one of the following conditions hold

(i) q ∈ 2Z+ and n is even or n = 5,
(ii) q ∈ 2Z+ and n ≥ 7 is odd with n ≥ q.

In particular, for any 1 < p ≤ q <∞ and n ≥ 4 we find that∥∥Sψ,t : Lnp → Lnq
∥∥ = 1 for all t ≥ log 3

2
log
(q − 1

p− 1

)
.

As pointed in [16], one could follow a similar approach to deal with other
functions ψ and groups. However, the dependance on certain computational
calculus forces that every proof must be done independently. We refer to [16]
for an explanation of the general method which could be used to generalize
Theorem B above to other concrete lengths which might be of interest.

1. Proof of Theorem A

In this section, we shall prove Theorem A and analyze its optimality in
various aspects. We begin with a collection of properties of the unitary
matrices wk,` introduced above. The proof is trivial.

Lemma 1.1. Given 0 ≤ k, ` ≤ n− 1, we have :

(i) uku` = u`uk = uk+` and vkv` = v`vk = vk+`.

(ii) ukv` = e−
2πik`
n v`uk and trn(wk,`) = δ(k,`)=(0,0).
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(iii) (wk,`)
n
k,`=1 is a Hilbert-Schmidt orthonormal basis of Mn with respect

to the inner product 〈u, v〉 = trn(uv∗).

Let us recall some basic notions of harmonic analysis on the finite abelian
group G = Zn × Zn. Let us equip G with the counting measure, so that its

Pontryagin dual Ĝ = G is endowed with the normalized measure. Then the
family

w̃k,` = e
2πi〈(k,`), · 〉

n for 0 ≤ k, ` ≤ n− 1

forms an orthonormal basis of `2(Ĝ). Moreover, it satisfies the analog of
Lemma 1.1 (iii). Namely, we have trG(w̃k,`) = δ(k,`)=(0,0), where the trace is

given by trG(f) = 1
n2

∑
(a,b)∈Ĝ f(a, b). Given f : Ĝ→ C, we may decompose

f =
∑

0≤k,`≤n−1
f̂(k, `)w̃k,`,

where the (k, `)-th Fourier coefficient of f is given by

f̂(k, `) =
1

n2

∑
(a,b)∈Ĝ

f(a, b)e−
2πi〈(k,`),(a,b)〉

n .

For a Poisson-like length ψ : G→ R+ its Poisson semigroup Pψ,t is given by

Pψ,t
(
w̃k,`

)
= e−tψ(k,`)w̃k,`.

This semigroup is known to satisfy some hypercontractivity properties. More
precisely, it is established in [26, Proposition 13] and in [16, Theorem B]
that for any Poisson-like length function ψ with order of growth given by
NR(ψ) ≤ CρR (recall the definition of NR(ψ) in the statement of Theorem
A) and any 2 ≤ q <∞ we have

(1.1)
∥∥Pψ,t : L2(Zn×Zn)→ Lq(Zn×Zn)

∥∥ = 1 for all t ≥ t1(q, C, ρ, σ)

for some time t1(q, C, ρ, σ). Ricard and Xu’s result [26] yields a better time

t(q, C, ρ, σ) = max
{ 1

σ

((1

2
− 1

q

)
log(2Cρσ) +

1

2
log(q − 1)

)
, log ρ

}
.

Their estimate relies on a deep result, an extension of the Ball-Carlen-Lieb
convexity inequality to any semifinite von Neumann algebra. Note that they
proved it in the normalized situation σ = 1, but we can deduce the time
t1(q, C, ρ, σ) for any spectral gap σ by keeping track of the parameter σ in
their proof. In contrast, the arguments in [16] are much more elementary
and the proof of Theorem B there is rather simple and relies entirely on a
combinatorial approach.

Proof of Theorem A. Our transference argument relies on the fact that
Pψ,t and Sψ,t act similarly on the orthonormal basis (w̃k,`)0≤k,`≤n−1 and
(wk,`)0≤k,`≤n−1 respectively, which share the property that its trace is zero
except when (k, `) = (0, 0). The lack of commutativity of the wk,`’s yields
an additional (unimodular) phase when computing the Lq-norm for an even
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integer q, which can be killed after a triangular inequality thanks to the
unconditionality of the L2-norm. We claim that for q ∈ 2Z+

(1.2)
∥∥Sψ,t : Ln2 → Lnq

∥∥ ≤ ∥∥Pψ,t : L2(Zn × Zn)→ Lq(Zn × Zn)
∥∥.

