ROSENTHAL TYPE INEQUALITIES FOR FREE CHAOS

MARIUS JUNGE, JAVIER PARCET AND QUANHUA XU

ABSTRACT. Let A denote the reduced amalgamated free product of a family
A1,A2,...,A, of von Neumann algebras over a von Neumann subalgebra B
with respect to normal faithful conditional expectations Ex : A, — B. We
investigate the norm in L, (.A) of homogeneous polynomials of a given degree d.
We first generalize Voiculescu’s inequality to arbitrary degree d > 1 and indices
1 < p < co. This can be regarded as a free analogue of the classical Rosenthal
inequality. Our second result is a length-reduction formula from which we
generalize recent results of Pisier, Ricard and the authors. All constants in
our estimates are independent of n so that we may consider infinitely many
free factors. As applications, we study square functions of free martingales.
More precisely we show that, in contrast with the Khintchine and Rosenthal
inequalities, the free analogue of the Burkholder-Gundy inequalities does not
hold on Loo(A). At the end of the paper we also consider Khintchine type
inequalities for Shlyakhtenko’s generalized circular systems.

INTRODUCTION AND MAIN RESULTS

A strong interplay between harmonic analysis, probability theory and Banach
space geometry can be found in the works of Burkholder, Gundy, Kwapien, Maurey,
Pisier, Rosenthal and many others carried out mostly in the 70’s. Norm estimates
for sums of independent random variables as well as martingale inequalities play a
prominent role. Let us mention, for instance, the classical Khintchine and Rosenthal
inequalities, Fefferman’s duality theorem and the inequalities of Burkholder and
Burkholder-Gundy for martingales. On the other hand, in the last two decades
the noncommutative analogues of these aspects have been considerably developed.
Important tools in this process come from free probability, operator space theory
and theory of noncommutative martingales.

In this paper, we continue this line of research by studying L,-estimates for
homogeneous polynomials of free random variables. Our results are motivated by
the classical Rosenthal inequality [38]. That is, given a family fi, fo, f3,... of
independent, mean-zero random variables over a probability space §2, we have

(R,) H gjlfk! b (Z 15403) " + (Z 154l)”

for 2 < p < co. Weuse A ~. B for c7!A < B < cA and A <. B for A < ¢B. The
growth rate for the constant ¢, as p — oo is p/logp (see [12]) and so the Rosenthal
inequality fails on L (€2). In sharp contrast are Voiculescu’s inequality [44] and
its operator-valued analogue [14] which are valid in L. Let A = Ay xAgx---x A,
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2 JUNGE, PARCET AND XU

denote the reduced free product of a family A, Ag, ..., A, of von Neumann algebras
equipped with normal faithful (n.f. in short) states ¢1, s, ..., ¢,, respectively.
Then, given a; € Aj,as € Ag,...,a, € A,, mean-zero random variables (i.e. freely
independent) in A and a collection by, ba, ..., b, € B(H) of bounded linear operators
on some Hilbert space H, Voiculescu’s inequality claims that

(Vo) H;ak@kaA®B(H) ~ec lillignnak@kaAk@B(H)
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for some universal positive constant c¢. The equivalence (V) was proved by
Voiculescu [44] in the tracial scalar-valued case. The general case as stated above (or
more generally using amalgamated free product) can be found in [14]. This result
can be regarded as the operator-valued free analogue of the Rosenthal inequality
for homogeneous free polynomials of degree 1 and p = co. Quite surprisingly, the
Loo-estimates (which do not hold in the classical case) are easier to obtain in the
free case by virtue of the Fock space representation. In contrast with the classical
situation, the passage from L., to L, in the free setting is much more delicate.
This is mainly because of the fact that a concrete Fock space representation does
not seem available for L, (A).

Our first contribution in this paper consists in generalizing Voiculescu’s in-
equality to homogeneous free polynomials of arbitrary degree d and to any index
1 < p < co. Let us be more precise and fix some notations. Assume that B is

a common von Neumann subalgebra of Aj, A, ..., A, such that there is a normal
faithful conditional expectation E; : Ay — B for each k. Let A be the reduced
amalgamated free product *xgAp of A1, As, ..., A, over B with respect to the Ey.

E: A — B will denote the corresponding conditional expectation and P 4(p, d)
the subspace of L,(A) of homogeneous free polynomials of degree d. Then, given
1 < k < n, we consider the map Qj on P 4(p,d) which collects all reduced words
starting and ending with a letter in Ag. Then we have the following result.

Theorem A. If2 <p<oo and ay,as,...,a, € Pa(p,d), we have

130w, s (Xl0utanlr)’
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while the reverse inequality holds up to a constant less or equal to cd.

We note that the operator-valued case is also contemplated in Theorem A since
we are allowing amalgamation, see Remark 1.1 below for more details. On the other
hand, we also point out that, since freeness implies noncommutative independence,
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the case of degree 1 polynomials for 2 < p < oo follows from the noncommutative
analogue of Rosenthal’s inequality [17, 18]. However, the constants obtained in
this way are not uniformly bounded as p — oo, see Remark 2.13 for a more de-
tailed discussion. Finally, we should also emphasize that Theorem A can be easily
generalized to the case 1 < p < 2 by duality, see Remark 3.7 for the details.

Our second major result is a length-reduction formula for homogeneous free
polynomials in L,(.A). Again, we need to fix some notations. In what follows,
A will denote a finite index set and we shall keep the terminology for A, B and
E: A — B. Then, we use the following notation suggested by quantum mechanics

| X be)a@l] = [|( X b@E(a@a@))ns))
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where a(a) € Ly(A) and b(a) € L.(A) with 1/¢ + 1/r = 1/p. Finally, given
1 < k < n we consider the map Ly (resp. Ry) on P_4(p,d) which collects the
reduced words starting (resp. ending) with a letter in Ag. Thus we have

Ok = LyRi = RpLx-
We shall write P _4(d) for P 4(p,d) with p = co. Our second result is the following.

Theorem B. Let 2 < p < oo and let xi(c) € L,(Ag) with E(zk(a)) = 0 for each
1 <k <n and a running over a finite set A. Let wi(a) € P 4(d) for some d > 0
and satisfying Ry (wg(a)) =0 for all 1 < k < n and every a € A. Then, we have
the equivalence

H Z wi(a)zg(a) ‘
ko

Similarly, if Li(wg(a)) =0 we have
| S]], ~e | 3 rxteyunta)
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A large part of this paper will be devoted to the proofs of Theorems A and B.
One of the key points in both proofs is the main complementation result in [37] (c.f.
Theorem 2.1 below) since it allows us to use interpolation starting from the case
p = oo, for which both results hold with constants independent of d. Our main
application of Theorem B is a Khintchine type inequality. In the classical case,
Khintchine’s inequality is a particular case of Rosenthal’s inequality with relevant
constant ¢, ~ ,/p as p — oco. However, as in the Rosenthal /Voiculescu case, the free
analogue of Khintchine’s inequality holds in L.,. Indeed, the first example of this
phenomenon was found by Leinert [23], who replaced the Bernoulli random variables
by the operators A(g1), A(g2), ..., A(gn) arising from the generators g1, ¢a, ..., gn of
a free group F,, via the left regular representation \. More generally, if WW; denotes
the subset of reduced words in F,, of length d and C%(F,,) stands for the reduced
C*-algebra on F,,, Haagerup [8] proved that

(Hoo) H 2 aw”\(w)‘c;(ml) N1+d( 2 |O‘w|2> '

weEWy wEWqy

N




4 JUNGE, PARCET AND XU

There are two ways to extend these inequalities. The first step consists in
considering operator-valued coefficients. In the classical case, the operator-valued
analogue is the so-called noncommutative Khintchine inequality, by Lust-Piquard
and Pisier [24, 25]. Leinert’s result was extended to the operator-valued case by
Haagerup and Pisier in [10] while Haagerup’s inequality (Ho) was generalized by
Buchholz [3]. Finally, the result in [3] has been recently extended to arbitrary
indices 1 < p < 0o by Pisier and the second-named author in [27].

The second step consists in replacing the free generators by arbitrary free random
variables and C} (F,,) by a reduced amalgamated free product von Neumann algebra
A. In this case we find the recent paper [37] by Ricard and the third-named
author, where Buchholz’s result was extended to arbitrary reduced amalgamated
free products, see also Buchholz [4] and Nou [26] for the case of ¢-gaussians.

In this paper, we shall apply Theorem B to generalize the main results of [27, 37]
and to do so we need to combine the brackets | ) and ( |, see Section 3 below for
precise definitions. We obtain the following Khintchine type inequality.

Theorem C. Let x be a d-homogeneous free polynomial
r=> Y oz wj,(e) € Ly(A)
Q€A j1#j2F - FJa
for some 2 < p < oo. Then we have
cd™?2(S1 + 52) < |z, < td? (51 + 5a)

where X1 is given by

iHZ ST (@) (@), (@) ()|

s=0  a€A i Hja
and Yo has the form

d n
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1<js17# F#ja<n
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Our proof of Theorem C is an inductive application of Theorem B and provides
a natural explanation of the norms 1 and ¥,. This leads naturally to 3 terms
if d =1, 5 terms if d = 2, etc... We refer to Section 3 below for a more detailed
explanation of the norms ¥ and 5. In the case of p = 0o, this result was obtained
in [37] in a slightly different form but with an equivalence constant depending
linearly on the degree d, which is essential for the applications there. The inductive
nature of our arguments leads to worse results, see Remark 3.8 for the better
constant in the lower estimate.

In the last part of the paper, we shall apply our techniques to studying square
functions of free martingales and Khintchine type inequalities for generalized cir-
cular systems. More precisely, we first study the free analogue of the Burkholder-
Gundy inequalities [5]. The noncommutative version of these inequalities was ob-
tained by Pisier and the third-named author in [34]. Thus, since any free martingale
is a noncommutative martingale, the only interesting case seems to be p = co. In
contrast with the free Khintchine and Rosenthal inequalities, we shall prove that the
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free analogue of the Burkholder-Gundy inequalities does not hold in Ly, (A). To be
more precise, let us consider an infinite family A, As, As, ... of von Neumann alge-
bras equipped with distinguished normal faithful states and the associated reduced
free product A = x,A;. We consider the natural filtration

A, =A1 xAgx---x A, with consitional expectation E,, : A — A,,.

Any martingale adapted to this filtration is called a free martingale. Now, let K,, be
the best constant for which the lower estimate below holds for all free martingales

T1,T2,... in LOO(.A)
}m

2n 1
2
max{H (dekde) ,
k=1 o
Theorem D. K, satisfies IC;, > clogn for some absolute positive constant c.

2n 1
‘ ( Z dx};da:k> ’
k=1

Then we have the following result.

The last section is devoted to Khintchine type inequalities for Shlyakhtenko’s
generalized circular variables [39] and Hiai’s generalized g-gaussians [11]. In these
particular cases, the resulting inequalities are much nicer than those of Theorem C.
The Khintchine inequalities for 1-homogeneous polynomials of generalized gaussians
were already proved in [47], see Theorem 5.1 for an explicit formulation. We obtain
here its natural extension for Hiai’s generalized g-gaussians. Namely, let us consider
a system of g-generalized circular variables gqi, = A\xly(ex) + il (e—r) (see Section
5 for precise definitions) and let I'; denote the von Neumann algebra generated by
these variables in the GNS-construction with respect to the vacuum state ¢,(-) =
(Q, -Q),. Then, if dg, denotes the density associated to the state ¢4, we have the
following inequalities for the L,-variables

1 1
9arp = dg} gar dg’ -

Theorem E. Let N be a von Neumann algebra and 1 < p < co. Let us consider
a finite sequence 1,2, ..., Ty, in L,(N). Then, the following equivalences hold up
to a constant cq depending only on q.

i) If 1 <p <2, then

n
H Z Tk @ 9qk.,p
k=1 P

3

~eq inf
Tr=ar+by

z 2z % 2 3
(Sodud )+ | (Sl )
k=1 = P

k=1

i) If 2 <p < oo, then

n
H Z Tr Q 9qk.p
k=1 p
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Moreover, if Gq, denotes the closed subspace of L,(T'y) generated by the system of
the generalized q-gaussians (9qr,p)r>1, there exists a completely bounded projection

vy : Lp(Tq) — Gap satisfying

2 112
aplles < (=) "
1—lq|

In our last result we calculate the Khintchine inequalities for 2-homogeneous
polynomials of generalized free gaussians gr = Agf(ex) + prl*(e—x) (corresponding
to the case of ¢ = 0). As we shall see, our method is also valid for d-homogeneous
polynomials and the resulting inequalities can be regarded as asymmetric versions
of the main inequalities in [27]. Let T denote the von Neumann algebra generated
by the system of gp’s in the GNS-construction with respect to the vacuum state
d(-) = (2, - Q). Our result reads as follows.

Theorem F. Let N be a von Neumann algebra and 1 < p < co. Let us consider a
finite double indexed family x = (x;5)i j>1 i L,(N) and define the following norms
associated to x

1 N
M) = | D (i) ? Nipy) ¥ iy @ e Sp(Lp(N)
i#] o
2 2 * %
Ro(@) = |[( X many) ¥ ey) ey ’LW)’
i#] ’
2 2 x 3
Cp(z) = (Z(Miﬂj)P(AiAi)p’xijxij) ‘L(N)'
i# ’

Then, the following equivalences hold up to an absolute positive constant c.
i) If 1 <p <2, then

| ey @dy gy 7|~ _int | Ry(a)+ My(d) + ).
i#]

i) If 2 <p < oo, then
a 1
H Zl‘z‘j ®dg’ gigjdy
i#£]
Moreover, if G, o denotes the subspace of L,(T') generated by the system
1 L
{d;p 9igidy | 1<i#j< OO},

there exists a projection 7y, o : L,(T') — G, o with cb-norm uniformly bounded on p.

‘p ~, max {Rp(x) , Mp(z), Cp(w)}.

