ATOMIC BLOCKS FOR MARTINGALES

JOSE M. CONDE-ALONSO AND JAVIER PARCET

ABSTRACT. Given a probability space (€2, 3, 1), the Hardy space H1 (2) which
is associated to the martingale square function does not admit any atomic
decomposition when the underlying filtration is not regular. In this paper
we adapt Tolsa’s ideas for nondoubling measures to the present context and
construct a decomposition of Hy (€2) into ‘atomic blocks’ which we introduce for
martingales. In this setting, the notion of conditional median appears as a key
new ingredient which becomes crucial. We also present an alternative approach
to include atomic blocks for noncommutative martingales in the picture.

Introduction

Let (Q,%, 1) be a probability space equipped with a filtration (Xz),>1 whose
union generates Y. Let us write E; to denote the conditional expectation onto
Yr-measurable functions and A, = Ep — Ex_1 for the associated differences, with
the convention that A; = E;. Given f € L1(Q), we shall usually write fx and dfy
for Eif and Ay f respectively. Once the filtration (Xx)g>1 is fixed, the martingale
Hardy space H;(2) is the subspace of functions f in L;(£2) whose H;(€2)-norm
defined below is finite

e = [[( 1)’

k>1

L .

As it was proved by Davis [5], we obtain an equivalent norm after replacing the
martingale square function above by Doob’s martingale maximal function. On the
contrary, replacing the martingale square function by its conditioned form we get
the so-called little Hardy space h; (). In other words, the subspace of functions f
in L1(Q) whose h;(Q)-norm below is finite under the convention Ej_1|dfy|* = |f1|?

when k=1 1
7oy = (|32 Ee-nlai?) |

E>1
Both spaces are fair generalizations of the Euclidean Hardy space. Namely, if we
pick the standard dyadic filtration in R™, it turns out that H;(f2) is by all means
the dyadic form of H;, whereas we have h;(Q) ~ H;(Q) for regular filtrations as
it happens in the dyadic setting. It is in the case of nonregular filtrations when
both spaces have their own identity. In general, we have h;(Q) C H;(Q) and more
precisely

£, ) ~ fifglfrh gl @) + > lldhi]ls.
k>1

We refer to Garsia’s book [7] for more information on martingale Hardy spaces.
1
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The motivation for this article is the fact that no atomic description is known for
the space Hy(€2). On the contrary, h;(Q2) always admits an atomic decomposition
as follows. Given 1 < p < oo, a function a : 2 — C is called a martingale p-atom
when a is ¥;-measurable and ||a|l; = 1 or there exists k¥ > 1 and A € Xy, such that

L] Ek (a) = O,
e supp(a) C A,
_a
o llall, < pu(A) 7 for 41 = 1.
The associated atomic Hardy spaces are then defined as

hl(Q) = {f €EL() | f= Z)\jaj, a; 2-atom, Z|>\j| < oo},

Jj=1 Jj=1
Bep(@ = {Fe L@ | £ =D Nay, a; patom, Y- |\ < oo}
Jj=1 Jj=1

The norm is the infimum of 37, |A;| over all decompositions of f = > . Aja; as a
sum of p-atoms. As a combination of [8, 27], we know that hy(Q) ~ hj, (Q) for
1 < p < co. This yields an atomic decomposition of h;(€). In particular, it also
works for H;(2) when the underlying filtration is regular.

Atomic decompositions are useful to provide endpoint estimates for singular
operators T failing to be bounded in L (£2). Indeed, this typically reduces —under
mild regularity assumptions— to bound uniformly the L;i-norm of T'(a) for an
arbitrary atom a, which is easier than proving the H; — L1 boundedness of T" due to
the particular structure of atoms. The drawback of the martingale atoms described
above is that they are useless for Hy(§2) when the filtration is not regular. This
is significant because in that case the spaces hi () are not endpoint interpolation
spaces in the L, scale, whereas the spaces H;(2) are. Therefore, the goal of this
paper is to provide an alternative atomic decomposition for H; () suitable for
arbitrary filtrations, and also for classical and noncommutative martingales.