Thus Theorem A (i) will follow by (1.1). Indeed, we will prove that for

any even integer q and any matrix A =
∑n−1

k,`=0 ak,`wk,` ∈Mn, the following
estimate holds

(1.3) ‖Sψ,t(A)‖q ≤ ‖Pψ,t(f)‖q ≤
∥∥Pψ,t∥∥2→q‖f‖2 =

∥∥Pψ,t∥∥2→q‖A‖2,
where

f =
n−1∑
k,`=0

|ak,`|w̃k,` ∈ L∞(Zn × Zn).

The last identity of (1.3) is clear by unconditionality of the L2-norm. Thus
it suffices to justify the first inequality. For any even integer q, we may write
‖Sψ,t(A)‖qLnq as follows∑

(kj ,`j)∈Zn×Zn
1≤j≤q

ak1,`1ak2,`2 · · · akq ,`qe
−t

∑
j ψ(kj ,`j)trn

(
w∗k1,`1wk2,`2 · · ·w

∗
kq ,`q

)
.

According to Lemma 1.1 (ii), this can be written as∑
(kj ,`j)∈Zn×Zn
−k1+k2−···+kq=0
−`1+`2−···+`q=0

ak1,`1ak2,`2 · · · akq ,`qe
−t

∑
j ψ(kj ,`j)α(k1, `1, · · · , kq, `q)

where α(k1, `1, · · · , kq, `q) is a complex number of modulus one coming from
the commutation r elations given in Lemma 1.1 (ii). Thus, by the triangular
inequality we get

‖Sψ,t(A)‖qLnq ≤
∑

(kj ,`j)∈Zn×Zn
−k1+k2−···+kq=0
−`1+`2−···+`q=0

|ak1,`1ak2,`2 · · · akq ,`q |e
−t

∑
j ψ(kj ,`j).

Observe that similar computations replacing the matrix unitary wk,` by the
commutative unitary w̃k,` yield that the right hand side above is equal to
‖Pψ,t(f)‖Lq(Zn×Zn). This proves (1.3) and ends the proof of Theorem A (i).

If ψ is in addition conditionally negative, Sψ,t is a unital cp-map by
Schoenberg’s theorem and it has positive maximizers, see [16, Lemma 1.1]
for details. In that case, we may combine Gross’ extrapolation technique
with interpolation results to deduce Lp → Lq hypercontractivity estimates
from L2 → L4 ones. Namely, if we have

∥∥Sψ,t : Ln2 → Ln4
∥∥ = 1 for all t ≥ t2,4

then we claim that for any 1 < p ≤ q < ∞ we have
∥∥Sψ,t : Lnp → Lnq

∥∥ = 1
for all t ≥ t2,4 log(q−1/p−1). We refer to [16, Appendix A] for a proof with
the time t2,4 = 1

2σ log 3, where we used the Lp-regularity of the associated
Dirichlet form coming from [25] in the tracial case. Then our claim follows
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by adapting these arguments for an arbitrary time t2,4. Applying it to the
time t2,4 = t1(4, C, ρ, σ) obtained in Theorem A (i) yields assertion (ii). �

Remark 1.2. We claim that∥∥Sψ,t : Ln2 → Lnq
∥∥ = 1 ⇒ t ≥ max

{ 1

2σ
log(q − 1),

1

maxψ

(q − 2

2q

)
log n

}
.

This proves certain optimality in the order of our estimates:

a) When q is large compared to ρ and C, the hypercontractivity time
in Theorem A (i) behaves like 1

2σ log(q − 1), which is optimal from
the claim above.

b) When ρ is large compared to q and C the time we find in Theorem A
(i) behaves like log ρ, which (especially for σ ∼ 1) coincides with the
order of our lower estimate above. Indeed, for C = 1 for instance,
we have ρσ ≤ n2 and obtain that t must be greater than or equal to
σ

maxψ

(
q−2
4q

)
log ρ. It is easy to see that by letting ρ = n2/σ we get

NR(ψ) ≤ n2 = ρσ ≤ ρR since R ≥ σ.

Let us justify our claim. To prove the first lower estimate t ≥ 1
2σ log(q − 1)

we may use a well-known argument which in fact works for arbitrary indices
1 < p ≤ q <∞

(1.4)
∥∥Sψ,t : Lnp → Lnq

∥∥ = 1 ⇒ t ≥ 1

2σ
log
(q − 1

p− 1

)
.