We conclude the Introduction with some general remarks. We shall assume
some familiarity with Voiculescu’s free probability [43, 44, 45] and Pisier’s vector-
valued noncommutative integration [31]. In fact, we will be concerned only with
the vector-valued Schatten classes and their column/row subspaces. On the other
hand, since we are working over (amalgamated) free product von Neumann alge-
bras, we shall need to use Haagerup noncommutative L,-spaces [9, 41]. As is well
known, Haagerup L,-spaces have trivial intersection and thereby do not form an
interpolation scale. However, the complex interpolation method will be a basic tool
in this paper. This problem is solved by means of Kosaki’s definition of L,-spaces,
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see [20, 42]. We also refer the reader to Chapter 1 in [15] or to the survey [35] for a
quick review of Haagerup’s and Kosaki’s definitions of noncommutative L,-spaces
and the compatibility between them. In particular, using such compatibility, we
shall use in what follows the complex interpolation method without further details.
At some specific points, we shall also need some basic notions from operator space
theory [7, 32], Hilbert modules [22] and Tomita’s modular theory [19, 30]. Along
the paper, ¢ will denote an absolute positive constant that may change from one
instance to another.

Acknowledgment. We thank Ken Dykema, Gilles Pisier, Ana Maria Popa and
Eric Ricard for discussions related to the content of this paper. The first-named
author was partially supported by the NSF DMS-0301116. The second-named
author was partially supported by “Programa Ramén y Cajal, 2005” and Grant
MTM2004-00678, Spain.

1. AMALGAMATED FREE PRODUCTS

We begin by recalling the construction of the reduced amalgamated free product
of a family of von Neumann algebras. Amalgamated free products of C*-algebras,
which we also outline below, were introduced by Voiculescu [43]. Let Ay, Ag, ..., A,
be a family of von Neumann algebras and let B be a common von Neumann subal-
gebra of all of them. We assume that there are normal faithful conditional expec-
tations Ex : Ay — B. In addition, we also assume the existence of a von Neumann
algebra A containing B with a normal faithful conditional expectation E : A — B
and the existence of *-homomorphisms 7 : Ay — A such that

E O = Ek and 7Tk|5 = idB.
The family A1, As,..., A, is called freely independent over E if
E(mj, (a1)m), (a2) -+ ), (am)) =0

whenever aj, € A, are such that E(mj, (ax)) =0 for all 1 < k < m and ji # j2 #
-+« # jm. In what follows we may identify Ag with the von Neumann subalgebra
7 (Ag) of A with no risk of confusion. In particular, we may use E or Ej indistinc-
tively over A,. Moreover, for notational convenience we shall only use E almost all
the time. In the scalar case, B is the complex field and the conditional expectations
E and E, Es, ..., E, are replaced by normal faithful states.

As in the scalar-valued case, operator-valued freeness admits a natural Fock
space representation. We first assume that Aj, Ag, ..., A, are C*-algebras having
B as a common C*-subalgebra. Let us consider the mean-zero subspaces

/Z\k = {ak € A ‘ E(ak) = O}.
We define the Hilbert B-module
Ajl ®B A]Z ®B e ®B Ajm
equipped with the B-valued inner product

(1 ® - ®apm, ) @---®ay,) =E;, (a), - Ej(a5 Ej (aja)) ah) - --ar,).
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Then, the usual Fock space is replaced by the Hilbert B-module
Hes=Bo @ B AL 2sA,®s - Q5A;,.
m2>1j1#jo#Fjm

The direct sums above are assumed to be B-orthogonal. Let L£(Hp) stand for
the algebra of adjointable maps on Hg. Recall that a linear right B-module map
T : Hp — Hp is called adjointable if there exists S : Hg — Hp such that

(x, Ty) = (Sz,y) for all z,y € Hp.
Let us also recall how elements of A act on Hg. We decompose any a, € Ay as
aj, = a + Er(ar).
An element in B acts on Hyg by left multiplication. Therefore, it suffices to define
the action of mean-zero elements. The *-homomorphism m, : Ay — L(Hp) has the
following form

U @ 1), @ 1), @ D @), itk # )

o
a . e - = o
mh(ag) (x5, © - ® x5, E(apz),) zj, @ - - @z, @

(araj, — E(are;,)) @ 2, ® - @ 25, ik =ji.
This definition also applies for the empty word. Then, since the algebra £L(Hp) is
a C*-algebra [22], we can define the reduced B-amalgamated free product C*(xgAy)
as the C*-closure of linear combinations of operators of the form
7Tj1 (a’l)ﬂ-jZ (a2) e TrjnL (am)
The C*-algebra C*(xgAy) is usually denoted in the literature by
*k(Alm Ek)
However, we shall use a more relaxed notation, see Remark 1.2 below.

Now we assume that Aj,Aq,..., A, and B are von Neumann algebras and that
B comes equipped with a normal faithful state ¢ : B — C. This provides us with
the induced n.f. states ¢ : A — C and ¢y : Ay — C given by

6=¢oE and ¢ =poEs
The Hilbert space
La(Aj, @5 Ajy @5+ @5 Aj,, ¢)
is obtained from /&jl ®nB ,&h ®p - OB ,&jm by considering the inner product
(a1 ® - @ am, a’1®---®a’m>¢ :Lp<<a1®~--®am, a'1®--~®a;n>).
Then we define the orthogonal direct sum
Ho=LoB)o @D @ LAy @5 An 25 G5 A ¢).
m21j1¢j27é"'75j7n

Let us consider the *-representation A : £L(Hp) — B(H,,) defined by (A(T)z) = Ta.
The faithfulness of A is implied by the fact that ¢ is also faithful. Indeed, assume
that A(T*T) = 0, then we have

(T*Txz,z), = ¢((Tz, Tz)) =0 for all x € Hp.
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Since ¢ is faithful, Tz = 0 (as an element in Hp) for all © € Hg, and so T = 0.
Then, the B-amalgamated reduced free product xgAy is defined as the weak* closure
of C*(xpAyg) in B(H,). After decomposing

ap = Z)Lk + E(ak)

and identifying ,&k with )\(ﬂ'k(,&k)), we can think of xgA; as

o o ° "
wh= (B2 @ D Ankohn)
m>1 j1#je# - FJm

Again, the usual notation for xgAy is a bit more explicit one (A, Ex).
Let us consider the orthogonal projections
Qp : Hy, — LQ(B)a
Qs i Hy = La(Aj, @5 Ajy @5+ 85 Ay, 0).
Then E : xgA; — B is given by E(a) = QyaQy and the mappings
Eny *BAL D a— Qa,aQa, € Ar (Qa, = Qp + i),

are n.f. conditional expectations. In particular, it turns out that Aj, As,..., A,
are von Neumann subalgebras of *zAj freely independent over E. Reciprocally, if
E: A — Bisan n.f. conditional expectation and Ay, A, ..., A, is a collection of
von Neumann subalgebras of A freely independent over E and generating A, then
A is isomorphic to *gAg.

Remark 1.1. Let A = A;xAs*---x A, be a reduced free product of von Neumann
algebras (i.e. A is amalgamated over the complex field) equipped with its natural
n.f. state ¢. Let B be a o-finite von Neumann algebra, non necessarily included in
A. A relevant example of the construction outlined above is the following. Let us
consider the conditional expectation E : AQB — B defined by E(a®b) = ¢(a)1 4Q0.
Then A1®B,Ax®B,...,A,®B are freely independent subalgebras of ARB over E.
In particular, we obtain

Therefore, taking B to be B({3), it turns out that the complete boundedness of a
map u : Ly(A) — L,(A) is equivalent to the boundedness (with the same norm)
of the map u ® idg : L,(M) — L,(M). In other words, since our results are
presented for general amalgamated free products, complete boundedness follows
automatically and is instrumental in some of our arguments. This will be used
below without any further reference.

Remark 1.2. Let A be a von Neumann algebra equipped with an n.f. state ¢
and B a von Neumann subalgebra of A. According to Takesaki [40], the existence
and uniqueness of an n.f. conditional expectation E : A — B is equivalent to the
invariance of B under the action of the modular automorphism group Uf associated
to (A, ¢). Moreover, in that case we have ¢ o E = ¢ and following Connes [6]

anf’zofOE.

In what follows we shall assume this invariance in all the von Neumann subalgebras
considered. Hence, we may think of a natural conditional expectation E : A — B.
This somehow justifies our relaxed notation for reduced amalgamated free products,
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where we do not make explicit the associated conditional expectations. This should
not cause any confusion since only reduced free products are considered here.

2. ROSENTHAL/VOICULESCU TYPE INEQUALITIES

In this section we present a free analogue of Rosenthal’s inequality (R,). Let A
be the amalgamated reduced free product *xgA, with 1 < k < n and B a common
von Neumann subalgebra of the Ag’s, equipped with an n.f. state . As we have
already seen, the state ¢ induces an n.f. state ¢ on A by setting ¢ = poE. Given a
non-negative integer d we shall write P 4(d) for the closure of elements of the form

(1) a=Y " Y a;(@)ap(@)--a,la)

Q€N j1FjeFFla

with aj, (o) € ;jk and « running over a finite set A. In other words, P4(d) is
the subspace of A of homogeneous free polynomials of degree d. When d is 0, the
expression (1) does not make sense. P 4(0) is meant to be B. Then we define the
space P 4(p, d) as the closure in L,(A) of

Pa(d)d]

where d, denotes the density of the state ¢. Note that, by using approximation
with analytic elements, we might have well located the density dg on the left of
P 4(d) with no consequence in the definition of P 4(p, d).

Similarly, Q4 (d) denotes the subspace of polynomials of degree less than or equal
to d in A and

d
Qu(p,d) = PPalp, k) with Pa(p,0) = Ly(B).
k=0

The complementation result below from [37] is crucial for our further purposes.
Indeed, it was proved there that P_4(d) and Q4(d) are complemented in A with
projection constants controlled by 4d and 2d + 1 respectively. Thus, transposition
and complex interpolation yield the following result for 1 < p < oc.

Theorem 2.1. The following results hold:
(a) Pa(p,d) is complemented in L,(A) with projection constant < 4d.
(b) Qa(p,d) is complemented in L,(A) with projection constant < 2d + 1.

Remark 2.2. In what follows we shall write

a(p,d) : Ly(A) = Pa(p,d) and Tulp,d): Ly(A) — Qa(p,d)

for the natural projections determined by Theorem 2.1. It is worthy of mention
that both projections above are completely determined by the natural projections
IT4(00,d) and T" 4(00, d) from [37]. More precisely, given € A we have

(2) Ta(pd)(2d}) = Ta(o0,d)(2)d] and Ta(p,d)(wd}) = T a(oo,d)(x)d].

In particular, by the density of the subspace .Ad;/ Pin L,(A), the relations above
completely determine the projections Il 4(p,d) and T 4(p,d). This will be essential
in what follows for the interpolation of the spaces P4(p,d) and Q4(p,d) by the
complex method. Another relevant fact implicitly used in the sequel is that both
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IT4(00,d) and T 4(c0,d) commute with the modular automorphism group of ¢.
Indeed, this follows from the action of the modular group Uf’ on reduced words
0'1? (a’jla‘jQ T a’jd) = Uf(ah)af(ajz) T Uf(ajd)'

2.1. The mappings £; and R. Elements in ;k will be called mean-zero letters
of Ag. Given 1 < k < n, we consider the map Ly on P 4(p,d) which collects all
the reduced words starting with a mean-zero letter in Ag. Similarly, the map Ry
collects all the reduced words ending with a mean-zero letter in A;. That is, if a is
given by the expression (1) we have

Ly(a) = Z Z ajy (Oé)&jz (Oé) T gy (Oé),
a€A ji=k#jaF# - F#ja
Ri(a) = Z Z jy (Oé)aj2 (Oé) TGy (0&)
a€A jiF#ja 7 #k=ja
Of course, both £, and Ry vanish on P 4(p,0). The mappings £ and Rj were
introduced by Voiculescu [44] and clearly satisfy L (a*) = Ri(a)*. They are clearly
B-bimodule maps which commute with the modular automorphism group and with
densities as in (2). Note also that £y and Ry can also be regarded as orthogonal
projections on Lo(A). Thus, when p = 2 we need no restriction to the subspaces
of homogeneous polynomials. In this particular case, we shall denote £; and Ry
respectively by Ly and Ri. Now we prove some fundamental freeness relations that
will be used throughout the whole paper with no further reference.

