LAPLACIAN OPERATORS AND RADON TRANSFORMS
ON GRASSMANN GRAPHS
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ABSTRACT. Let €2 be a vector space over a finite field with ¢ elements. Let
G denote the general linear group of endomorphisms of © and let us consider
the left regular representation p : G — B(L2(X)) associated to the natural
action of G on the set X of linear subspaces of 2. In this paper we study a
natural basis B of the algebra Endg(L2(X)) of intertwining maps on L2(X).
By using a Laplacian operator on Grassmann graphs, we identify the kernels
in B as solutions of a basic hypergeometric difference equation. This provides
two expressions for these kernels. One in terms of the g-Hahn polynomials and
the other by means of a Rodrigues type formula. Finally, we obtain a useful
product formula for the mappings in B. We give two different proofs. One uses
the theory of classical hypergeometric polynomials and the other is supported
by a characterization of spherical functions in finite symmetric spaces. Both
proofs require the use of certain associated Radon transforms.

INTRODUCTION

Let X be a homogeneous space with respect to a given finite group G. That is,
the group G acts transitively on the set X. Then, we can consider the left regular
representation p : G — B(Vx) of G into the Hilbert space Vx of complex-valued
functions ¢ : X — C. In this context, it is well-known that the algebra Endg(Vx)
of intertwining operators with respect to p codify some relevant information. For
instance, Endg(Vx) is abelian if and only if the left regular representation p is
multiplicity-free. In this case, following Terras’ book [16], we say that X is a
finite symmetric space with respect to G. When dealing with finite symmetric
spaces, any explicit expression for the kernels of the orthogonal projections onto
the irreducible components of Vx is interesting. Indeed, the main motivation lies
in the fact that these expressions can be usually regarded as combinatorial versions
of the irreducible characters. More generally, if X and Y are finite symmetric
spaces with respect to G, some information about the relations between X and Y
in the group theory level can be obtained by studying the space Homg(Vx, Vy) of
intertwining homomorphisms from Vx to Vy. For instance, the dimension of the
space Homg(Vx, Vy) coincides with the number of irreducible components that
Vx and Vy have in common.

Two natural problems arise in this setting. In order to state them, let us consider
the Radon transform R, : Vx — Vy associated to a G-invariant subset Z C X xY

Roo()= >, o)

z: (z,y)EZ
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Taking the G-invariant subset Z to be each of the orbits O1,0s,..., 04 of the
action of G on the product X X Y, we obtain a basis of the space Homg (Vx, Vy)
made up of Radon transforms

B, — {Rl,RQ,...,Rd}.

On the other hand, since the dimension of Homg(Vx, Vy) coincides of the number
of irreducible components that Vx and Vy have in common, we obtain the following
orthogonal decompositions

Vx = Wx® @ Vx.s,
1<s<d
Vy = Wye @ Vv,
1<s<d
where Vx ,, is equivalent to Vy g, if and only if s; = s;. Then we introduce

non-zero operators A, € Homg(Vx s, Vy,s) and we regard them as elements of
Homg(Vx, Vy) vanishing on Vx © Vx . Each mapping Ay is an intertwining
isomorphism between Vx s and Vy , and, by Schur lemma, it is unique up to a
constant factor. This family of mappings provide another basis of Homg (Vx, Vy)

B, — {Al,AQ,...,Ad}.

Both bases B; and B are orthogonal with respect to the Hilbert-Schmidt inner
product. The first problem we are interested on is to obtain the coefficients relating
the bases described above. On the other hand, given three finite symmetric spaces
X1, X2 and X3, operator composition provides a bilinear mapping

HOIHG (VXQ, VX3) X HomG (VX1 s VX2) — HOHIG (VX1 y VXs)

given by
(AZ’S A1’2) N A2’3 OA1’2.

The second problem we want to study is to write the products A%3 o AL? in terms
of the operators AL3. In this paper we solve the problems presented above for the
Grassmann graphs associated to the general linear group over a finite field. For
the first problem, we meet a large family of ¢-Hahn polynomials and we obtain in
this way a combinatorial interpretation of this family of classical hypergeometric
polynomials. Besides, we provide a Rodrigues type formula for these polynomials
adapted to the present framework. For the second problem, we obtain the product
formula by two different processes. One lies in the theory of classical hypergeometric
polynomials and the other in the theory of finite symmetric spaces and spherical
functions. The second approach also provides certain identities for the kernels in
B, which might be of independent interest. The results we present in this paper
constitute the g-analogue of those given in [11]. The main idea is to identify certain
Laplacian type operators on Grassmann graphs as hypergeometric type operators.
This procedure will allow us to apply some results on classical hypergeometric
polynomials which have appeared recently in [12]. The paper [12] provides a new
approach to the theory of classical hypergeometric polynomials which somehow
lives between the theories developed by Askey and Wilson [2] on one side and by
Nikiforov, Suslov and Uvarov [13] on the other. One of the main motivations for
this paper is to show the efficiency of the point of view suggested in [12].
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The organization of the paper is as follows. Let {2 be a finite-dimensional vector
space over a finite field K and let G be the general linear group of endomorphisms
of Q. Let us consider the left regular representation p : G — B(Vx) associated
with the natural action of G on the set X of linear subspaces of €. Section 1 is
devoted to describe a natural basis B of the intertwining algebra Endg(Vx). The
Laplacian operators on Grassmann graphs are studied in Section 2. This is used
in Section 3 to identify these operators with some well-known hypergeometric type
operators. Then we provide polynomic expressions and Rodrigues type formulas
for the kernels of the operators in B. Finally, in Sections 4 and 5 we give two
different proofs of the product formula mentioned above. Section 4 uses the theory
of classical hypergeometric polynomials while the proof given in Section 5 lies in a
characterization of spherical functions on finite symmetric spaces.

After having written this paper, the authors were informed on the existence of
Dunkl’s paper [8], which also studied intertwining functions on finite Grassmann
graphs and proved an addition formula. We note however that there also exist some
significant differences between both papers. Indeed, our product formula is not in
[8] while the Rodrigues formulas deduced from [12] (with non-ramified weights) are
new. Later on, the referee kindly pointed some other references directly related to
our work. In [5] and [6], Delsarte was the first to study the spherical functions of
the finite Grassmann graphs and to interpret them as ¢g-Hahn polynomials. In [14]
Stanton proved a product formula inspired by Dunkl theory of H — K invariant
functions, developed in [7]. In [15] Stanton gave a very complete survey on spherical
functions on finite groups of Lie type.

Acknowledgement. The authors would like to thank the anonymous referee for
some suggestions that led to an improved presentation and also for a very careful
reading of our paper.

1. THE OBJECT TO STUDY

Let K denote the field F, with ¢ elements where ¢ is a prime power. In what
follows, €2 will be a finite-dimensional vector space over K. If n stands for dim €2, we
shall also consider the set X of linear subspaces of €2 and the sets X,. of r-dimensional
subspaces of € for 0 < r <mn. For any (z,y) € X x X, we define

z,y) = dim(z/(zNy)),
(2,9) Iz, y) + Oy, x).

Recall that, by Grassmann formula, we also have 9(x,y) = dim((x + y)/y). Taking
d(r) = dim(z), we can write d(x,y) = d(x) + d(y) — 20(z N y). The function
0 : X x X — R, is clearly a graph distance on X and the same happens with
the restriction 0, : X, x X, — R4 of 0 on each X,. The distance 0, imposes
on X, an structure of distance-regular graph. These graphs are well-known in the
literature as Grassmann graphs, see [4] for more on this. Besides, we shall also
need to consider the vector space V of complex valued functions ¢ : X — C and its
subspaces V,. made up of functions ¢ : X,, — C for 0 < r < n. Notice that both V
and V,. are vector spaces over the complex field. If we consider the natural Hilbert
space structure on these spaces, so that V.= Ly(X) and V, = Ly(X,), we clearly

SR
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have the orthogonal decomposition

1.1. Finite symmetric spaces. Before stating in detail the problem we want to
study, we give a brief summary of results on finite symmetric spaces and spherical
functions that will be used in the sequel. For further information on these topics
see [16] and the references cited there. Let G be a finite group acting on a finite
set X. This action gives rise to the left regular representation p : G — B(L2(X)),

defined as follows

(p(9)¢)(x) = p(g™ ).

Assume that the action G x X — X is transitive, so that X becomes a homogeneous
space. Then X is called a finite symmetric space with respect to the group G if
the algebra Endg(L2(X)) of intertwining endomorphisms of Lo(X) is abelian.

Remark 1.1. Endg(L2(X)) is abelian if and only if p is multiplicity-free, see [16].

Now, if we are given two finite symmetric spaces X; and X5 with respect to G,
let us denote by p; and py the corresponding associated unitary representations.
Then we assign to each A in Hom(Ly(X1), La(X3)) its kernel A : X5 x X; — C with
respect to the natural bases. The mapping A — A is clearly a linear isomorphism
U : Hom(Ly(X1), L2(X3)) — La(Xs x X;) with A and A related by

Ap(z2) = Z A2, 1)p(21).

r1€X)

Let Homg(L2(X1), L2(X2)) be the space of intertwining maps for p; and po. If we
compare A o pi(g) and pa(g) o A written in terms of A, it is not difficult to check
that A € Homg (L2(X1), L2(X2)) if and only if A(gz2, gz1) = A(xe, z1) holds for all
g € G and all (1, 22) € X; x Xo. That is, A is an intertwining operator for p; and
p2 if and only if A is constant on the orbits of the action

G x X3 x X1 3 (g, (z2,21)) — (922,921) € Xa X Xj.