To see this, pick (k, `) ∈ Zn × Zn with ψ(k, `) = σ and ε > 0. Define

A =


I + ε(wk,` + w∗k,`) if (k, `) 6=

(
n
2 ,

n
2

)
I + εwn/2,n/2 if n ≡ 0 mod 4 and (k, `) =

(
n
2 ,

n
2

)
I + iεwn/2,n/2 if n ≡ 2 mod 4 and (k, `) =

(
n
2 ,

n
2

)
.

In the first case trn(wk,`) = trn(w2
k,`) = trn((w∗k,`)

2) = trn(w∗k,`) = 0 and

‖A‖Lnp =
[
trn

((
I + 2ε(wk,` + w∗k,`) + ε2(w2

k,` + (w∗k,`)
2 + 2I)

) p
2

)] 1
p

=
[
trn

(
I + pε(wk,` + w∗k,`) +

p

2
(p− 1)ε2(w2

k,` + (w∗k,`)
2 + 2I) + o(ε2)

)] 1
p

=
(

1 + p(p− 1)ε2 + o(ε2)
) 1
p

= 1 + (p− 1)ε2 + o(ε2).

The same computation yields

‖Sψ,t(A)‖Lnq = 1 + (q − 1)e−2tσε2 + o(ε2).

Thus, by comparing these two norms we easily obtain (1.4). In the case

(k, `) = (n2 ,
n
2 ), since w2

n/2,n/2 = (−1)n/2I the same argument gives rise to

the identity

‖A‖Lnp = 1 +
1

2
(p− 1)ε2 + o(ε2)

and we obtain the same conclusion, which completes the proof of (1.4).
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Let us now prove the second lower estimate

t ≥ 1

maxψ

q − 2

2q
log n.

Assume that ‖Sψ,t‖2→q = 1 and let A =
∑n−1

k,`=0 ak,`wk,` ∈ Mn. Then, we

may write At =
∑

k,` ak,`e
tψ(k,`)wk,` so that Sψ,tAt = A. This yields

‖A‖Lnq ≤
( n−1∑
k,`=0

|ak,`etψ(k,`)|2
)1/2

≤ etmaxψ‖A‖Ln2 .

Since ‖id : Ln2 → Lnq ‖ = n
1
2
− 1
q , we deduce that t must satisfy

etmaxψ ≥ n
1
2
− 1
q ⇒ t ≥ 1

maxψ

(1

2
− 1

q

)
log n.

Remark 1.3. Our conditions on the generating lengths ψ : Zn × Zn → R+

are not very restrictive. Namely, the existence of a spectral gap σ > 0
is a necessary condition for hypercontractivity. On the other hand, the
conditional negativity, subadditivity and symmetry of the length are very
natural in this context. We refer to [16] for more detailed explanations.

2. Proof of Theorem B

In the proof of Theorem A we have seen that, to study the Ln2 → Lnq
hypercontractivity of Sψ,t for q an even integer, it suffices to study the
hypercontractivity L2(Zn × Zn) → Lq(Zn × Zn) of the Poisson semigroup
Pψ,t. Moreover, if the length ψ on Zn × Zn arises from a (conditionally
negative) Poisson-like length function ϕ on Zn as follows

(2.1) ψ(k, `) = ϕ(k) + ϕ(`) for any 0 ≤ k, ` ≤ n− 1,

then hypercontractivity estimates for the Poisson semigroup Pϕ,t associated
with ϕ yield similar hypercontractive estimates for Pψ,t. This follows from a
general transference result of Bonami, who related, for any compact abelian
group G, hypercontractivity in G and in the infinite cartesian product G∞

by using Minkowski’s inequality [10, Theorem III.2]. In our case, we can
transfer L2 → Lq hypercontractive estimates with direct arguments. In
fact, we can prove that for any 2 ≤ q <∞

(2.2) ‖Pψ,t : L2(Zn × Zn)→ Lq(Zn × Zn)‖ ≤ ‖Pϕ,t : L2(Zn)→ Lq(Zn)‖2.