Lemma 2.3. If1 <i,j <n and a;,a; € P 4(d), we have

(3)  Lilai — Ri(a:)]" [a; — Rj(a;)|L; = 6y E([ai —Ri(a;)] " [a; — Rj(aj)DLj,

4 (1-L)[Ri(a)] [Ri(a))](1 - L) = 6 E([Ri(ai)}* [Rj(aj)])(l - L)
Proof. By the GNS construction on (A, ¢) we know that A acts on La(.A) by left
multiplication. Thus, we may regard the left hand sides of (3) and (4) as mappings
on Ls(A). To prove (3), we first note that

[a; = Ri(a:)] " [a; — R;(a )]
is a linear combination of words of the following form

p— * . . e . . .
Wey = L4, L5, " Ti,Y5 Yja—1Yja>

o o
where z;, € A;,, y;, € Aj, and
i Flp F e Fla F
J#dat AR #
When i; # ji1, it turns out that wg, is a reduced word and, since jq # j, the
map wgyl; can only act as a tensor so that the range of w,,L; lies in the ortho-
complement of L;(Ls(A)), since iq # i. In other words, in that case we have

When i1 = j; we may write wgy, = w’zy + wgy with

/ kK

_ * * . . .« .. . .
Wey = Lj,Tq,_ 4 """ Ty, E(mil yh) Yjo Yia—1Yja-



12 JUNGE, PARCET AND XU

If d > 2, the argument above implies again that L,wj, L; = 0 since wy, is a reduced
word not starting with mean-zero letters in A; nor ending with mean-zero letters
in A;. Then it is clear that we can iterate the same argument and obtain

Liwayly = LiE(a7, -~ E(27,y5,) -+ w505 = LiE(way)L; = dij E(way)L;.
The second identity follows easily by freeness. Summing up we obtain (3).
The proof of (4) is quite similar. Indeed, now we may write [’Ri(ai)]* [Rj(a;)]
as a linear combination of words w,, with the form given above and satisfying
i1 #iz # o F g =1,
J=JaF - F 2 F 1
Then the arguments above lead to the following identity
L -L)uws,(1-L) = (—L)E@], - E@y) - u)(1—L;)
= 0y B(ai, - E(i,y5,) - w5) (1 = L)
= 0ij E(way)(1 = L),
where the second identity holds because the only way not to have
E(l’;‘d t E(ﬁlyjl) T yjd) =0
is the case where the indices is and j; fit, i.e. iy = jg for 1 < s < d. Therefore,

since ¢ = iq and jq = j, the symbol d;; appears. Summing up one more time, we
obtain the identity (4). This completes the proof. a

Remark 2.4. The assumption that a; and a; are homogeneous and of the same
degree is essential in Lemma 2.3. Indeed, the following counterexample was brought
to our attention by Ken Dykema. Let Fo denote a free group on two generators
g1,92 and let A : Fo — B(¢5(F3)) stand for the left regular representation. Let Ay be
the von Neumann algebra generated by A(g) for k = 1,2. In this case, A = A; xAg
is the von Neumann algebra generated by A and the conditional expectation E is just
147, where 7 is the natural trace on \A. Then we consider the (non-homogeneous)
polynomial a = A(g2) + A(g2g9192). Clearly, we have Rq(a) = 0 and

a*a = (A(g2)" + A(929192)") (M(g2) + A(g29192)) = E(a”a) + A(g1g2) + Mg192)"
Taking for instance h = §g4,4,, We see that
Lia*aly(h) = LiE(aa)Li(h) + Og, 959,90 # L1E(a"a)L1(R).

Thus identity (3) does not hold for a. A similar counterexample can be constructed
for (4). In particular, since identities (3) and (4) are essential in most of our results
below, this explains why this paper is written in terms of homogeneous polynomials.

Lemma 2.5. If 1 <p < oo and a1, as,...,a, € Pa(p,d),
n 1

cd? H(ZaZak)g
k=1 P
n 1

o | (S anet) |
k=1

1

H (iRk(ak)*Rk(akD ’
P

IA

)

p

1

(32 Retowmetanr)
k=1

Moreover, the same inequalities hold with the operator Ly, instead of Ry.

IN

P



ROSENTHAL TYPE INEQUALITIES FOR FREE CHAOS 13

Proof. Recall that we noted previously that L£x(a*) = Ri(a)*. Consequently, it
suffices to prove the inequalities for the Ry’s. On the other hand, in the row/column
terminology (i.e. taking R} and C}' to be the first row and column of the Schatten
class Sp), the two terms on the right hand side are the norms of (ay,as,...,an)
in R} (L,(A)) and C(Ly(A)), respectively. According to [31], both spaces embed
completely isometrically into and are completely contractively complemented in the
space

SH(Lp(A)) = Ly(Mn ® A) = Ly (531,05 (Mo & Ar)) = Ly(An).

Therefore, by means of Theorem 2.1 (applied to the amplified algebra A,,), we know
that P 4, (p, d) is complemented in L,(A,) with projection constant 4d. Using the
same projection restricted to Rj(Ly,(A)) and C}(L,(A)), we conclude that the
respective subspaces of homogeneous polynomials R (P 4(p,d)) and Cp (P a(p, d))
form interpolation scales with equivalent norms up to a constant 4d. By this ob-
servation, it suffices to show that the assertion holds for p = 1 and p = co with
constant in both cases controlled by cd. In fact, in the latter case we shall even
prove that the constant does not depend on d. This will be used sometimes in the
paper without further reference. We prove the desired estimates in several steps.

Step 1. Let us prove the first inequality of Ry’s for p = co. The GNS construction
on (A, ¢) implies that A acts on La(.A) by left multiplication. Thus, we may regard
arlr, Ri(ar)(1 —Lg) and (ida — Ri)(ax )Ly as mappings on La(A). Note that 1 is
understood here as the identity map on Lo(A), while id 4 denotes the identity map
on A. In particular, since we have

Rk(ak) = aily + Rk(ak)(l — Lk) — (idA — Rk)(ak)Lk,

we obtain by triangle inequality (with e;; denoting the usual matrix units in B(¢2))

n 1 n
H(ZRk(ak)*Rk(ak))zH Zem ®akLkHOO
k=1 k=1

IA

o0

+ zn:ekl ® Ryp(ax)(1 — Lk)H

k=1 e
+ Zem ®(idA*Rk)(ak)|—kH .
k=1

If A1, As, A3 denote respectively the terms on the right, we have

1
2

= <
= (S o) (S o )] = e ot o

Thus, since ), Ly = 1 — E, we find

n 1
n= (o)
o
k=1

On the other hand, by (4) we have

2
o]

Ay = H ;(1 — L) R (ar) " Ra(ar) (1 — L’“)H |



14 JUNGE, PARCET AND XU

2
o]

— |3 R Raana - L)
k=1

Now, since L commutes with B, the last term is

> E(Riar) Ri(ar))? (1 - L)E(Ri(ar) Ri(ar))? < Y- E(Ri(ar) Ru(ar))-
Next, we observe that
(5) E(Rw(ar)*Ri(ar)) < E(ajar).

Indeed, since aj is mean-zero

ar = Zj R;(ar);

so, by freeness

E(ajax) = Z E(Ri(ax)*R;(ax)) = Z E(R;(ar) Rj(ar)) > E(Ri(ar) R(ar))-

This proves (5). Combining the estimates above, we find

n 1 n 1
Ao < || Y Eaian)|” < || (3 o)’
5 < ; (ajar) s ;akak .

The estimate for Az is similar to the one for As:

A = |3 telos Ratan] T Reton
k=1

3~ Rate] o~ Reta
k=1

< 1D E(far — Rilar)] [ar — Ruar)]) jo’
k=1

where the last inequality follows once more from the fact that Ly commutes with B.
Now, using that E(a*Rj(a)) = E(Ri(a)*Ri(a)) for any homogeneous polynomial
a, we easily find

(6) E([ak - ’Rk(ak)]* [ak - Rk(ak)]) = E(aZak - Rk(ak)*Rk(ak)) S E(a}';ak)

Step 2. Now we prove the second inequality for Ry’s. As above, we have

n 1 n
H(ZRk(ak)Rk(ak)*>2H Z€1k®ak|-kHoo
k=1 P

IA

o0

+ D] e ® Ri(an) (1 - ch)H
k=1 >

+ Z€1k®(idA—Rk)(ak)|-kHoo-
k=1

We write By, By, B3 for the terms on the right. The estimate of By is trivial

=[S (Sewor)], < (3es)
k=1 k=1 e k=1

oo
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On the other hand, by (4) and (5) we may write

B = |3 oo (- LR Ry(at - L)

H 2": erk ® E(Ri(ar) Re(ar)) (1 — Lk)H% < max ||E(a2ak)}|i-

oo 1<k<n
k=1 -

Finally, to estimate B3 we use (3) and (6)

B3 = H Z €ij ® LZ [ai - Rz(al)}* [aj - Rj(aj)] Lj :O
ii=1
= H Z erk & E([ak — R}g(akﬂ* [ak — Rk(ak)})Lk jo
k=1
< max [[E([ax = Ri(an)] [ax = Ri(an)])]|2, < max [E(aran) |-

Step 3. Now we use a duality argument to prove the same estimates in L;(.A).
Recall d, denotes the density associated to the state ¢ of A. Let a € P 4(d) and
x € A be a finite sum of reduced words. Then we have
(7) (2, Ri(dpa)) = tra(z*Ri(dga)) = tra(dyRe(a)z™)

= G(ERL@") = p(EaL)
tra(dpaRi(z)*) = (Ri(z), dya).

Therefore, since we have
RY(Pa(d,1))" ~4q RE,(Pa(d))

from Theorem 2.1, we may use approximation and deduce

|3, e Rutan)],
< 4d sup Z <$k, Rk(ak)>

T llallrn e <t TF
= 4d sup Zk (Ri(zk), ar)
lzll rr (4 (a)) <1
1
< 4d sup H(Zk Rk(xk)Rk(mk)*)z

lzll rn (P 4 (a)) <1

(3, anai)’]

o0

By Step 2,

(S, Retowrmatanr)’|, < 124 ( 5, onei) | -

Using Step 1 and columns instead of rows, we get the remaining estimate. O

Remark 2.6. A detailed reading of the proof of Lemma 2.5 shows that the constant
is controlled by cd? for 1 < p < 2 and by cd for 2 < p < co. Moreover, the same
arguments are valid to show that Lemma 2.5 also holds replacing L or Ry by
Q= LR = RiLr (to be used below). These generalizations of Lemma 2.5 will
be used several times in the sequel.
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Remark 2.7. In Remark 2.4 we have partially justified why this paper is written
in terms of homogeneous polynomials. On the other hand, Lemma 2.5 for n = 1
shows that £, and Ry are bounded operators when acting on P 4(p,d) for any
1 <p<ooandd>1. Another relevant fact which justifies the use of homogeneous
polynomials is that £ and Ry are not bounded on L (A). The following simple
counterexample was brought to our attention by Ana Maria Popa. Consider again
the free group Fs with two generators g1, g2 and keep the terminology employed in
Remark 2.4. Let H be the subgroup of Fs generated by w = g1g2. Of course, it is
clear that H is isomorphic to Z and that A(H)” ~ L., (T). Moreover, we obviously
have £1(A(w*)) = dx>0 A(w®). In particular, if A = A\(Fz)” denotes the reduced
group von Neumann algebra, it turns out that the restriction of £; : A — A to
A(H) behaves as 1(idy__ (1) + H), where H denotes the Hilbert transform on the
circle. The claim follows since the Hilbert transform is known to be unbounded on
Loo(T). Moreover, the same example also shows that the map Qx = Ri Ly (to be
used below) is unbounded on Ly (A). Indeed, Q; is not bounded on the subspace
A(Hgy1)" since

Q1 (A(w*g1)) = desoA(w”gr).

Proposition 2.8. Ifaj,as,...,a, € Pa(d), we have

|3 cutan|_ ~ maX{H ickm)*ck(am(\i, o) }
k=1 =

HiRk(ak)H ~e maX{HZRk ar) Ry (ax)” H ) Rei(ax)) : }
k=1

Proof. Once more, we only prove the assertion for Ry. We have

|3 Ruten)]
k=1
< iRk(ak)Lk“w+Hink(ak)(l_l'k)uoo

L] S - LR R ) - )|

oo
’Jl

= ZRk (ar)LeRi(ak) Hé + H ZE Ri(ar) Re(ar)) (1 — L) :

oo

= ZRk ak LkRk ak

The first term is clearly bounded by >, Ri(ar)Ri(ar)*. For the second term we
argue as in the proof of Lemma 2.5. That is, using that Ly commutes with B, we
can write Zk E(Rk(ak)*Rk(ak))(l — Lk) as

S E(Ri(ar) Ri(ar)) * (1~ Lo)E(Ri(ax) R (ax)) *.

Thus, we obtain the upper estimate

Nl

1
2

Hzn:m(ak | < Hzm ar)Ri(ar)* H + HZ (Re(an) Ra(an) |
k=1
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For the lower estimate, using freeness, we clearly have

9 [$emrmin] =] S emorno] =[S

Thus, it remains to show that

< ]

To that aim we observe from (8) and the calculation above that

I3 R, =[5 Rut] 3Rt <25t
k=1 k=1 k=1 k=1

Hence, since the term

H ZRk (ar)Ri(ar)

2

oo

S(a,e) = H ZékRk(ak)LkH + H Z E((EkRk(ak))*(EkRk(ak))>
k=1 < k=t
is independent of any choice of signs ¢ = (e1,...,&,) € Q = {£1}", we find
9) | > amitan)| < Stae) <3 Y Rutan)|
k=1 o k=1 *
Therefore, we obtain

“2;:73k(ak)7€k(ak)*H
k=1

o0

= H/ Z s,;R,;(ai)ajRj(aj)*deu
Q] =1 00

< / H Zsz i(a;)ejR;(a;)" H de
4,J=1
n n 2
< [ emi] | Semor] <o Sriton)
Q%= *Tj= = k=1 ~
This is the remaining inequality to complete the proof of the lower estimate. ([

Corollary 2.9. If2 <p < oo and ay,as,...,a, € P4(p, d), we have

H iﬁk(ak)Hp cd? max { H iﬁk(ak)ﬁk(ak) ;/ }
k=1 =
|5 mitw], o

Proof. We only prove the second inequality. According to Proposition 2.8, the
case p = oo follows with constant 3 while the case p = 2 holds with constant 1 by
orthogonality. Therefore, it suffices to show that we can interpolate. To that aim
we observe that the term of the right hand side can be rewritten as

max H e®Ra‘ ®Ra” .
{ ; 1k k(ar) k(ar) S

IN

(ax)

IN

cd? maX{H ZRk ar)Re(ar)”

) Z Ri(ar) Ri(ak)

Sp(Ly(A)
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In other words, this is the norm of (Ry(ay)) in
RCY(Lp(A)) = By (Ly(A)) 0 CY(Ly(A))-

On the other hand, by Theorem 2.1 we know that R} (P 4(p,d)) and Cp (P 4(p,d))
are complemented respectively in R} (L,(A)) and C}'(L,(.A)) with projection cons-
tant less than or equal to 4d. Thus, taking the same projection on RC} (L, (A)) and
using that RC)(Ly(A)) is an interpolation scale (see [25, 31]), we conclude that
RCp (P 4(p,d)) is an interpolation scale with equivalent norms up to a constant
controlled by cd. Then we need to consider the subspace of RC} (P 4(p,d)) made
up of elements for which the k-th component is in Ry(L,(A)). The associated
projection is

llr =) 6 @Ry,

where (0) denotes the common basis of R and C' when (R, C) is viewed as a
compatible couple. According to Lemma 2.5 and Remark 2.6, the projection Ilz is
bounded and of norm < cd. Therefore, the family of spaces Iz (RCy (P a(p, d))),
2 < p < oo, forms an interpolation scale with equivalent norms up to a constant
controlled by cd?. This completes the proof. (I

2.2. Proof of Theorem A and applications. We now study generalizations of
Voiculescu’s inequality [44], originally formulated for 1-homogeneous polynomials
in a free product von Neumann algebra. Our main result is Theorem A (stated
in the Introduction), which extends Voiculescu’s inequality in three aspects: we
allow amalgamation, homogeneous free polynomials of arbitrary degree and our
inequalities hold in L,(A) for 2 < p < oo. In particular, Theorem A can be
regarded as a generalization of Rosenthal’s inequality (R,) in the free setting.

