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ABSTRACT. We investigate Fourier multipliers with smooth symbols defined
over locally compact Hausdorff groups. Our main results in this paper establish
new Hormander-Mikhlin criteria for spectral and non-spectral multipliers. The
key novelties which shape our approach are three. First, we control a broad
class of Fourier multipliers by certain maximal operators in noncommutative
Ly spaces. This general principle —exploited in Euclidean harmonic analysis
during the last 40 years— is of independent interest and might admit further
applications. Second, we replace the formerly used cocycle dimension by the
Sobolev dimension. This is based on a noncommutative form of the Sobolev
embedding theory for Markov semigroups initiated by Varopoulos, and yields
more flexibility to measure the smoothness of the symbol. Third, we introduce
a dual notion of polynomial growth to further exploit our maximal principle for
non-spectral Fourier multipliers. The combination of these ingredients yields
new L, estimates for smooth Fourier multipliers in group algebras.

Introduction

The aim of this paper is to study Fourier multipliers on group von Neumann
algebras for locally compact Hausdorff groups. More precisely, the relation between
the smoothness of their symbols and L,-boundedness. This is a central topic in
Euclidean harmonic analysis. In the context of nilpotent groups, it has also been
intensively studied in the works of Cowling, Miiller, Ricci, Stein and others. In
this paper we will consider the dual problem, placing our nonabelian groups in the
frequency side. Today it is well understood that the dual of a nonabelian group
can only be described as a quantum group, its underlying algebra being the group
von Neumann algebra. The interest of Fourier multipliers over such group algebras
was recognized early in the pioneering work of Haagerup [12], as well as in the
research carried out thereafter. It was made clear how Fourier multipliers on these
algebras can help in their classification, through the use of certain approximation
properties which become invariants of the algebra. Unfortunately, the literature
on this topic does not involve the L,-theory —with a few exemptions like [22] and
the very recent paper of Lafforgue and de la Salle [26]— as it is mandatory from a
harmonic analysis viewpoint. In this respect, our work is a continuation of [19 20]
where 1-cocycles into finite-dimensional Hilbert spaces were used to lift multipliers
from the group into a more Euclidean space. This yields Héormander-Mikhlin type
results depending of the dimension of the Hilbert space involved. Here, we shall
follow a different approach through the introduction of new notions of dimension
allowing more room for the admissible class of multipliers. These notions rely on
noncommutative forms of the Sobolev embedding theory for Markov semigroups,
which carrie an ‘encoded geometry’ in the commutative setting. Prior to that, we
need to investigate new maximal bounds whose Euclidean analogues are central in
harmonic analysis. In this paper we shall limit ourselves to unimodular groups to
avoid technical issues concerning modular theory.
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This text is divided into three blocks which are respectively devoted to maximal
bounds, Sobolev dimension and polynomial co-growth. Let us first put in context
our maximal estimates for Fourier multipliers. Given a symbol m : R™ — C with
corresponding Fourier multiplier T,,, there is a long tradition in identifying maximal
operators M which satisfy the weighted Ls-norm inequality below for all admissible
input functions f and weights w

(WL») [ tutPo s [ 15Pme

It goes back to the work of Cérdoba and Fefferman in the 70’s. This general
principle has deep connections with Bochner-Riesz multipliers and also with A,
weight theory. The Introduction of [2] gives a very nice historical summary and
new results in this direction. The main purpose of this estimate is that elementary
duality arguments yield for p > 2 that

1

The most general noncommutative form of this inequality would require too much
terminology for this Introduction. Instead, let us just introduce the basic concepts
to give a reasonable but weaker statement. Stronger results will be given in the
body of the paper. Let G be a locally compact Hausdorff group. If we write u for the
left Haar measure of G and A for the left regular representation A : G — B(L2G),
the group von Neumann algebra LG is the weak operator closure in B(L2G) of
AML1(G)). We refer to Section [1] for a construction of the Plancherel weight 7 on
LG, a noncommutative substitute of the Haar measure. Note that 7 is tracial
iff G is unimodular —which we assume— and it coincides with the finite trace
given by 7(z) = (d.,z0.) when G is discrete. In the unimodular case, (LG, T) is
a semifinite von Neumann algebra with a trace and it is easier to construct the
noncommutative L,-spaces L,(LG,7) with norm ||z||, = 7(|z[?)'/?, where |z|? =
(z*2)P/? by functional calculus on the (unbounded) operator z*z. Given a bounded
symbol m : G — C, the corresponding Fourier multiplier is densely defined by
T A(f) = AMmf). Alternatively, it will be useful to understand these operators as
convolution maps in the following way

Tin(z) = A(m) *z = (1 @ 1d) (6A(m) (o2 @ 1)),

where ¢ : LG — LG® LG is determined by §(\y) = Ay ® Ay and 0 : LG — LG
is the anti-automorphism given by linear extension of o(\;) = A,-1. The first
map is called the comultiplication map for LG, whereas o is the corresponding
coinvolution. Our next ingredient is the L,-norm of maximal operators. Given a
family of noncommuting operators (), affiliated to a semifinite von Neumann
algebra M, their supremum is not well-defined. We may however consider their

L,-norms through

H suptz,

weQ HLP(M) - ||(x“)“€QHLp(M;Loo<Q>>’

where the mixed-norm L, (L )-space has a nontrivial definition obtained by Pisier
for hyperfinite M in [32] and later generalized in [I6] 2I]. This definition recovers
the norm in L,(X; Loo(Q2)) for abelian M = L (X), further details in Section
Finally, conditionally negative lengths ¢ : G — R, are symmetric functions
vanishing at the identity e which satisfy > oih agan(g~th) < 0 for any family of
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coefficients with 3 a, = 0. Due to its one-to-one relation to Markov convolution
semigroups, they will play a crucial role in this paper. In the classical multiplier
theorems, the symbols m are cut out with functions 7n(|¢|) for some compactly
supported n € C*°(R). Our techniques do not allow us to use compactly supported
functions in Ry . Instead, we are going to use analytic functions decaying fast near
0 and near co. We will call such n an H§°-cut-off, see Section [1| for the precise

definitions. The archetype of such functions will be 7(z) = ze~?.

Theorem A. Let G be a unimodular group equipped with any conditionally negative
length ¢ : G — Ry. Let n be an HZ®-cut-off and m : G — C an essentially bounded
symbol constant on Gy = {g € G : ¢¥(g) = 0}. Assume By = A(mn(ty)) admits a
decomposition By = ¥y My with My positive and satisfying My = oMy, and consider
the convolution map R(z) = (|My|*x 2)¢>0. Then the following inequality holds for
2<p<oo

1
2

Tt con S (5 1Zelle) R+ Loy (£0) = Loy (£G; Loo(R))

By duality, a similar stamens holds for 1 < p < 2. Moreover, a stronger result
holds in terms of noncommutative Hardy spaces which allows more general symbols
and decompositions. Theorem [A] combines in a very neatly way noncommutative
generalizations of with square function estimates. In the particular case of
Hoérmander-Mikhlin symbols —as we shall see along this paper— the decomposition
splits the assumptions. Namely, the Lo-norm of 3; is bounded using the smoothness
condition while the maximal R is bounded through the geometrical assumptions
regarding the dimensional behaviour of 1. Apart from the direct consequences given
in the present paper, this result is of independent interest and admits potential
applications in other directions to be explored in a forthcoming publication.

Given a conditionally negative length i) : G — R, the infinitesimal generator
of the semigroup A\, — exp(—t1(g))A, is the map determined by A(Ay) = ¥(g)A,.
In particular, ¥-radial Fourier multipliers fall in the category of spectral operators
of the form m(A). These maps are known as spectral multipliers and play a central
role in the theory. Our aim in this second block is to find smoothness criteria on
m which implies L,-boundedness of the spectral multiplier T},0q.

It is well understood —specially after [0, [39]— that if we want to obtain L,
boundedness for m(A) from the smoothness of m, for every semigroup, we need to
impose analyticity on m. To obtain an smoothness condition with a finite number
of derivatives our space needs to be finite-dimensional. Indeed, it is known that
the optimal smoothness order may growth with the dimension. This indicates the
necessity of defining a notion of dimension in the non-commutative setting. We
will take as dimension the value d > 0 for which a Sobolev type embedding holds
for A. Recall that there is a Sobolev embedding theory for Markov semigroups
introduced by Varopoulos [42]. More precisely, given a measure space (€, u) and
certain elliptic operator A generating the Markov process S; = exp(—tA), one can
introduce the Sobolev dimension d for which the equivalence below holds

Hf”LdQ%(Q) 5 HA%fHLQ(Q) — HStfHLOQ(Q) 5 t_%HfHLl(Q)

The property of the right hand side is known as ultracontractivity. When it holds
for the semigroup generated by an invariant Laplacian on a Lie group, it forces
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w(Bi(e)) ~ t?. Thus, we can understand ultracontractivity as a way of describing
the growth of balls. With that motivation we introduce general ultracontractivity
properties

1
. G —
I L) = Ml 5 g
where cb stands for completely bounded. The function ® will measure the “growth
of the balls”. Since doubling measure spaces are widely recognized as a natural
setting for performing harmonic analysis, we will impose ® to be doubling, i.e.:

250 ) <

and our doubling dimension will be given by

D= 1o, sy 2201,

In the classical abelian setting, apart from the ultracontractivity —or on-diagonal
behaviour of S;— we need to impose off-diagonal decay on S;, typically Gaussian
bounds. Let (G, ), X) be a triple formed by a locally compact Hausdorff unimodular
group G, a conditionally negative length ¢ : G — R, and an element X in the
extended positive cone LG}, see [13| [14] for precise definitions. We will say that
the triple satisfies the standard assumptions when:

i) Doublingness
Dx(s) = T(X[0.6)(X)) is doubling.

ii) Ly Gaussian upper bounds
2

—shy |2 e P
T(X[r,oo)(X)‘)\(e )| ) < x5 for some S > 0.

iii) Hardy-Littlewood maximality
+ X (X)

S |z for every 1 < p < oc.
>0 Px(s) Sl ||Lp(LG) y p

L,(LG)

We will also require the inequality iii) to hold uniformly for matrix amplifications.
As we shall see, inequality ii) implies ultracontractivity with ® x as growth function.
We will omit the dependency of X from ®x when it can be understood from the
context. It is also interesting to point out that, in the classical case, Gaussian
bounds can be deduced from the ultracontractivity in the presence of geometrical
assumptions like locality or finite speed of propagation for the wave equation, see
[36, B7] and [35] Section 3]. Generalizing such results to the noncommutative setting
will be the object of forthcoming research. The connection of standard assumptions
with smooth -radial Fourier multipliers is nearly optimal.

Theorem B. Let (G, ¢, X) be any triple satisfying the standard assumptions which
we considered above. Given an HE®-cut-off function n and a symbol m : Ry — C,
the following inequalities hold for 1 < p < oo

i) If s > (Do + 1)/2

| Trmovlles, ey < ilzlgHm(t')ﬁ(')HWz,s(R+)-
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i) If s > Dg /2 and ¢ € CBPlang) for some q > 2
HTmowHCB(L,,(EG)) /S i’gg ||m(t')77(')HWq,s(R+)'
The last inequality holds with ¢ = oo under the sole assumption of s > Dg /2.

The term CB also stands for “complete bounded” and the property CBPlan(;'I>
plays the role of the g-Plancherel property introduced by Duong-Ouhabaz-Sikora
[8], see the body of the paper for concrete definitions. The proof of Theorem B is
the most technical in this paper. It will explain the decoupling nature of Theorem
@ The X; are controlled using the Sobolev smoothness (via the Phragmen-Lindelof
theorem) for any degree s > 0, whereas the maximal bound determines optimal
restrictions in terms of the Sobolev dimension Dg.

Theorem B should be illustrated with interesting examples. The existence of
natural triples satisfying the standard assumptions for nonabelian groups is the
subject of current research, which will appear elsewhere. In this paper we shall
construct such triples out of finite-dimensional cocycles. This permits to recover
the results in [19, 20] for ¢-radial multipliers. In fact, we should emphasize at this
point that the notion of dimension in the previous approach was limited to the
Hilbert space dimension of the cocycle determined by the length . Working with
finite-dimensional cocycles is an unfortunate limitation which we could remove for
noncommutative Riesz transforms in [20]. Theorem B allows to go even further for
smooth radial multipliers.

In our third and last block of this paper, we consider general (non-spectral)
Fourier multipliers. Apart for the semigroup over LG generated by ¥ we will
endow G with two semigroups S1/S2 : Loo(G) — Loo(G) of left/right invariant
operators. The intuition here is that S; will describe the geometry of G while the
semigroup generated by v will describe the geometry of its dual. If A denotes the
infinitesimal generator of a semigroup over L. (G), we use the standard notation
for its nonhomogeneous Sobolev spaces

1 fllwee e = [/(1 +A)%f’|Lp<G)‘

When § is left invariant there exists a positive densely defined operator A affiliated
to LG such that M(Af) = )\(f)A\ for all f € doms(A). In a similar way we obtain
AMAf) = A\/\(f) when S is right invariant, see Proposition for the proof. Then
we define the polynomial co-growth of A as follows

cogrowth(A) = inf {r >0:(1+ ﬁ) e Ll(EG)} .