Now, assume we are given a transitive action G x X — X of a finite group
G on a finite set X endowed with a distance 0. We say that X is a two-point
homogeneous space when for any two pairs (z1,z2), (y1,y2) € X x X satisfying
O(x1,x2) = d(y1,y2), there exists g € G such that gz = y; and gza = yo.

Remark 1.2. An action G x X — X is called symmetric when for any x1,zs € X
there exists g € G such that gx; = x2 and gzo = 1. Any two-point homogeneous
space X is clearly equipped with a symmetric action and in that case X becomes
a finite symmetric space with respect to G. Namely, if the action of G on X
is symmetric, then ¥ (Endg(L2(X))) is a subalgebra of Lo(X x X) made up of
symmetric matrices, hence abelian (if A is an algebra of symmetric matrices and
a,b € A, the ab = a*d* = (ba)" = ba). Finally, since the mapping ¥ is an algebra
isomorphism when X; = X5, it turns out that X is a finite symmetric space.

Let us write G for the dual object of G. That is, the set of irreducible unitary
representations of G up to unitary equivalence. Let us consider the set

Gx = {7r €G: Mult, (p) # 0}.
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Notice that if X is symmetric with respect to G, then every m € (A}x satisfies
Mult,(p) = 1 since p is multiplicity-free by Remark 1.1. This set allows us to
decompose Ly(X) into irreducible components

LX) = P La(X)r.
we@x
We denote by P, the orthogonal projection onto La(X),. The kernel of P, will be
denoted by p,. The spherical functions on X are defined by
X
Vs = 1oy € U (Endg(La(X))).
d(m)

where 7 € @X and d(m) denotes the degree of m. We shall also write Sx  for the
associated operator in Endg(L2(X)) with kernel ¢x .. A slightly modified version
of the following result can be found in Terras’ book [16, Th. 1 of Chapter 20].

Theorem 1.3. Let X be a finite symmetric space with respect to the finite group
G and let 7p € U (Endg(L2(X))), then the following are equivalent:

(a) There exists ™ € C‘rx such that ¥ = Yx ».
(b) The function v satisfies ¥ (xzg,z9) =1 for all zg € X and

|G1 | > blgr, wa) = (w1, wo) (w0, w2) = ! > (@, gw)

9€Ga, |G| 9€Ga,

for every x1,x9 € X and where G, denotes the isotropy subgroup of xy.

Remark 1.4. Terras [16] uses a different terminology. The spherical functions )’
in [16] are defined on G and can be obtained from our spherical functions ¢ by
fixing a point a € X with ¥’'(g) = 9 (a, ga).

1.2. Notation and results from g¢-combinatorics. We shall also need some
results from g-combinatorics that we summarize here. Our notation will follow the
book [9] by Gasper and Rahman. For some related results in g-combinatorics, the
reader is referred to [10]. The g-shifted factorials are defined as follows

k-1 k—1
(u; Q) = H(l — ¢/u) and (u;q Y = H(l —q 7).
j=0 =0

Then, the g-binomial coefficients can be written as

[m] N U1 ) C T i [ m }
klo (GO @ Dm-r (¢ Lm—klg

Now we present some well-known combinatorial identities that will be used in this
paper with no further comment. Let us recall some of the objects introduced above:
K, Q, X,., V.., 9, ... Besides, let us consider the general linear group GL(n, K). That

is, the group of endomorphisms of 2. Then, we have

(1) IGL(,K)| = (1)) (g5 9)n,

2) dimV, = [:“]q

Moreover, given 0 < 1 <r <719 <n and (z1,z2) € X,,, X X,, with 21 C 29

T2 —T1
(3) H;L’GXT|9:1C:EC:172H:[T_HL.
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Eventually, we shall also use the g-multinomial coefficients

[ m } _ (¢ Dm
T1,72,...,TE1q (qaq)rl (qu)rk
with m = Z]f r; and r1,72,...,7; > 0. The combinatorial interpretation is

k k
n TiTj
o< [Txt0=@al| =, " ) T
j=1 j=1 1<J
In particular, given z € X, we have
(4) ‘{fw c Xn—r| 0 = ZEB'IU}’ — qT(nf’I‘).

Let I,(r1, 7o) be the set of all possible values of the parameter 9(xs, 1) for z1 € X,
and x2 € X,.,. Given t € I,,(r1,73), the following identity follows from the relations
above and will be very useful for our forthcoming computations

(5) H(whmg) e X, xX,, ‘ O(za,21) = t}‘
_ qt(rl—r2+t)[ n }
t,ro—t,r1—rot+t,n—r1—tly
d
Remark 1.5. We shall also use the notation (uy,us,...,ug;q)k = H(uj; Qk-
j=1

1.3. The basis of the algebra Endg(V). Let G be the general linear group
GL(n,K) of endomorphisms of Q considered above. This group acts naturally on
the set X of linear subspaces of the vector space 2. The orbits of this action are
the subsets Xg, X1, ..., X, of linear subspaces of dimensions 0, 1,...,n.

Remark 1.6. The action of G on X, preserves 0, and X, is clearly a two-point
homogeneous space for each 0 < r < n. In particular, by Remark 1.2, X,. becomes
a finite symmetric space with respect to G. Besides, Remark 1.1 gives that the left
regular representations of G into V,. are multiplicity-free for each 0 < r < n.

Given any two integers 0 < r1, 79 < n, we shall identify each space Hom(V,,, V,,)
with a subspace of End(V) by right multiplication by the orthogonal projection from
V onto V,,. Applying the same identification for the intertwining operators, we
obtain the following decompositions

End(V) = @ HOHl(Vrl ) VTz )7
El’ldG (V) = @ HOHIG (V’r‘1 ) VT2 ) .

The algebra End(V) is a Hilbert space with respect to the Hilbert-Schmidt inner
product and the direct sums given above become orthogonal decompositions with
respect to this structure. Besides, we know that the kernel of any intertwining
operator A € Homg(V,,, V,,) is constant on the orbits of (g, (z2,x1)) — (922, gx1).
These orbits are completely determined by the parameter 9(xy,x1). In particular,
the kernel of A can be regarded as a function A : I,,(r1,72) — C, where the index
set I,(r1,72) was considered above

L,(r1,m) = {8(372,951)‘ x1 € Xy, T2 € sz} = {O\/ (ro—r1) <t <ra A (n—m)}.



LAPLACIAN OPERATORS ON GRASSMANN GRAPHS 7

Here A stands for min and V for max. Therefore we have

Ap(r2) = Y AO(w2,21)) @)

Qflexrl
for any ¢ € V,,, and
dim (Homg (Vy, Vi) = |Tu(r1,72)| = 1+ N(ry,72),

where N(r1,79) =11 Arg A(n—r1) A (n—r2). Reciprocally, any A : I,,(r1,7r2) — C
determines an operator A € Homg(V,,,V,,). Moreover, since V, is multiplicity
free, Schur lemma gives that the dimension of Homg(V,,,V,,) is the number of
irreducible components that V,, and V,, have in common. In particular, we have

e V. has 1 + N(r,7) =1+ 1 A (n —r) irreducible components.
e The number of irreducible components that V,, and V,, have in common
is the minimum of the numbers of irreducible components of V,, and V,,.

Therefore, there exist a family of inequivalent irreducible unitary representations
7s : G — B(Hs) such that, if we denote by V, s the G-invariant subspace of V,
equivalent to H, the left regular representation p, : G — B(V,.) and the Hilbert
space V,. decompose into irreducibles as follows

rA(n—r rA(n—r)

)
Pr @ T and V, = @ Vs
s=0

s=

Moreover, the representations of G into V,, s, and V,, ,, are equivalent if and only
if 57 = s9. Finally we note that

(6) dimV,, = dimV,,, = dimV, — dim V,_; = [”} 7[ " } .

’ ’ slq s—114
Here we assume by convention X_; = (), so that dimV_; = 0. The last identity
in (6) follows from relation (2). By Schur lemma we know that Homg(V,, s, V;, s)
is one-dimensional. In summary, we have obtained an orthogonal decomposition of
the algebra of intertwining operators Endg (V) into one-dimensional subspaces

N(ry,r2)

Ende(V)= € € Homa(Vr, s Vi)

0<ry,r2<n  s=0

This decomposition provides a natural basis of the algebra Endg (V) which will be
the object of our study. Namely, taking a non-zero element AL'"2 in each space
Homg (Vy, s, Vi,,s), We obtain a basis B of the algebra Endg(V). Our definition of
AT s still ambiguous since we have only defined it up to a constant factor. We
shall precise this below. As it was announced in the Introduction, the aim of this
paper is to provide several expressions for the kernels A\7''"? and to give an explicit
formula for the mapping product A2 o AL"2. We shall precise this below, see
the beginning of Section 4.

Remark 1.7. In Dunkl [7], the kernels X' of the operators A € Homg(V,,,V,,)
are functions on G that can be obtained from our kernels A : I,(ry,72) — C by
means of the formula \'(g) = A(d(gaz,a1)) in which a; € X, are two previously
fixed points.
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2. LAPLACIAN OPERATORS ON GRAPHS

In this section we deal with some Laplacian type operators which will be useful
to identify certain difference equation satisfied by the kernels of AL*»"2 in the usual
rank of parameters for r1,72 and s. We begin by recalling some general results for
Laplacian operators on graphs. Then we focus on the Grassmann graphs.

2.1. General results. Let X be a finite distance-regular graph and let 0 be the
distance on X. Assume there exists a finite group G acting on X such that the graph
X becomes a two-point homogeneous space with respect to G. This structure on X
allows us to define two Laplacian type operators on the vector space V of complex
valued functions ¢ : X — C. First, given z € X, we consider the set

Si(z) = {y € X| Oz,y) = 1}.