The notation
Ok = RiLr = LiRi

[e]
for the projection onto words starting and ending in Ay is crucial for our analysis.

Lemma 2.10. If a € P 4(d), we have

Joax [ Qi(a) M + | S E(Qua)r et | +HZ (Qu(a)Q(a)")
k=1

Moreover, if a1, asg, ..., a, € P4(d), we have

5
” <l

Hi@mmﬂm ~e max [|Quan)||
k=1

1<k<n

n

H( E(Qk(ak)*Qk(ak)))%
1

k=

o0

S

1

H(ZE (Qr(ar) Qr(ar)* ))2

k=1

o0

Proof. According to the proof of Lemma 2.5, we know that £; and Ry are bounded
maps on P 4(d) with constant 3. In particular, we find [|Qr(a)]lc < 9|a|lco- On
the other hand, using the identities

Z E(Lk(a Z E(Ri(a)*Ri(a)),
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for homogeneous polynomials (c.f. the proof of (5)) we easily obtain the estimate

H Zn: E(Qk(a)*Qk(a)) H
k=1

oo oo

|3 ERu(ata) Rutsta)|
k=1

n

< | e L@)|_ = lIE@al, < llal.

k=1
Using this estimate for a*, we deduce the first assertion.

To prove the second one we note that Qp(ar) = Qi(a) for a = >, Q(ax).
In particular, the lower estimate follows from the first assertion. For the upper
estimate we use

i O (ar) = i Ly Qr(ak)Ly + i O (a)(1 —Lg) + i(l — L) Ok (ar)L.
k=1 k=1 =1 =1

The first term on the right clearly gives the maximum. The remaining two terms
can be estimated by identity (4) in the same way as we did in Proposition 2.8. This
completes the proof. O

Lemma 2.11. Let ap € P 4(p,d) and signs e, = £1.
i) If1 <p <2, we have

13- v <] S vt
k=1 P k=1 P

i) If 2 <p < o0, we have

H Ze?ka(ak)H <cd
k=1 P

S o],
k=1

Proof. If a € P 4(p, d), we claim that

(]
=
£
&
A

chHZRk(a)H for 1<p<2,
k=1 P

cd H i Ri(a)
k=1

The second inequality clearly holds with constant 1 for p = 2. On the other hand,
according to (9), it also holds for p = oo with constant 3. Therefore, since any
a € P 4(p,d) satisfies a = 3, Ry(a), our claim follows for 2 < p < oo by complex
interpolation from Theorem 2.1.

(]
=
£
&
A

for 2<p<oo.
p

Then a duality argument yields the first inequality in the claim. Indeed, by Theo-
rem 2.1 one more time, we have P 4(p,d)* ~ P_4(p’,d) with equivalence constant
controlled by 4d. Therefore, given 1 < p < 2, an element a € P 4(p,d) and signs
€1,€9,...,En, we choose x € P4(p’,d) of norm one such that

|Sar@] < adua(e Y arala)
k=1 P k=1

IN

= 4dtrA(zn: eply(x”) a)
k=1
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< 4dllaly|| Y exRue)| | < cd?lal.
k=1

Taking a = ), Ri(ar), we see that (10) implies

HZskRk(ak)H < Cd2HZRk(ak)H for 1<p<2,
(11) k=1 ? k=1 P
HZ<€kRk(ak)H < HZRk(ak)H for 2<p<oo.
k=1 b k=1 P
Therefore, the lemma immediately follows from (11) since Qp = Ry Q. (Il

Lemma 2.12. If1<p<2 anday,as,...,a, € Qa(p,d), we have
n n 1
|3 Q)| <edt (3 i)
k=1 P k=1

Proof. Using the boundedness of the projection I' 4(p,d) from Remark 2.2 and
complex interpolation, it suffices to see that the inequalities associated to the ex-
tremal indices hold with constant controlled by cd®. In the case p = 2, this follows
by orthogonality with constant 1. When p = 1, we decompose the aj’s into their
homogeneous parts and use the boundedness of

Qk ] HA(L S) : Ll(.A> — PA(L S)
Indeed, by Step 3 in the proof of Lemma 2.5 and Remark 2.6 we have
|90 Tu(L, )], < (1 +5)|Ta(L, )] .
Therefore, we find

I3 o],
k=1

IA
NE
©
o
i
3
=
§>
™
CIJ
s

n d
ch—i—s A(l,s) ak)ngcZZl-i-s ) Nlaw

k=1 s=0 k=1 s=0

= c(i 1+ s) )(Zak|><cd3iak|1.

This proves the remaining estimate. The proof is complete. [

M:

Proof of Theorem A. Lemma 2.10 implies the assertion for p = co. Thus, we
may assume in what follows that 2 < p < co. Let us prove the lower estimate. First
we observe that L,(A) has Rademacher cotype p for 2 < p < co. This, combined
with Lemma 2.11 yields

(12) (ZHQk ay) H / HZEka (ak) H d5<CdHZQk (ar) H .

For the second term we use

ZE (Qk(ar)* Qx(ar)) Z E(Qi(a:)*Q; (ay)).

k=1 ,j=1
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Hence, by the contractivity of E

HZE QO (ar)* Qrlax)) H <H2Qkak H

The third term is estimated in the same way. Therefore, the lower estimate holds
with constant cd. Now we prove the upper estimate. To that aim we proceed in
two steps. First we prove the case 2 < p < 4 and after that we shall apply an
induction argument.

Step 1. Since Ry (Qx(ar)) = Qr(ar), we may apply Corollary 2.9 and obtain

(13) H ZQk(ak H < cd? (H ZQk ay)Qxk(ak)”
h—1

Then we observe that

(14) Qi(ar)Qr(ar)* = E(Qilar)Qular)*) + Qi (Qk(ar)Qr(ar)*),

(15) Qk(ar) Qrlar) = E(Qrlar)* Qrlar)) + Qi (Qk(ar)* Qr(ar)).

Let us first assume that 2 < p < 4. Note that Qg(ax)Qk(ar)* is not necessarily
homogeneous. However, it is not difficult to see that it is a polynomial in L, /5(.A)
of degree 2d — 1. Therefore, it follows from Lemma 2.12 that

+ H Z Qr(ar) Qk(ak)H

[N
v

1
2
P
2

H ZQ’C(Q’C(G’“)Q’“(G’“)*)HP/Q < Cd4(z | Qk(ar) Qr(ax)* p/g);
k=1 k=1
- cd4<z HQ,C(Q,C)Hi);
k=1
By (14) and the triangle inequality, we deduce
H kZ:l Qk(ak)Qk(ak)*Hp/2 < H ’; E(Qx(ar)Qk(ar)*) o
+ cd2<z HQk(ak)HZ)E
k=1

Taking adjoints, we obtain a similar estimate for the last term of (13). Hence, given
any index 2 < p < 4, we have proved that the assertion holds with C,(d) < cod? for
some absolute constant cg.

Step 2. Now we proceed by induction and assume the assertion is proved in
L, /2(A) with constant C,/2(d) for some 4 < p < oo. Of course, we still have (13),
(14) and (15) at our disposal. Thus, arguing as above it suffices to estimate the
term

1
2
p/2

Let us write xp = Qg(ar)Qr(ax)*. As observed above, we know that zj is a
polynomial of degree 2d — 1. Hence, we may use the projections Il 4(p, s) from
Remark 2.2 and obtain the following inequality for zys = IT4(p, s)(z)

H z": Qk(xk)Hp/Q < de_:l H z": Ok (21s)
k=1 s=1 k=1

H z": Ok (Qx(ar) Qr(ak)*)
k=1
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By the induction hypothesis, we have

2d—1 n 2d—

Z HZQk Ths) Z /2(8) (As + B, + Cy).
s=1 k=1

=1
By Remark 2.6, the first term on the right is estimated by

A = (iugmmnﬁﬁ)%
(S Imatr 0@ll2)’ < et (L eutenl)

The second term is given by

IN

Bs = H ; E(Qk(wrs)* Qr(wrs))

p/4
Using x3 = 3, ys, freeness and (15), we have for all 1 < s < 2d — 1
E(Qulwrs) Qulans)) < 3 E(Qulnr)" Qulwnr))
= 3, E(Quler) Qulan)
= E(Qx(z1)" Qx(zr))

= E((ﬂﬁk — E(zk)) " (ak — E(%)))
= E(z}zr) — E(zp) E(zr) < E(zizk).

N

Then we apply [17, Lemma 5.2] and then obtain

o < || ean], —HZE!M g
< Hzn: E(Qk(ar)Qk(ak)* s ZHQk (ar) H 2,, e

-
I
-

The same estimate holds for Cs. Now, by homogeneity we may assume that

(i ||Qk<ak>||§)% +| 5 ElQu(ar)" Qelan)
k=1 k=1

Then combining the inequalities so far obtained, we deduce
2d—1 n

2d—1
S I o] =3 Gl @+ es).
s=1 k=1 s=1

Chasing through the inequalities above, we obtain the estimate

Cp(d) < Ved? | [Cu(d),

for some absolute constant c. Taking ¢ big enough so that ¢y < ¢ and recalling that
Cp(d) < cod* < cd” for 2 < p < 4, it turns out that the growth of the constant
Cp(d) as d — oo is controlled by cd”. This proves the assertion. O

+ HZE [Qk(ar)Qr(ak)” ]H

[S SRS
[N SEE ST
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Remark 2.13. A noncommutative analogue of Rosenthal’s inequality for general
von Neumann algebras (non necessarily free products) was obtained in [17, 18], see
also [46] for the proof and the notion of noncommutative independence employed
in it. As we have pointed out in the Introduction, recalling that freeness implies
this notion of independence, Theorem A for d = 1 and 2 < p < oo follows from
the noncommutative Rosenthal inequality. However, the constants in [17, 18] are
not uniformly bounded as p — oo, in sharp contrast with Theorem A. Similarly,
one could try to derive Theorem A for d > 1 and 2 < p < oo by proving that
Q1(ay), Q2(az), ..., Qn(a,) are independent in the sense of [18]. Nevertheless, this
alternative approach to Theorem A would provide constants depending on p, rather
than on d.

Since any a € P 4(p, d) satisfies

n

a=> Lia) =) Rila),
k=1

k=1

the following result characterizes the L, norm of all homogeneous free polynomials.
Corollary 2.14. If2 <p < oo and ay,az,...,a, € P4(p,d), we have

H zn:/:k(ak)Hp ~edT ‘
k=1

1
2
)

3 zk(ak)*ﬁk(ak)Hjm +| S E(Lalar) Calan))
k=1

k=1 p/2
[ ren)], e | Rutw Rt |], | S ERatw Rata)]

Proof. By (10) we have
3

p/2

H im(akmk(ak)*
k=1

= H/ Z 51Ri(ai)€jRj(aj)*d€H§
Q50 p/2

(/Q H iEiRi(ai)

On the other hand, by freeness

IN

HZ&‘J'RJ'(CL]‘)*H d&)E § CdHZRk(ak)H .
Plj=1 P k=1 P

n n

i: E(Ri(ax) Ri(ax)) = E((Zni(ai))*(ZRj(aj))).

k=1 i=1 j=1

Therefore, by the contractivity of E

p

| i: E(Ru(ar)* Ri(ax)) j/2 <| ink(ak)
k=1 1

This gives the lower estimate.

For the upper estimate we assume that 2 < p < oo, since the case p = co was
already proved in Proposition 2.8. Now we use the second inequality stated in
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Corollary 2.9

|3 Ruton)], =t (H SR Ratoey |, + | 3 Raton) Reten
k=1 P k=1 p/2 k=1

On the other hand, it is clear that

1
2
p/2> '

(16) ZRk(ak)*Rk(ak) = Z E(Rk(ak)*Rk(ak)) + Z Qk (Rk(ak)*Rk(ak)).
k=1 k=1 k=1

Hence, it suffices to estimate the last term on the right. This part of the proof is

similar to the corresponding one of the proof of Theorem A. Again, we observe that

xr = Ri(ag)*Re(ag) is no longer homogeneous but a polynomial of degree < 2d.

Our argument for this term depends on the value of p.

Step 1. If 2 < p < 4, we apply Lemma 2.12 and obtain
n 1 1
IS}, < (i)
k=1

ch(; Hm(ak)Hﬁ)% < | ;Rk(ak)Rk(ak)*

where the last inequality holds for 2 < p < oo and follows by complex interpolation.
Hence, in the case 2 < p < 4, we have proved the upper estimate with constant cd*.