Our choice for the term “polynomial co-growth” sits on the intuition that A behaves
like |£|? in the case of the Laplacian A on RP and therefore cogrowth 3) =D
follows from the fact that large balls grow like 7. Further in Section [3| we will
characterize polynomial co-growth by relating the behavior of small balls in G with
“large balls” in LG, see Remark [3.8] for further explanations. It is also worth
mentioning the close relation between polynomial growth and Sobolev dimension
as it will be analyzed in the body of the paper. Our main result in this direction is

the following criterium for non-spectral multipliers.
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Theorem C. Let G be a unimodular group equipped with a conditionally negative
length 1. Let S1/Sa be respectively left/right invariant submarkovian semigroups on
Lo (G) whose generators A; satisfy cogrowth(gj) = D; for j =1,2. Consider an
HEC -cut-off function n and a symbol m : G — C which is constant in the subgroup
Go={9 € G:¢(g9) =0}. Then, if s; > D;/2 for j = 1,2, the following inequality
holds for 1 < p < oo

ITmllenw,ccy Sm 312110) max{“n(ﬁb) mHijl(G)’ () mHWi’:Z(G)}'

Theorem [C] establishes a link between the, a priori unrelated, geometries which
determine ¥ and S;. Indeed, we use the length v to cut m —determining the size of
the support— and use A; to measure the smoothness of m. It is interesting to note
that passing to the dual requires a size condition on E, reinforcing the intuition
that duality switches size and smoothness. The main difference with Theorem [B]
is that in this general context we have been forced to place the dilation in the
cut-off function 7 instead of the multiplier m. We conclude the paper illustrating
Theorem [C] for Lie groups of polynomial growth by means of the subriemannian
metrics determined by sublaplacians, see Corollary

1. Maximal bounds

1.1. Preliminaries. Although the material here exposed is probably well-known
to experts, let us review some notions and results in the interface between harmonic
analysis and operator algebra that we will need throughout this section. We will
start with a brief exposition of noncommutative integration theory, including the
construction of noncommutative L, spaces. Our main example will be the group
von Neumann algebra of an unimodular Lie group equipped with its canonical
Plancherel trace. Then we will review some basics of operator space theory as well
as the construction of certain mixed-norm spaces. Finally we will consider Markov
semigroups with an special emphasis on semigroups of convolution type. We will
revisit Hardy spaces and square function estimates associated with a semigroup.

1.1.1. Noncommutative L, spaces. Part of von Neumann algebra theory has
evolved as the noncommutative form of measure theory and integration. A von
Neumann algebra M [25] [0} [41], is a unital weak-operator closed C*-subalgebra of
B(H), the algebra of bounded linear operators on a Hilbert space H. We will write
1, or simply 1, for the unit. The positive cone M is the set of positive operators
in M and a trace 7 : M — [0, 00] is a linear map satisfying 7(z*x) = 7(zz*). Such
map is said to be normal if sup, 7(z,) = 7(sup, ) for bounded increasing nets
(x4); it is semifinite if for z € My \ {0} there exists 0 < 2’ < x with 7(z') < o0;
and it is faithful if 7(z) = 0 implies z = 0. The trace 7 plays the role of the
integral in the classical case. A von Neumann algebra M is semifinite when it
admits a normal semifinite faithful (n.s.f. in short) trace 7. Any z € M is a
linear combination xy — x9 + ix3 — ix4 of four positive operators. Thus, 7 extends
as an unbounded operator to nonpositive elements and the tracial property takes
the familiar form 7(xy) = 7(yx). The pairs (M, 7) composed by a von Neumann
algebra and a n.s.f. trace will be called noncommutative measure spaces. Note that
commutative von Neumann algebras correspond to classical measurable spaces.
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By the GNS construction, the noncommutative analogue of measurable sets
(characteristic functions) are orthogonal projections. Given x € M, its support
is the least projection g in M such that gz = = = zq and is denoted by suppz. Let
Sj{,l be the set of all f € M such that 7(supp f) < oo and set Syq to be the linear
span of SY,. If we write |z| = v/z*z, we can use the spectral measure dE of |z| to
observe that

x € Sp = |x|P :/ sPdE(s) € Sty = 7(|zP) < cc.
Ry

If we set ||z, = T(|£L"p)%, we obtain a norm in Sy for 1 < p < co. By the strong
density of Sy in M, the noncommutative L, space Ly(M) is the corresponding
completion for p < oo and Lo (M) = M. Many basic properties of classical L,
spaces like duality, real and complex interpolation, Holder inequalities, etc hold in
this setting. Elements of L,(M) can be described as measurable operators affiliated
to (M, 1), we refer to Pisier/Xu’s survey [34] for more information and historical
references. Note that classical L, spaces L,({2, 1) are denoted in this terminology
as L,(M) where M is the commutative von Neumann algebra Lo (2, 1).

1.1.2. Group algebras and comultiplication formulae. Our main example
of noncommutative measure space in this paper is that of group von Neumann
algebra. Let G be a locally compact and Hausdorff group (LCH group in short)
equipped with its left Haar measure p. Let A : G — B(LyG) be the left regular
representation. We will also use A\ to denote the linear extension of A to the space
L1(G). We will denote by C{G the norm closure of A(L;(G)) and by LG the closure
of C5G in the weak operator topology. LG is usually referred to as the group von
Neumann algebra associated to G. There is a distinguished normal faithful weight
T : LG4 — Ry such that A : L1(G) N L2(G) — LG extends to an isometry from
Ly(G) to La(LG, 7), the GNS construction associated to 7. Such weight is unique
and it is called the Plancherel weight. When the function f belongs to the dense
class C.(Q) * C.(G) we have T7(A(f)) = f(e). The Placherel weight is tracial if and
only if G is unimodular. In this case it is called the Placherel trace. From now on
we will focus on unimodular groups. We will often work with the spaces L,(LG, T)
although the dependency on 7 will be dropped in our terminology.

LG has a natural comultiplication given by linear extension of 6(A;) = Ay @ Aq
which extends to a *-homomorphism § : C5G — C{G Q@min C5G. There is a unique
normal extension § : LG — LG ® LG. This is a consequence of the fact that if ¢ is
normal then 6, : LG, ® LG, — LG,. Here ®min and & represent respectively the
minimal and projective o.s. tensor products [33] and ® denotes the weak operator
closure of the algebraic tensor product. Identifying £L(G x G), with LG, ® LG, we
have

&(/chf(gl,gz)A<g1,gz>du(91)du(gz)) =/Gf(g,g)Agdu(g),

for every f € C.(G) * C.(G). The boundedness of J, is then a consequence of the
Herz restriction theorem [I5]. It is interesting to note that the Plancherel weight
can be characterized as the unique normal, nontrivial and d-invariant weight, where
d-invariant means that

(r®@1d)ozx = 7(z)1.
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Analogously, Fourier multipliers are characterized as d-equivariant maps
0T = (T ®1d)d = (Id® T)0.

We will denote by ¢ : LG — LG the anti-automorphism given by linear extension
of 0(\g) = Ag-1. The quantized convolution of two elements x,y affiliated to LG is
defined by

zxy = (T ®I1d)(6z (cy ® 1)).
Observe that given m € Lo (G), the corresponding Fourier multiplier has the form

Tin(z) = A(m) *z = (1 @ 1d) (6A(m) (ox @ 1)).

1.1.3. Operator space background. The theory of operator spaces is regarded
as a noncommutative or quantized form of Banach space theory. An operator space
E is a closed subspace of B(#H). Let M,,(E) be the space of m x m matrices with
entries in F and impose on it the norm inherited from M,,(E) C B(H™). The
morphisms in this category are the completely bounded linear maps (c.b. in short)
u: E — F,ie. those satisfying

lulles(e,r) = |lu: B — Fch = Zuzpl [Tdar,, ® uHB(Mm(E),Mm(F)) < 0.

Similarly, given C*-algebras A and B, a linear map u : A — B is called completely
positive (c.p. in short) when Idy;, ® w is positivity preserving for m > 1. When
a c.p. map u: A — B is contractive (resp. unital) we will say it is a c.c.p. (resp.
u.c.p.) map. The Kadison-Schwartz inequality for a c.c.p. map u : M — M claims
that
u(z)*u(z) <u(z*z) forall xe M.

Ruan’s axioms describe axiomatically those sequences of matrix norms which can
occur from an isometric embedding into B(#). Admissible sequences of matrix
norms are called operator space structures (o.s.s. in short) and become crucial in
the theory. Given a Banach space X and an isometric embedding p : X — B(H)
we will denote by X* the corresponding operator space. Central branches from the
theory of Banach spaces like duality, tensor norms or complex interpolation have
been successfully extended to the category of operator spaces. Rather complete
expositions are given in [9], 31} B3]. Two particular aspects of operator space theory
which are relevant in this paper are the following:

A. Vector-valued Schatten classes. We will denote by S, the Schatten p-class
given by S, = L,(B(f2), Tr) with Tr the standard trace in B(fs). Similarly, S;*
stands for the same space over m X m matrices. Vector-valued forms of these
spaces can be defined as long as we define an o.s.s. over the space where we take
values. Given an operator space E, we may define the E-valued Schatten classes
Sy [E] as the operator spaces given by interpolation

SpE] = [S2IE).SPIE)]y =[S Guin B ST S E .

These classes provide a useful characterization of complete boundedness

lullese.r) = sup [as,, @ ull s gy, sy Tor 1< p <00,

For a general hyperfinite von Neumann algebra M the construction of L,(M; E) is
carried out by direct limits of E-valued Schatten classes. We refer to Pisier’s book
[32] for more on vector-valued noncommutative L, spaces. The space L,(M; E) for



SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 9

nonhyperfinite M cannot be constructed without losing fundamental properties like
projectivity /injectivity of the functor E — L,(M; E). Fortunately, this drawback
is solvable for the vector-valued L, space we shall be working with.

B. Operator space structure of L,. Given an operator space F, its opposite
E,p, is the operator space which comes equipped with the operator space structure
determined by the o.s.s. of E as follows

m
SO
H J IFY:

35 ool
j,k):1 (E P) ]\/INL(E)

mie Gok=1

where ej; stand for the matrix units in M,,. Alternatively, if E C B(H), then
Eo,, = ET C B(H), where T is the transpose. The op construction plays a role
in the construction of a “natural” o.s.s. for noncommutative L, spaces. If M is
a von Neumann algebra we will denote by M, it opposite algebra, the original
algebra with the multiplication reversed. It is a well-known result that M,, and
M need not be isomorphic [5]. For every operator space E the natural inclusion
j+ E — E* is a complete isometry. This allows us to build an operator space
structure in the predual M, as the only operator space structure that makes the
inclusion j : M, — M* completely isometric. The operator space structure of
L,(M) is given by operator space complex interpolation between L; (M) = (Mop)-
and M. In particular, it turns out that

Lp(M)" = Ly (Mop)
is a complete isometry for 1 < p < oo, see [33, pp. 120-121] for further details.

1.1.4. L-valued L, spaces. Maximal inequalities are a cornerstone in harmonic
analysis. Unfortunately, the supremun of a family of noncommuting operators is
not well-defined, so that we do not have a proper noncommutative analogue of
maximal functions. Nevertheless, this difficulty can be overcome if all we want is
to bound is the maximal function in noncommutative L, as usually happens in
harmonic analysis for commutative spaces. In that case we exploit the fact that the
p-norm of a maximal function can always be written as a mixed L,(Los)-norm of
the corresponding entries. This reduces the problem to construct the vector-valued
spaces Lp(M; Lo (€2)). This construction can be carried out without requiring
M to be hyperfinite, relaying in the commutativity of Lo (). L,(M; Lso(Q)) is
defined as the subspace of functions z € Lo (€; L,(M)) which admit a factorization
of the form x, = ay, f with o, 8 € Lyp(M) and y € Loo(Q;M). The norm in
such space is then given by

l@o)ocall ruay = 8 {lolzp (esssup lellaa) I8y = = = oy
When z,, > 0 the norm coincides with
(1) [[eoeeall, p oy = o {||y||Lp(M) Lz, <y for ae. we Q}
Its operator space structure satisfies
Sy [LP(M;LOO(Q))] = Lp(Mm ® M;LOO(Q)).

It is standard to use the following notation for the noncommutative L (Lo, )-norm

H sup ™ @,

e HLP(M) - ’|(”3“)“69||LP<M;LOO<Q>>’
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where the sup is just a symbolic notation without an intrinsic meaning. In the proof
of Theorem [B| we will use the fact that if (fw,)w,c0, is a family of finite positive
measures in Q; and (R, )w, e, is a family of positivity preserving operators, then
the following bound holds for z € L, (M)

12) st { [ Ru@din@)}]| < (s s lane) | sup” Ry (@)
w2 €2 Q p w2 €02 w1 €0 p

When M is hyperfinite, this definition of L,(M; L (2)) coincides with the
corresponding vector-valued space as defined by Pisier [32]. This approach to handle
maximal inequalities in von Neumann algebras has been successfully used in [16]
to find noncommutative forms of Doob’s maximal inequality for martingales and
the maximal ergodic inequalities for Markov semigroups [24]. The predual can be
explicitly described as the Li-valued space L, (M; L1(€2)). Indeed, let S,(€2) be the
Schatten class associated to the Hilbert space L2 (€2). Note that there is a hermitian

form ¢ : Ly ,(M) ® S5(2) X Ly p(M) ® S5(Q2) = Lp(M) @ L1(£2) given by
q(x ®m,y @ n) = z"y ® diag(m"n),
where diag : S1(Q) — L1(f) is the restriction to the diagonal. Define

oz, st = i {lallza, sz 18], visso © alasb) = o .

This space satisfies that L,(M; L1 (Q2))* = Ly (Mop; Loo(£2)) for 1 < p < oo.