The regularity for the distance imposed on the graph X implies that the cardinality
of the set Si(z) does not depend on z. This cardinality val(X) is called in the
literature the valence of X. The graph Laplacian Lx : V — V is the operator
defined as follows

Lxp() = Y (e)—e(@) = > oly) —val(X)p(x).

y€S1(x) y€S1(x)

Second, let us consider a subset T of G satisfying the following properties
e T=T"1
o T=gTg ! forall geG.
e J(z,hx) <1lforall z € X andall h € T.
e There exists z € X such that T ¢ G,, the isotropy subgroup of .

The group Laplacian L1 x : V — V is defined as follows

Lrxp(r) =Y (plha) = p(z)) = Y wlhz) = |T|p().

heT heT

Both the graph and the group Laplacians are self-adjoint operators with respect
to the natural inner product on V. This is an easy exercise that we leave to the
reader. Besides, recalling that an endomorphism of V is an intertwining operator
if and only if its kernel is constant on the orbits of the action of G on X x X, it is
not difficult to check that both the graph and the group Laplacians belong to the
intertwining algebra Endg (V). Now let T be a subset of G satisfying the properties
above. Then, given z € X and y € S;(x), we define

T, = {heT}hx:x},

T.., {heT|he=y}.

From the properties of T it follows that gT,g~' = Ty, and gTs 07" = Tyu gy
for all g € G. In particular, since the distance-regular graph X is assumed to be a
two-point homogeneous space, the numbers

Y0 (T7 X) = |T:L’ ‘7

Wl(TaX) = |T1’,y|a
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do not depend on the election of z € X and y € S;(z). We now state some basic
results on these Laplacian operators that will be used in the sequel. Notice that
the fourth condition imposed on T implies that v, (T, X) > 0.

Lemma 2.1. |T| = v(T,X) + val(X) 71 (T, X) and L1 x =1 (T,X) Lx.
Proof. Obviously we have

T=T,U [ U Tw]
y€S1(z)

with disjoint unions. Hence, the first assertion follows. Besides, we notice that

Lrxp@) =Y (phr)—p@) = > > (phz)- o).

heT y€S1(z) h€T,

By definition, the last expression is v (T, X) Lx¢@(x). This concludes the proof. [

Lemma 2.2. Let W be a G-invariant subspace of V. Then, the group Laplacian
Lt x preserves W. Besides, if W is irreducible, there exists a complexr number p
depending only on the representation of G into W such that

‘CT*XIW +plw =0.

Proof. Let p: G — B(V) be the left regular representation associated to the action
of G into X. Then, for any ¢ € W, we can write

Lrxel@) = 3 (p(W)p(@) — Typ(x).
heT
The first claim follows from the relation above. The second is a consequence of Schur
lemma. Namely, if W is irreducible and 7 : G — B(W) denotes the restriction of p

to W, we have
Loxpy =Y (w(h) = 1w).
heT
Therefore, since this is an intertwining operator with respect to 7, Schur lemma
gives that LT7X\W + 1w = 0 with © depending only on the representation 7. [

2.2. Laplacian operators on the graphs X,.. In this paragraph we return to the
study of the intertwining algebra Endg (V) described in Section 1. In particular,
we shall work with the general linear group G of endomorphisms of 2 and the
Grassmann graphs X,. for 0 < r < n. We denote by L, : V., — V,. the graph
Laplacian on X, while L1, : V,, — V, stands for the group Laplacian. If rk(A)
denotes the rank of a mapping A, we consider the subset T of G defined as follows

T = {geG|rk(g—1):1,(g—1)2:0}
- {1+w®a|aeQ*\{O},weKer(a)\{O}},

where w ® o € End(Q) is given by (w ® a)(wp) = a(wp)w. We need to check that
the subset T satisfies the properties introduced before the definition of the group
Laplacian. But this is an easy exercise that we leave to the reader. The main
results of this section are summarized in the following theorem. We shall also need
to consider the operator L,, ,, : Homg(V,,,V,,) — Homg(V,,,V,,) defined by
the following relation

Ly roA=L,, 0A.
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Theorem 2.3. The Laplacian operators considered above satisfy:
(a) We have

(T, X)) =q¢"%(g—1) and Lr,=q"%(q-1)L,.
(b) The mappings A € Homg(V,,,V,,) satisfy
Lr,oAN=Ly ,,A=AoL,,.

(¢) There exists ps(n) (which is independent on 1) such that for any ¢ € V, 4
and A € Homg(Vy, s, Vig.s)

Lro(x) +ps(n)e(z) = 0,
Loy A+ ps(n)A - =

(d) If A € Homg(Vy,, Vy,) has kernel A : 1, (r1,72) — C, then
N =L A
has kernel X' : 1,,(r1,72) — C given by
N () =bpy () (AE+1) = X)) + iy () (A(E = 1) — A(2)),
where, given (z1,x2) € Xy X Xy, with 0(x2,x1) = t, we have

by () = Hy € X,, ‘ Ay, x2) =1,0(y,x1) =t + IH,

Crim(t) = Hy € X, | Oy, z2) = 1,0(y,x1) =t — 1}’
(e) The following expressions hold
g =) )

bT1,T2 (t) = <q _ 1)2 )
_ (e 1)@ g
CT1>T2 (t) - (q — 1)2 .

The proof of Theorem 2.3 requires several auxiliary results. We shall state and
prove these results as they are needed. Given z € X,., we consider the sets

Si0) = {yeX,|o(zy =1},
Si(z) = {(z,w) €eX,1xQ|zCrwd x}
Lemma 2.4. Given any x© € X,., the mapping
(z,w) € S1(z) — y = 2 B Kw € Sy (z)
is surjective, z = x Ny and there exist ¢"~'(q — 1) possible w for each y € Sq(x).

Proof. Given z,y € X, we have 9,.(z,y) = r — 9(x Ny). Hence 9, (z,y) = 1 is
equivalent to d(z Ny) = r — 1. In other words, y = z ® Kw with

z=xzNy and wey\-=z.
Hence we have w ¢ z, (z,w) € S;(z) and there exists
y\2l=¢"—¢""

possible elections for the vector w. Therefore, the proof is completed. ([
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Lemma 2.4 allows us to compute the valence of the Grassmann graphs X,.
Namely, since |X,.| = dim V,., we can apply (2) to obtain for z € X,.

_1Si@)] _ {7’} " —q¢ _ald"=1("""-1)
¢ '(qg—1) Lqg=1(g—1) (q—1)2 :

Lemma 2.5. Given g=14+w® a € T, we have gz = z iff  C Ker(a) or w € x.

(7) val(X;) = [S1(2)| =

Proof. If z C Ker(a), it is clear that gz = x. Besides, if z is not a subspace of
Ker(a) but w € z, we have z = 2’ @ Ko’ with 2’ = x NKer(o) and o’ € z\ Ker(a).
This gives

gr =12 ®Kg(w) =2 ® KW + a(w)w) =2/ ® Ko’ = 2.
Reciprocally, if gr = x and z is not a subspace of Ker(a), we take w” € z \ Ker(a)
so that g(w”) = w” + a(w”)w € z. Therefore, we conclude that w € x. O

Now we combine the expression for the valence of X, given in (7) with (2) and
Lemma 2.5 to obtain the value of v, (T, X,.). If z € X, then

ngT| gx;éx}‘
= ‘{1+w®a| QGQ*\{O},wGKer(a)\x,xQKer(a)}‘

- ([

Dividing on the right hand side by the value for val(X,.) given in (7), we obtain the
identity v1(T,X,.) = ¢"2(¢ — 1). This proves the first assertion of (a) in Theorem
2.3. The second assertion follows from Lemma 2.1. On the other hand, since any
A € Homg (V,,, V,,) commutes with the action of G, we have

£T7r2 oA=Ao ET,rl .
Therefore, (b) in Theorem 2.3 follows from (a). Moreover, (c) is a consequence of

Lemma 2.2 and (a). To prove (d), we take (z1,z2) € X,, X X,, with 0(z2,21) = t.
Then we have

Nep(zg)

val(X,) v1 (T, X;)

> (Ap(y) — Ap(az))

yES1(z2)

S (O w) - M@, w0)) ().

y€S1(w2) T1E€Xy

In particular, we can write
N(@(z2,21)) = Y (MO, 21)) = MO(w2,21))).
y€S1(z2)

Then (d) follows immediately from this. Finally, it remains to see (e¢). The proof
requires two combinatorial lemmas. Let us notice that, given (x1,z2) € X, x X,
and y € Sy(x2), we have

(8) O(z2,21) = O(y,z1) = 9O((z1 +z2)/z1) — (21 +y)/21)
= O((z1+z2)/ (71 + 2)) — (21 + y) /(21 + 2)),

with z = x9 Ny. Besides, recalling that y € Sy(x2), it is not difficult to check that
both dimensions appearing on the right hand side of (8) are either 0 or 1. This
remark will be used in the following results.
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Lemma 2.6. Given (21, 22) € X, XX, (z,w) € S1(22) andy = 2®Kw € Sy (z3),
the following assertions are equivalent:

(a) Oy, x1) = O(xa,21) + 1.
(b) z1+2z=121 + 2 and w ¢ 1 + 2.
() miNaza € z and w ¢ x1 + 2.

Proof. Following (8) and the remark after it, we deduce (a) is equivalent to (b).
On the other hand, since

(1 +x2) /(21 +2)) =1 —0(x1 Nwa) + I(x1 N 2),

it follows that (b) is equivalent to (c). Therefore, the proof is completed. O

Notice that z is a (ro — 1)-dimensional subspace of 5. Besides, given x4 € X,.,,
the quotient mapping 7 : xo — /(21 N x2) provides the following identity

Hz Cxp|0(z) =ro—1,@1Nz2 C z}’ = Hz’ C xa/(x1Na2) | O(z') = 8(x2,x1)—1}‘.