IN

1
2

)

p/2

Step 2. If 4 < p < o0, we take xgs = [T 4(p, s)(x) and write

Hi@k(%)“jm < (iH zn:Qk(xks) zf < V2d max Hzn:Qk(zks) ’
k=1 s=1 k=1 k=1

1<s<2d p/2
By Theorem A, we have
n n 2
/2\ »
[Z ], ~er (Sl
k=1 »/2

+ Hi E(Qk(zhs)" Qr(2ks)) :

2
p/4
+ HZ Qk mks Qk(xks) )H2/4 :AS+BS+CS'
P
k=1
These terms are estimated as in the proof of Theorem A (Step 2)

A, < CSQ(ZHRk(ak)Hi)E
k=1

Similarly, we have

max(Bg, Cs) H Z Rk (ar) Ri( ak

2= 4<Z||Rk o) >7

On the other hand, by homogenelty we may assume that

H zn:Rk(ak)Rk(ak)*Héﬂ + H Zn: E(Rk(ak>*Rk(ak))H /2 =1
k=1 g k=1 ’

N
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Using the estimates above and

(zn: HR’“(CL’“)H )% = H ZR‘C ar)Ri(ar)”

k=1

1
2

)

p/2

we obtain

Nl

n 1
2 7 2
H kzzl Qk(xk)Hp/z = méﬂ%d [cs (2 tes )} ’

for 4 < p < co. Therefore, by Corollary 2.9 and (16) we find

I3 Rt <o

This and Step 1 yield the assertion for Ry’s. For L’s we take adjoints.
Corollary 2.15. If2 <p < oo and a € P4(p,d), we have

Z €ij ® Eﬂz] (a)’

ij=1

Proof. We use a =Y_;_, Ri(a) and Corollary 2.14

ZRk k(a)”

To estimate A we use Corollary 2.14 for the Ly’s

I3 momr]),
— Zelk ®Rk(a)‘ SRy AY
~ed? Zeﬂ@ﬁ(Zel]@R )‘

n

+ Xn: (Zelje@LR Zelj@@LR()))

lallp ~car

Sp(Ly(A))

‘CLHP

Sp2 (Lp(A))

1
2

i=1 j=1 Jj=1
- Z ¢ @ LiR; (a)’ Sp(Lyp(A))
3,j=1 P
+ ens )(LR;(a))]||
Uzl ) STy (Ly2(B))
= [ X ess EiRﬂ'(a)’ seeaiay T IEE

i,j=1
On the other hand, it is clear that

1
2

B |30 E(Ru(o) Rala) |
k=1 p/2

1
= HE(a*a)2 HLP(B)

+[|E(aa” ||LP(B) + HE(‘L*Q)%

25

||LP(B)'

,/2 + H g E(Rk(a)*Rk(a))Hj/z = A+ B.

S;L/Q(Lp/Z(B))

Thus, since we have used equivalences at each step, the proof is completed.



26 JUNGE, PARCET AND XU

Remark 2.16. By decomposing a free polynomial of degree d into its homogeneous
parts, we automatically obtain trivial generalizations of Theorem A and Corollaries
2.14 and 2.15 for non-homogeneous free polynomials of a fixed degree d. Most of
the forthcoming results in this paper are susceptible of this kind of generalization.

3. A LENGTH-REDUCTION FORMULA

In this section we prove a length-reduction formula for polynomials in the free
product. One more time, our standard assumptions are that A = %A, where
1 <k <n, Bis equipped with a n.f. state ¢ which induces a n.f. state ¢ = poE on
Aand E: A — Bisan.f conditional expectation. As usual, dy denotes the density
of the state ¢. We will need some preliminary facts on certain module maps. First,
given 2 < p < oo, we define on A ®p L,(A) the L, /5(A)-valued inner product

((z1®@y1, 22 ®12)) = yTE(2]22)p2-
This allows us to define L;(A®p A, E) and L (A®p A, E) as the completion of the

space A ®p L,(A) with respect to the norms

1
||Z||L2(A®5A,E) = H<<Z’ Z>>Hl2qg/2(-/“)7

1
2l paesaey = (=" DI, L ca

Let Coo(B) be the column subspace of the B-valued Schatten class S (B)

Coc(B) = {3 1 @ by € Bll2) Guuin B}
By [29], there exists a normal right B-module map u : A — Cy (B) satisfying

(17) E(z*y) = > un(@) un(y) = u(z)*u(y) forall z,y€ A,
k=1

where uy, stands for the k-th coordinate of u. More rigorously, to be able to apply
[29] we need to assume A countably generated. However, for our purposes here
and by a standard approximation argument, we can reduce the general case to
this special one. Note that, according to [13, 16], this map canonically extends
from L,(A) into C,(L,(B)), still denoted by u. On the other hand, recalling that
amalgamation gives Coo(B) ®p Ly(A) = Cp(Ly(A)), we have an isometry

(18) u=u®idp a): Ly(A®s A E) — Cp(Ly(A)).

Indeed, note that

(@1 @ 1) (U(w2 @ y2)) = Y yiuk(@1) uk(w2)y2 = YiE(¢]22)yo.
k=1

Thus, linearity gives

Ha(Z)HCp(Lp(A)) = H<<Z7 Z>>HEP/2(A) = ||Z| Ls(A®pBAE)-
A similar argument holds in the row case and by [13, Proposition 2.8] we deduce
Lemma 3.1. Let A and B be as above. Then,

Ly(A®s AE) and Lj(A®gsAE)

are contractively complemented in the space Sy(Ly(A)) for any 2 < p < co.
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In what follows, A will always denote a finite index set.

Lemma 3.2. Given 2 < p < oo, let us define

n

Wp:{ZZxk( ) @ wi(e) | 2 )e/ik,wk(a)eLp(A)}.

If we denote by W, the closure of W, with respect to the norm of L, (A ®gs A, E),
then W, is contractively complemented in L, (A®p A, E). Similarly, the same holds
for the closure Wy of Wy, in L; (A ®p A, E).

Proof. By definition, L5 (A ®5 A, E) is the closure of
> (@) @ w(a),
acA

where z(a) € A and w(w) € L,(A). Let us recall the notation II4(p, d), introduced
in Remark 2.2 for the projection from L,(A) onto the homogeneous polynomials of
degree d. Then we clearly have

z(a) = E(z(a)) +1a(p, 1 +ZHA p,d)(z(a)) = (o, 0) + (o, 1) + 2(v, 2).
d>2

Now we define

A = Z z(a,1) @ w(a),

acA
B = 21A®xa0 —|—Z (o, 2) @ w(a).
a€cl aEA

Note that > x(a) ® w(a) = A+ B and A € W,,. On the other hand, by freeness
((A+B, A+B))=((A, A))+((B, B)).
Therefore, by positivity

||A||2L;(A®BA,E) = H((A, A>>Hp/2
< l(A+B, A+B),,
2
- H C;A‘T(O‘) @ w(a)‘ L5(A@BAE)

By continuity, we find a contractive projection from Ly (A ®g A, E) onto the space
W, for any given index 2 < p < oo. Obviously, the argument above also works for
L,(A®p A, E). This completes the proof. O

Lemma 3.3. If2 < p < oo, the space

= {53 su(a) S unla) € Wy | wnla) € Palp,d), Rauna) = 0}

acN k=1

is complemented in L,(A®p A, E). Similarly, the space

d = { Z Zxk o) @ wi(a) € Wﬁ‘ wi(a) € Pa(p,d), Li(wr(a)) = O}

acA k=1

is complemented in Lg(A ®p A,E). In both cases, the projection constant is < cd?.
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Proof. Both complementation results can be proved using the same arguments.
Thus, we only prove the second assertion. According to Lemma 3.2, it suffices to
check that Z7 ; is complemented (with projection constant < cd?) in W,. To that
aim, we consider the intermediate space

;,d:{zzlfk ® wy (o )€W§|wk(a)€PA(p,d)}.

acN k=1

W, 4 is complemented in Wy with constant 4d. Indeed, using one more time
the projection IT4(p, d) onto the d-homogeneous polynomials, we write wgq(a) for
IT4(p, d)(wg(a)) and obtain from Lemma 3.1 and the discussion preceding it

H ;xk(a) ® wkd(a)‘ Le(A®5AE)
= | i@ﬂ ® Z“j(“(“))wkd(“)‘ Oy (L ()
- HZ€]1®H.Apv (Zua oi(@)Jun(a))

lide,, @ Ta(p, )| o, s, (A)))HZ%@%% i ))Wk(o‘)“cp<Lp<A>>'

Cp(Lp(A)

IN

On the other hand, combining Remarks 1.1 and 2.2 we deduce that I 4(p,d) is a
completely bounded map on L,(A) with cb-norm less than or equal to 4d. There-
fore, we deduce our claim

H Z (o) ® wkd(a)‘
ko

It remains to see that chn 4 1s complemented (with projection constant less than or
equal to cd) in Wy q- In other words, we are interested in proving the following
inequality

H > (@)@ lida- £e)(wra(e)

< 4d| Y wi(e) @ wy(a)|

k,a

Lt (A®BAE) Ls(A®BAE)

ScdH T (o) Qu a‘ .
Lg(A®BALE) kzo; b(e)®wa(a) Lg (A®BALE)

Hovvever7 according to the triangle inequality, we may replace id4 — L by Ly in
the inequality above. Now we use the definition of the space L (A ®5 A, E) and
freeness to obtain the following identity

| > akte) @ Litwia())]

L5 (A®sAE)

k,«
) ) 1/2
- i7§6£i(wid(a)) E(zi(a) xj(ﬁ))ﬁj(wjd(ﬁ))’%/z(«‘l)
1/2
- kza:ﬁ‘ck wia(a)) E(zk(a)” x’“(ﬂ))ﬁ’“(wkd@)‘ Lp/2(A)
- | T ettty st @]

k.o,
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where the last identity uses (17) and the fact that £ is a B-module map. Recall
that the L’s in the last term on the right are acting on the amplified algebra
A®B(¢2) since the range of u is Coo(B). Now the desired inequality follows after
applying Lemma 2.5 and Remark 2.6 (acting on this amplified algebra) and undoing
the identities used above. The proof is complete. O

Remark 3.4. In our definition of the spaces L (A ®p A, E) and Lj(A ®5 A, E)
as well as in Lemmas 3.2 and 3.3, we have used tensors z ® w with x € A and
w € L,(A). Note that, according to the definition of the inner product (( , )), it is
relevant to distinguish between the first and second components of these tensors.
However, in some forthcoming results (see e.g. the proof of Lemma 3.5 below) we
shall need to work with tensors z ® w where x € L,(A) and w € A. Thus, we have
to understand which element of L;(A®p A, E) or L;(A®ps A, E) do we mean when
writing © @ w. Let us consider a sequence (z,,),>1 in A such that

1

a:ndg —x as n— oo

in L,(A). Then we set
1
r®w = lim xn®d£w.
n—oo

To make sure our definition makes sense, we must see that the sequence on the
right converges in the norms of L} (A ®g5 A, E) and L5 (A ®p A, E). Let us see this
for the first space, the other follows in the same way. By completeness, it suffices
to show that we have a Cauchy sequence. This easily follows since

1

Hw*dEE((xn — )" (zy — zm))d;w

1
2

1
H(:cn — ) ® dgw‘

L5 (A®BAE)

1

dg E((@n — @) (zn — xm))di

2

Lp/Z(B)

IN

Juoll4

IN

1
leolallen = 2m)dZ |,
and the right hand side converges to 0 as n, m — oc.

3.1. Preliminary estimates. This paragraph is devoted to some necessary esti-
mates that will be used below. In the following we shall use the notation already
defined in the Introduction

| S b@ ] = (X b@E(a@a3))b,6))
. P

SIS

b

| X tas@yne = (X bi(a)*E(ai(a)*aﬂﬁ))bj(ﬂ))% g
k,a 15,0,

In other words,

| > bu()an )|
k,a

(PIAHAC! S
k,a

Lemma 3.5. Let 2 < p,q < oo be two indices related by 1/2 = 1/p+ 1/q. Let
xk(a) be a mean-zero element in Ay for each 1 < k < n and « running over a finite

H Z ag(a) ® bk(a)’
ke

)
Ly (A®BA,E)

1> ak(e) @ bi(a)|
ko

LS (ABBAE)
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set A. Let wi(a) € P4(d) for some d > 0 and satisfying Ri(wi(a)) = 0 for all
1<k <n and every o« € A. Then

H Z wk(a)kak(a)dE

szk 17Lk :L'k H S Cd2
@3 o(A),L3(A))

A

wilo))x ad% ,
B(Lq(A),La(A) sz; k(a))zi(e)d] ,

Proof. In what follows we use z}, (o) = xk(a)d;/p. Given z € Ly(A), we have
hi(a) =z} (a)z € Lay(A)

and the vector Lihy () is a linear combination of reduced words in Lo(.A) starting
with a mean-zero letter in Ag. Therefore, since Ry (wg(a)) = 0, the operator wy ()
acts on Lihi(«) by tensoring from the left. In particular, the (d + 1)-th letter in
the words of wy(a)Lihr(a) is always in Ay and the inequality below follows from
freeness by using (3), (17) and that L, commutes with B like in Step 1, Lemma 2.5

2

| (Z wrtoiti@) @)
k.o

= > trA( )L wz(a)*wj(,@)Ljhj(ﬁ)>

i,7,0,83

= Z trg (hk(@)*LkE(wk(@)*wk(ﬂ))Lkhk(ﬁ))

k.o, 8

S tra (e (0) Ew (0) w0 (9)) e (9))

IN

k,a,3
= trA(z* Z x;(a)*E(wi(a)*wj(ﬁ))x;(ﬂ)z)

.3,

7}(0)"E(wi(a) w; (9))}(8)

IN

12113

- p/2
1,5,0,8

This proves the first inequality.