Our approach is strongly motivated by the work of Tolsa on the so-called RBMO
spaces [25]. Namely, it is well-known that we have h;(Q)* ~ bmo(f2) and also
H;(2)* ~ BMO(2) where both martingale BMO spaces are respectively defined as
the functions f in Lo(€2) with finite norm

sup | (el Eccr 17

k>1

N

)

I lmoty = sup | (Bl — Exs )

N

IfllsMmo()

oo
It is easily checked that we have the norm equivalence

I fllemo@) = I1f llbmo(e) + sup | dfe]] oo -

In analogy, Tolsa’s RBMO norm is the sum of a ‘doubling’ BMO norm plus a term
which measures the ‘distance’ between averages of nested doubling cubes. As in
[3], our philosophy is to understand RBMO as some sort of nonregular martingale
BMO whose doubling part is the corresponding bmo. This viewpoint is fruitful
in both directions. Indeed, nondoubling techniques are useful here for martingales
whereas martingale techniques are used in [3] for nondoubling spaces.
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Tolsa’s construction of the predual of RBMO is therefore our model to produce
an atomic type decomposition of H;(£2). A ¥X-measurable function b : @ — C will
be called a martingale p-atomic block when b € Ly (€, 31, ) or there exists k > 1
such that the following properties hold

L4 Ek(b) = 07
e b=3.\ja; where
o supp(a;) C Aj, )
o llajlly < n(A) ™ i

for certain k; > k and A; € Xy, Call each such a; a p-subatom.

Given a martingale p-atomic block, set

[ bldut)  when be Li(@,Z1),
blL, =79 .
[blatb,p b:lerjl.fAJa.7 Z|)\j| when b ¢ Li(Q, %1, u).

a; p—subatom izl

Then we define the atomic block Hardy spaces

Ha ()

)

{f € L1(Q) ’ = ZZ b;, b; martingale 2-atomic block},

H., . (Q) = {f € Li1(9Q) ’ f= Zz b;, b; martingale p-atomic block

atb,p

which come equipped with the norm

”fHHitbyp(Q) f:1§ibi Z| lath.p f:%lj b, z | A

b; p—atomic block i>1 b1:ZJ ;\ijlai]‘ izl
where the a;;’s above are taken to be p-subatoms of b;. Note that A;; = ;1 ||bil|1
for atomic blocks b; € L1(€, 31, ). We shall explain the relation between our
definition and Tolsa’s atomic blocks in Remark 1.2. With this definition of atomic
blocks, H; — L; boundedness reduces to

1T < colblasnp

under mild regularity conditions for some ¢y independent of the p-atomic block b.

Theorem A. There exists an isomorphism

Hi(Q) ~ Hly,,(Q) for 1<p< o

This is the main result of this paper. The key ingredient in our proof is the
role played by the conditional median (highly nonstandard in harmonic analysis) in
conjunction with the conditional expectation, this will be crucial when dealing with
nonatomic o-algebras. Moreover, we shall obtain an equivalent expression || f||gumo
for the martingale BMO norm of f, see Section 1 for further details. Although
this technique does not apply for noncommutative martingales —in this case the
relevant definitions will be given in the body of the paper— we shall provide a more
functional analytic approach which does. This alternative argument is simpler, but
the commutative one is more intrinsic and self-contained. Our noncommutative
results are in line with [1, 9, 20].
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1. Classical martingales

This section is entirely devoted to the proof of Theorem A. Before proceeding
to the proof, we need to introduce the notion of conditional median. Given a
probability space (Q,%, 1) and a o-subalgebra ¥y C X, a conditional median g f
of a Y-measurable function f is a random variable which satisfies:

e qagf is Yp-measurable,
e Given any A € X, we have

max { (AN {f > aof}), (AN {f <aof})} < %M(A).