In other words, the number of subspaces z of x2 satisfying (c) is

[ ra } _ [ A(z2,21) } _ {7“2} B [6(xz,x1>]

ro— 114 O(xe, 1) — 114 114 1 a

Combining this with Lemmas 2.4 and 2.6, we easily get the following expression for
b, r,, which coincides with the one given in Theorem 2.3

b (t) B [7,2:| qn _ qr1+t 3 |:t:| qn _ qu+t
et L g g (g - 1) LggreTi(g - 1)

Lemma 2.7. Given (z1,32) € X, XX, (z,w) € S1(22) andy = 20Kw € Sy (z2),
the following assertions are equivalent:

(a> 8(3/7371) = 6(1’2,.1'1) - L

(b) 21 +2#x1+ 22 and w € x1 + 2.

(¢c) z1Nzy C 2z and w € 1 + 2.

Moreover, when them hold we have 0(x1+2) = d(x1+x2)—1 and z = (x1+2) Nxa.

Proof. By (8) and the remark after it we deduce the equivalence between (a) and
(b). The equivalence between (b) and (c) follows again from the identity

O((z1 +x2)/(z1+2)) =1 —0(z1 Nz2) + 0(z1 N 2).
Relation O(z1 + z) = O(x1 + x2) — 1 is immediate from (b). The last claim follows
from the modular law (z1 +2)Nzg = (z1+2) N (22 +2) = (x1Nax2) +2=2. O

Finally, arguing as we did after Lemma 2.6, we easily obtain from Lemmas 2.4
and 2.7 the following identity

rit—1 _ ro—1

t1 4« q
= 1], gy

This is the identity given in (e) and the proof of Theorem 2.3 is completed.
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3. THE KERNELS IN Homg(V,, s, Vi, s)

In this section we obtain explicit formulas for the kernels of the operators A%'-"2
in terms of the basic hypergeometric function. More concretely, it turns out that
these kernels (when regarded as functions of ¢~¢ with ¢ € 1,,(r1,72)) are given by
the so-called ¢g-Hahn polynomials. After that, we shall also provide Rodrigues type
formulas for these kernels adapting the techniques developed in [12]. The basic idea
consist in showing that the operator £,, ,, introduced above can be identified with
the hypergeometric operator studied in [12].

3.1. Preliminaries. As we have pointed out, we shall need some results from the
theory of basic hypergeometric polynomials appearing in [12]. However, since the
paper [12] considers a great variety of hypergeometric type operators, we summarize
and re-state here those results from [12] that will be useful in the sequel. To be
more precise, we shall formulate the main results from [12] in the particular case of
the (so-called there) geometric canonical form. Let us denote by P[] the space of
complex polynomials of degree < r in one variable. Given a polynomial f € P[]
and any ¢q # 1, we define the linear operators

f 1/2u +f 71/2u f 1/2u *f 71/2u
Sf(u) = (¢%u) . (¢ u) (q(ql/Q)_ q_(1f1/2)u )

It is not difficult to check that S : P.[z] — P,[z] and D : P,.[z] — P,_;[z]. Moreover,
these operators can be extended so that S,D : M(C*) — M(C*), where M(C*)
stands for the space of meromorphic functions on C\ {0}, see [12, Section 2.3].
Now, given o € Py[z] and 7 € Py[z] by

o(z) = ar® + a1z + ap and () = Bz + fo,

and Df(u) =

we consider the hypergeometric operator
L = oD?+ 7SD.
The following result has been adapted from [12] according to our aims. Note that
the role of ¢ in this paper is played by ¢~! in the paper [12].
Lemma 3.1. The hypergeometric operator L : P.[x] — P.[x] satisfy:
(a) Let us consider two polynomials
XT(w) = 73u? + 9w+,
X" (w) = e +aru+,

with the same value at w =0 and let us parameterize o and 7 as follows

X+(u) = O'(U) + # UT(’LL), a'(u) = M7
—1/2% 1/2 ) = v (u
X (u) = o(u)— %’U,T(U), T(u) = ML

Assume that the following numbers are pairwise distinct for 0 < k <r

§2 — gk

_ +,0-k)/2 _ = (k=1)/2
HE = (qL/2 — q~1/2)2 24 ‘

Y2 4

Then there exist eigenfunctions fi, € Py[x] with degree k satisfying
Lfi(u) + . fr(u) = 0.
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(b) Let fr be as above and let Oy fr. be the main coefficient of fi:
e Given ug such that v u2 + v uo 4+ v = 0, we have

k k—1 1 _ q7(1+1)

fi(uw) = Ok fr ]Z:;) (E YT (;—(quz())io) g(u — giug).

e Given ug such that 5 u3 + v; uo + Yo = 0, we have

Fo(u) = Ouf i (kl—[l 1—qg'te x (g ) )jl—[l(u_ “ing)
ST O UL T =T = e/ LT

(¢) Moreover, assuming above that fi(ug) # 0, we obtain:
o If yiuZ 4+~ ug +70 =0 and fi(ug) # 0, we have
12(1 — g1

Jr(u) = frx(uo Z(qu_q ar (Mif_/fk)u0> H(u—qiuo).

X~ (q'uo) / %

o If vy ud —|—’yfu0 + v =0 and fi(uo) # 0, we have
_1/2 . 1 ( o ) j—1 .
q q Mi — Mk )Uo —i
filw) = fi(uo 720 (H) L—g"  xH(g o) )g(u a""uo).
(d) If x*(u) = (1 — Fu)(1 — £Eu), we obtain the q-Hahn polynomials

ko gt, o d—ketet je— e
o filw) = £(/e0 B goég’/éqa, fffélf/go s q1>'
1 gt q_l) :

) s
ko, ¢ REGE E0 &r
/85 390 ( e el
0> _ !
o fi(u) = fr(1/&)) 302 ( ¢ 1750117 ff(}fgol /&0 & qat, qlfl_u).
, q‘1§OU)-

B 1 1—ket et
° fk(U)ka(l/ﬁl) 3¢2( q /flu q 6051 /£0§1
Remark 3.2. The notation for the basic hypergeometric function follows [9].

3¢2

o fr(u) = fr(1/&)

50/517 51 /51

We shall also give a Rodrigues type formula for the kernels in Homg (V. s, Vi, 5)-
To that aim, we state below the Rodrigues formula given in [12] which corresponds
to our problem. That is, the one for the geometric canonical form.

Lemma 3.3. Let p € M(C*) be a function satisfying the functional equation
plu)xt(u) = plg~ u)x (¢~ u).
Let pj € M(C*), with j > 0 and po = p, determined by any of the recurrences

piri(w) = pi(g?u) xT (¢~ ),
piri(u) = pilg~?u) x~ (g9 ).
Then, the following Rodrigues formula holds for the eigenfunctions fo, f1,..., fr
k=1 k- q(k N/2 _ gli=k)/2

(TT 0 = ) ) o) filae) = akfk(H ) Do),
j =0

=0 =
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3.2. Polynomic expressions. In this paragraph we express the kernels of the
operators of B in terms of the basic hypergeometric function. Let us recall that,
given 0 < r1,79 < n, the parameter N(r1,r2) takes the value

riAra A(n—ry)A(n—rg)

and the dimension of Homg (V,,, V;,) is 1 + N(r1, r2). In particular, we can define
the linear isomorphism ® : Py, ,) — Homg(V,,, V;,) given by

Ap(wa) = Y flg=2@=)) (),

x1 EX"'l
for A = ®@f. In other words, the kernel A : I,,(r1,72) — C of @ f has the form
At) = flg™").

Then we define Ly, 7, : PN(ry r0) = PN(ry,ro) Dy the relation Ly, ., = 1oL, ,,0®.
Lemma 3.4. Let us consider the following polynomials in Pa[z]

XTw) = ¢ =) (1 - g ),

X (u) = ¢ = w)(1 - g ),
and let us parameterize o € Po[z] and T € P1[x] as follows

~1/2 _ 1/2 w -(u
q 9 ), o) = X+()+X(),

2
X () =X ()
(=P

Then, if S and D stand for the operators defined above, we have
Ly, .r, = 0D? 4+ 7SD.

2
g2 gl

5 u(u), T(u) =

Proof. Given f € Py, ), We have

oD?f(q™") +7SDf(¢™")
_ o(g”™") {f(cft‘l) —fla" _ fla) = f(Q‘t“)}

qt1/2 —gtt1/2 P gt — gttt
N (g ") [fla ) = flq") N flg™") = flg™")
2 gt =gt ¢t =gt

ola—t —1/2 _ /2y g—tr (g~

- M e (e ) - 20)

QU(q_t) _ (q—1/2 _ q1/2)q—t7.(q—t)
2(q — 1)2q—2t-1/2

= o AEFD A0) + Ty (A= 1) = AR)-

applying Theorem 2.3, the last expression equals
By s () (A +1) = A1) + €ry iy (B) (A(E = 1) = A(2)).
Applying again Theorem 2.3, the proof is concluded by the definition of L, ,,. O

(At =1) = A®))

G212

Now
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Theorem 3.5. The spaces V, s are L,-eigenspaces with eigenvalue —ps(n), where

n—s+1 _ 1
S ety
(¢—1)
Moreover, the operators A2" € B satisfy

Eh,mAgl’m + ps(n)AG-"™ = 0.

ps(n) = (q

On the other hand, if we consider the polynomials fI1"2 € Py[x] determined by

farra™) = AT (),
then fiv"2 is a q-Hahn polynomial of degree s given by

s —1
A B A R (A L O

n—r T
i, g
n—s+1

n—s+1

1,7 1,7 - * 4",
(M2 1770 = 27 ) aon (70 00 0

B 87 71—7‘1,u/7 n—s+1 _ _
(a3 £500) = 72 aon (00 A5 ).