Let us prove the second one. According to Lemma 3.1, we know that the spaces
L} (A®p A, E) form an interpolation scale for 2 < p < co. Moreover, it follows from
Lemma 3.3 that the spaces Z] ; also form (up to a constant cd?) an interpolation
scale for 2 < p < co. Therefore, since (see Remark 3.4)

| S wntaxm@az] =[S and; @ wia)
ko ko

it suffices to see (by complex interpolation) that the assertion holds when p = 2 and
p = oo with some constant not depending on d. Let us use the same terminology
for x}.(c) as above. If p = 2, we have ¢ = co and the triangle inequality gives

w(0)(1 - Lot (o) = PRACEAD
HZ i k)7 () B(Los (A).La(A)) kz; t@)zi(@) B(Loo (A),L2(A))

)
Zr

wi (o)Lpxh (o H ’
sz; k(o)L () B(Loo(A),L2(A))
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The first term equals

H%}M@%@WZ

Nl

(Y trafwi@)ai(@)a)(8) w;(8)])

i,5,0,0

(3 il @)a) (9 )]

i,5,0,8
|3 wnle) (@]
k,a

Indeed, since we have Ry (wi(a)) = 0, the first trace above vanishes for ¢ # j
since in that case w;(a)z}(a)z}(B)*w;(8)* is a homogeneous free polynomial of
degree (2d + 2). On the other hand, if ¢ # j the second trace also vanishes since
E(xj()z;(8)*) does. Thus, to justify the second inequality above it remains to
consider the case i = j. However, using again the hypothesis Ry (wi(a)) = 0, we

find by freeness

tr.a wi () (2 (@)} (8)" — E(eh(@)h(8)") )un(8)"] = 0.

To estimate the second term, we use the first inequality proved in this lemma

el < | &
HZwk kxk BLo (A La(A)) = Z|wk(04)>$k(a) 9

N|=

|
-+
=
b
N&\
B
et
m
—
g
B
g
<
=
=
8
<o~
=
N~—

The second and fourth identities above can be justified using again our hypothesis
Ri(wk(a)) = 0 and freeness in the same way we did above to deal with the first
term. Therefore, we have proved that

H %wk(a)(l — Lk)x;(a)HB(Loo(A),Lz(A)) < 2” hzawk(a)@%(a)'Hg'

To prove the assertion for p = co and ¢ = 2, we first note that
(1 — Lk)xk(a) = (1 — Lk)xk(oz)Lk
This implies
2
wi(a)(1 — Lg)x H
H Z a bek(@) B(L(A),La(A))

szk ].—Lk (Ek LkH
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= || X wi@)1 ~ Lori(@)e(8) (1~ Lywi(8)7||
k,a,3

= | 3 wi@)(t - LyE(er(@)z(8)7) (1 - Lk)wk(ﬁ)*Hoo
k,a,3

< Z wi () E(zr ()2 (8) ) we (3)* K
k,a,3

as Lx commutes with B. Hence, we have seen that
wal—anH SH waa:aH
H; MO = LIr(@ 1y < | @@

This proves the assertion for p = co. The general case follows by interpolation. [J

3.2. Proof of Theorems B and C. Now we prove the second major result of this
paper, a length-reduction formula for homogeneous polynomials on free random
variables. As consequence, we extend the main results in [27, 37].

Proof of Theorem B. The second reduction formula clearly follows from the first
one by taking adjoints. Thus, it suffices to prove the first reduction formula. We
begin by proving the upper estimate. If 1/p + 1/¢g = 1/2, we have

E Wr() T Wr Q)X A
H ” k( ) k( )HLP(A) Z k( ) k( )HB(LQ(.A),LQ( ))
— wk kxk B(Lq(A),LQ(-A))

+ Zwk )(1 — Lg)zg(« )H

B(Ly(A),L2(A)
If we approximate x(«) by elements of the form

1 o
zk(a)dg with  z(a) € Ag,

the upper estimate follows from the inequalities in Lemma 3.5
HZwk(a)xk(a)H < HZ|wk(a)>xk(a)H +cd2HZwk(a)<xk(a)\H .
k,a Lp(A) k,a P k,a P

To prove the lower estimate we use the projection

Lalp,d) : Ly(A) — Qu(p,d)
which, according to Remark 2.2, is bounded by 2d 4+ 1. Then we observe
(19) Z zi(a) E(w;(a) w;(8))z;(8) =Ta(p/2,2)(a*a)
i,,0,8
fora =3, ,wi(a)zi(a) € Ly(A). Indeed, the proof of this fact goes essentially
as the proof of Lemma 2.3 recalling that Ry (wi(a)) = 0. In particular, we deduce

| 2 @)@ = [Paw/2. 2@ o), < V5| Y wi@)i@)]|
k,a ko

Thus, it remains to prove the estimate

H Zwk(axxk(a)\Hp < \/MH Zwk(a)xk(a) ,
k.o k,a
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To that aim, we use again the projection I' 4(p/2, 2d) and Remark 2.2

20 (S i) (St

where the last identity follows again by the same argument outline above for (19).
Therefore, the assertion follows from the estimate || 4(p/2,2d)|| < 4d + 1. O

‘p/Z7

Our aim now is to iterate Theorem B to obtain a Khintchine type inequality,
stated as Theorem C in the Introduction, which generalizes the main results of
[3, 27, 37]. Before that, we analyze in more detail the meaning of the brackets | )
and ( |. That is, according to the mapping u : A — C(B), we can always write
(20) la) =u(a) and (a|=u(a*)".

This remark allows us to combine the brackets | ) and ( |. In particular, our
expressions for the norms ¥; and Yo in the statement of Theorem C (c.f. the
Introduction) are explained by (18) and (20). Moreover, we can iterate them as we
will often do in the sequel. That is, we shall write ||z)z) for u(u(z)z), where the
first u acts on the amplified algebra ARB(¢3) due to the fact that u(z) € Coo(B),
see the last part of the proof of Lemma 3.3 for a similar situation. Of course, taking
adjoints we also have a meaning for iterated bracket <z<x||

Lemma 3.6. Let 2 < p < co and let xx(a), zi,(a) and wi(a) be homogeneous free
polynomials of degree dy,ds and ds respectively for all 1 < k <n and « running over
a finite set A. Assume that 3, wi(a)z(a)wg(a) € Ly(A). Then, if Ry(zk(a)) =
xi(a) and £k(zk( )) =0 for all (k,«), we have

H Z A >wk( ) Co(Co(Ly(A)) H % [k (a) Zk(a»wk(a)Hcp(Lp(A))'

Szmzlarly, we have:
o if Li(xp(a)) = zp(a ) and Ry(zk(a)) =0,

|5 i aene], = oot
o if Riu(z1(a)) = 0 and Li(21(e)) = z(a),

|5 ew@ateunta)], = | Slente sie)yunte)
° z'fllk(a;k(oz)) =0 and Ri(zk(@)) :zk(7)

|5 i ene], = o]

Proof. By freeness we have

| 3 lente) zs@) ()|
k,a

)
P
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H< E(Zi(a)*xi(a)*xj(ﬁ)zj(ﬂ))w(ﬁ))%

i,,0,8

[(32 wilo) (@) B (@) e, (3)z (8) wy(9))

5,08

p

1
2

)
Thus, using the defining property of u : A — Cy (B), we obtain

| 32 los(@) zute)yun(e)| - = qu(u<xk<a>>2k<a>)wk<a>
k,«
| e

The three remaining identities follow similarly. This completes the proof. O

p

In the proof of Theorem C below, we shall use a shorter notation to write sums
like those appearing in the term X5 (see the statement of Theorem C in the Intro-

duction) as follows. For a fixed value k of js in {1,2,...,n} we shall write
> as
1<ji# - #js—1Sn JiF#ja
1<js17F#ja<n [js=F]

Js— 13&.757]@7&.751»1

Proof of Theorem C. The case of degree 1 follows automatically from Theorem
A. Now we proceed by induction on d. Assume the assertion is true for degree d —1
with relevant constant C,(d — 1). Then we apply Theorem B and obtain

2y ~er |30 3 wn(@) @) a @l

Q€A j1#Fja

U DORD DIEACHENCSEREACY

Q€A j1# - Fja

=A+B.

p

The resulting terms are homogeneous polynomials of degree 1 and d—1 respectively.
The first one belongs to R,(L,(.A)) while the second one lives in Cp(L,(A)). We
estimate the first term by applying Theorem A (with d = 1) one more time on the
amplified space Sp(L,(A))

~e | XX (@) a@l|

Q€A j1#Fja

H Z Z {xh mh ...mjd(a)‘>Hp

a€A j17#Fja

FBIE E - mol):

k=1 a€Aji##ja
[J1=K]

According to Lemma 3.6 and the fact that u : A — Co(B) is a right B-module
map, we easily obtain

(21) A~ [X0Y @@ e @l

a€M ji1F#Fja
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+ HZ > \%(a)><%<O‘)"'$ﬁ(a)|Hp

Q€N i Fja

F (DT S @@ o)

k=1 o€l ji##ja
[1=K]

p)%
p

On the other hand, the induction hypothesis gives B ~¢ (4—1) B1 + B2 with

Blziu S lwal@) 25, 0)) (@ (@) - a0

s=1 a,ji#ja

p?
and Bo given by

n

i(zuz 3 ||xj1<a>>-~~w]-s_1<a>>xjs<a><xjs+l<a>-~-xjd<a>|H:)fl’
s=2 k=1 aeAjl[i-:I:]jd

Moreover, the expressions above are simplified by means of Lemma 3.6 as follows

B,

S Y o) @) )]

s=1 " aji##ja

B, = zdj(iuz D lmi(a) (@) (@)

s=2 k=1 a€A i #ja
[js=k]

)
p

1

P);
p/.

Then we note that the first and third terms in (21) are the ones which are missing
in By and By respectively to obtain X; + Yo, while the middle term in (21) already
appears in B;. Thus, we conclude that

lzllp ~ec, (@) X1+ 2

where, after keeping track of the constants, we see that C,(d) is controlled by
Cp(d) < cd?*Cp(d —1).

Therefore, the bound C,(d) < ¢?d!? follows from the recurrence above. O

Remark 3.7. From a more functional analytic point of view, the right hand side of
Theorem C can be regarded as the norm of z in an operator space which is the result
of intersecting 2d + 1 operator spaces, see [3, 27, 37] for more explicit descriptions
of these constructions. We do not state this result in detail since the notation
becomes considerably more complicated. However, equipped with the description
given in [37] and with Theorem C, it is not difficult to rephrase Theorem C as
a complete isomorphism between P 4(p,d) and certain p-direct sum of Haagerup
tensor products of (subspaces of) L,-spaces. Moreover, arguing as in [27] we could
extend Theorem C to 1 < p < 2 just replacing intersections by sums of operator
spaces. The same observation is valid for Theorem A.

Remark 3.8. The constant c¢?d!? is far from being optimal. Nevertheless, we can
improve the constant in the lower estimate of Theorem C. To that aim we use the
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projection I' a(p/2,2s) : Ly/2(A) — Qa(p/2,2s) so that I'4(p/2,2s)(zx*) has the
form

> mi (@) i (QE( - a, (a)x, () )y, (B) -+ 25, (B)
(Y PR
A similar expression holds for T 4(p/2,2(d — s))(z*x)
Y @) i (@) E( @i (@) @, (8) )2y (8) - 25,(8).
ey Jk 008

Therefore, since T' 4(p/2, 2d) is bounded with constant 4d + 1, we find

|2 ¥ wn@-m@aa @ a,@l| < VAT,
Q€A 17 Fja
1> Y @) @)y le) - a@)| < VA@=s) +1al,.

Q€N j1F#F#ja P

In particular, since min(s,d — s) < d/2, we deduce
1> Y @@ @) @) ay, @ < V2d+T o).
Q€A i #ia ?
Therefore, we have proved the estimate
1 < (d+1)vV2d+1 |z,

Similarly, using I" 4(p/2,2) as in the proof of Theorem B, we obtain

Iy ¥ 0 (@) - (@), (@), () -, )|

Js=laeh ji7F#ja

< VB Y w@) e m @)@, e) a0
Je=1a€A j1##ja P
< V10d + 5 ||z]|p.

Hence, according to (12) we deduce

Yo < 12d*V10d + 5 ||z -

Motivated by the results in [37], we conjecture that the growth of the constant in
the upper estimate of Theorem C should also be polynomial on d. However, at the
time of this writing we cannot prove this.

Remark 3.9. Theorem C also generalizes the main results in [3, 27]. Indeed, note
that Theorem C uses 2d+1 terms in contrast with the d+1 terms in [27]. However,
in the particular case of free generators it is easily seen that the terms associated to
%1 (exactly the d 4+ 1 terms appearing in [27]) dominate the terms in ¥5. We refer
the reader to the proofs of Lemma 4.1 and Theorem F below for computations very
similar to the ones we are omitting here. Given 2 < p < co and as a consequence
of Theorem C and Remark 3.8, we can rephrase the Khintchine inequality in [27]
as the following equivalence for any operator valued d-homogeneous polynomial x
on the free generators A(g1), A(g2), .-, A(gn)

cd™3/%%) < |z, < ldI?%,.
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4. SQUARE FUNCTIONS

Now we apply our length-reduction formula to study square functions associated
to free martingales. All martingales in this section are adapted to the free filtration,
the natural filtration of a reduced product already defined in the Introduction. More
precisely, according to the Khintchine and Rosenthal inequalities for free random
variables, it is natural to ask whether or not the Burkholder-Gundy inequality [34]
holds in the free setting for p = oo, see also [17] for the non semifinite case and
[28, 36] for the weak type (1,1) inequality associated to it. In this section we find
a counterexample to this question. The following is the key step.