Tomkins theorem [26] shows that each random variable has at least one conditional
median with respect to any given o-algebra. In the sequel, we will denote a fixed
conditional median of f with respect to ¥ by ayf. Before the proof of Theorem
A we need a simple lemma which will be crucial in our argument.

Lemma 1.1. Given A € ¥ and f X-measurable

1

Eo(Xan(r<aos)) = 5Xa  h-a.e.

where Eg denotes the conditional expectation onto the o-subalgebra Yo C 2.

Proof. By the definition of conditional median

p(BN{f<anf}) > %M(B)

for every Yg-measurable set B. Assume now that the set A in the statement
fails the given inequality and define B to be the Yp-measurable level set where
Eo(Xan{f<aos}) < % If the assertion failed for A, we would have u(B) > 0 and we
could conclude that

pBN{f<af})

/B Eo(XBn{f<aof}) dit

1
< /BEo(XAm{fgaof})dN < §M(B)

which contradicts the definition of conditional median. The proof is complete. [

Proof of Theorem A for p < co. The proof of the inclusion Hy, () C Hi(2)
can be given in the more general setting of noncommutative martingales and hence
we postpone it until the following section. Here we only prove the reverse inclusion

Hi(Q) C H,ltbp(Q). To that end, we will show that

Ha, ()" € BMO(9),

which suffices by duality. Let L : H;tbyp(Q) — C be a continuous functional in the

dual space. To proceed, we need to show that L = Ly acts by integration in (£, u)
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against a function f € L{ _(Q) and deduce a posteriori that f € BMO(Q) and we
have

[ fllBmo) < CpllLyllur (@)

atb,
for some absolute constant C,. The existence of such f follows from the inclusion
hl (Q) c HL, (), so that HL,, (Q)* C hl  (92)* = bmo(2). In particular any

at,p atb,p atb,p at,p
continuous functional L in the dual of H!

atbp(£2) can be represented by a function
f € bmo(£2). We now claim that

1
I flsvo = IflBmo = epllLylluy, @)
» :
where ¢, only depends on p and || f||§y0 is given by
T
170 = max {IEx N sup|Elf — |2, sup flanf — i s,
k>1 k>2

Note that this quantity depends a priori on the choice of the conditional medians
ag f. This however will be unsubstantial since our inequalities hold with constants
which are independent of our choice. It is clear that the proof will be complete if
we justify our claim, which we will in two steps.

Step 1. The inequality

Ifllemoc) < cpllfllBMOS
is the simplest one. Namely, by John-Nirenberg inequality we have

[fllBmo@) = SUPHEk|f—Ek—1f|2Hi
k>1

2

1
IE1flloc + sup [|Exlf — ExfI?]|2 + sup ||dfello
k>1 k>2

Z

IE1 flloc + sup ||Ex|f — Ekf|p/|
k>1

1

é’; —+ sup ||dkaoo = A1 —+ A2 —+ Ag.
E>2

The term A; admits a trivial bound. Next

7t ||Exlonf — ExfI¥|

1
p/
00

Ay, < sup||Ek|f*04kf|p/|
k>1

A

< |flgmo +i‘i¥1’ HEk(f - Oékf)Hoo < 2| flIBmo>

where the last inequality uses conditional Jensen’s inequality ¢(Exf) < Ex(o(f))
for the convex function ¢(x) = zP. Finally, the last term Aj is estimated by
decomposing dfy, = Ex(f — arf) + (arf — ag—1f) — Ex—1(f — ax—1f) together with
the triangle inequality and conditional Jensen’s inequality one more time.

Step 2. The inequality

1FlIEnmo < cpllLllm

atb,p

(@)

requires a bit more work. Since ¥i-measurable functions are atomic blocks

1
A
/ e,

Let us now bound the other two terms in || f||§yo- In order to estimate the second
term, we will use that for any A € X there exists a p-atomic block ba s # 0

@-Ixsllu, @ < ILsllay,  @-

IE1flloo = Bsggl
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satisfying the following two inequalities
1
1 ’ D
o 5 a7 ([ 1 = s i)’ S u(a)?