_ s, rlfrzufl n—s+1 B B
(Hqg(4)) fi0"2(u) = f&™(q" ™) 3¢2 ( o g qn_’rf q " q 1“)'

Proof. Notice that pg(n) are pairwise distinct for 0 < s < N(ry,r2), since

qn+1—s1—32 -1
_ =g%2(g®17%2 — 1 .
:U/Sl (TL) :usz (n> q (q ) (q _ 1)2

Therefore, we know from Lemmas 3.1 and 3.4 that

qn—s+1 _ 1
(1-¢)——10<s< N(T‘l,?"g)}
{ (¢—1) |

is the family of eigenvalues of L, ,,. In particular, it turns out that this family
is the family of eigenvalues of £, when 0 < s < r A (n —r) and of £,, ,, when
0 < s < N(r1,7r2). By Theorem 2.3 we deduce that, for any 0 < r < [n/2] — 1,
all the eigenvalues of L, are eigenvalues of £, 7 and the operator £,;; has one
more eigenvalue associated to the eigenspace V,1 »41. Applying a simple induction
argument, we know that the eigenvalue —us(n) of £, is associated to the eigenspace
V., s. As a particular case, we obtain the relation

Lry rp A" 4 s (n)AGZ™ = 0.

Once we have identified the eigenvalue corresponding to the operator AL»"™2, the
given expressions for the polynomial fI*'" in terms of the ¢-Hahn polynomials
follow easily from Lemma 3.1. This completes the proof. (]

Remark 3.6. Let us denote by 0, fi1"2 the main coefficient of fI*"2. Then, by
looking at the main coefficients of the expressions given in Theorem 3.5, it is not
difficult to check that the following relations hold

n—ri

s ro. ,—1 )
9, friore (—1yrqerira=() (L)

71,72 1
fr) (qn=sttq71)s

(@™, 497 1)s

fsrhrz (q—rg) — as fSTlJ'z q—57-2 m,
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n—ry ,n—ra. —1
5 - _ s —s(n— )(q ,q 5 q )s
@) = T S
—r2. ,—1
fThTz(qh*Tz) _ asfrl,rz(_l)sqf(;) (quyqn "25q )s
s s .

(qn=sttq71),

Remark 3.7. The basic hypergeometric series in Theorem 3.5 must be truncated
at degree s. That is, the terms of degree > s must be ignored. This is a consequence
of the term ¢® which appears in any of them. For instance, we have

f(:’s(u) _ f:’,s(l) 3¢2( qs7 qil, qsrlu)

) q_l)k qk(s—r—l)uk’

u—l7 qn—s+1
n—r s

q ) 4

n—s+1

S

ey

o C R LT R

which is a truncated o¢; series. Now, evaluating at u = ¢~¢ for some t € I,(r, s)
and applying the g-Gauss summation formula, we easily obtain

r,s(qft) — r,s(l) (q57ril§q71)t

s s m
Similarly, we have for ¢t € I,(n — s,7)
B B : (qr+sfn71. qil)t
R R O =
At this point, the identity

Fior2(w) ey (@07 q T ) fIPT (g7 )

fer ) (@ qm5q7 s fTH(1)
follows from certain transformation formulas for the basic hypergeometric series
32, see [1]. In Section 5, we shall provide an alternative (combinatorial) proof of
this identity. Therefore, we prefer to omit the details of the proof just sketched.

3.3. Rodrigues formula. In this paragraph we provide a Rodrigues type formula
for the kernels AL*»"2 of the operators in B. More concretely, given any two integers
0 <ry,ro <nand 0 < s < N(r,re), we shall study the eigenfunctions fI1:m2
defined above by the relation

farr @) = A0 ().
As it was noticed in [12], the Rodrigues formula provided by Lemma 3.3 is not
unique since the given functional equation has multiple solutions. Hence, the main
difficulty will be to choose the right solution of the functional equation according
to our further purposes. Following Lemma 3.3, let us consider p™" € M(C*)
satisfying the functional equation

(9) P (u)x () = " (g )X (g ),
with xT and x~ determined by Lemma 3.4. Moreover, let
{p;”z |0<s< N(Tw“z)}
be the family of functions in M(C*) defined by any of the recurrences

(10) pyt(w) = (M Pu) x (g T ),
Py (w) = pr2 (g7 2u) X (gD ),
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where p"" = p™"2. Then, implementing in Lemma 3.3 the eigenvalues provided
by Theorem 3.5, it is not difficult to see that we obtain the following Rodrigues
formula for the eigenfunctions fI1"2

1,72 1,72 r1,m2 ,— 5 (5 qi]‘ ° s ri,r2
Rulrral) o g = 0. 20 U pegg),

Remark 3.8. Following Section 4.5 of [12], the easiest solution to the functional
equation (9) and the recurrences (10) is given by

thm(u> _ <q—1u,qr2—r1—1u;q—1)oo
(¢2u,q" M us g oo
er’rz (u) _ qs(r17r271/2) (q71+s/2u’ qT27T171+S/2u; qil)oo
s

(q2=%/%u, q" "5 207 ) oo

Although the system of functions given in Remark 3.8 provides the simplest
Rodrigues formula for the eigenfunctions fI''"2, it is not the most appropriate for
our aims. Namely, let us analyze the singularities of the function p™"2. If we take
ug = ¢~ for some t € Z, then the function o"*"? has:

e A double pole at ug when
OV (rg—711) <t<reA(n—rm1).
e A simple pole at ug when
ON(ro—711) <t <0V (re—rmp),
roA(n—ry) <t<rsV(n-—ry).
e A non-vanishing regular point at ug when
t<OA(rg —r1),

t>T2\/(n77‘1).
The function "™ does not have any other zeros or poles in C\ {0}. In particular,
it turns out that the function o™ has singular points at ¢—¢ with ¢ belonging to
the domain

L.(r1,7m2) = {8(3:2,301)} 21 € Xpy, X2 € sz} = {0\/ (ro—r) <t<ryA (n—rl)}.

Obviously, if we want to apply Rodrigues formula (Rs(r1,72)), we need regular
solutions of the functional equation (9) at ¢~ for ¢ € I,,(r1,r2). Any other system
of solutions can be constructed by taking

prTE (u) = k(u)e™ " (u),
with k& being meromorphic in C\ {0} and satisfying k(u) = k(qu). Then, the
functions pi™2 arise from p™™ by the recurrences (10). The choice of such a

function k is equivalent to the choice of an elliptic function E(z) = k(e?>"%*) with
periods 1 and

= 9ni og4q,

see [12] for further details. Hence, we need to find a function k € M(C*) satisfying
k(u) = k(qu) and having double zeros at L,(r1,72). To that aim, we consider two
complex numbers ¢ and 7 satisfying the conditions

w

i) The product &n equals ¢~ "1772,
ii) Both £ and 7 are not of the form ¢! for some integer ¢.
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Then, the function

—-ro—1,,—-1 ,—n+4+r;—1,,—1.
)

(¢"u,¢" " u; ¢ e (g q w5 oo
(§u,mu; 1) oo (7 tu=t g n7tlumtl g7 )

u
(11) Kryro (u) = Qry,ry

satisfies the required properties. Indeed, the condition k(u) = k(qu) can be easily
checked with the aid of property i). On the other hand, it follows from property ii)
that k has no poles in C\ {0}. Therefore, ¢—* is a double zero of k for any integer
t and k has no other zeros. In particular, the function

pTlﬂ”z — 71,72

T1,T2 Q
is regular in C\ {0}, non-vanishing in I,,(r1,72) and only vanishes in g~ (*\In(r1.72)),
Remark 3.9. Notice that p""? is determined up to a constant o, .

Theorem 3.10. Given 0 < rq,19 < n, there exists a family of functions
{pgl’” ’ 0<s< N(rl,rg)}

in M(C*) satisfying the following properties:
(a) The function p"™" = pg"™ solves the functional equation (9).
(b) The function p™ "2 is regqular in C\ {0} and vanishes in

q (Z\In (r1,72))

(¢) Given any integer t € 1,,(r1,72), we have

n

T2 () t(ri—ro+t+1)
P (q ) q t,Tz—t,Tl—T2+t,n—T1—t q.

. 172 gnd the recurrences (10).

(e) Each function pit"2 is regular in C\ {0} and vanishes in

(d) Each function pt"2 arise from p

q*(Z\Infzs(Tl*S,T2*S))*S/2’

(f) Given any integer t € I,,_os(r1 — 8,72 — 8), we have

1,7 —t—s 1,7 n—2s
pe (g™ /2):@051’2(15)[ L,

t,ro—s—t,ri —ro+t,n—ry —s—t
with Y™ given by

wgl,m (t) — qs(rl7T271/2)+t(r17r2+t+1)(qn;qfl)gs.
Proof. Our choice for p™ "2 will be k., ,,0™" with k,, ,, given by (11) and the

constant a,, r, to be fixed. Properties (a) and (b) have already been justified. To
prove (c), we observe that the functional equation (9) can be rewritten as

X (¢

xt(g™t)

when ¢ and ¢ + 1 belong to I,(r1,72). Therefore, if we see that the function

(12) pr(gTt ) =P (g

n

Tre (L~ t(r17r2+t+1)[
v () =q t,ro —t,r1 —rot+t,n—r —tlg
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satisfies (12), we will have p""2 (¢~ ") = f,, ,,7"*"2(q") for any ¢ € I,(ry,72) and
some constant 3, »,. Then, property (c) follows by taking the appropriate constant
Oy ry- Let us show that 4772 satisfies the functional equation (12)
g2ttt (g1 ),

(@ D@3 Dra—t(@5 Oy —ra 4@ Dy 2
(1—g™*H(A —gn7mtH)

(=gt (1 —grm7)
7t71) (1 _ qftfl)(l _ qrzfrlftfl)

(1 _ qrz—t)(l _ qn—rl—t)
_ ,le,TQ (q7t71)X7 (qitil)

X*Hg ")
Now the constant o, r, is already fixed so that the functions p}!""? are completely
determined by property (d). Taking u = ¢~*~*/2 in the first recurrence in (10), we
obtain the following relation

(13) pg1,T2 (q—t—8/2) — ngqz (q—t—(s—l)/2)X+ (q—8+1—t).