Lemma 4.1. Let Ay = Loo(—2,2) for k = 0,1,2,... equipped with the Wigner
measure, and let A = AgxA1xAqg--- be the associated reduced free product equipped
with the n.f. tracial state ¢. Consider a free family of semicircular elements wy €
Asik—1 and wy, € Agy, for k > 1. Given an integer n, fix a mean-zero element f in
Ao such that

1fllLaa) = 1/vVn and || fllz. a0 = 1.
Let a;; € B(¢3) and
Top = Z aij @ wi f wj € B(ly) ® A.
1<i,j<n

Then

> ai©ey

1<i,j<n

lz2nllBes) A ~e

B(l2)@minB(l2)

Proof. By Remark 1.1, we have
B(lz) ® A= (B(£2)®A0) *5(25) (B(L2)®A1) #5(0,) (B(l2)@A2) *5(¢5) -+

According to this isometry, we rewrite xo, as follows

T =Y ag@uiful=3 (a;0w)10)Aou) =Y ez

P

In particular, Theorem C gives the following equivalence for E = ¢ ® idgy,)

220l B(2s) 24

e |E@nasy) | L + | E@baan)|| 2

n n
| X wutunl]|+ | X e
i\j i,j=1

1,7=1

n n n
|2 |+ || X ||| Y by
i,j=1 i,j=1 i,j=1

’ (oo}

= A+B+C+D+E+F+G.
It is clear that
1 1
A= HZaijaZ@(wifw;wff*wk)H; - Hzazja;ﬂj (w; fw) f*w;) OO
ikl ij
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Since ¢p(w?) = d(w}’) = 1, this gives

n 1 1 n
A=l D aay|” == || 2 au @ers
i.j=1 ~ Vil

The same argument gives rise to the identity

B(£2)@minB(£2)

1 n
Bsz ai; ® ei H :
Vvn iyz‘::1 v B(£2)®minB(£2)

Let us estimate the term C

1
* % |2
c = HzxijE(ijzfy )IMH
ikl e
3
= || S vt © wio(ruutsyun
ijkl e
n n
= Hf||2HZ€1j®(Zaij®wi)‘
j=1 i=1 >
n n
= [ Y (D @er) ewi|
o0
i=1  j=1

Now, applying the Khintchine inequality for free random variables [10]

n n n n
C ~ ||fll2 max H E ( E Qij ®€1j) @ eq; g ( E Qij ®€1j) ® €1
oo
=1 j=1 i=1  j=1

)

‘ oo

’B(e2)®mmzs(22)’ ’B(e2)®mmzs(22)

n
|| fll2 max H > a®er;
ij=1

n
E ij & €ij
ij=1

Again the same argument gives

D ~ max H ai; ® e;; H H Qij & €45 ‘
1112 Z T T Bly) min B(£2) Z T B () @ min B(£2)

1,5=1
The term E is calculated as follows

1
2

E = | ul@gy)E(zz)u(zmy)

ijkl

(v (o oonn) |
j=1 i=1 k=1

= [Xene (Xueoun)|
=1 i=1

= Z eij ® ( Z Qi (f*wrwsf)a5j> i
i,j=1 r,s=1

HfHZH Z aij X eij ’8(62)@)‘"‘" B(ta) \F H Z aij X eij

i1 =1 (f2)®mmB(52)
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The same identity holds for F

B([z)@mjnB(ZQ)

1 n
F:\/EHE;‘W@%

The calculation of G is very similar

1
G = || 0wy )|
ijkl >
n n n * %
= | (3 oy @ wi)y) (3 ulons @ we)y)
j=1 =1 k=1 >
= Zelj® (Zu(aij@)wi)y)u
j=1 i=1 >
n n 1
LTS ! |
3,j=1 r,s=1
n n
- Hf”"OH ”Z:; U5 8 €3\ ()@ iniBien) H ”z::l 02 e g

On the other hand, we observe that the maps on B(f2) Qumin B(¢2) Qmin B(¢2)

n n
E aj; ej1 ¥ey; +— E a;;  ey1; Q ey,

i,j=1 ij=1
n n
Z Qi e ey = Z aij ® €31 Q €j1,
i,j=1 1,5=1
have norm /n. Indeed, this follows automatically from the well-known fact that
the natural mappings R,, — C, and C,, — R, between n-dimensional row and

column Hilbert spaces are completely bounded with cb-norm /n, see e.g. [7] or
[32] for the proof. Thus we deduce

n
“5 ij ® €1,ij

2,j=1

n n
Z aij @ eij,lH < Vn H Z aij @ eij
H ; B(£2)@min B(£2) .

i,j=1 i,j=1

\/ﬁH Z aij @ €5

4,J=1

b)
B(£2)®@minB(£2) B(£2)®@minB(£2)

B(t2)@minB(l)
The assertion follows easily from these inequalities and the estimates above. O

The idea to find our counterexample follows an argument from [34]. We consider
a suitable martingale for which the Burkholder-Gundy inequality implies an upper
estimate for the triangular projection on B(¢3). This gives the logarithmic growth
stated in Theorem D. After the proof of our counterexample or Theorem D, we
shall study the reverse estimate for free martingales whose martingale differences
are polynomials of a bounded degree.

Proof of Theorem D. Let us define
Toy = Z aijwifw;» with a;; € C.

1<i,j<n
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Here w;, f and w; are defined as in Lemma 4.1. Moreover, the enumeration given
in the statement of Lemma 4.1 for the algebras Ag, A1, As, ... provides a natural
martingale structure for the xs,’s, i.e. with respect to the natural filtration (Ay)
defined by Ax = Ag * Ay % Ay x --- % Ap. An easy inspection gives the following
expressions valid for all £ > 0

(22) dzay, = Z ajpw; fwy, and drog_1 = Z arjwi fw) .

1<i<k 1<j<k

ber

We are interested in the best constant kC,, for

2n 1 2n 1
max{H(dekdxz)?H : (deidxk>2
k=1 N k=1

2n
k=1 o

According to Lemma 4.1, we have

2n
| dan|  ~
k=1 o

n
E Aij€Ci5
i,j=1

5(52).
On the other hand, we observe that
n 1 n
2
H(Zdﬂczkd%’;k> = Hzelk®d$2kH = Hzaik €1k®wifw;fH )
k=1 o k=1 o i<k o

n 1
2
(3" i i)
oo
k=1

n
/
H E €k1 ®d332k—1H = H g agjer1r @ wg fw;
k=1 o k>j

o0
Thus, we may apply Lemma 4.1 one more time and obtain
n 1 n
2
H(E dxzkdxg) ~e E a,--e'®e~‘ :H E a“e-"
k c 15 C1j i) 15 C1g ’
1 ] i<y B(ZQ@ZQ) =1 B(EQ)
i<j
n 1 n
2
H( g dxy,. _dx ) ~ E a;iei1 @ e = H E A;i€is
2k—1 2k—1 c 17 €41 iJ 17 Cig .
k=1 o i>j B(Zz@éz) ij=1 B(KQ)
i>j

That is, IC,, is bounded from below by ¢ times the norm of the triangular projection
on B(¢%). However, it is well-known that the norm of the triangular projection grows
like log n, see e.g. Kwapien/Pelczynski [21]. This completes the proof. O

After Theorem D, it remains open to see whether or not the reverse estimate
in the Burkholder-Gundy inequalities holds for free martingales in L (A). In the
following result we give a partial solution to this problem. We will work with free
martingales (i.e. adapted to the free filtration) with martingale differences

(23) dxy, = Z Z afl(a) e a?d(a) and a?s(a) € Aj.,
a€h i #ja

where 1 < ji,72,...,74 < k. Note that since dxj is a martingale difference with
respect to the free filtration, at least one of the j;’s has to be k. That is, we assume
that all the martingale differences are d-homogeneous free polynomials. We shall
refer to this kind of martingales as d-homogeneous free martingales. Moreover, if x
is a free martingale with dzy, being a (not necessarily homogeneous) free polynomial
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of degree d, we shall simply say that x is a d-polynomial free martingale. We shall
also use the following notation
.}

Soo(x,n) = max{“(idmkdxz)% (Zn:dl"zc[xk)%
k=1 k=1

Our main tools in the following result are again Theorems A and B.

)
oo

Proposition 4.2. If x is a d-polynomial free martingale,
n
H Z dka < @V So (2, 1),
k=1 o
Proof. Let us consider the inequality
(24) [ dn|_ < c@ s
k=1 >

valid for any d-homogeneous free martingale x with d > 0. To prove (24) and
estimate C(d) we proceed by induction on d. Namely, for d = 0 we have dz; = E(x)

and dzxy =0 for K = 2,3,... In particular,

H dekH = |ldz1 oo < Soolz, ).
k=1 e

Therefore, (24) holds for d = 0 with C(0) = 1. If d = 1 we observe that

Z dﬂ]k = Z Ek(d;z:k)
k=1 k=1

Thus, Proposition 2.8 gives

| zn:dka < 3max { | iﬁk(dsxk)ﬁk(dwk)* ick(dxk)*ck(dxk)ué } .
k=1 >~ k=1 =t h

This, combined with the proof of Lemma 2.5, gives rise to

1
2

)
00

H dekH <98 (z,n).
k=1 *°

In particular, (24) holds for d = 1 with C(1) < 9. Now we assume that (24) holds
for (d—1)-homogeneous free martingales with some constant C(d—1). To prove (24)
for a d-homogeneous free martingale x, we decompose the martingale differences
by means of the mappings L as follows

|32 de]|_ < || 3 cutetmn)|_+ | S tida— £o)iaan)]| = A +E.
k=1 k=1 k=1

The estimate
(25) A <98 (z,n),
follows as the inequality C(1) < 9 above. On the other hand, we have

k—1
(ida — Li)(dap) = > af(a)wh(a)

a€eA j=1
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with z¥(a) € ,Z\j and w}(a) € P4(d — 1) satisfying £;(w}()) = 0. Indeed, this
follows from the fact that no word in (id 4 — L) (dzy) starts with a mean-zero letter
in Ax and that dzj € Ag. Thus, we may write B in the form

B:H Z nzlxj(mk)wj(a,k)uoo

(a,k)eA j=1
with A = A x {1,2,...,n} and

0 it j >k,
k- k . .
i (wi(a) if j < k.

zj(o, k)w;(o, k) = {
According to Theorem B we obtain
HZx]akwjakH Hz%ak wjak|H
(a,k),j a.k

Z |z (o, k) Yyw; (e, k) —B1+B2.
(a,k),g

Note that the constant 1 in the inequality above holds since we are only considering
the case (p,q) = (00,2) in the proof of Theorem B. Let us start by estimating the
first term Bq. We claim that

B%: HZ Z z_: le(a,k;)E(wjl(a,k)wh(ﬁ,k)*)wh(ﬁ,k;)* ~

k=1a,B€A j1,j2=1

To see this, it suffices to show that
E(wj1 (Ot, kl)wjé (ﬁ’ ]412)*) =0

for k1 # k. Indeed, let us assume without lost of generality that k1 < ko. Then we
know by construction that wj, (o, k1) € Ay, and that wj, (53, k2) contains a mean-
zero letter in Ay, with ko > k;. Thus, our claim follows easily by freeness. Hence,
we may write the identity above as follows

o= [ e XS sbto o]

acl j=1

Arguing as in the proof of Theorem B, we obtain

(26) B, < V5 ‘Zelk@)ZZx H

a€l j=1

-5 \Zelm(z‘dw@)(dzk)\\m

k=1

<5 H gem ®d$kHoo + H gelk ®£k(d$k)Hm} < 4V5Suo(2,n),

where the last inequality follows from Lemma 2.5 one more time.
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To estimate By we observe that
n k—1
(27) >0 > laga))w)
k=1aecA j=1

can be regarded as a sum of martingale differences on the von Neumann algebra
B(¢2)®A with respect to the index k and the filtration B({2)®.A41, B(l3)®As, . ..
Indeed, we have

idp(1,) @ Ej_ 1(22|z ) ZZ@ ))Ex_1(wh(a)) = 0.

a€el j=1 a€l j=1

Then, since (27) forms a (d — 1)-homogeneous free martingale, we may apply the
induction hypothesis and obtain in this way the following upper bound for B,

c(d—1)max{ | an ew® Y [oh(a))uf(a)] . ® Y Ik (a)ul(a)]|
k=1 a,j a,j

Then, arguing as in the proof of Theorem B (2(2(d — 1)) + 1 = 4d — 3), we deduce
By < V4d—-3C(d-1)

X max{HZelk® id a4 — L) (dzy) H

Zekl (ida— u)(d:ck)Hw} .

The triangle inequality and Lemma 2.5 produce
(28) By < 4V4d —3C(d — 1) Sao(z, 7).
Now (25, 26, 28) give
C(d) < (9+4V5) +4V4d —3C(d — 1) < eVdC(d - 1).

Iterating the recurrence and using Cy = 1 we find C(d) < ¢?/d!. Therefore,
n
(29) H Z dka < WISy (,n)
k=1 o

for d-homogeneous free martingales.

Now let « be any d-polynomial free martingale x. We may decompose z into its
homogeneous parts dzy = >, daj, with 0 < s < d. It is clear that dxf, dz3, dx3, . ..
are the martingale differences of an s-homogeneous free martingale x*. Therefore,
applying (29) we deduce

n d n
D DI
|3 [Sa
k=1 s=0 k=1
For the first term we have

[E(@)lloc = [[E(E1 ()]0 < [[E1(2)]|oc = [|dz1]lo0 < Soo(,n).
The rest of the terms are estimated by Theorem 2.1

Soo(x37n) ~ Hzelk@)deH + Hzekl ®d$ZH
k=1 o k=1 o

<||E ||OO+ZC\/78 z°,n).




44 JUNGE, PARCET AND XU

_ H (idp(ey) ® Ma(00, ) (i e1k © d”) Hoo
k=1

+ H (idg(gQ) ® I 4 (o0, s)) ( er1 ® dxk) Hoo <458 (z,n).
k=1

Our estimates give rise to
n d
HZd:ckH < (1+4chs@)8m(x,n) < cddzx/asm(a:,n).
k=1 e s=1

This is the desired estimate. The proof is complete. ([

Remark 4.3. Proposition 4.2 extends to the case 2 < p < 0o0. Indeed, we just need
to replace Proposition 2.8 by Corollary 2.14 and apply Theorem B in full generality.
Of course, this would provide a worse constant. The relevance of Proposition 4.2 lies
however in the fact that the resulting constants are uniformly bounded as p — oo,
in contrast with the non-free setting [34].