This immediately implies that

|~
=

DA, #llm: Iba,rdp

atb,p

s

7y, L
sup [Exlf = o P12 5 125, (0

as desired. Indeed, this can be justified as follows
1

HEk\f*akﬂpIHi = sup (]ZA|f—ozkf|p'du)p

AeXy

1
sup ————————————
A€y HbA,f”Hitbyp(Q)

<

[ onsin] < el o

Given A € Y, let us then prove the existence of such p-atomic block. Assume

/ 1 — owfl du > / f — awfl? dp.
An{f>arf} An{f<arf}

This assumption is admissible since we may easily modify the construction of our

p-atomic block ba r to satisfy the required estimates in case the inequality above

is reversed. Define the function

Ev(|f — anfl” " 'Xanissaus))
Ex(Xan{f<ars})

Obviously, Ex(ba,¢) = 0 and supp(ba,¢) C A. This yields

bas(@) = |f — anfP " "Xan{s>arst — XAN{f<arf}-

i, @) < (A |[ba gl

u(A)P%(/ \f—akfl”(p/_”du)
An{f>arf}

. Ee(|f —anflP 117, \7
t s </Am{f<ak-f} [[ék(XAnffgaif})]] du) = At

[ba,f

=

IN

Since p(p’ — 1) = p’, Ay clearly satisfies the desired estimate. On the other hand

Ay = M(A)pl/(/AXAm{fgakf}[?é:l(f(;m?:ii;;])]pdu)é

=

1
7

(A)?

(/A[E’“('f — oI TP ER(Xan r<any)] " dﬂ)

07 ([ 18007 = e P ) < wh) ([ s - s )

where we have used Lemma 1.1 for the first inequality and conditional Jensen’s
inequality for the second one. Now, since A € ¥, we can remove the conditional
expectation Ej in the integrand of the last term above to complete the proof of the
estimate for |bAaf|;,tb,p' The other inequality is simpler. Since (f — axf)ba s is

nonnegative by definition of ba r and Ex(ba,f) = 0, we get

/ foady = / (f — o f)bas du
Q Q

A
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’ 1 /
= £t dn = 5 [ 1f = ous dn
An{f>arf} A

This completes the proof of the expected estimate for the second term in || f||§yo-
It remains to prove that

sup || f — o1 f]| = = sup SUP][ lanf — o fldp S cpllLsllar,  (0)-
k>2 >2 AcS,

Fix kK > 1 and A € ¥i. By the triangle and Jensen’s inequality
][\Oékf—ak 1fldp < ][\f—akﬂpdu ][|f—ak 1f|pdu)
Since A € Y, the first term in the right hand side is bounded above by

IEK|F = anf " |17 S ILsllie

atb,p

1
7

(Q)*

as we proved before. To bound the second term, we consider the function

bay = Lot _Ekfl(wm{#m ")
9 f_ak_lf 1 f_ak_lf k—1
A 2 jez Niag
where

Ma, = E ‘f_akflflp/
78 = Erot (T T XA A ) X421 <B (o S ) <20

XB;

We have Ex_1(ba,s) = 0 so that

ba sl @ < |>\*|+Z|>\j|
=

IN

H(A)>
+ ZM |Ek 1(|f*04k 1f‘p )XBJ‘Hp

JEZL

- ak71f|p/_1XAHp

The second term in the right hand side is dominated by the first one since

L/ p'—1
> (B [[Ex-1 (If — ax—1f] XA)XBij
jez

< szﬂ(By)

JEZ
~ Zﬁ Bt (1f — a1 fI71xn) di p(By)

JEZL

/ Ev1(If — Oékflf‘p/_1XA)d,U
UB

J

- /|f_04k71f|p/_1d/1' < p(A)¥
A

In summary, we have proved that

—ak71f|p/_1XA||p.

b, £l

atb,p

o S M(A)’%'mf—ak_1f|p,_1XAHp.
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On the other hand, let us observe that
[ oasdn = [ (7= arifbadu
Q Q
/ |f = ap_1 [P du
A

_ P
- /Q(f—ak—1f)Ek—1(mXAﬂ{faéaklf}> dp.