Recall that the Poisson semigroup Pϕ,t associated with ϕ is given by

Pϕ,t(w̃k) = e−tϕ(k)w̃k

for any 0 ≤ k ≤ n − 1, where the family w̃k = e
2πik ·
n , 0 ≤ k ≤ n − 1

defines an orthonormal basis of the complex valued function on Zn. Let
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f : Zn × Zn → C, since w̃k,`(a, b) = w̃k(a)w̃`(b) we can write

‖Pψ,t(f)‖Lq(Zn×Zn) =
( 1

n2

n−1∑
a,b=0

∣∣∣ n−1∑
k,`=0

f̂(k, `)e−tψ(k,`)w̃k,`(a, b)
∣∣∣q)1/q

=
( 1

n

n−1∑
b=0

1

n

n−1∑
a=0

∣∣∣ n−1∑
k=0

f̂b(k)e−tϕ(k)w̃k(a)
∣∣∣q)1/q

=
( 1

n

n−1∑
b=0

∥∥Pϕ,t(fb)∥∥qLq(Zn))1/q
≤ ‖Pϕ,t‖2→q

( 1

n

n−1∑
b=0

‖fb‖qL2(Zn)

)1/q
,

where fb =
∑n−1

k=0 f̂b(k)w̃k is given by f̂b(k) =
∑n−1

`=0 f̂(k, `)e−tϕ(`)w̃`(b). The
triangular inequality in Lq/2(Zn) then yields

‖Pψ,t(f)‖Lq(Zn×Zn) ≤ ‖Pϕ,t‖2→q
( 1

n

n−1∑
k=0

( 1

n

n−1∑
b=0

|f̂b(k)|q
)2/q)1/2

= ‖Pϕ,t‖2→q
( 1

n

n−1∑
k=0

∥∥∥ n−1∑
`=0

f̂(k, `)e−tϕ(`)w̃`

∥∥∥2
Lq(Zn)

)1/2
≤ ‖Pϕ,t‖22→q‖f‖L2(Zn×Zn),

which proves (2.2). In conclusion, whenever the length ψ is of the form (2.1)
for some length ϕ on Zn, we are reduced to the hypercontractivity of the
Poisson semigroup Pϕ,t defined on Zn. In particular, a natural Poisson-like
length function on Zn is the word length

ϕ(k) = min(k, n− k) for any 0 ≤ k ≤ n− 1.

Moreover, it is proved in [16, Appendix B] that this length is conditionally
negative. By using a combinatorial approach much more involved than
the one used to get non-optimal hypercontractive estimates as in (1.1), in
conjunction with some numerical estimates, we obtained in [16, Theorem
A.3] the optimal hypercontractivity time for the Poisson semigroup Pϕ,t
associated with the word length function on Zn. Namely, we established
that for any n ≥ 4

(2.3) ‖Pϕ,t : L2(Zn)→ Lq(Zn)‖ = 1⇔ t ≥ 1

2
log(q − 1)

whenever one of the following conditions hold

i) q ∈ 2Z+ and n is even or n = 5,
ii) q ∈ 2Z+ and n ≥ 7 is odd with n ≥ q.

This result can be regarded as an extension of the two-point inequality which
establishes the case n = 2. The case n = 4 was then deduced by using a
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reduction argument in [7], whereas the case n = 5 was proved by Andersson
in [3]. We studied in [16] the remaining open cases n ≥ 6. When n = 3
the presence of a 3-loop in the Cayley graph prevents from obtaining the
expected optimal time, and in fact the optimal time in this case is not even
conjectured. This serves to prove Theorem B.

Proof of Theorem B. First observe that the word length | | on Zn×Zn is
clearly of the form (2.1) and arises from the word length ϕ(k) = min(k, n−k)
on Zn. Hence | | is a c.n.P length. By combining the transference result (2.2)
between Pψ,t and Pϕ,t with the optimal hypercontractivity for Pϕ,t stated
in (2.3), we obtain that for any 2 ≤ q <∞∥∥P| |,t : L2(Zn × Zn)→ Lq(Zn × Zn)

∥∥ = 1 for all t ≥ 1

2
log(q − 1).

Using (1.2) from the proof of Theorem A, we deduce that for any q ∈ 2Z+∥∥S| |,t : Ln2 → Lnq
∥∥ = 1 for all t ≥ 1

2
log(q − 1).

Moreover, this is optimal by (1.4). Finally, the conditional negativity of | |
allows us to apply Gross’ extrapolation technique as in the proof of Theorem
A (ii) with t2,4 = 1

2 log 3 to get Lnp → Lnq hypercontractive estimates. �
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