1.1.5. Hilbert-valued L, spaces. For certain operator spaces whose underlying
Banach space is a Hilbert space we can define vector-valued noncommutative L,
spaces for general von Neumann algebras. Indeed, let H be a Hilbert space and
and P.£ = (e,&)e for some e € H of unit norm. We define the following two
Hilbert-valued forms of L, (M)

Ly(M;H) = L,(M®B(H))(Idm ® P.),
Ly(M;H") = (Idm @ Pe)Ly(M@B(H)),

called the L, spaces with H-column (resp. H-row) values. Their o.s.s. are the ones
inherited from L,(M® B(H)). If H = ¢%, then we can identify L,(B(H)® M)
with L,(M)-valued n x n matrices. Under that identification L,(M;H®) (resp.
L,(M;H")) corresponds to the matrices with zero entries outside the first column
(resp. row) and we have that

L \E

HZIJ@Bﬂ‘ H(MBB(R) H<;x7$3> Lp(M)’
" 3

HZIJ@BU‘ JMEB(E) H(;xﬂIJ Ly(M)

The same formulas hold after replacing the finite sums by infinite ones of even by
integrals. For every 1 < p < oo we can embed #H isometrically in S, by sending
cp(ej) = e1; or mp(ej) = e;1, where {e;} is an orthonormal basis of H. Such
maps are called the p-column/p-row embedings. These isometries endow H with
several o.s. structures. Observe that, as an o.s, L,(M;H) (resp. L,(M;H"))
coincides with Pisier’s vector-valued Ly-space L,(M;H>) (resp. L,(M;H™)) for
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M hyperfinite. For 1 < p < oo the duals are given by L,(M;H)* = L, (Mop; HE)
and L,(M;H°)* = Ly (Moqp, H°). The duality pairing can be express as

<Zj Tj®ej Y Y ® €k> = Zj T(zhy;).

The spaces L,(M;H") and L,(M;H*) form complex interpolation scales for p > 1

[Loo(MyHT), Ly(M;H)]y = Lp(M;HT),
[Loo(MiHE), Ly(M;HE)]y = Lp(M;HE).

In order to treat square functions and Hardy spaces we will need to control sums
and intersections of these Hilbert valued noncommutative L, spaces. The algebraic
tensor product L,(M) ® H embeds in L,(M®@B(H)) by Id®@r and Id ® c¢. Taking
direct sums we obtain an embedding in X = L,(M® B(H)) ® L,(M Q@ B(H)). The
space L,(M;H"™¢) is defined as the norm closure (or weak- closure if p = c0) of
L,(M) ® H inside X. Such space comes equipped with the norm given by

oz, ey = max {lellz, ey 1oz, e -

The embedding also gives L,(M;H""¢) an o.s.s. We will denote the dual spaces
by L,(M;H™ ) = Ly (Mop; H™)* for 1 < p < co. The space Ly (M;H™°) is
defined as the subset of weak-* continuous functionals in Lo (Mop; H™¢)*. The
sum notation comes from the fact that

l@llz, ey = it { Iyl omer) + 12 mame @ =y + 2}
We will denote by L, (M;H") the spaces given by

L,(M;H™¢) when1<p<2

L . rc —
p(MH™) {LP(M;HWC) when 2 < p < 0.

The spaces L, (M; H") are crucial for the noncommutative Khintchine inequalities
[28, 29], the noncommutative Burkholder-Gundy inequalities [23], noncommutative
Littlewood-Paley estimates [I7] and other related results.

1.1.6. Markovian semigroups and length functions. A semigroup & = (S¢)>0
over a Banach space X is a family of operators S; : X — X such that Sy = Id and
S¢Ss = Siis. Let (M, 7) be a noncommutative measure space, we will say that a
semigroup S over M is submarkovian iff:

i) Each S; is a weak-* continuous and c.c.p. map.
ii) Each S; is a self-adjoint, ie: 7(Siz*y) = 7(*S:y).
iii) The map t — S; is pointwise weak-* continuous.

S is Markovian if each S; is a u.c.p. map, ie S¢(1) = 1. Markovian operators
satisfy 7 o Sy = 7 while submarkovian ones satisfy 7 0 .S; < 7. Sometimes these
semigroups are called symmetric and Markovian, where symmetric is synonym with
self-adjoint. All the semigroups in this paper will be symmetric, so we will drop the
adjective. Using the first two properties it is easy to see that S; extends to a c.c.p.
map on L;(M). By the Riesz-Thorin theorem S, is a complete contraction over
L,(M) for 1 < p < co. The third property implies that ¢ — S; is SOT continuous
in L; (M). By interpolation between the pointwise norm continuity on L;(M) and
the pointwise weak-* continuity on M we obtain that ¢t — S; is SOT continuous
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on L,(M) for 1 < p < oo. For every 1 < p < oo there is a densely defined and
closable operator A whose closed domain is given by

xr— Sz

dom,(A) = {x € L,(M):3 lim

in the norm topology }
t—0+

When p = 2 we have that S; = e~ and S;[L,(M)] C dom,(A) for 1 < p < oo. In
the case p = oo we have that A is densely defined and closable with respect to the
weak-* topology with domain given by those € M such that lim;_,o+ (x — Syz)/t
exists in the weak-* topology. We will call A the infinitesimal generator of S.

We are interested in those (sub)markovian semigroups over M = LG which are
of convolute type. In other words, each S; is a Fourier multiplier. It can be proved
that Sy = T,-+ for some function . Let us recall a characterization of these
functions. First, recall some definitions. A continuous function ¢ : G — C is said
to be conditionally negative (c.n. in short) iff ¥ (e) = 0 and for every finite subset
{91,y gm} C G and vector (vy,..,vy) € C™ we have

m m

=0 = Y vb(gi gi)v; <0.
i=1 i,j=1

When ¢ : G — Ry is symmetric (¢(g) = (g~ !)) and c.n. we will say that 1 is a

conditionally negative length. Let H be a real Hilbert space. Given an orthogonal

representation a : G — O(H) we say that a continuous map b : G — H is a

1-cocycle (with respect to «) iff it satisfies the 1-cocycle law

b(gh) = a(g)b(h) + b(g).
The following characterization is proved in [I, Appendix C] or [4, Chapter 1].

Theorem 1.1. Let S = (S;);>1 be a semigroup of convolution type over the group
algebra LG. Then, the following statements are equivalent:

i) S is a Markovian semigroup.
ii) There is a c.n. length ¥ : G — Ry such that Sy = T -+
ili) There is a real Hilbert space H, an orthogonal representation « : G — O(H)
and a 1-cocycle b: G — Ry, such that ¢¥(g) = ||b(g)||3, and St = T,-+v

1.1.7. Holomorphic calculus and noncommutative Hardy spaces. We now
introduce the Hardy spaces associated with a submarkovian semigroup on (M, 1)
as well as the corresponding H°°-functional calculus. Both tools were introduced
in the noncommutative setting in [I7]. If S is a submarkovian semigroup, the
fixed point subspace F, = {z € L,(M) : Si(z) = = Vt > 0} coincides with
ker A C dom,(A) and it is a subalgebra when p = oco. It is also easily seen to
be a complemented subspace with projection given by Q,(z) = lim;_,+ Sy where
the limit converges in the norm topology of L,, for p < oo and in the weak-*
topology when p = oo. We will denote by Ly(M) = L,(M)/F, which is also
a complemented subspace with projection given by P, = Id — Q,. Note that
Ly(M) =~ Ly(M) @, Fp. When S, are Fourier multipliers over M = LG with
symbol et we define Gy = {g € G : ¥(g) = 0}. In that case

F, = {1’ € L,(M) : = A(f) with supp(f) C Go}
and in a similar way we find that A(f) = Lj(M) if and only if f|, = 0.
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For any given z € M we define the function Tz : (0,00) — L,(M) given by
t — t0;S;x. We can see x — Tx as a map from certain domain D C M into
L,(M;HT), Lpy(M;H®) or Ly(M;H™), where H = Lo(Ry,dt/t). The induced
seminorms on D C M are called the row Hardy space, column Hardy space or
Hardy space seminorms. Observe that the map T has as kernel those elements
fixed by S. Quotient out the nulspace and taking the completion with respect to
any of those norms when p < co (resp. the weak-x topology for p = 00) gives the
Hardy spaces Hy(M;S), Hj(M;S) or Hy(M;S). We can represent such norms as

follows
btmgons) = ([ (8) (55)7)°

H</R+ (t%Sﬂ) (t%Sﬂ)*%)%

We will drop the dependency on the semigroup and write H;(M) whenever it can
be understood from the context. These spaces inherit their o.s.s. from that of
L,(M;H") or L,(M;H). Therefore we have the following identities
SyH(M;S)] = Hy(M®B({3);S ®@1d),
Sy[H,(M;S)] = Hy(M®B({y);S ®1d).
The duality is obtained from that of L,(M;#H) or L,(M;H"), resulting in the
cb-isometries Hy(M;8)* = Hy,(Mop;S) for 1 < p < oo. The same holds for the

column case. Finally let us recall that by [I7, Chapters 7 and 10] we have that if
1 < p < oo then

(1.3) Hy(M;S) = Ly(M),

i

Lp(M)

X r . .
el o) Lo

with the equivalence as operator spaces depending on the constant p. The result
fails for p = 1,00 and H;(M;S) is smaller in general than LS(M). Observe that
t0:Stx = n(tA)x where n(z) = ze™*. Due to the results in [I7] we can change n by
other analytic functions in certain class obtaining equivalent norms. We will say
that a holomorphic function p defined over the sector ¥y = {z € C: |arg(z)| < 0}
is in H>(Zg) iff it is bounded and we will say that it is in H(3Zg) C H®(Zg) iff
there is an s > 0 such that

lp(2)] <

We will denote by 7> or HF° the spaces (N g /o H*(X0) or (Ngcper /2 HE®(E0)
respectively. If needed, we will equip these spaces with their natural inverse limit
topologies. We have that for any p € H§® the following holds

. dtyz

||$||H5(M) ~(p) H(/ (p(tA):v) p(tA)x?>
r dty 2
* 2

lellazon ~o ([ ot (pieare) F)

. t

(1.4) Ly(M)’

Lp(M)

The equivalence also holds after matrix amplifications. This type of identities
also hold for wider classes of unbounded operators A satisfying certain resolvent
estimates, see [17] for further details.
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1.2. The general principle. We are now ready to prove our maximal bounds in
Theorem A. In fact, we shall obtain a more general principle in Theorem which
decouples in terms of row and column Hardy spaces.

Definition 1.2. Let (B:)i>o0 be a family of operators affiliated to LG. We say
that (By)i>o0 has an L,-square-max decomposition when there is a decomposition
B; = X M; such that:

sup |32 < oo,

>0

(SMy)

sup™ | M, |* x UH S ullp
t>0 p

Similarly, (By)i>0 has an L,-max-square decomposition when B, = M,¥, with:

sup || Zells < 00,

t>0
(MS,) 2
[sup ol x| Sy Il

t>0 P
When we say that (B;)¢>0 has a max-square (resp. square-max) decomposition
we mean that it has an L,-max-square (resp. L,-square-max) decomposition for
every 1 < p < oo.

Theorem 1.3. Let G be a LCH group equipped with a conditionally negative length
P :G—Ry. Let S = (Si)i>0 be the convolution semigroup generated by ¢ and pick
any n € HP. If m : G — C is a bounded function satisfying that By = A(mn(ty)))
has an L, /2y -square-max decomposition By = ¥¢My for some 2 < p < oo, then
Tt Hy(LG) — HJ(LG) and

1
2

Ty ) (0 [%2l) ([ (B0 ¢ Loz (£6) = Loy (£G L)

where R§(x) = o|M|* x x. Similarly, when (By)i>o admits an L, /2y -maz-square
decomposition By = M;%; for some 2 < p < oo, we get T,,, : H)(LG) — Hy(LG)
and the following estimate holds

1
2

Tl S (0 %) ([ (B0 ¢ Loy (£G) = Ligyay (£6 L)

where R} (x) = o|M;|? xx. By duality, similar identities also hold for 1 < p < 2.

Corollary 1.4. If G, ¢, n and m are as above and By = A(mn(ty))) admits both a
Ly 2y -maz-square and a L, 2y -square-max decomposition, then it turns out that
T o Ly(LG) — Ly (LG) boundedly. Furthermore, if m = c in Go = {g € G : ¢¥(g)}
then T, is a bounded map on L,(LG).

Proof. The first assertion follows trivially from (1.3]). For the second we use that
L;(LG) is a complemented subspace, and so

[Tzl < [BTmzlp + [1Qp Tl
= | TwPpllrgce) + 1 Tm, @l S (HTmHB(Lg(EG)) + C) ]|, O

Proof of Theorem Assume that B; = A(mn(tv)) has an L, 9)-square-max
decomposition. According to (1.4) with p(z) = n(z)e(z) for some p € H5°, and
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using that T, commutes with the spectral calculus of A (the generator of S) we
obtain

||Tm(95)||H§ ~(p) ||(77(tA AT, m)tZOHLP(LG;Lg)
H( Tmo(tA)x )tZOHL,,(LG;L;)

(T, (x DisollL, e

where m(g) = m(g)n(ty(g)) and x; = Tyuyyz. Recall also that the Lo-space
involved is Lg (R4, dt/t). Now we may express the term on the right hand side as
follows

2 dt
(1.5) ||(Tmt(xt))tZOHLp(LG;Lg) = H/R |Tmtxt|27 2
+

dt dt
T(U/ |Tm1mt‘2 ) = / T(U‘T77Lt$t|2)?,

where u € L, 2y (LG) 4 is the unique element realizing the L,, o-norm, which exists
by the weak-+ compactness of the unit ball of L, /) (LG). Now we have to estimate
the term inside the integral. Asu > 0, we may write u = w*w for some w € Ly, /2y
and

{1ty [ T, (20)[2) = 7 (| T, (1) [P*) = T(w |(r @ 1d) (6B, (0w, @ 1)) | w*).