Using this and the estimates so far we obtain

J e = sl du < | [ foa il
A Q

+ Zj /Bj f = an1 fIExa (I — a1 fIP" " xa) dp

< Mgl @ IPasllay, @)

+ Zj |Ex—alf — ak,1f|p'Hi’u(Bj)ﬁ [Ex—1(If — a1 fI”" " 'xa) X8, I,
S gl @ IPasllar, @

1Ll o0 D, 1B [[Exca (1F = ans I~ xa) x|

+
S gl ) #A)7 [[1f = ax-1 /7" xall,.

Rearranging and noticing that p(p’ — 1) = p’ we get

(F17 =t )™ < Lsl
A

atb,p(Q)* ’

the desired estimate. This completes the proof of Theorem A for p < co. (]

Proof of Theorem A for p = co. The proof presents a lot of similarities with
the case p < co. As above, we will only prove the inclusion Hy(Q) C HL, _ ()

atb,oc0
since the reverse inclusion will be justified in the next section. Again, we proceed

by duality and the goal is to show that

”fHBMO(Q) S HfH%MO S ||Lf||H1 (Q)*-

atb, oo

Our former argument for the first inequality is still valid. Now consider

(1) There exists k > 1 and A € Xy, such that

1 [e3%
F15 = aufldu = 1o
N 32
(2) Property (1) fails and there exists k£ > 2 such that
1
|arf —araf| > §||f||%Mo-
(3) The following inequality holds

1
P’

maX{iggllEklf—akflp'lloo’ iggllakf—ak—lfllm} < JEifllo-
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It is not difficult to check that at least one of the properties above always hold for
every f with || f||3yo finite. When (3) holds, we may argue as in the proof of the
case p < oo to deduce | flByo < I Lsllr, ()« When (1) holds, we consider

atb,oco

the following function

bA,f = XAan{f>arf}} — XAn{f<arf} — Xan{f=arf} Er(DD) E(Xan{f=ar )

b1 ba

with the convention 0.00 = 0 when AN{f = aif} = 0. Obviously, Ex(ba,s) =0
and ||b1]lco < 1. Decomposing into level sets as we did in the proof for p < co, one
can show that ||ba||c < 4, details are left to the reader. These L, estimates yield

||bA,f||H1 () S n(A).

atb,oco

Moreover, we have

| [ sl =] [ (F=anponda| = [ 1f = anflan> g IEwon(a)

by assumption (1). This implies

1Ll

atb,oc0

1 [e3 1 [0}
@ Ibasllu, @ = 55 1fIBmon(A) 2 551 flBmolbasluz, @)

atbh, oo

which is what we wanted. Finally, if (2) holds there exists A € ¥, such that

1 «
‘][(akf —ag-1f)du| > ZHf”BMO'
A
Let B = supp(Ex—1(xa)) € Xk—1. Define ba ¢ in this case as

ba,f = xa — Ex—1(xa)-

Obviously, it is a co-atomic block. Taking B; = {(j — 1)/N < Ex_1(xa) < j/N},
we see that

N
sl @ S A+ |Ee-1(xa)xs, || u(B;),

atb,oco

j=1

for all N. The sum in the right hand side converges to

/ Er—1(xa)dp = p(A)
Q

as N — oo. This shows that ||ba, f|lm:

atb,co

@ S m(A). Next we compute

Li(bay) = /BbAyf(f_akflf)dﬂ

/(f—akflf)dﬂ—/ Er1(xa)(f —ar—1f)du
A B

/A (F — anf) i + /A (cnf — ansf) dp— /B Err () (f — apsf) dp.