Property (e) means that

YY) =

_ ,77"1,7“2 (q—t—l)q—(r1—r2+2t+2)

= 7"

prTe (g Tt2) = 0 for te€Z\1,_25(r1 —s,m2 —5).

This follows easily from the recurrence (13). Indeed, we just need to observe which
are the zeros of T and apply (b), we leave the details to the reader. Therefore, it
remains to see (f). Let us consider the functions

n—2s

yoTE (g R) = I () [t ro—s—t,ri—rott,n—r—s—tlg

It is not difficult to check that each function /%2 arise from ~."]> and (13).

Therefore, property (f) follows from (c¢) and a simple induction argument. O

Remark 3.11. In Theorem 3.10, we have chosen the appropriate solutions of the
functional equation (9) and the recurrences (10) for our further purposes. This can
be justified by the following combinatorial meaning of these functions. First, by
identity (5), we have

prl,m (qft)q*t — ‘{(1‘171’2) S Xrl X XTQ | 8(1‘2,501) = t}’
In particular, (2) gives
: =211,
(14) ;p (@ =, L),

Second, if X”72¢ denotes the set of r-dimensional of an (n — 2s)-dimensional vector
space 2, over K, we also have

P (gt g = g

{(9617962) c Xn72s % Xn72s ‘ 8(3727‘731) = t}‘

T1—S To—S
with 67072 = ¢8(m=—r2=1/2) (¢gn. = 1), In particular,

(15) Z p;ﬁ,rz (q—t)q—t — q—s/2 Zpgl,rg (q—t—s/Q)q_t

teZ+5 teL
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_ s(ri—re2—1)/ n. —1 TL—28:| |:n_25:|
q (q 4 )25|:’I“1—8 JLro—sl,

_ (CI”,q"‘rhq”,q"‘”;q‘l)s[n} [n]
- qs(rgfnJrl)(qn;qfl)Qs T1lqlTo q.

Remark 3.12. Our choice in Theorem 3.10 has also the following interpretation.
The operator L,, ,, is clearly self-adjoint with respect to the Hilbert-Schmidt inner
product on Homg(V,,, V,.,). In particular, this property can be rewritten in terms
of the operator L., ,, via the mapping ® : Px(, ) — Homg(V,,,V;,). Then, it
can be checked that the hypergeometric operator L., ,, becomes self-adjoint with
respect to the inner product

(hor="Y_ »p(@ e " fla Nela ).

t€l, (r1,r2)
The role of the factor ¢~ in this expression will become clear in Lemma 4.3 below.
The reader is referred to Section 3.3 of [12] for more on these orthogonality relations.
4. THE PRODUCT FORMULA

In this section we study a product formula for the operators AL>"2 in B. To that
aim, our first task is to normalize these operators since there are only determined
up to a constant factor. We choose the normalization provided by

F(1) = A2 TH0) = 1.

Following Remark 3.6, we have

() (@ g
16 Dy frime = (—1)%g*(re=r)+(3) .
(16) ° =) ("7, q725q7Y)s

In particular, Rodrigues formula (Rs(r1,72)) becomes

s —_ 1 s
(7)) = (1)) I e ),
) ) S
Since the representations of G into the spaces V,, ,, and V,, ., are equivalent if
and only if s; = so, we clearly have

T3,T4 T1,T2 __
AZM o A" =0
unless s; = s3 and 79 = r3. In particular, in order to give an explicit formula for the

product of two operators in Endg (V), it suffices to study the products A72:"8 0 AT1:72,
In the following result, we assume by convention that

[—nlL =0
Theorem 4.1. If0 < ry,r9,73 <n and 0 < s < N(r1,72) AN(re,r3), we have
]
(Ps(r1,72,73)) AT2T3 o ATHT2 = 200 prirs

n n
{ s ]q B [ s—1 ] q
The proof of Theorem 4.1 requires two preliminary lemmas. In the first one we
reduce the proof of the formula (Pg(r1,72,73)) to two particular cases.
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Lemma 4.2. The product formula (Ps(r1,72,73)) is implied by:

o (Ps(r1,ra,73)) for ri =r3.
o (Py(r1,72,73)) forri < 1o <rs.

Proof. In what follows we shall write
],
5], 124,

Let P(r,s) : V., — V,. ¢ be the orthogonal projection. Then, (2) and (6) give

k(r,s) =

tr(P(r,s)) = dimV, = {ZL— |:Sﬁlj|q’

BA) = X A @) = |7

T
rzeX,

In particular, it is clear that

P(r,s) = n—A” = K(r, s) LA

S

Assuming (Ps(r1,72,73)) for 71 = r3, we claim that
(18) Ps(r1,73,12) & Py(r1,7m2,73) & Py(r2,r1,73).

For instance, we have

AP0 AT = K(rg,s) AL 0 AT o ATV
= k(rs,s)k(ra,s) 7T AP 0 AL
= k(rs,s)P(ra,s) o AL1™

K(r3,5) A7

This proves P(rq,7r2,73) = P(r1,73,72) under the assumption of P(rg,r3,72). The
other implications in (18) can be checked in a similar way. On the other hand,
since that the transpositions (a,b,c) — (a,c,b) and (a,b,c) — (b,a,c) generate all
permutations of (a,b,c), it suffices to prove (P4(r1,72,73)) in the particular case

r1 < rg < rz. Therefore, we need only to assume the two cases stated above.

Lemma 4.3. Let f,g € M(C*) so that f is reqular at ¢=¢ and g is regqular at

—t=1/2 for all integer t. Assume also that one of the sets

{tez|r@h#0} o {tez|ga ) +0}
is finite. Then we have the following summation by parts formula
> @Dyl g =~ > Dflagla )"
teZ tez+1

Proof. We have
> fl@Dglg Hg "t = _1/2 a7 > @ (gla V) = gl )

teZ teZ

q
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1/2 772 25: (@) = Fa ) g(a™)

teZ+3

= - Z Df(g ")g(q g " O

tezZ+1i

Proof of (Ps(r1,r2,73)) for r; = r3. By Schur lemma, the maps A72"™ o AT1"2
and k(rq, s)AL1" are proportional. Hence, it suffices to prove that both operators
have the same trace. Arguing as in Lemma 4.2, the operator A"t has trace

.

In particular, we need to prove that

tr(A:z,Tl o A:’;lg"'Z) —

Let fs be a polynomial of degree s

fs(u) = O fsu’® + ...

where the dots stand for terms of lower degree. The action of D on the main
coefficient of fy is given by

/ _q75/2 s—1
be( ) 6féﬁu +,

see Section 2.2 of [12]. The iteration of this formula leads to

(19)

s. ,—1
Defrie = g prire(—1ysg—3() 45 )s

(¢—1)°
s(rg—r1)+%(;) (qn75+1’qs;q71)s
(q _ l)s(qn—rl , qrz; q—l)S

= q

)

where the last identity follows from (16). Now we are ready to compute the trace

T2,T1 1,72
of A" o Alv"2,

We begin by writing this trace in terms of the eigenfunction

fror2 and the Rodrigues function p™™2. To that aim, we recall the combinatorial
meaning of this function, see Remark 3.11. Then, we use the Rodrigues formula
given in (17) after the normalization of the functions fI1"2.

(AT o AT) = Y TN (O (w, 21) )N (D21, w2))

Now recall that

T1,T2

= D p (g g g (g
teZ
_ (_1)SqS(T2*T1)*%(§) (q—1)2
(", 9259715
XY fTT gD (g g

teEL

JEm (@) = g T R )
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is a polynomial of degree less that s in v = ¢~¢. In particular, Lemma 4.3 gives

Z fsrz,rl (qrgfrl 7t)DSp;1’T2 (qft)qft _ qs(rzfn) Z f;z,m (qft)Dsngrz (qft)qft'
teEZ teZ

Then, summation by parts and formulas (15) and (19) give
g2 r2mr-30) (g — 12
(@™ q™5q7)s

tr(Agz’Tl o Agl’Tz) Dsfg‘z,h Z pgl,rz (qit)qit

teZ+4

qs(m—rl)(qn—s+1’ qs; q—l)s Z prl,rz (q—t)q—t
(g™, q" ", q™,q" 2907 1), tEZ+5 )
2
= qfs (qn75+17q8;q71)s [n:| {n}
q q

(g™ q7)2s r1lqlre

LI L/ L2

Notice that, in the use of (19), we interchange the roles of r; and rs. O

Proof of (Ps(ri,72,73)) for 11 < ry < r3. Given 0 < r; < ry < n, we define the
Radon transform R : V,, — V,, as follows

REp(xa) = Y @lan).

x1Cxa

The kernel of this operator preserves 9 so that RZ2" € Homg(V,,, V,,). On the
other hand, given (z1,23) € X;, X X,,, identity (3) gives

o Ty —T1 o T3 T2 T3
‘{$2€Xr2|1'1C$2C$3}‘— {Tz—’/‘l}q_ [Tg}q{Tl}q/[Tl}q.