Ly

As L; — wL,w* is order preserving, any bound of L; gives a bound of the above
term. By the complete positivity of the canonical trace we can apply Proposition
1.11in [27], i.e

(@, 9)" (z,y) < |[{z, 2)[|(y, v)
to the operator-valued inner product (z,y) = (7 ® Id)(z*y). This yields

L, = |(T®Id)(52t5Mt(Uzt®1))|2

IN

[(r @ 1) (61| 1o (T®Id)((cm;:®1)6Mt*5Mt(axt®1))

(sup I34013) (7 @ 1) (8 M 2 (o (wfe) @ 1)) = (sup [Zol) (1M:f? % 7).
t>0 t>0

IN

We have used the d-invariance of the trace in the second inequality and the definition
of the noncommutative convolution in the last identity. Now, substituting inside
the trace and using the identity for the adjoint of the noncommutative convolution
operator gives

(u, [T, (z0)[?) < K?7 (u(|Me]? * 2f20)) = K27 ((0|My]? * w)zay),

where K is the supremum of the Lo norm of 3;. This gives rise to

L N\ dt
||Tm($)||%1§ 5(;0) K'Q/]R T((JlMt|2*U)xt$t)*
+

dt
< K? inf T(A/ xfzt—)
o|M,|?%u<A R4 t

< K7

Hucal? 7l
U\Mtllgl*uSA” HL(P/?)’ - TyTy s

Sep)

KQ‘

(R§)rz0 + Lipjzy = Ligyay (Lec) | Izl
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by using Fatou’s lemma in the second line and the definition of the L,(£G; L)
norm for positive elements in the last inequality. Taking square roots gives the
desired estimate. The calculations for the row case are entirely analogous. O

Remark 1.5. Throughout this paper we construct max-square and square-max
decompositions of B; = A(mn(ty)) by choosing an smoothing positive factor M,
with M; = oM, = M} and satisfying the appropriate maximal inequalities. Then
we extract M; from the left and from the right of B; as

By = (BM; )M,
By = M,(M;'B,).

If the family ¥; = B;M; " is uniformly bounded in L, and B is self-adjoint then
the other is automatically uniformly in Lo by the traciality of 7. Most of the times
it will be enough to check one of the two decompositions.

Proof of Theorem A. It easily follows from Corollary [T.4] and Remark O

Remark 1.6. The technique employed here gives complete bounds assuming that
the maximal inequalities are satisfied with complete bounds. In order to prove
that assertion, let us express the matrix extension (7, ® Idyy, ) as a matrix-valued
multiplier whose symbol takes diagonal values. Indeed

(T @ 1da, ) ([235]) = (1@ 7 @ T, ) ( (9Mm) @ 1ar,) (1@ o)) ).

where K is the corresponding kernel affiliated with LG ® LG ® C1yy, . Clearly,
any square-max decomposition By = X, M; of By = A(mn(ty)) yields a diagonal
decomposition (0%; ® 17, )(6M; ® 1p,) of Ky = 6B; @ 1, . On the other hand
recall that 75, : HS — Hy is c.b. iff T;,, @ Idpy, : Sp[Hg] — Sy[HS] is uniformly
bounded for n > 1 and that S} [Hj(LG;S)] = H5 (M, ® LG;1d ® S). That allows
us to write the norm of SJ'[Hg(LG;S)] as an Ly, /p-norm like in . Then, using
[27, Proposition 1.1] for (z,y) = (Id ® 7 ® Idas, ) (z*y) as in the proof of Theorem
gives for 2 < p < o0

1
2

Tonllesrrg) S (590 12l || (BE)ezo * Lisyay (£G) = Lipjay (£6: Lic)

cb

The row case is similar. The discussion of Corollary [T.4] generalizes to c.b. norms.

2. Spectral multipliers

2.1.  Ultracontractivity. Let (M, 7) be a noncommutative measure space and
consider a Markov semigroup S = (S¢):>0 defined on it. Given a positive function
¢ :Ry — Ryand 1 <p < g < oo, wesay that S satisfies the R} ? ultracontractivity
property when

(Vi)
Similarly, & has the CBRYE? property when the above estimate holds for the c.b.
norm of Sy : L,(M) — Lg(M). These inequalities have been extensively studied for
commutative measure spaces [43, Chapter 1]. In the theory of Lie groups with an
invariant Riemannian metric (equipped with the heat semigroup generated by the

Q
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invariant Laplacian) ultracontractivity holds for the function ®(¢) = u(B;(e)) which
assigns the volume of a ball for a given radius. Influenced by that, we will interpret
the above-defined properties as a way of describing the “growth of the balls” in
the noncommutative geometry determined by S = (S¢)i>0. For that reason, we
will work with doubling functions ®. Doubling functions are increasing functions
®: Ry — Ry with ®(0) = 0 and satisfying

B ) <

The doubling condition for ® is a natural requirement since metric measure spaces
(Q, u,d) with ®,(t) = u(B,(t)) uniformly doubling in z constitute an adequate
setting for performing harmonic analysis in commutative measure spaces. Given a
Markov semigroup S = (S;);>0 over a noncommutative measure space (M, 1), let
us recall the following:

i) If S satisfies RE"%, it satisfies RE? for 1 < py <p < ¢ < gy < o0.
ii) If @ is doubling and S satisfies R}"% for some 1 < py < gop < oo, then it
satisfies R for 1 <p < ¢ < oo

The same holds for the CBRE? ultracontractivity property. The proof follows
the same lines than [43] Theorem II.1.3]. In the noncommutative setting a similar
result is stated in [I8, Lemma 1.1.2 ] for ®(t) = tP. As a consequence, all the
ultracontractivity properties R%? are equivalent for doubling ®. We shall denote
them simply by Rg and similarly CBRg. As a corollary, we obtain that if M is
an abelian von Neumann algebra CBRE? and R5? are equivalent for doubling @
since RE? is equivalent to RE™ and any bounded map into an abelian C*-algebra
is completely bounded. For any doubling function ® we may define its doubling
dimension Dg as
®(2t)
Dy = log, igg{ 0 }
It is quite simple to show that any doubling ® : Ry — R, admits upper/lower
polynomial bounds for large/small values of ¢ > 0. More precisely, we have the
bounds

D(t) S(pg) tP*®(1) when ¢>1,

(2.1) B(t) >(pyy P2 (1) when < 1.

Of course, the converse of this assertion is false. Whenever a Markovian semigroup
S satisfies Rg (resp. CBRg) for doubling ® we will call Dg the Sobolev dimension
(resp. c.b. Sobolev dimension) of (M, 7) with respect to S. The reason for this
name is based on the well-known relation between ultracontractivity estimates for a
Markov semigroup and Sobolev embedding estimates for its infinitesimal generator.
One of the first contributions to that relation is in the work of Varopoulos, who
proved in [42] that when ®(t) = ¢ the property R is equivalent to a whole range of
Sobolev type estimates for the infinitesimal generator of the semigroup. See also [43]
for more on that topic. Whenever ®(t) = tP we will denote the ultracontractivity
properties by Rp or CBRp. By adding a zero, like Rg(0), we will mean that the
inequality [Rg is satisfied for ¢ < 1. This notation is borrowed from [43] IL5].
Recall that if S satisfies Rg (resp. CBRg) for some doubling function ® then, by
the polynomial bounds in (2.1)), we have Rp, (0) (resp. CBRp, (0)).
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Our characterization of co-polynomial growth in Section [3] bellow requires the
following equivalence for Sobolev-type inequalities in term of the ultracontractivity
properties Rp(0). We did not find the proposition below in the literature, but it
could be well-known to experts. We include a sketch of the proof.

Proposition 2.1. Let S be a submarkovian semigroup acting on a noncommutative
measure space (M, 7). Let A denote its infinitesimal generator. Then, the following
properties are equivalent:

i) For every e > 0, S satisfies the Rpy.(0) property.
ii) For every ¢ > 0, we have that

(14 A)~P/Ae Ly(M) — M| S0 L
Similarly, S € CBRp4.(0) for alle > 0 iff (1+A)~ : Ly(M) -2 M for alle > 0.

Proof. The implication i) = ii) follows from the identity
1 dt
1+A4)~° = — toe 'Sy (z)— ).
7@ = ([ retseT)

The integral in [0, 1] may be estimated applying the Rp(0) property, whereas the
integral for t > 1 is easily estimated using the semigroup law. This gives the
desired implication. For the converse, we now take s = D/4 + ¢ and use that

I (Do) < [flloo

18 : La(M) = M| = [[(X+A) 72X+ DS 510 000

O

_s s S (
< [[(1+4) 2||B(L2(M),M) H(1+A)25t||B(L2) Stes) (5) e

Remark 2.2. Observe that if Rp(0) is satisfied then ii) also holds. Nevertheless
the converse is not true since the norm ||S; : Li(M) — M]| could be comparable
to, say, tP(1 + log(t)) for 0 <t < 1. The original result proved by Varopoulos [42]
established a equivalence between Rp(0) and the bounds

(1+A4)7": Ly(M) = L_en_(M)

F—sp
for every 0 < s < n/p. When s > n/p the image space of L,(M) is certainly
much smaller than L., (M), for example in R™ with the usual Laplacian the image
space lies inside spaces of Holder functions. Therefore, by describing the behavior
of (1+ A)~® in Lo (M) we lose information and we can no longer recover Rp(0).

We will denote by W *(M), or simply W»»*(M) when the semigroup S; = e~4
can be understood from the context, the closed domain in L,(M) of the unbounded
operator (1 + A)*/2, with norm given by

2 llwze = [|(1+A)*2f]]-

These are called the fractional Sobolev spaces associated with S. They satisfy the
natural interpolation identities. Namely, if we set 1/ps = (1 —6)/p1 + 0/p2 we get

WES (M), WE(M)], = W (M),
(WA (M), WE™=(M)], = WESH=070 (),
Point ii) in Proposition may be rephrased as Wi’s(/\/l) C M for every s > D/2.

12

0
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2.1.1. Ly bounds for CB(L2(LG), LG) multipliers. We shall work extensively
with Markovian convolution semigroups over LG with the CBRg ultracontractivity
property for doubling ®. In general, determining the c.b. norm of a multiplier
between general L, spaces is a problem that nobody expects to be solvable with
a closed formula. Despite that, we can obtain characterizations in some particular
cases. One of these cases is that of the c.b. multipliers T,,, : Lo(LG) — LG. That
will allow us to express the CBR;;OO property of S = (Tt )¢>0 as a condition over
1. The next theorem is probably known to experts. Since we could not find it in
the literature, we include it here for the sake of completeness.

Theorem 2.3. If T denotes the map m — T, :

i) T: L5(G) — CB(LS(LG), LG) is a complete isometry.
ii) T: L§(G) — CB(L5(LG), LG) is a complete isometry.

The 1mage of T is the set of multipliers Ty, : L;(EG) < ra for 1 € {c,r} resp.

Proof. Let V and W be operator spaces and pick t®y € V* @ W*. According to
[33, Theorem 4.1] the map Z,g,(w) = z(y, w) extends linearly to an isomorphism
T:(VR&W)* — CB(W,V*). Using the pairying (,) : L5(LG) x L§(LG) — C given
by (y,w) = 7(y ow) we obtain as a consequence that

Zs.(w) = (Id® 7)(0z (1 ® ow)) = z *w,
where dz denotes the comultiplication map acting on z. This yields

[ Ly(LG) — EGch = H‘”‘(m)H(LG*@L;(cG))*

where t € {r,c} is either the row or the column o.s.s. We now claim that the
natural map

L Lo (LG LY (£G)) = (LG ® LY(LG))”
is a complete isometry with {°° = r for 1 = ¢ and viceversa. This is all what is

needed to complete the argument since we have the following commutative diagram
of complete isometries

L(G) L cBLLY” (£G), LG) .
b d
Li(LG) (LG, & LY (£G))*

\ /
Loo(LG; LY(LG))
Let us therefore justify our claim. According to [9]
(LG, R LYULG)) ~ LG &F LI (LG)

where ® z stands for the Fubini tensor product of dual operator spaces. Bear in
mind that if V* and W* are dual operator spaces, there are weak-* continuous
embeddings V* C B(H;) and W* C B(H2) and we can define the weak-* spatial
tensor product V* @ W* as

VIRW* = (Vo W)™,
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Such construction is representation independent and V* ®@ W* embeds completely
isometricaly in V* ® 7 W*. Since the column and row embeddings of Lo(LG) into
B(L2(LG)) are weak-+ continuous, L. (LG; L;OD (LG)) = EG@L;OD (LG). This
proves that ¢ is a complete isometry and so is the map m — T, = Zisz(m)- O

Remark 2.4. Since L5(LG) and L5(LG) are isometric as Banach spaces, the
norms for multipliers in CB(L5(LG), LG) and CB(L5(LG), LG) coincide too, even
if their matrix amplifications do not. Indeed we obtain that

|Tmllesscay.coy = MLy = Twnlleswsca).co)-

For non-hyperfinite LG, the space of Fourier multipliers in CB(Ly(LG), LG), may
be difficult to describe as an operator space. Nevertheless, as a consequence of the
above identities, its underlying Banach space is the Hilbert space Lo(G).

Remark 2.5. As a consequence of the above, if G is a group and S = (T,—++)¢>0
is a semigroup of Fourier multipliers satisfying CBR?I;OO for any function ®, then G
is amenable. To see it just notice that e~*¥ € Ly(G) and so e 2 € L1(G) for all
t > 0. But a group is amenable iff there is a sequence of integrable positive type
functions converging to 1 uniformly in compacts.