Since (1) does not hold, we have

’/A<f—akf> du\ < %Hf\\%MO;L(A).
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On the other hand, and splitting into level sets we find

‘/BEkq(XA)(f—OékAf) d/i‘ < i}é’/B] f—akqfd/i‘

N .
_ ; J (s ]é -

< sup
CeXp_1

.07 s i Lu(By)

which is dominated by 15| f[|3yon(A) for N large enough. So we get

1
Lyl . > o |Ly(bay)
R v Pl
1 1 1 1
> S — = ) IflBmond) = [IflI3mo-
~ ,u(A)(Z 39 16)||f||BMoM( ) 2 IflBmo

This is the last possible case and completes the proof of Theorem A for p = co. O

Remark 1.2. In the following lines we briefly explain the relationship between
our definition of atomic blocks and that of Tolsa [25] for measures of polynomial
growth on R™. Assume that  is one such measure, i.e. u(B(z,7)) < Cor* for each
ball B(x,r) and some 0 < k < n. Then, define a p-atomic block as a function b
supported on some cube R of R™ that satisfies the following properties:

0/ bdu =0,

eb=>" j Ajaj, where \; are scalars and a; are functions supported on cubes
Q; that satisfy the size condition

[ —
Aillco S —FV———< .
! M(QQj) KQj;R

Here the coefficient Kq g is defined for cubes @ C R as follows

1(2'Q)
KQ R = - .
; k
= 2VUQ)
RZ27Q

Kqg, r measures the distance between ) and R in some sense. In our definition
this is substituted by the coefficient £; — k + 1, which measures the distance in
generations between the maximal generation over which the atomic block is mean

0 and that of the support of each subatom. The norm in

Ha, (R", ) = {f = Z b; | b; p-atomic blocks}
i>1

is given by

1/ Iz

atb(Rn7H) = inf |>\”|

F=320 01 Migai

According to [6], one needs only take doubling cubes @; in the definition given above
of p-atomic blocks. Also, the support of each p-atomic block b can be assumed to
be a doubling cube. Therefore, ¥g-measurable sets play here the role of doubling
cubes, see also Problem 3.3 below.
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2. Noncommutative martingales

We now study the form of Theorem A for noncommutative martingales. The
theory of noncommutative martingale inequalities started with Cuculescu [4], but
it did not receive significant attention until the work of Pisier/Xu [23] about the
noncommutative analogue of Burkholder/Gundy inequalities. After it, most of
the classical results on martingale L, inequalities have found a noncommutative
analogue, see [9, 11, 12, 13, 14, 15, 18, 19, 20, 28] and the references therein for
basic definitions and results. Here we shall just introduce martingale p-atomic
blocks and related notions in the noncommutative setting.

A noncommutative probability space is a pair (M, 7) formed by a von Neumann
algebra M and a normal faithful finite trace 7, normalized so that 7(1x¢) = 1
for the unit 1 of M. A filtration in M is an increasing sequence (My)r>1 of
von Neumann subalgebras of M satisfying that their union is weak-* dense in M.
Assume there exists a normal conditional expectation

Er: M — M,
for every k > 1. Each Ej is trace preserving, unital and completely positive. In
particular, Ey : L,(M) — L,(My}) defines a contraction for 1 < p < co. These
maps satisfy the bimodule property Ep(af8) = aEx(f)8 for a,f € M. If we
set A = Ex — Ex—1 and write Exf = fr and Axf = dfy for f € Li(M) (as
in the commutative setting) then H; (M) is defined as the subspace of operators
f € L1(M) with finite norm

I £l vy = f:irglfrh lgllms () + 17" s (M) s
g,h€L1 (M)

where the column Hardy norm is given by

15 s ey = H(deﬁdfk)% .

k>1

The little Hardy space is defined similarly with
1
. 3
[ fllns (M) = H( E Ekq(dfkdfk))

k>1
On the other hand, BMO(M) is the subspace of Ly(M) with

1

Hf”BMO(M) = max{HfHBMOC(M)a ”f*”BMOC(M)}

where the column BMO norm is given by the following expression

|l fllBMO. (M) = iinH(Ek((f* Er1f)"(f — Ek—lf)))§ “

As expected, the space bmo(,M) arises when we replace E;_1 by Ej in the identity
above. We will say that an (unbounded) operator b affiliated with M is a column
martingale p-atomic block when b € Ly(M;, ) or there exists an index k > 1 such
that

e E;(b) =0,
e b= Zj Aja; where

© a;q; = 2,
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1
o llajlly < 7(¢5) " 5=

for some k; > k and projections q; € My;.