5. GENERALIZED CIRCULAR SYSTEMS

In this last section we illustrate our results by investigating Khintchine type
inequalities for Shlyakhtenko’s generalized circular systems and Hiai’s generalized
g-gaussians. Given an infinite dimensional and separable Hilbert space H equipped
with a distinguished unit vector or vacuum 2, we denote by F(H) the associated
Fock space

F(H) =CQa PH"

n>1

Given any vector e € H, we denote by £(e) the left creation operator on F(H)
associated with e, which acts by tensoring from the left. The adjoint map £*(e)
is called the annihilation operator on F(H), see [45] for more details. Let us fix
an orthonormal basis (e1y)r>1 in H and two sequences (Ax)g>1 and (ug)r>1 of
positive numbers. Set

gr = Aeller) + pil*(e—g).
The gi.’s are generalized circular random variables studied by Shlyakhtenko [39]. Let
I' denote the von Neumann generated by the generalized circular system (gx)g>1. T
is equipped with the vacuum state ¢ given by ¢(z) = (2, ). According to [39], ¢
is faithful and the g;’s are free with respect to ¢. In fact, if I'y is the von Neumann
subalgebra of I' generated by gy, then (I, ¢) = #4>1(T'k, ¢r, ). Shlyakhtenko also
calculated in [39] the modular group and showed that o;(gx) = (A 'px)**gx. In
particular, the g,’s are analytic elements of I' and eigenvectors of the modular
automorphism group o. Let us write dy for the density associated to the state ¢
on I'. We shall also need the elements

1 1 _ 1 % i1 %
(30) Grp = 437 grdy” = (N ) g dly = (kg )7 dg g

The following is the Khintchine type inequality for 1-homogeneous polynomials
on generalized circular random variables. Its proof can be found in [47], where the
third-named author used Theorem A to obtain constants independent of p. When
A = pg for k > 1, the gx’s become a usual circular system in Voiculescu’s sense
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and the result below reduces to Theorem 8.6.5 in [31]. On the other hand, the case
p = oo was already proved by Pisier and Shlyakhtenko in [33].

Theorem 5.1. Let N be a von Neumann algebra and 1 < p < oo. Let us consider
a finite sequence 1, %2, ...,z in Ly(N). Then, the following equivalences hold up
to an absolute constant ¢ independent of n

i) If 1 <p <2, then

n
H Z Tr Q Gk,p
k=1 p

~e inf
Tr=ar+by

—~ .2 2 3 —~ % 2 H
(Ssbud i) |+ (50 i)
k=1 P k=1 P

i) If 2 <p < o0, then

H Zxk @ Gk,p
k=1 P
~e max{H(Z)\kuk xkzk) (Z)‘k uk:vk:rk) p}.

Moreover, let us write G,, for the closed subspace of L,(T') generated by the system
of generalized circular variables (grp)k>1. Then, there exists a completely bounded
projection yp, : L,(I') — G, satisfying

Iplles < 21131

Remark 5.2. It is worthy of mention that Theorem 5.1 improves Theorem C in
the case of generalized circular systems. Indeed, we have only used two terms while
Theorem C needs three terms in the general case of 1-homogeneous polynomials.
This phenomenon will also occur in the case of degree 2, see below.

As application, we collect some interpolation identities that arise from Theorem
5.1. Indeed, we consider the spaces J, and K,, respectively defined as the closure
of finite sequences in L,(N') with respect to the following norms

(Sorkud )], +H<m i)
NS A wtas)'] )

e i f
||(17k)||lcp zk:lilk-‘,—bk

”(Zk)HJp N max{H<Z )‘k K Zkzk)%

Given 1 < p < 00, we define the spaces

Ly(N; RCy (A, 1)) = {

)

K, forl1<p<2
Jp  for 2 <p < oo,

and the maps
up @ (xg) € Lp(./\/; RCp(A, u)) — Zk Tk ® grp € L(NRT).

Corollary 5.3. If 1 < pg,p1 <00,0< 0 <1 and1l/p=(1-0)/po+6/p1, then
[Lpo (N5 RCpy (A, 1)), L, (N5 RCp, (A, 1)) ]y = L (N; RCy (A, ).

Moreover, the relevant constants are majorized by a universal constant.
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Proof. Let us recall Kosaki’s theorem [20]
[Lp, (NRTL'), L,, (NRTI')]g = L,(NT).

More precisely, if the von Neumann algebra N is equipped with the n.f. state 1 and
dywe denotes the density associated to 1 ® ¢, we use in the interpolation isometry
above the symmetric inclusions
1/2p; = 1/2p; =
dyfor’ Ly, (N@D)d gl C  Li(N@T),
1/2p] = 1/2p) =
dy 20 Ly, (NED)d20 © Li(N&T).
Then we recall from Theorem 5.1 that the maps u, defined above are isomorphic
embeddings. Using in addition the projection -, introduced in Theorem 5.1, we
deduce the assertion. The proof is complete. ([l

Corollary 5.3 provides interesting applications in the theory of operator spaces.
Given two sequences (&x)k>1 and (pg)r>1 of positive numbers we introduce the
operator space R,(§) N Cp(p) as the span of the sequence fi = re1x + prexa in the
Schatten class S,. Note that

T & ’
HZ’“ k® fr Lyp(N;Rp(£)NCh(p))

- maX{H(ZkﬁxkxalM) (kail‘zwk)l/?“p}.

By duality we understand the sum R, () + Cp(p) as a quotient space. Indeed, we
consider the subspace R, & C,, of S, as the span of (e1x;ex1)k>1 in Sp. Then we
have

)
p

Rp(§) + Cplp) = Ry ® Cp /A, p),
where A is the weighted diagonal A(, p) = span{&kelk — prer1 | k> 1}. Let m be
the natural quotient map and let us consider the sequence f, = m(&ge1r) = m(prext)
in R, (&) + Cy(p). Then we find

|5 o5

~ inf
Tp=ak+bk

Lp(N3Rp(§)+Cy(p))

(Syctoai) "+ |(Sortoin) ™

p

Corollary 5.4. Let (Ag)k>1 and (1x)g>1 be two sequences in Ry and 1 < p < 0.
Then, the following cb-isomorphisms hold according to the value of 6 = 1/p

Aut=0) + C (A 0uf), ifl<p<,
ANut=NnC,(AN 90, if2<p< oo

The relevant constants are majorized by an absolute constant.

[RO) 0 C(1), RO +C(0)], e {]f;

Proof. This is a reformulation of Corollary 5.3 in operator space terms. ([

We now discuss the analogue of Theorem 5.1 for ¢g-gaussians. We refer to [1] for
the basic definitions on g-deformation and to Hiai’s paper [11] for the quasi-free
g-deformation. Given an infinite dimensional separable Hilbert space H equipped
with an orthonormal basis (e4)r>1 and given —1 < ¢ < 1, we denote by F,(H)
the associated ¢-Fock space

Fu(H) = CQa® PHHE"

n>1
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equipped with the g-scalar product induced by

<f1 ®®fn7 g1 & - ®gm = nm Z ql(ﬂ') y In 1)> <fna g7r(n>
TeS,

where S,, denotes the symmetric group of permutations of n elements and ()
stands for the number of inversions of 7. Given a vector e € H, we write ¢,(e) for
the left creation operator and £;(e) for the left annihilation, see [1] for the precise
definitions. As in the free case we define

9ar = Melyler) + pnly(e—r)

after having fixed two sequences (Ag)r>1 and (ug)g>1 of positive numbers. The ggi’s
are q-generalized circular variables. The von Neumann algebra generated by these
variables in the GNS-construction with respect to the vacuum state ¢4 (-) = (£, - Q),
will be denoted by I';. A discussion of the modular group of ¢, and important
properties of these von Neumann algebras can be found in Hiai’s paper. Indeed,
we still have

ar(gar) = (A; " 1) > 9.
Therefore, gqi is an analytic element and we find as above

a o \ 1 I
(31) 98k = 437 9ar A3 = (N ) gaw dly = Aoy )7 dl gap.-
Proof of Theorem E. Let us first see that the map

(32) up : (z) € Kp — Zk Tk @ gk € Lp(NGL)

is a contraction for 1 < p < 2. According to [ 7], we have

Jall, < min {|E@a) 2 ||,

H } for 1<p<2.

Taking x = ), =1 ® gqx,p, the Ly-norm of x is bounded above by

1 1
min { H ( i E(x T ® gthgq“,)) 2 Hp ’ (Zz ; E(xij ® ngpg%‘)p)) 2

where E = idy ® ¢4 in our case. Therefore, recalling from (31) that

)

1 1 1 1
980 995, = 43! 901 d} 9] d;p = O Ny df gai ga) d

a 1 N _ B 1 1
965 995, = dg) 947 4 9q;dg) = (AT iy ) v dy ga; 9q5 d s
and using the identities ¢q(g9¢; 9¢;) = 8;jp? and ¢>q(gq2‘ 9qj) = 0;; A%, we deduce
2
E(zir} ® 99ip99},) = O\l #5’ Ty,
2
E(zfz; ® 947, 9450) = 5”)\f wl k.
Therefore, the triangle inequality yields

"ka(@gq;ﬂ, <m1n{H(Z/\k,uk xk@c)% (Z/\k ’ukxkxk> Hp}.

This proves the contractivity of (32) for 1 < p < 2. Now we show that
(33) Up : (vx) € Tp — Zk Tk ® gqk,p € Lpy(N QL)
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is bounded for 2 < p < oo with a constant ¢, depending only on ¢q. If p = 2, the
result follows by the orthogonality of the ggy2’s in Lo(I'y). Therefore, according
to Corollary 5.3, it suffices to estimate the norm of us : Joo — N®I', and apply
complex interpolation. By the definition of gq; we have

Zk Tk @ gqk = Zk AeTr @ Lq(ex) + Zk ey @ Ly (e—g).
By Cauchy-Schwartz,

|Sonmeae], < [(Sotee) ] (S, aeuer)”

= (2, 8eim) |

where the last inequality follows from [2]. Similarly, we have

IN

1 3
|5, e e < e (5 )
Zk q 00 1*|Q| Zk 0o

Thus we obtain |lus| < 2/4/1 — |g| and

Ty — Ly(WED) | < (ﬂ%)“i for 2<p< .
The crucial observation here is that
(34)  (up((zr) upr ((20)))
= ). tewlaiz) ter, (967 90)
= > talaiz) O )Y O ) trrq(digquqjdf)

¥

= D, tw(alz) O )P 05 )P 6q(9a7 99;)

= Zk Ak tear (2ryn) = ((2x), (28))-
This relation and the boundedness of the maps (32) and (33) immediately imply

the inequalities stated in i) and ii).

On the other hand, according to (34) we know that uy,u, is the identity map
and we may construct the following projection for every index 1 < p < oo

upu;, =idp,(n) @ Vp : L,(N&Ty) — Lp(N;Gqp).

By elementary properties from [31] of vector-valued noncommutative L, spaces, it
suffices to prove that the maps above are bounded with the following constants for

1<p<2<p <0
2 N2
ol < ()
1 —|q

Recalling that the second estimate follows from the first by taking adjoints and
that the estimate for p = 2 is trivial, it suffices to prove the estimate for uju’, and
apply complex interpolation. However, according to our previous estimates we find
[luru® || < 2/4/1 —]q|, as desired. This completes the proof. O

max {7y s [0y e = mas { [y [, [y

After this intermezzo on g-gaussians, we conclude by illustrating our inequalities
for 2-homogeneous polynomials on generalized circular variables. Again, our result
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in this particular case improves Theorem C since we obtain only three terms out of
the five given there.

Sketch of the proof of Theorem F. Following the arguments in Theorem E,
it suffices to prove the assertion for 2 < p < oo since the case 1 < p < 2 and the
complementation result follow from the same duality arguments. In order to prove
the assertion for 2 < p < oo, we first consider a finite index set A to factorize

1 1 1
inj ®d;’ gigidy = Z (zi; ® d¢ 9)(1®g;d>) = Zaijﬁj.
ij i#j i
According to Theorem B we have for 2 < p < oo

|2t e [ el + [ st

Let us denote the terms on the right by A and B respectively. To simplify the
expressions for A and B we need to calculate E(a;;a) and E(3;3]). According to
(30), we easily find

E(ajjam) = ik ( §Til @ )\ "] d )
2 2 1
E(b;b;) = dp (1 ® )\fﬂf d;)
Using these relations and recalling the factorization above of z;;, we obtain
. . 3
A = H( Al Nz Zj17j2 Lijy Lija ®gj1,pgj2,p) ‘;;7
. . \?
B = H( Aj UJ Zil,iQ LirjTisj ®gi1apgiz,p)

Equivalently, we have

11
A = HZ,)\f Mf(zjxij ®9j,p) ®ei|| = szak@gk,p )
( p p
1L
I sz’\f“f (Zi%‘ ®9i,p) Bey|| = szbk@’g’w o
where aj and by are respectively given by
11 11
ap = Zl Apl e ®e;n and by = Zj )\;-’,u]’? Trj Q €e15.
According to Theorem 5.1 we obtain
~2oE 3
H (ZA;MQ akak> + H(Z)\k i akak) ) =A; + A,
k=1
n 2 % 1 %
(> Azwd bkb;) +H(Z)\k ukb*bk) =BiiB,
k=1

Finally, using the terminology introduced in the statement of Theorem F, we have
B1 = Rp(l‘), Al = Mp(l‘) = BQ, A2 = Cp(l‘)
Details of the identities above are left to the reader. This completes the proof. O
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emark 5.5. Although it is out of the scope of this paper, the methods used in the

proof of Theorem F are also valid for any degree d > 1. In this way, the L, norm

of

an operator-valued d-homogeneous polynomial on generalized circular random

variables behaves as the asymmetric version of the main result in [27], see Theorem
2.6 there. Thus, we obtain d + 1 terms instead of the 2d + 1 given by Theorem C.
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