2.2. Standard assumptions. Let LG denote the extended positive cone of LG.
As it will become clear along the paper, we shall treat unbounded operators X in
LG” as noncommutative or quantized metrics over LG. Note that if G is LCH
and abelian, any translation-invariant metric over its dual group can be associated
with the positive function A : x — d(x,e). The metric conditions impose that
A is symmetric, does not vanish outside e and A(x1x2) < A(x1) + A(xz2). Here
we will only require X to be symmetric, i.e.: to satisfy ¢ X = X. Recall that the
anti-automorphism o extends to £LG”}. Following the intuition relating symmetric
operators in LG} to metrics, we will say that X e LG is doubling iff the function
®x(r) = 7(x[0,r) (X)) is doubling. When the dependency on the operator X can
be understood from the context we will just write ®. In a similar fashion, we will
say that X satisfies the L,-Hardy-Littlewood maximal property when

+ [ X0, (X) H <
i;lg { (I)X(T) *’U,} pN Hu”p’

If we say that X has the HL property, omitting the dependency on p, we mean
that the HL property is satisfied for every 1 < p < oo, with constants depending
on p. When the property m holds uniformly for all matrix amplifications, we
will say that X satisfies the completely bounded Hardy-Littlewood mazximal property
(CBHL,, in short). Let ¢ : G — R4 be a conditionally negative length generating a
semigroup S§. We will say that S has Lo Gaussian bounds with respect to X when
there is some 3 > 0 such that

(HL,)

e‘ﬂé
(1,GB) {xira O} S G

Definition 2.6. A triple (LG, S, X), where S is a Markov semigroup of Fourier
multipliers generated by v : G — Ry and X € (LG)?, is said to satisfy the standard
assumptions when

i) X is symmetric and doubling.
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i) § has LoGB with respect to X.
iii) X satisfies the CBHL property.
Since LG is determined by G and S by ¢ we shall often write (G, v, X) instead.

Remark 2.7. If S has Ly;GB then it admits CBRé ultracontractivity. Namely
if we take r = 0 in (L2 GB), it follows from Theorem and Remark [2.4] If X is in
addition doubling, S has the whole range of ultracontractivity properties CBRg , .

2.2.1. Stability under Cartesian products. It is interesting to note that the
standard assumptions are stable under certain algebraic operations, the most trivial
of them is probably the Cartesian product. Stability under crossed products also
holds under natural conditions, see Remark [2.10] below.

Lemma 2.8. Assume that
S = (SL,)wse0; + Lp(Mj) = Ly(Mjy; Lo (€))
is completely positive for j € {1,2}. Then S' ® 8? is also c.p. and
5! @82 Ly(M1 B Mz) > Ly(M1® Ma; Loo(€1) Sin Lo (22))

< H HS] : Lp(./\/lj) — Lp(Mj;LOO(;;;)>

~Y
Je{1,2}

cb.

Proof. It follows from S!' ® §? = (S! ® Id) 0 S? and (1.1)), details are omitted. [0

Theorem 2.9. Let (Gj,1;,X;) be triples satisfying the standard assumptions for
j = 1,2 and consider the Cartesian product G = G1 x Go . Then (G, ¢, X) also
satisfies the standard assumptions with the c.n.length ¥(g1,g92) = ¥1(g91) + ¥2(g2)
and X € LG’ determined by the formula X* = X{ ® 1+ 1 ® X3.

Proof. Proving that X is doubling and that the semigroup generated by i has
Gaussian bounds amount to a trivial calculation. Indeed, ®x is controlled from the
inequalities X[o,,/2)(@)X[0,r/2)(0) < Xjo,r) (@ +b) < X[0,r) (@) X[o,r) (D), Which are valid
for positive and commuting operators a,b. On the other hand, the LGB follow
similarly from the inequality X[ oc)(@ +b) < X[r/2,00)(@) + X[r/2,00) (D). Let us now
justify the CBHL property. Let m : L,(LG; Loo @min Loo) = Lp(LG; Loo) be the
map given by m(z ® f ® g) = 2 ® fg, which is c.p. By Lemma 2.

R'@R? = (R!® R}) Ly(LG) = Ly(LG; Lo (ds) min Loo(dt)),

5,t>0 :

where RI(z) = ®x,(s) ™" x[o,s)(X;)*x is c.p. As a consequence mo(R'®@R?) is also

completely positive. Therefore, by the doubling property we obtain the following

estimate

(X[O,r) (X) w) < (X[O,r)(Xl) X[o,r) (X2)
Sx(r) ez SPrP) Tay ()T (1)

for x > 0. This is all what we need to reduce CBHL of X to that of X; and X5. [

Remark 2.10. Let H and G be LHC unimodular groups and 6 : G — Aut(H) be
a measure preserving action. Let (H, 1, X1) and (G, 19, X2) be triples satisfying
the standard assumptions. It is possible to prove that, under certain invariance
conditions on X; and 1, the semidirect product K = H x¢ G satisfies the standard
assumptions for some X € LK and certain c.n. length function ¢ : K — R, built

*x>7"20 =mo(R'@R?)(x)
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up from X7, X5 and 11, 15 respectively. Since the techniques required to prove this
result are quite involved and of independent interest, we postpone its proof to a
forthcoming paper were we shall explore other applications involving Bochner-Riesz
summability and related topics.

2.3. Hormander-Mikhlin criteria. In this subsection we shall give a proof of
Theorem B i) by means of a suitably chosen max-square decomposition. The key
is to prove that, if B; = A(mn(ty)), then

(2.2) B, = B (1+XT2) @(ﬁ)%@(ﬁ)’%(uﬁ)_%.
3 My

a2
2

is a square-max decomposition for v > Dg /2. Breaking the symbol m into its real
and imaginary parts and using Remark we obtain a max-square decomposition
by placing the smoothing factor (1 + X2/t)7/? on the left hand side of B;. The
proof of the maximal inequality consists in expressing the maximal operator as a
linear combination of Hardy-Littlewood maximal operators associated to X and
apply . For the square estimate we will use the smoothness condition.

Lemma 2.11. Assume that Fy € Co(R4.) is a family of bounded variation functions
parametrized by t > 0. Let dF} be its Lebesgue-Stjeltjies derivative and |dFy(N)| its
absolute variation, then for every doubling operator X, we have:

X0, (X)
< (sup 0l ) | s 52 )
b S (e ) | (g 555 <)

Proof. By integration by parts we have that

Fi(s) = /R Fi(r)dsy(r) = / Fy (10 (5,00 ()

Ry

| (e 000 +)

Lyp

_ [ X0 g o
—/]R+ X(s,00) (1)OF(r) = / () O(r)OF(r).

R4

By functional calculus, the same holds for F;(X). Applying ([1.2)) ends the proof. O

According to Theorem A, the right choice for the square-max decomposition
is given by Fy(s) = [M|?(s) = ®(v#)" (1 + s%/t)~7. It will suffice to pick here
v > Dg/2, the condition in Theorem B i) will be justified later on. In order to
prove the finiteness of the maximal bound in Theorem A, we just need to verify the
condition of Lemma 2.T1] for this concrete function.

Lemma 2.12. For any doubling ®, we find

2 Dg

[oeelges)

Proof. Changing variables s — /tv, we obtain

+e
’ds S(Dae) (V).

2 Dg

[l e)

Dg+2+e
2\ 25

+e
[ds ~(py) /ﬂ{@@)(u%) T s
+
_ Dg+2+e

= / @(\/E\/{))(lJrv) 2 dv
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1 00 gkttt o0
= (LX) ) =aryn
0 k=0o’/4 k=0
The monotonicity of ® gives A < ®(+/t), while its doublingness yields
4k rt _ Dg+2+e
B, < D(y/1) 2P=(k+D) / (1+v)" " 7 dv
k

~(Ds) é(\/f) 2D‘I’(k+1)2é(Dq>+e)k
~(a) (V)27

Since the sequence of Bys is summable, we have proved the desired estimate. O

For the estimate of the square part, let us start by extending the Gaussian
bounds to the complex half-plane H = {z € C: Re(z) > 0}. We need the following
version of the Phragmen-Lindel6ff theorem, see [7] for the proof.

Theorem 2.13. If F' is analytic over H and satisfies
[E(zle)] £ (] cos) ™",

~

IF(D] S lol P exp (= alz]77),

~

for some a, 8 >0 and 0 < p < 1, then we find the following estimate

|F(|21€)| <es) (12 cos@)fﬂ exp ( — %M_p COSH).

We may now generalize the Gaussian Lo-bounds to the complex half-plane.

Proposition 2.14. Let G be a unimodular group, ¥ : G — Ry a c.n. length
and X € LG a doubling operator satisfying LoGB. If we set h, = Ae™*%), the
following bound holds for every z € H

1 _ B r2 Re{z}
Xt (X} £ e

(VRe{z})

Proof. Let x be an element of Ly(LG) with ||z]]2 < 1. Assume in addition that
x = px for p = X[;,00)(X). Then we define G as the following holomorphic function

Gu(2) = e 1 ®(Vt)1(h.2)2

Then, the estimate below holds in H
|Gz (2)] = e O(Vi)|r(hoa))? <em v d(V)r(|h.|?)
__lzlcos®

= TRV hreiy o) S € B(VE)/B(v/Relz)).

Note that the second identity above follows from Plancherel theorem and the last
inequality from LoGB for » = 0. On the other hand, since ® is doubling it satisfies
®(s(1+7)) < ®(s)(1 +7)P2 for every r > 0 and

Re{z} Re{z}
- 2

|Ga(2)| S e”

ey @(VA) mes) Vi \De to\
W e R v R G

by using that 6782(1 +1/5)* < (1/s)* in the last inequality. We also have

Go(l2))] = e TRV (hpze)]
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\f ) 2
e [z]

< e—%(1+7\/E )Dq)e—ﬁ\%ﬁ < (i)i —5|z
~ il RERNE

The Phargmen-Lindelof theorem allows us to combine both estimates, giving

z|
< e Tehr{phma} $ e P 0D

Br2 cose

G (]2]€)] < th)(|Z|COSQ) Z e 2
Taking the supremum over all x with ||z|2 <1 and x = px we get

_ Re{z}
sup |G (2)] = e~ @(V)r(p |ha|?),

Our previous estimate then yields

e{z} Do pr2? cos
e (V) T(plh.|?) St = (|z]cosf) 2 e 2 £
Choosing the parameter ¢ > 0 to be ¢t = Re{z} gives the desired estimate. O

Lemma 2.15. If X € LG/, is doubling and ¢ : G — R has LoGB, then
X2 1 K
1+ —) |hea—s o —— (1 Il k>0.
{( + ) |- 5)|} S @(\/i)%( +[¢))" forall w
Proof. Writing z = ¢(1 — 4¢) in Proposition gives
1 _Bir2
T T,00 X h22 r,00 X 5 e *°
(X0 O P () £ 55

Using the spectral measure dEx of X and since since (1 + s2)~ Sey 1+ 52

1
(1+¢l2) |

2

T{<1+XT)H|ht(17i£)|2} Stw) T{|ht 1—igy [} +T{|ht 1—i€) |2t7'€X2K}
S o e ZE|/ =) apx(s)}.

To estimate the term A we use integration by parts

A= [ () oo e )
- /]R+ (i)H(—GS)T{\ht(17i5>|2X[s,oo>(X)}

d

2
— “w i K ‘ )
; /R+ dS( t ) T{|ht(1*lf)‘ X[s,oo)(X)} ds.

In the second line, by —0s7{|hy(1—i)|*X[s,00)(X)}, we mean the Lebesgue-Stjeltjes
measure associated with the increasing function g(s) = —7{|hy1—ig) [*X[s,00) (X)}
and the third line is just an application of the integration by parts formula for
Lebesgue-Stjeltjes integrals. A calculation gives the desired result

2k—1 2
A < / (QRS > 1 e §T<1+\1&\2>d5
Ry \ & (V1) )
K K
(1+ |£‘ ) / 82ﬁ—16—§82d8 ~ (1+ ‘§|) . |:|
Ry

() © e
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Proposition 2.16. Let B, = A(m(¥)n(t)) where n1(z) = n(z)e™* for some
n € H°. Assume also that X is a doubling operator satisfying LoGB, then the
following estimate holds for every d >0 and k > 0

{14318} S gmplmE MOl e

Proof. By Fourier inversion formula

m(s)m (ts) = ( )n(ts)e /m zftedg —ts

my (ts)

Thus, by composing with ¢ and applying the left regular representation
1 .
— o [ Ao
T JR
Triangular inequality for the Ly-norm with weight (1+ X?2/t) and Lemma m give
X2 K 1
A0 ey = () T oo )
1
< */ | (& |T{ (1 + T> |Pea-ie)| } dg

Sw =7 / (€))L + €5 (14 1¢)Hode = AL

Hoder’s inequality in conjunction with the definition of Sobolev space then yield

oA < (LI ) e g

The the integral above is dominated by (1 4+ 5_1)% and the assertion follows. [

Proof of Theorem B i). Let By = A(m(y)m (t)) with n1(s) = e *n(s) and
B = ¥ M; be the decomposition with v > Dg /2 . Since we are assuming X
to be symmetric, we have that o|M;|? = |M;|? and, by Lemma and Lemma
M, satisfies the maximal inequality of (SM,). By Proposition we have
that

sup || < sup ||m@ =t In(-
t>€ H t“Lz(ﬁG) ~(v) t>Ig H ( )77( ) sz v+ 1ES (R+)

Therefore B; = >4 M, is a square-max decomposition. By similar means we obtain a
max-square decomposition By = M;3;. Since our maximal bounds trivially extend
to matrix amplifications, we may apply Theorem [L.3]in conjunction with Remark
- 1.6 to deduce complete bounds of our multiplier T304 in both row and column
Hardy spaces. Finally, arguing as in Corollary H 1.4 and noticing that m o) = m(0)
on the subgroup Gy = {g € G : ¥(g) = 0}, we deduce the assertion. O

Remark 2.17. It is interesting to observe that the proof given here can be adapted
to the classical case. Indeed, let S; = e~ 4 be a Markovian semigroup acting on
Loo(X, p). Assume further that the metric measure space (X, dr, p), where dr is
the gradient metric [35] Definition 3.1], is doubling, i.e.:

3S SUp Su M 0
eiexpw%{ (B, (1)) } =
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and that its integral kernel k;(x, y) has Gaussian bounds with respect to the gradient
distance, i.e.:
7‘2
[t (e D a2 5
T, INCZE IACE ~ 1 7 o
) 2~ u(B.(VD)

In that case we can apply the well known covering arguments for doubling spaces
to prove that the Hardy-Littlewood maximal operator is of weak type (1,1) and by
interpolation the HL inequalities hold. Since (X, dr, p) is a doubling metric measure
space with bounded Hardy-Littlewood maximal inequalities and Gaussian Bounds
we can apply the results above to reprove the classical spectral Hormander-Mikhlin
theorem as stated in [8]. We shall consider this a new proof of the classical spectral
Hormander-Mikhlin. Interestingly, some of the steps of the proof are parallel to
that of [8] even when the main idea of our approach is to use maximal inequalities
instead of Calderén-Zygmund estimates for the kernels.