In particular,

)]
T21qlT11q pryrg
RC

(]

r1lq

Since R € Homg(V,,, V,,), we decompose it as

(20) R o R =

N(’l‘l,TQ)

(21) RO = S wg(ryra) A
s=0

To calculate the coefficients wg(r1, r2), we observe from (2)

AP O R = N A (A, w) = | L[”L'

T2 1
(z1,x2): 21 Cxa
On the other hand,
Agzﬂ"l ORE’W — Ws(T17T2> Agzﬂ‘l o Aglﬂ"zl

Therefore, applying Py(r1,72,71) we obtain

tr(A727 0 REV2) = wy(ry, 12) — ]
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This result leads to the exact value of wg(r1,72). Then, we can rewrite (20) using
identity (21). Although we leave the details to the reader, it is not difficult to check
that this gives

N(rira) ([P] = 7 2 N(r1,r2)
iz ([s]q [s—l]q) ATers o AT iz ({n}q_{ n L)Aglm'

— { n } — S s—1
s= r2lq s=
Now, since these operators are mutually orthogonal, we identify coefficients. ([l

Corollary 4.4. The Hilbert-Schmidt norm of AL-" is
1/2
(q7-17qn_7'2;q_1)s [z]q[:;]q
n—r o 4—1
("= ,q™25q71)s {n]q_ [ n ]q

s s—1

e

Proof. By Schur lemma, there exists some constant cs(ry,72) with
(ATV72)" = ce(ry,ma) AT2T.
If we write this relation in terms of the kernels,
Agh"2(0(x2, 1)) = cs(r1,m2) AL2 " (O(21, 22)) for all (z1,22) € X, X Xy
This is equivalent to
£ 1) = Cu(ray ) £ (4

Identifying the main coefficients via (16), we obtain the value of cs(r1,72)

(ATl,’I‘Q)* _ s(ra—r1) (qu 4" qil)s AT
: — (g™, q25971)s
The given expression for the Hilbert-Schmidt norm arises from Theorem 4.1. [

Remark 4.5. Our choice of the basis B follows from the condition
£ (1) = AT (0) = 1.

This normalization is very natural since in this way the kernels AJ'" become the
spherical functions associated to the symmetric space X,.. This will be an essential
observation in Section 5. However, there exist other natural normalizations for
AL-"2. For instance, Corollary 4.4 provides a normalization for which the basis B
becomes orthonormal with respect to the Hilbert-Schmidt inner product. Moreover,
combining the results obtained so far it is not difficult to provide the normalization
for which the basis B is made up of unitary operators.

5. AN ALTERNATIVE PROOF FOR THE PRODUCT FORMULA

In this section we provide an alternative proof of (Ps(r1,r2,73)) which does not
use any tool from the theory of classical hypergeometric polynomials. In contrast,
the main tools will be the characterization of spherical functions given in Theorem
1.3 and the Radon transforms

RE™:V, —V,,
defined for 0 < r; < ro < n. Along the proof, we shall obtain some identities

for the kernels A71'"? which might be of independent interest. Before starting the
proof, we recall that Lemma 4.2 does not use any argument from the theory of
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classical hypergeometric polynomials. In particular, we again reduce the proof of
the product formula to the proof of those particular cases.

Remark 5.1. Along the proof, we shall assume by convention that
i) [2} = 0 for any integer r not satisfying 0 < r < mn.
q
i) ATt =0 for any integer s not satisfying 0 < s < N(r1,72).

5.1. Combinatorial identities. Let us consider a subspace z of €2 of codimension
0(, ) =t and let us fix an integer 0 < k < n. Our first aim is to calculate the
number of r-dimensional subspaces z, € X,. of Q satisfying d(x,,x) = k. Clearly,
this parameter is invariant under the action of G. In particular, it depends on the
codimension of x but not on x itself. Hence we define

M(n,r t k) = H:cr € X, | O(zy,x) = k}’

We will prove some formulas for M(n, r, ¢, k) that are equivalent to Proposition 3.1
and Corollary 3.2 in [8].

Lemma 5.2. We have

= e[ 1] 2]
q q
Proof. Let
A= {(z,w) € Xy x X | sz,wﬁx:{O}}.

Then, we compute the cardinality of A in two different ways. First we notice that an
element z, € X, satisfies (., ) = k if and only if it can be written as z, = z @ w
with (z,w) € A. We have only one possible choice for z = z, Nz while w is any
k-dimensional subspace with x, = z @ w. Then, it follows from (4) that

Al = M(n,r, 8, k)g" ")

On the other hand, we can count first how many possible z’s can we plug in A by
applying (2) with (n —¢,r — k) instead of (n,r). Then we need to count how many
w’s can we plug in A. To that aim we notice that, for any such w the element
y =2 ®w is an (n — t + k)-dimensional subspace containing x. The number of
possible y’s is given by (3). Finally, we need to count how many w’s do we have for
a fixed y, which is given again by (4). In summary, we find that

W= i

Combining the expressions obtained so far, we obtain the desired result. ([l

In the following result we use Radon transforms and our formula for M(n, r, ¢, k)
to obtain some useful relations between the kernels A" corresponding to a fixed
value of the parameter s.

Lemma 5.3. Let 0 < rq,7r9,73 < n and 0 < s < n/2. Then, there exist absolute
constants g, C1,C2,C3 and ¢4 such that for any t € 1,,(r1,7r3), we have:

(a) )\ZI’TS (t) = Co )\;3,7"1 (7“1 —1rs+ t).

(b) If T2 S 3,

LA (t) =D M(rs, ra,t, k) ALt (k).
k
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(C) Ile S r2,
AT () =Y M(n —ry,m — ot k) AL (k).
k

(d) IfT‘Q S T,
s ADTH(E) = Y M(ry o, — 75 £ e — 1y + k) A9 (R).
k

(e) If rs < rg,

Ca ALV (L) = Z M(n —rg,n—ro,my — 13+ 6,71 — 19 + k) ALV (k).
k

Proof. By Schur lemma, (A717)* = ¢y A7>"™ for some constant ¢y independent
of the variable t. Then, (a) follows from the relation between the corresponding
kernels and the identity

6(x1,x3) =7ry—17r3+ 8(1‘3,1‘1).
To prove (b) we write (again by Schur lemma)
g ALV =RE" o ATV,

Hence, if (z1,23) € Xy, X Xy
AT Ows,a1)) = S ART(D(ws,1)

z2Cx3

Z ‘{.’EQ S )(T2 ‘ ro C X3, 8(1'2,.2?1) = k‘}‘ )\21,7”2 (k‘)
k

Then we observe that

M(T’37T2,6($3,$1)7k) - ’{$2 S XTZ ’ xr9 C 23, 5($2,m1 ﬂ$3) = k}‘
= ’{902 € Xy, | w2 C a3, O(w2,21) = k}’

To prove (c) we write cg AT = A>3 o R'*"™ for some absolute constant cs.
p 2 g s C
Proceeding as above, this gives

o AT (D(ws,m1)) = Y sz € X, | @1 C g, w3, 2) = k‘}‘ AE" (k).
k

To calculate the coefficient, we work in the dual space *. Let X stand for the
set of linear subspaces of Q" and X,. the subset of r-dimensional subspaces of Q*.
Then, if 2+ € X denotes the annihilator of a subspace = € X, we have

Azt zh) =0t —o(xtnzt) = 0(at) —a((x+2)*) = Az +2) —d(x) = (2, x).
In particular,
M(n —r1,n —re,0(zs, 1), k)

L1 1oL~
HxQLEXn,TAxQ C a1, O(xy, a3 ﬂx?’):k}‘

ij‘ € Xp—ry | x%‘ C mf‘, a(xj‘,xé‘) = kH

{1‘2 S )(7«2 | r1 C X9, 8($3,1‘2) ES k}‘
Finally, (d) follows from (a) and (b) while (e) follows from (a) and (c). O
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Theorem 5.4. The kernels of the operators in the basis B satisfy:
(a) If0<t<sands<r<n-s,

(" Yq )
AT (¢t _ AT (0 ,
() e, (0)
B (qr+s n— 17q 1)15 B
YO () ISR w—— e L USSR}
0 (qm5q7 1) ©

In particular, we have A*(0) # 0 and A2757(0) # 0 for all s <r <n—s.
(b) If 0 < s < N(r1,72), there exists a polynomial fI*"2 of degree < s uniquely
determined by the condition

for(@)y =) for tE€Tu(ryr).
Moreover, the degree of fi'"? is s and there are non-zero constants c¢; and

co such that

1 —1 k
ri,r q 2u, q 9 k( ;q )ku ro—s T1,8
) = o §j S, A,

. n rlu 4 1)S—k(u_1;q_1)kuk k(n—r1—s+k)
o E gk A5 (Y.
sk(@* 07k o)

(¢) Ifo<s< N(rl,rg), there ezists a non-zero absolute constant ¢y such that

£ () = <o 2 (a7 )
(d) If 0 < s < N(rq,72), we have fI72(1) #0 and

srl:i(q*r?) _ )\glz(s) = (~-1)° (;)_rlsm’
fsl, 2(1) )\817 (0) (qnfrl.qfl)s

f§1,:2 (Tqu—n) — )\?_S,m (5) _ (_1)sq(§)+s(r2—n)w.
) ASTT(0) (a"25071)s

In particular, we have

ferre(gnTre) £ (¢, q" 507 ")s

02 (1) (" ", qm2q7 1Y)
(e) If 0 < s < N(r1,72),

1,7 ry n—r 1
(Agl,rg)* — fi; rj(l) qs(rg—rl) (q ) q 2’q ) Ar2 1
f2(1) (q"",q5q71)s

Proof. By Lemma 5.2 and Lemma 5.3 (e) with (r1,72,7r3) = (r,s,s — 1), we have

n—r—t r—s+t+1

q -1 r—s+t+1lyr,s q —1 8

4 - ATS(4+1 —— \"%(¢

B r=s+t+1] [n=7" =87 (r_stk)(h=t)\rs
- ;{ T_S+k :|q|:n_7"_kj|qq AS (k)

ZM(N—S'F1,n—8,r—s+t—|—1,7«—54—]@))\?5(@

= 4 )\:’Sil(t) = 0.
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The first identity in (a) follows by solving the recurrence

1— qs—r—t—l
1— qnfrft

AT (4 1) = AT ().