2.4. The g-Plancherel condition. In this subsection we shall refine our results
by proving Theorem B ii). Our first task is to introduce the noncommutative form
of the Plancherel condition assumed in the statement.

Definition 2.18. Let (M, 1) be a noncommutative measure space and let S be a
submarkovian semigroup generated by A. We say that S satisfies the completely
bounded q-Plancherel condition, denoted by CBPlang), where @ is some increasing
function and q € (2, 00|, whenever

1
F(A <~ _||F@t !
[1£'( )HCB(LQ(LG),LG)N‘I)(\/IE)%” )M, ®yys

Jor every t > 0 and for every function F : Ry — Ry with supp(F) C [0,¢71].

Remark 2.19. In the context of this paper M = LG for some LCH unimodular
group G endowed with its canonical trace and S = (T,-+v);>0 is a semigroup of
convolution type. In that case F'(A) = Tr(y) and by Theorem and Remark
we have that

I Trw)llesracarcay = Trw)lleswsce).co

= |Trw)lleswsca).cay = I1F@) L. c)-

Thus, the CBPlanf condition can be restated as a bound on the CB(LL(LG), LG)
norm, where f is either the column or the row o.s.s. of Ly(LG), or as a bound in
the Lo(G)-norm of the symbol F(¢). Furthermore, since ¢ determines S we will
sometimes say that ¢ has the CBPlanf.

For every F with supp(F) C [0,t7'] we have that F(t~'-) is supported in
[0,1]. Using that L,([0,1]) € L,([0,1]), with contractive inclusion, we see that
CBPlang) = CBPlanf for p < gq.

Proposition 2.20. Let (G,) be a pair formed by a LCH unimodular group and
a c.n. length. Let ® be a doubling function. If v satisfies the utracontractivity
estimates CBR?I;Oo then it satisfies CBPlan® .

Proof. We pick s > 0, to be chosen later, and notice that
F($(9)) = F(¥(9))e? W e = Gy (4(g))e "
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where G is a bounded function with ||Gy|lee < ||F|lsc€®/*. Therefore

1Trw)llesracaycay = 1Ta.w)Ss lesraca).co

IN

1T, ) lesracanllSsllesraca).co
S F e/ B(5) 72
Making s = t and noticing that || F|e = [|[F(t7!-)||ec gives the desired result. [

The terminology of the g-Plancherel condition comes from the so-called spectral
Plancherel measures which arise in the study of spectral properties of infinitesimal
generators of Markovian semigroups over some measure spaces [30] [§]. In the case
of a semigroup of Fourier multipliers generated by a c.n. length we can define the
Plancherel measure fi, as the only o-finite measure over Ry satisfying that for
every F' € C.(Ry)

(2.3) I Trw)lleBLacay,ca) = (/R
N

1
2

[F ()2 dpy(5))

It is trivial to see that duy(r) = 0ru({g € G : ¢¥(g) < r}), where 0, represents the
Lebesgue-Stjeltjes derivative of the increasing function g(r)=pu({g € G: ¥(g) < r}).

2.4.1. Characterization of the g-Plancherel condition. By formula the
CB(Ly(LG), LG) norm of Ty can be expressed as an integral of F'. The following
lemma (whose proof is straightforward and we shall omit) allows to express the
CBPlang) property as a Lg/2) (Ry) bound on .

Lemma 2.21. Let (2, %) be a measurable space and consider two measures j, v on
it. Assume in addition that u is a positive measure. Then, we have the inequality

/Q F(w)dv(w)

if and only if v < p and ¢ = dv/du satisfies ||¢HLpl(du) < K. Furthermore, the
optimal K in (2.4) is precisely ||¢||Lp,(d#). If v is also positive, it is enough for
(2.4) to hold only for positive functions.

(2.4)

< K| fllz,(dw

Proposition 2.22. Let G be a LCH unimodular group equipped with a c.n. length

¥ : G — Ry. Then, this pair satisfies the CBPlanff property with respect to some

increasing function ® : Ry — Ry if and only if duy(r) = 0rp{g € G : ¥(g) < r}
fulfills the following conditions:

i) dpy < dm.

oy || Dby H 11,2

i) [|— < ®(R"2) "R 4 for every R > 0.
) (|5 X0 by S2ED) y

Proof. Let t = 1/R and G(s) = |F(s)|?>. By || CBPl&m;I> is equivalent to

/ G dunts) £ a(r / RS ds)

- @(R—%)—lRi(/ORG(s)%ds)q.

Then, the result follows applying Lemma, to (Q,dv,dp) = (R4, dpy,dm). O
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The result above uses the crucial fact that the spectrum of the semigroup &
generated by i can be identified with G. Therefore, spectral properties of the
semigroup can be translated into geometrical properties of G. It is also interesting
to note that the characterization in Proposition can be expressed as a bound
for the size of the spheres associated to the pseudo-metric dy (g, h) =¥ (g~ h)1/2.

2.4.2. Stability under direct products. Consider two pairs (G;,%;) of LCH
unimodular groups equipped with c.n. lengths for j = 1,2. Then it is clear that
¥ G X Go — Ry given by ¥(g,h) = ¥1(g) + ¥2(h) is also a c.n. length. Notice
that

HTF(w)H(QZB(LQ(EG),[JG) = /ch |F(1(9) + 2(h)|” dpucr, (9) dpics, (h)

[ ] 1P+ OF dios (€ duena(©)
R, JR,
/R F(E)2d (jrgs * 113 (6).

Thus, the Plancherel measure is iy = fty, * [y, and we obtain the following result.

Theorem 2.23. Assume (Gj,v;) satisfy CBPlanj’jj for j = 1,2. Then the pair
(G1 X Go, 1) defined above satisfies the CBPlang) property with ® = ®1 Py and with

1 1\-1
q:max{Z, (—Jr—) }
q1 42

Proof. The result is a simple consequence of Young’s inequality for convolutions
and we shall just sketch the argument for the (slightly more involved) case where
1/g1 +1/q2 > 1/2, so that ¢ = 2. According to Proposition m it suffices to see

that
H dipy d% H < 1
Lew(0,R) — R®1(RY/2)@y(R71/2)
The CBPlanZ1 property of (G, ¢1) implies
o o)

dm dm

|5

1
T R @, (R=1/2) 3
Now, since 1/q1 +1/g2 > 1/2 it turns out that
1 dipa
ﬁ ((J2/2 H

The result follows from the characterization of CBPISLHZI;2 in Proposition W (]

| < re|den

(%)

Remark 2.24. A result along the same lines can be obtained for crossed products
under invariance assumptions on ;. This goes in the same spirit as Remark

2.4.3. Refinement of the smoothness condition. Here we are going to see how
we can prove the optimal smoothness order in the Hérmander-Mikhlin condition of
Theorem B ii) when 1) satisfies the CBPlan;I> property. We need several preparatory
lemmas. In the next one we denote by WP*(R..), where n € Hg°, the Sobolev space
given by completion with respect to the norm

||fHW,f,"5(R+) = H(l - Bi)s/Q(Wf)Hp~
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Lemma 2.25. Given f,g: Ry — C, the following holds:
i) For everye >0
=822, S 0= 9041597211 = 02
ii) If p(z) = 2°¢"% and n € H®
(1= 02)*2(mpf)||, Sese (|1 = O2) T2 mp)]|
Equivalently, we find the embedding W, > (R, ) C(s 0 WE(RS).
Proof. The second point follows immediately from the first one by noticing that

p(z) = z°¢~* has finite W?2*(R,) norm. We are going to prove the first point for
s € N and use interpolation. Given s € N, we have

o=l ~ Il
- zHZ()w et
S (goax ||ajf\|oo)(2||a§g||2)

~ (g 1) 0 - 82772,

0<5<

Thus, all we have to see is that for every j € {0, 1,2, ..., s}

1021 = )T E| L Sy 1 Nl
Recall that if the symbol of a Fourier multiplier is given by the Fourier transform of

finite measure, then it is bounded in Lo, (R). Thus, we just need to see that there
is a finite measure p; , such that

11,5(€) &
lLL]vs (1 + |€‘2)s+§+1
Sgl’l(f) (1 " |€|2)s+5§]+1 (1 n |€‘2)% ( []]( ) J) (5);

where H(;; is the Hilbert transform for j odd and the identity map for j even. By
[38, V.3, Lemma 2] m; is a finite measure. Therefore, it is enough to see that if
Usj(€) = 1/(1 +[¢[?)5FTe=3+D/2 "then Hi;(vs,;) is a finite measure. Applying the
Hilbert transform or identity map to [38, V.(26)] gives the desired result. O

Lemma 2.26. Assume G is a LCH unimodular group, v : G — R4 is a c.n. length
and that they satisfy the CBPlan;I> property. If 1, na € HE(Xg), with ny satisfying
that there is v > 0 such that |1 (2)| < e for all z € Xy, then the following

estimate holds for all m € Lo (R4)
1 _
||>‘(m(¢)771(w)772(w))||L2(£G) S(Daa) an(t ! ')’72(')||Lq(R+)'

Proof. Using integration by parts we obtain

om0 ey = | [ Ak mte o o)ar

Ly (LG)
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< /R 75 () [[A (m () n2(88) x10,0) (B0)) || 1, 2y -
+
Nos, applying the CBPlaunZI> property, we obtain
(m(lﬁ)m (t¢)772 (W)) HLQ(LG)

/ 1
S /R+771(T)W||m (r/t))m2(r ||L [01])d
ril/q B
= (/R+ nl(T)WdT>Hmt . ,72(.)”%%)_

So, we just need to estimate the integral in the right hand side term

/ﬂhni( )q)( i / /47“ \/;/ﬁ)édr_A—FZB

The first term is bounded as follows
1 ! 1
A< o [

For the rest of the terms, we apply the doubling condition to obtain

27 G+ 3.5
B; <3- 4|l (49,45+1)) sVl @(\/)

The function n; decreases exponentially and so does 1. Therefore 1] (z) < e~ 7* for
Re{z} large enough. That allows us to sum up all the terms in the series obtaining

> B < ®(v/t)~ 2 up to a constant depending on (Dg,7), as desired. O

Zrt2);
1 ||771||L [4J,4j+1))2( 2 )J.

Proposition 2.27. Assume G is a LCH unimodular group, ¥ : G — Ry is a
c.n. length and that they satisfy the CBPlang’ property. Assume in addition that
X € LG is doubling and admits LoGB. Then, we find for k,0,e > 0

X2 5 1 -
{<1+7> |Bt| } N(D17q7m65) an(t 1')n(')}|wnﬁ+5(R+)7

where By = X (m(¢)n(t)e 2" (1)), 1 is a H®-cut-off and a = 2k/6+ (1+¢)/2.

Proof. Fix k,d,e > 0 and a = 2/ + (1 + £)/2. We define the linear, unbounded
map K; : D C Loo(Ry) — La(LG) by Ki(m) = A(m(ty)n(ty)e 2% (t)?). Using
Lemma with 71 (2) = 2%¢~2* and n2(2) = n(z) gives that

L

VAR

Let us denote by ¢y, the family of weights given by ¢ ,.(z) = 7{(1 + ¢~ X?)"z}
and let Ly(LG, ¢4 ) be the Hilbert spaces associated to the GNS construction of
¢t We know from Proposition that

(25) |t @) 5 La(£6)|| S00.)

1
< -
~(k,0,€) CI)(\/%)%’

where s = 2k/d and p(z) = z%e¢~*. Composing with the inclusion

2,s+%
HKt W T (Ry) = Lo(LG, 6. )

1+s

s+ 414 5+
Wq : (R+) Cs,e) W77P (R—i-)?




SMOOTH MULTIPLIERS VIA SOBOLEV DIMENSION 31

which follows by interpolation from Lemma [2:25for ¢ = co and the trivial inclusion
for ¢ = 2, gives
1
K,6,6,6") W
Notice that the spaces obtained through GNS construction Ly(LG, ¢y ) are well

behaved with respect to the complex interpolation method. In particular, the
expected identity below holds

[LQ (‘C’G7 ¢t,l€1) 9 L2 (£G7 ¢t,n2) ] 9 = L2 (£G7 ¢t,(1—0)m1+eﬂz) .
Therefore, interpolating (2.5)) and (2.6) with 6 = 6/2 yields

1+e

5 ’
HKt W TN R Y (LG, br6s)

s+1te e’
(26) || W Ry 5 La(£G, 61)

S

1
Ds,q,k,0,e,6") @(\/Z)% :
Finally, choosing € and &’ such that ((1+¢)/2+4+1+4¢’) <2 gives

S

1
. S0
HKt : Wg (R+) — L2(£G7¢t,n) S(qu,q,n,é) (I)(\/E)% .
Therefore, applying this bound to the function m(¢~!-) proves the assertion. [

Proof of Theorem B ii). Let s > Dg /2. For any n € HE® and d,e > 0 we can
define 11 (2) = n(2)e™2?2%, where a = 2s5/5 + (1 + €)/2. Set B, = AX(m()m (1))
and apply (2.2)). By Proposition m

< =1 (-
iglg ||EtHL2(LG) ~(Dg,q,8,0,€) iglg ||m(t )77( )||WP,5+5(R+)'
Once this is settled, the argument continues as in the proof of Theorem B i). O

2.5. An application for finite-dimensional cocycles. Our aim is to recover
the main result in [T9] for the case of radial multipliers to illustrate how the Sobolev
dimension approach is, a priori, more flexible than the one used in [19]. We will
start proving that c.n. lengths coming from surjective and proper finite-dimensional
cocycles satisfy the standard assumptions. Then we will reduce the case of general
finite-dimensional cocycles to surjective and proper ones.

Let b : G — R™ be a finite-dimensional cocycle. Assume that b is surjective and
proper (i.e. b~1[K] is a compact set for every compact K). Then the pullback of
the Haar measure b*u(E) = u(b~1[E]) in R™ is translation invariant and therefore
satisfies satisfies that db*u(§) = ed€. Indeed, let o : G — Aut(R™) be the action
naturally associated to b. Given a Borel compact set E C R" with b~*(E) = A C G
and since b(gA) = a,(b(A)) + b(g), we conclude that

0" (E) = u(A) = p(gA) = b"plag(E) + b(g))-
Note that p(A) is well-defined and finite since b is continuos and proper. Applying
this identity to the a-invariant sets F = B,.(0) and using the subjectivity of b, we
conclude the assertion. An important consequence of this fact is that

1
S 2 :/ —t(g) 2d :/ —2t‘§‘2d b — ,
| tHCB(Lz(EG),LG) G le | du(g) . e (b* 1) (€) 7@(\/5

where S = (S;);>0 is the semigroup associated with 1 (g) = ||b(g)||* and ®(¢) ~ ™.
Therefore, the semigroup associated to any proper and surjective finite-dimensional
cocycle satisfies the CBR® property. In the same way, the measure g defined in
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(2.3) can be expressed (using polar coordinates) as in terms of b*u and a trivial
calculation gives that ¢ has the CBPlan$ property. We need to find a suitable
X, € LG. We shall prove that b induces a natural transference map from functions
f:R™ — C into operators = € LG given by

~

JT(f) = Afeb).

Therefore, if R is a distribution in R” such that R(z) = |z, our choice will be
X, = A(R(b)). Before proving X;, € LG} we will need the following auxiliary result.

Lemma 2.28. If ¢; : R" — C are radial L -functions
A(p100) Mgz 0b) = A((p1 * p2) 0 b)
for any group G equipped with a proper and surjective cocycle b: G — R™.

Proof. Up to constants, we know that d(b*u) = dm, so that
(p10b) * (pz0b)(g) = /G 1(b(h))2(b(h ™" g)) dp(h)
- /G 1 (b(1) 2 (a1 (b(g) — b(h)) du(h)
= | 0 ea(bla) — o) di(h)
= [ e10p(bl9) - a0 Q)
_ / 01(Qpalblg) = QdC = (o1 % 92)(0(9)).

Taking the left regular representation at both sides yields the assertion. O

It is straightforward to restate Lemma[2.28]in terms of the transference operator
J. Namely, we shall be working with the following subclasses of radial functions
in the Euclidean space R™

A = {¢ R - C ’ ¢ radial, (E is a finite measure in R"},
Ay = {gb :R" > C ’ ¢ radial and positive, g/b\ is a finite measure in R”}.
Observe that ¢; € A implies by Lemma that
(2.7) T (¢1 ¢2) = T(¢1) T (2).
In fact, we will make use of the following consequences:

i) J: A— LG is completely bounded.
i) J(A) is an abelian subalgebra of LG.

Indeed, it follows from that J is an *-homomorphism on A. In particular,
it is completely positive and its c.b. norm it determined by J(1). The Fourier
transform of 1 is the Dirac delta dy at 0. Let us approximate 1 in the weak-x
topology by hs(&) = exp(—d|£|?) as § — 0F. By the weak-* continuity of J, it
turns out that

[Tz = 513& H)\(ﬁg 0b)| o < 51&% ||?L5 © bHLl([,G) = 5&%& o ha(€) dE = 1.
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Thus J is a completely positive contraction. Once this is settled, ii) follows from
(2.7). In order to define X, as an element of LG’ , we need to express it as the
supremum of positive operators in LG. We use

1:/ S|§|2675\§\2§7
R, s

and think of n,(¢) = [£]? s e~sI€1” as a continuous partition of the unit. Hence

d " d
= [ 1En© = on® = [ WO = Xo= wp Ten)

0<e<R<©

This presents X, as a well-defined element of the extended positive cone LG}

Theorem 2.29. Let G be a LCH unimodular group and consider an n-dimensional
proper and surjective cocycle b : G — R™ equipped with the conditionally negative
length 1(g) = ||b(g)||?. Then (G,, X}) satisfies the standard assumptions.

Proof. We will start by proving the LoGB. By noticing that ¢ + X|o0)(¢) is an
increasing function and the normality of the weight  — 7 {z [A\(e™*)|?*} we obtain
that
Mo ) NP = sup  { o) (T(m)) A}
0<e<R<oo
If P is a polynomial, (2.7)) gives P(J(¢)) = J(P(¢)). The function x{. o) may not
be a polynomial but we can approximate it by analytic functions as follows. Let F’
be
SIS Y
F()==+—- ~% ds.
=5+ [ s

We define the function y,, > 0 by

2
X, (€)= (F(n (¢ =) = F(-nr))".
For r > 0, the positive functions x;.,, converge pointwise and boundedly to X{, )
as n — oo. Furthermore, x,,(0) = 0 and x,, is a real analytic function with
arbitrarily large convergence radius. By the analyticity it holds that for any radial
¢ in the Schwartz class

Xn,r(j((z))) = j(Xr,n((rb))

The right hand side is well-defined since X, (¢) is again a Schwartz class function
and so its Fourier transform is integrable. By [10, Proposition 1.48] if x,,, converges
t0 X[r,00) POintwise and boundedly then x,, () converges to x|o,c) () is the SOT
topology for any positive x € LG. We have that

X X M) = sup 7 { SOT-lim xn (T (02.0)) [N )2 |

0<e<R<oo

sup  lim T{j(Xr,n ° ¢c R) |)\(6_w)|2}

0<e<R<oo N0

< dim s T 0 dem) AT}

N—=0 g<e<R<o0

On the other hand, 7 is trace preserving since

ToJ(¢)=doble)= [ ¢dm.

Rn
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Moreover, A(e~*¥) = J(h;) for the heat kernel h; in R” and

T{X[T)Oo)(Xb) |)\(67tw)|2} = lim  sup T{j(Xr,n ° ¢e,R) ‘j(ht)F}

N—=0 g<e<R<o0

= dm s T (oo ben) )

N0 g<e<R<o0

= s [ (6rl€) )

N—=X g<e<R<o0

n—oo

< Jim [ e In(oPas
_ 2 1 7%
= [ XD IO S S Gome s

The CBHL inequality will follow from the Lo, Gaussian lower bounds

-1 -1 e—ﬂ%
(LoGLB) (om0 A x0n(x0) |, 2 5
Recall that if # € M, and p is a projection then p|(pzp)~t||~! < pap and
so we can understand the right hand side of as a lower bound on
Xo,r) (Xs) A7) x[0,r)(Xp). The LGLB allow to bound the noncommutative
Hardy-Littlewood maximal operator by the maximal operator associated with the
semigroup. Indeed, since X; and A(e”*¥) commute from we deduce that

(T <GLB) yield

X]o, (Xb) o .
% < Xo,0) (Xp) Ale t w)X[O,t)(Xb) < Ae ).
This implies
Xoo(Xe) o
oy TS Sel)

for every positive . Now, using the maximal inequalities for semigroups of [24]
gives the boundedness of the noncommutative Hardy-Littlewood maximal for every
1 < p < co. The fact that S;®Id is again a Markovian semigroup gives the complete
bounds and so the CBHL inequality holds. To prove that holds we use
that J : A — LG is a complete contraction. Justifying the calculations like in the
case of upper Lo Gaussian bounds and using we obtain that

—1 B -1
e maota) ", = | (e
= |7 (- Dh) | 2
< ||X[0,r)(| ’ |)ht_1||Loo(R"n,)

2
< t2efT.

where Y, € C2°(Ry) is an smooth decreasing function which is identically 1 in [0, )
and supported by [0, 2r). Taking inverses gives us the desired inequality. (Il

Corollary 2.30. Given a LCH amenable unimodular group G, let b: G — R”™ be
a finite-dimensional cocycle with associated c.n. length 1)(g) = |b(g)|?. Then, given
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a symbol m : Ry — C and 1 < p < oo, the following estimate holds for any HE
cut-off function n and any s > n/2

| Timoy |CB(LP([1G)) S) i‘;gHm(t')”(')sz,s(ﬂh)'

Proof. If the cocycle b is surjective and proper the result follows from Theorem
Indeed, in that case we know from Theorem that (G, 1, X}) satisfies the
standard assumptions with ®(s) = s and Sobolev dimension Dg = n. Moreover,
the CBPlang’ property also holds as we explained before Lemma In the general
case take G = R" X4 G where a : G — O(n) is the orthogonal representation that
makes g — (z — agx + b(g)) an affine representation. The function by : G — R”
given by by (£, g) = £+b(g) satisfies the cocycle law with cocycle action 8 : Gy — R™
given by B¢ 4) = ay. Indeed, we have

bx(£+agC7gh) = §+OégC+b(9h)
= &+ ayC+agb(h)+b(g)
6(5,9)([%4 (¢ h)) +bx (&, 9).

Furthermore by is clearly surjective but it may not be proper. In that case, we
shall take the associated affine representation 7y : G, — R™ x O(n) and note that
the quotient representation 7% : G, = G/ ker(my) — R™ x O(n) satisfies that its
associated cocycle b3, : G, — R™ is always proper (even if it is not injective). To
see that, let p; : R” xO(n) — R™ be the natural projection into the first component
and consider a compact set K C R™. Then

(%) K] = (w3) 7 pr K] = (w3) 7K x O(n)]

and the last term is compact since K xO(n) is compact and 7%, is a continuous group
isomorphism and hence proper. Summing up, we have the following commutative
diagram

G_ Y. pgn

(R™ x4 G)/ ker(my) = G5,

According to Theorem for the last cocycle we can use that (G%, 9%, Xps )
satisfy the standard assumptions, where 95, is the c.n. length naturally associated
to bS,. By Theorem [B] this implies

HTMOWL CB(Lp(LGS,)) S iglgHm(t')n(')HW&s(Rg'

Now, using de Leeuw’s type periodization [3| Theorem 8.4 iii)] we obtain the same
complete bounds for T),oy,, in L,(LGy) for every 1 < p < co. In order to prove
the assertion, we just need to restrict to the subgroup {0} x G < G.This follows
from the de Leeuw’s restriction type result in [3, Theorem 8.4 i)]. O
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2.6. Foreword. During the exposition of the contents of Section [2] several natural
questions arise.

1. The first question is whether all finite-dimensional proper cocycles, not
necessarily surjective, such that their associated c.n. length satisfy CBRg
have LyGB for some X € LG/. We have only been able to prove it in
the easier case of surjetive cocycles. To that end, our intuition is that a
(probably nontrivial) generalization of will be required.

2. The second point sprouts from the annoyance of the fact that we have
not been able to produce explicit examples of infinite-dimensional cocycles
with LoGB. We are not confident about their existence. It will be of
great interest for us to either construct infinite-dimensional cocycles having
L>GB or to prove that all c.n. lengths admitting X with L,GB come from
finite-dimensional cocycles. A way of relaxing such problem is to change
the family of c.n. lengths arising from finite-dimensional to the family of
(real) analytic c.n. lengths (in order to make sense of analyticity we will
require G to be a Lie group). Note that every finite-dimensional cocycle
b: G — R™ over a Lie group G induces a group homomorphism of Lie groups
7 : G — R™ x O(n). Such homomorphisms are automatically analytic.
Therefore, the function ¢ : G — Ry is real analytic. It is reasonable to
conjecture that every ¢ : G — R defined on a Lie group and with L,GB
is analytic.

3. A possible strategy for constructing conditionally negative lengths coming
from infinite-dimensional cocycles with LoGB is to extend the stability
results (announced in Remark for crossed products to non f-invariant
¢ : H— Ry and X; € LH?. If either G is amenable or 6 : G — Aut(H)
is an amenable action, some sort of averaging procedure may give new c.n.
lengths having LoGB if the original ones do have LoGB. It will also be
desirable to extend the stability of the standard assumptions to extensions
of topological groups.