The second identity in (a) follows similarly from Lemma 5.2 and Lemma 5.3 (d)
with (r1,7r2,73) = (n — s+ 1,n —s,r). For the first identity in (b), we use Lemma
5.2 and Lemma 5.3 (b) with (rq, s,72) instead of (ry,ra,73)

A AT(t) = > M(ra,s, k) AT (k)
k

Z [Z} q [7;2:];} qqk(’l”Q*thJrk)Agl,s(k)
k

ro—t

B (¢ a7 ) si(dsqa Drg ™ JEr=s ) yrus (1)
—~ (@ Fa ) s—r(@ g :

Clearly, the right hand side is a polynomial in the variable u = ¢~ of degree < s.
This gives the first identity in (b) and proves the existence of such a polynomial.
Uniqueness follows from |I,,(r1,72)] = N(r1,72) +1 > s. The second identity in (b)
follows in a similar way from Lemma 5.2 and Lemma 5.3 (¢) by taking (r1,n—s,72)
instead of (r1,79,73). From (a) and the first identity in (b), we can write the main
coeflicient of fi1"2 as

s—r1—1

s S— rok— s—k R
(—1) kgt (5D @ e s

iy 1 4 P T N
,;(qs Mg )son(db a7k (@57

A7),

Therefore, since the coefficients of A71'°(0) in this sum are all positive (notice that
(¢*~"171; g7 1)y is positive for all k& > 0 since s < r;), we deduce that the main
coeflicient does not vanish so that fI*" has degree s. This concludes the proof of
(b). Property (c) is another way to write Lemma 5.3 (a). The property fI*"2(1) # 0
follows trivially from (a). The first identity in (d) follows by evaluating the first
identity in (b) at u = ¢~" and u = 1 and then applying (a). Similarly, for the
second identity in (d), we evaluate the second identity in (b) at v = ¢"~" and
u =1 followed by (a). In both identities, the transformation formula

(2:g71)s = (~1)%qBz*(g" L2,
is needed. The last identity in (d) follows from the previous ones and (c¢). To

prove the identity in (e), it suffices to notice that the constant ¢y in (c) is given by
frorz(1)/ fr2m1(¢g™~"1) and apply (d). This completes the proof. O

5.2. Proof of the cases r; <1y < r3 and r; > ro > r3. We have already seen
that fI1"2 satisfies the condition fI'"2(1) # 0 for any 0 < s < N(r,r2). Hence,
from now on we normalize the operators A7t in B requiring fI*"™2(1) = 1. In
particular, now Theorem 5.4 (e) has the form

n—r.

d(’rZaS) : (q aq_l)s
22)  (ATTE)Y = AT with  d(rs) = gt d s
S (O ) =G,

Let us consider 0 < 71,719,173 < n with 71 < ry < rsz. Then we claim that

P(rs,r2,7m1) = P(r1,72,73).



30 MARCO AND PARCET

Indeed, let us use the same notation as in Section 4

],
k(r7 S) == ﬁ.
[ S]q - [s - l]q
Then (22) gives
. d(?"g,s) : d(TQaS)
To,T3 71,72 73,70 7,11\ ¥
As OAs d(?“g,s) (A ) d(Tl,S) (As )
_ d(T37 5) T2, r3,T2
= drs) (AL o AT T2
_ d(T37 S) 73,71 7‘1,7‘3
- d(’/’l,S) k(?’g,s) (As ) (T27 )A

In summary, it suffices to prove the case r; > ro > r3. Notice that this is clear since
Lemma 4.2 obviously holds with r; > ro > r3 instead of r1 < ry < r3. However,
we have proved the implication P(r3,re,71) = P(r1,72,r3) since we shall need both
results in Paragraph 5.3.

Remark 5.5. Let us write again P(r,s) : V,, — V, ; for the orthogonal projection
from V, onto V, 4. Then, using that A"(0) = fI""(1) = 1 and arguing as in the
proof of Lemma 4.2, we have

dim V
(23) P(r,s) = % AT = K(r, s) "L AL
In particular, it turns out that
A78“177"2 o Agl’h — k(r17 )Arlﬂ”z
Agzﬂ"z o Aglﬂ‘z — (7,.27 )AT177‘2

That is, (Ps(r1,72,73)) holds with 1y = 73 or ro = r3. Moreover, recalling the
definition of spherical function given in Section 1 and that X, is a finite symmetric
space for any 0 < r < n, we observe from (23) that the set of spherical functions
associated to X, is

{)\:’T|O§s§r/\(n—r)}.

Following Remark 5.5, we are now allowed to use the characterization of spherical
functions provided by Theorem 1.3. That is, given y € X, for some 0 < r < n, we
consider the isotropy subgroup of y

Gy:{g€G| gy:y}.
Then, Theorem 1. 3 gives
(24) |G | D AT(D(gz,2)) = AP (O(x, ) AT (D(y, 2)),s

geGy

for any z,y,z € X,.. On the other hand, by Remark 5.5 we have

)\gl’”(a(xg,xl)) = Z )\Thrz x2721)))\;17”((“)(21,x1)),
1S zleX
AL 0wz, 1)) = Z AP (0(w2, 22)) A" (O(22, 1)

28 22€sz
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Combining these identities with (24), we obtain

1
Gl > OAT(O(w2, g71)) = A (O(m2,y1)) A (O, 31)),
Y1
(25) G
3 A0 ) = A0l ) N O, )
Yz 9€Gy,

with (y1,y2) € X, X X,.,. Now, let us assume that r; > ro > 73 and let us take
xr € Xy, for k =1,2,3 with 23 C 22 C z;. Clearly, for any g € G, we will have
x3 C x3 C gxy so that d(z3, gz1) = 0. On the other hand, by Schur lemma we have

AT 0 ATV = K (11, 72, g AT
for some constant ks(r1,r2,73). Putting the previous results all together, we have
ks(r1,72,73)

ks(r1,72,73) = TG Z AL (O(xs, g1))
T2 9€Ga,

1 ) )
= G X X N, 2) N O g0)

gEGxQ ZQGXTz

= Y ST A (0, 20) N Ol 0)

|Gm2 ‘ gEG, 22€X,,

= D APT(O(ws, 22)) A0z, m2)) AL (D, 1))

22€Xy,
= k(re,s) AL (0(x3,22)) A2 (0(x2, 1)) = k(ra, 5).
Remark 5.6. (24), (25) and a combination of those already appeared in [8].
5.3. Proof of the case r; = r3. In this paragraph we shall need to use another

type of Radon transforms. Given an integer 0 < r < n, we consider the Radon
transform R, : V,, — V,,_, defined as follows

Rip(z) = Z o(x) for z2€ V.
z: zNz={0}
Since the kernel of R’ is invariant under the action of G, R’ € Homg (V,, V).

Lemma 5.7. If r1 +ry <n, we have R? o AT0™ = m(rg, s) ALV 72 with
—r. 1
m(r,s) = (<1)7gr ==+ (50 e
(@507 1)s
Proof. By Schur lemma, we know the existence of a constant ¢ such that
R'g2 o A'glyTZ — CA;177’7/*T2'
When r; +ry < n, we can take x1 € X, and zo € X,,_,, such that 1 C z5. Then,
0(z2,21) =n — 11 — 12 and identity (4) gives
AP (n— 1 —1rg) = Z At (0(x2, 1))
zo: waNze={0}
— qr2(n—r2)/\r1,r2 (7“2)
. .

Since we have
N ) = S,
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)\rl,nfrg (TL e ’I“g) — T1,M—T2 (qr1+r27n)
s :

S )

the desired relation can be easily checked by applying Theorem 5.4 (d). (]

Now we are ready to complete the proof. Arguing as in Section 4, the product
formula,

(26) AT 0 AT = K(ra,8) A7

n n
L],
n n ’
[ s ] q o [s -1 ] q
Since tr(AZ2™ o AT0™2) = tr(A5"™ o AT>7™), we assume without lost of generality
that r1 < ro. In particular, we have s < r; < ry < n — s. Multiplying on the

left (resp. right) of (26) by AL*® (resp. A2") and applying the results obtained in
Paragraph 5.2, it turns out that the proof of (26) is equivalent to the proof of

2,8 8,7 S,8
A2 0 A2 = Kk(rg,s) AS°.

is equivalent to

fr(AT2T 0 ATIT2) =

Now, multiplying on the left by RS and applying Lemma 5.7 (notice that ro+s <n
and s + s < n), the proof of (26) becomes equivalent to

AT2PT5 0 AT = Kk(re, s) AS™ 0.
However, this identity holds since s < ro < n—s. Therefore, the proof is completed.

The referee has informed us that the argument used in Paragraph 5.2 to prove
Theorem 4.1 in the case ry > ro > r3 can be adapted to obtain a general result
which can be stated as follows.

Theorem 5.8. Let G be a finite group and let us consider finite symmetric spaces
X1,Xs9,Xs. Let m be an irreducible representation appearing in Lo(X;), j =1,2,3.
Let A% € Homg(L2(X;), L2(X;)) with kernels X9 : X; x X; — C such that
Im(AY) = Lo(X;)x and normalized so that N (y;,y;) = 1 for some fized points
(¥i,y5) € Xy x X with 1 <14 < j <3. Then, if Gy, C Gy, Gy,, we have

A23 ° A12 _ |X2| A13
dim(w)
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