3. Non-spectral multipliers

3.1. Polynomial co-growth. As we have seen, elements in the extended positive
cone LG} can be understood as quantized metrics over LG. Indeed, when G is
abelian, any invariant distance over its dual group is determined by the (positive
unbounded) function d(e, ) affiliated to Lo (G), since d(x1, x2) = d(e, x1 x2). Tt
may seem natural to require X to satisfy properties analogous to the triangular
inequality, the faithfulness and the symmetry. Nevertheless, such assumptions will
not be necessary here since we will need just “asymptotic” properties of X. Indeed,
one of our main families of examples will come from the unbounded multiplication
symbols of invariant Laplacians over G. In order to match the classical case of R™
with the standard Laplacian, whose multiplication symbol is [£]?, we will use the
convention that X behaves like d(e,x)?. That will explain the 1/2 exponent in
some of the formulas.

Definition 3.1. Given X € LG, we say that X has polynomial co-growth of order
D iff
—r/2

D:inf{r>0:(1—|—X) ELl(EG)}<oo.
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The definition is motivated by the fact that if we are in an abelian group and
X is the unbounded positive function given by d(e, x)?, where d is a translation
invariant metric then, defining ®(r) = 7(x0,r2)(X)) = p(B;(e)), we get

b [ e DN )
[(1+X) I, _/R+ (1+T2)%+6d‘b( ) (2 +5) /R+ (1+T2)%+1+sd

In particular the last expression is finite whenever u(B,(e)) < 7.

Remark 3.2. In the proof of Theorem [C| we are only going to use that the
convolution operator u +— u * (1 + X)™# is completely bounded on L,(LG) for
B > D. Any element in L;(£G) induces such bounded operator. Indeed we could
have defined a similar notion of polynomial co-growth alternatively as

D = inf {r >0:(1+X) e CB(Ll(LG))} < o0,

where (1 + X)~"/2 is identified with the operator = — (1 + X)~"/2 x . This
condition is a priori weaker than co-polynomial growth although they coincide for
amenable groups. We will stick to the original since it is a condition general enough
to allow us to prove Theorem [C| and restrictive enough to be fully characterized.

Now we are going to prove the existence of unbounded operators affiliated to LG
behaving like multiplication symbols for left or right invariant Laplacians. Recall
that a submarkovian semigroup S acting on L., (G) is respectively called left /right
invariant when S; o Ay = Ay 0.5; or Sy o p, = p, 0 Sy accordingly.

Proposition 3.3. Let G be a LCH unimodular group and consider any submarko-
vian semigroup S over Lo(G). Let A denote its positive generator. Then, the
following properties hold:

i) If S is left invariant then there is a densely defined and closable unbounded
positive operator A affiliated to LG such that, for all f € dom(A) C Lo(G)

AAS) = AHA
i) If S is right invariant then there is densely defined and closable unbounded
positive operator A affiliated to LG such that, for all f € dom(A) C Lo(G)

AAS) = AX(f).

Proof. We start by proving ii). Notice that A : dom(A) C L2(G) — Lo(G) is
densely defined. It is affiliated with LG iff for every unitary u € LG’ = RG we
have that uA = Au. Since S; is p invariant and we can approximate in the SOT
topology every element in RG by linear combinations of elements in (py)gseq, we
obtain that S; commutes with any element x € RG. A function f € Ly(G) is in
dom(A) when

lim 45ty
t—0+ t
exists in Lo(G) and we then have
Id — S,
lim ||Af - | =o.
t—1>%l+ / t / 2
This implies ©dom(A) C dom(A) for any U(RG). Multiplying by u we obtain
Id - S Id- S
[udf — Auf|, < lim HuAf— tufH + lim tuf—AufH -0
t—0+ t 2 t—0+ t 2
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for every f € dom(A). This proves that A is affiliated with RG. Notice that
A i Ly(G) — Ly(LG) unitarily. We will define A = AAX*. By definition A4 is an
unbounded operator on Ly (LG) affiliated with (ARGA*)" = ALGA* which is also
equal to the von Neumann algebra £G acting by left multiplication in the GNS
construction associated to its trace. The operator Ais densely defined and closable
since A is densely defined and closable. The identity of ii) follows by definition.
The construction for i) is somewhat analogous. We need two trivial observations:

1. The anti-automorphism o : LG — LG extends to a unitary operator oy :
Ly(LG) — Lo(LG) since Too = 7. If mp 1 LGop — B(L2(LG)) and
m : LG — B(L2(LG)) are the right and left GNS representations, then
o9 o (2) = m(ox) 0 0.

2. The anti-automorphism ¢ extends to an automorphism of the extended
positive cone LG’}. We are going to denote such extension again by o.

Notice that, since m[LG] = 7n.[LG], any element in x € 7;[LG]" can be expressed
as m.(2') for some 2’ € LG. By point 1, the map that sends x to 2’ is given, after
identifying £G with its GNS representation m,[LG], by 2’ = o(o2 2 02). Let S be
given by S = AAMN*. Then S is affiliated with (ALGA*) = my[LG]'. If we define A

as A = o(09 S 02), where o is the extension of point 2, we obtain i). O

Remark 3.4. Since G is unimodular, the unitary ¢ : L2(G) — Lo(G) given by
f(g)— f(g') is an isometry that intertwines p, and A\,. We can characterize the
pairs of left and right invariant operators Ay, As whose left and right multiplication
symbols, /Tl and 121\2 respectively, coincide. By a trivial calculation those are the
operators such that A;. = tAy. Indeed, using that A : Lo(G) — Lo(LG) satisfies
Aot = g0\ and that if A is the infinitesimal generator of a submarkovian semigroup
then AT = A, we obtain that

O’(/\Al)\*) = O'2>\A2)\*O'2 = )\LAQL)\*7
but the right hand side satisfies that o(AA;\*) = MA] A" = XA \".

Now we are going to characterize those semigroups whose infinitesimal generator
has polynomial co-growth. In order to prove the characterization we will need the
following two lemmas. Recall that the Fourier algebra AG is defined as those
[+ G — C such that A(f) € Li(£G) with |[fllag = Az, (cq)- We will use
below the straightforward inequalities for f € AG

(3.1) [TAUNI < 1 lloe < T(AD-

Indeed, both follow from the identity 7(A;A(f)) = f(g) which is valid for f € AG.
Lemma 3.5. Let G be a LCH unimodular group and S a semigroup of right (resp.
left) invariant operators satisfying that Sy : Co(G) — Co(G). Let A be the positive

generator and assume further that A has polynomial cogrowth of order D. Then
W3%(G) N AG is dense inside W7 (G) for every s > D/2 + €.

Proof. We will prove only the right invariant case. Notice that AG is closed by
left and right translations. The fact that Sy : Co(G) — Co(G), together with the
Riesz representation theorem gives that for every g € G there is weak-* continuous
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family of probability measures on G, (uf)gec >0 such that

0= [ ran

Applying the right invariance gives us that du(h) = du$(hg='). This yields

(3.2) S.f(g) = /G pofdus = "t + £(g),

where (0*pf)(E) = pf(E~1). It is clear that [|Syf — f|1,(q) — 0 as t — 07, Recall
that the same is true for f € Wi’S(G) in the Wi’s (G)-norm for every s > 0. Suppose

that f € Wi’S(G), then, applying the formula 1) together with the polynomial
co-growth, we have that

Sef = pex f=0pex(L+A)2(1+A)2f =hysxg,
where g = (1 + A)*/2f. We have that ||g||> = ||fHWs,2 and

lhe.sll2 < |1+ A) /2 (A +2)7|| gy < o

HLQ(LG) < || HLQ(LG
This proves that S;f € AGNW7*(G). Making t — 0% completes the claim. [

Theorem 3.6. Let G be a unimodular LCH group and let S be a right (resp. left)
invariant submarkovian semigroup over G. Let A be ils infinitesimal generator
and assume further that Sy : Co(G) — Co(G). Then, the following assertions are
equivalent:

i) The multiplication symbol A of A has polynomial co-growth of order D.
ii) S satisfies the following inequality for every e > 0

(@4 ) E 9 1(6) > (G| S0 1

Proof. To prove i) = ii), pick f € AGN WQVS(G) for s = D/2 + 2¢ and note
e < M +A) 21+ 4)725)]|,

I+ A) 7A@+ 4727,

(1 +A4) LA (@ + A2 )],

1+ D)2 ey S I llwze o

We have used (3.1)) in the first inequality, Proposition in the first identity and the
polynomial cogrowth in the last inequality. By the density Lemma [3.5 we conclude
that WZ’S(G) embeds in Lo (G) which is a rephrasal of ii). For the implication

ii) = 1) we note that from
(B Fw) < a7 F L S0 11

Taking the supremum over f € Ly(G) with norm 1 gives the desired result. ]

—s/2

IN

Remark 3.7. Due to Proposition we obtain that the point ii) is equivalent
to satisfying the ultracontractivity property Rpic(0) for every € > 0. Since Rp(0)
implies Rp4.(0) for every € > 0, it is sufficient to prove Rp(0) in order to have
polynomial co-growth of order D.
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Remark 3.8. Sobolev inequalities involving powers of 1+ A are sometimes called
local [43] I1.X] since they are tightly connected to the ultracontractivity estimates
for 0 < ¢t <1 and in many contexts that amounts to describing the growth of ball
of small radius. Therefore Theorem [3.6] relates the behaviour of the large balls of
LG with the behaviour of small balls in G. This goes along the common intuition
that taking group duals exchanges local and asymptotic/coarse properties.

Proof of Theorem C. Let B, = A(mn(ty)) and let A, be the multiplication
symbol associated with the generator of the right invariant semigroup S; which is
determined by Proposition |3.3 Then

S1

B = (1+4) 7 (1+4)7B

M, po

is a max-square decomposition. By the definition of co-polynomial growth we have
that o|My|2 = (14 0A;)~* € Ly(LG) and therefore it is a c.b. multiplier in every
L,(LG) for 1 < p < co. Since M; does not depend on ¢, the maximal inequality
(MS,) is satisfied trivially. By the construction of A, we have

21
2

sup [ 2ol a(cq) = sup 11+ A) = Amn(t)||, o) = sup [[mn(t) 2.1 -
The square-max decomposition is manufactured in exactly the same way. O

3.2. Sublaplacians over polynomial-growth Lie groups. Here we are going
to work with left (resp. right) invariant submarkovian semigroups over Lo (G)
generated by sublaplacians. Let M be a smooth manifold, X = {X3,.., X,.} be a
family of smooth vector fields and p a o-finite measure over M. Let us denote
by (0(t))ie(-¢,.c), the one-parameter diffeomorphism generated by X; and assume
further that p is invariant under (o;(t))ie(—c,,)- Then, the semigroup whose
infinitesimal generator is given by the sublaplacian associated to X

Ax = — XT:XJ%’
j=1

is submarkovian. This is a consequence of the theory of symmetric Dirichlet forms
[II]. If M = G is a Lie group, p its left Haar measure and X = {Xy,..., X}
left invariant vector fields. By the invariance under the one parameter subgroup
generated by X; of i we have that S; = e~ A% is a submarkovian semigrop of left
invariant operators. The same construction can be performed using right invariant
vector fields if G is unimodular. Any sublaplacian carries a natural subriemannian
metric given by

dren) =t {(f O ) [ 2(0) = 2.7(1) = 17 (6) € span K (0) ).

~:[0,1] =M
This metric coincides with the Lipschitz distance given by the gradient form, also
known as Meyer’s carre de champs [30]. Observe also that, if G is a connected
Lie group, then its subriemannian distance is finite iff X generates the whole Lie
algebra. Similarly, f € Ker,(Ax) iff f € L,(M) and f(z) = f(y) whenever the
subriemannian distance dx(x,y) is finite.

The main family of illustrations of Theorem [C| comes from Lie groups endowed
with right and left invariant sublaplacians. Indeed, let V = {v1,v9,...,v,} C T.G be
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a collection of, linearly independent, vectors generating the whole Lie algebra and
X; = {X1,...,X,} and Xy = {Y7,..., Y.} be its right and left invariant extensions
respectively. Then their associated sublaplacians satisfy tAx, = Ax,t where we use
tf(9) = f(g~'). Hence, it suffices to study the polynomial co-growth for ﬁxl. By
Remark we just need to show that S; = e *2% has the Rp(0) property and by
[43, Theorem VIII.2.9] we known that if G is a Lie group of polynomial growth,
then

dx, (=9)? dx, (=.)?

e~ b1 e~ P2 T

w(Be(V1)) W(Be(V1))
where h; is the heat kernel associated with S, dx, is the subriemannian distance
associated to X; and B.(r) are the balls of radius r with respect to that metric. It
is a well known fact, see [43], that

M(Be(r)) ~ tD07

for ¢t small. Here Dy is the local dimension associated to Xi, given by

S hilz,y) S

(oo}
Do = jdim(F;1/Fy),
§=0
where Fy = {0}, F1 = X; and F; ;1 = span{Fj}, [F;,X;]}. As a consequence S; has
the Rp,(0) property and therefore Ax,, and so Ax,, have polynomial co-growth of
order Dy. As a corollary we obtain the following theorem.

Theorem 3.9. Let G be a polynomial growth Lie group equipped wit a c.n. length
Y G — Ry. Let n € HYP and consider a generating set X = {X1,Xs,...X,}
of independent right invariant vector fields. Let us write Ax for its sublaplacian.
Then, the following inequality holds for every 1 < p < oo and any s > Dy/2

|77(“/’)Lmuwg'§(e) }

1 Tmlles(zscay Sw) sup maX{HW(W)mHWz;(G),
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