Each such a; will be called a column p-subatom. Similarly, row p-atomic blocks
are defined when the support identity g;a; = a; holds instead. In particular, both
conditions hold for self-adjoint atomic blocks. Given a column p-atomic block b set

|b‘atb P (|b|)
when b € L;(M;, ) and otherwise

blaib, = _dnf DIl

Then we define the atomic block Hardy spaces

HYS (M) = {f EL(M)| f= Zl b;, b; column 2-atomic block}7
H;ﬁw(/\/l) = {f € Li(M) ’ f= ZZ b;, b; column p-atomic block},

which come equipped with the following norm

||f||H;‘ti>,p(M) = ¥ l%f Z |b |atb,p - le%f; bs Z |A1]|a
b; p— atomlcblock i21 bFE,- Xija'ij i,j>1

where the a;;’s above are taken to be p-subatoms of b;. As in the commutative
case, we pick A;; = J;1|/b;||1 for atomic blocks b; € Li(Mi, 7). Before stating
the analogue of Theorem A for noncommutative martingales, we shall need the
following approximation lemma to legitimate our duality argument below.

Lemma 2.1. Given € > 0 and
f € Hatb p(M)7
there exist a finite family (b;(e))i<m of column p-atomic blocks with

i) bi(e) € Ly(M),

M
ii Hf — bi £) ‘ e.
bi( < H bi( ‘ .
iii) Z| atbp Z HLS (M) +e
Proof. Let f =) .b; be such that
Hf Z HLE (M) ’

[ Z|b M. <

with § = §(¢) small and M = M(J) large enough. From these properties it is clear
that all the assertions in the statement will follow as long as we can show that every
column p-atomic block b can be J-approximated by another column p-atomic block
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b’ living in L,(M). Indeed, when b € Li(Mq, 1) it suffices to select an element
b’ € L,(M1,7) C L1(My,7) with ||b —b||; < 6. Otherwise

bzg;&% with  Ex(b) =0

is a sum of column p-subatoms. In that case, set N = N(§) so that

1)
§:|Aj\< o

J>N

J<N J>N J<N+1

and define

According to the definition of column p-atomic block, the following holds

[ ] El(b,) = El(b) = ElEk(b) = 0,
o If (k:;,q;) = (kj,q;) for j <N and (kg1 an41) = (1, 1)

ajq; =aj and |ajll, <k7(q))" "

1
J kj—1+1

provided we normalize ay, ; so that A\, = [[E1(3X2;on Ajas) |1

This shows that b’ is a column p-atomic block. Moreover
I = [ 2 A = B (30 das)|| =23 Illagly < o
J<N J<N P <N

Therefore, it just remains to prove the following estimate

[b—1’ <.

|M$4M)

To that aim we identify b — b’ as a column p-atomic block

b—w:E:M%—E4§:M%):E:E%+X@N

>N >N >N

with ax normalized so that Ay = IE1(>".on Ajaj)|l1. Then we find

j>N
o Ei(b—b)=0,

o If (k’j,aj) = (kj,qJ‘) for ] > N and (kN;aN) = (1, 1/\/()
_ 1

N =% and 5], < Er@) 7 2

This makes it quite simple to estimate the H-S (M)-norm of b — b/

atb,p
Io=Vlge g < b=V,
PR IONVIIN
>N >N
< B[ Y Wlllaglh] < 2> Il < 6

>N >N j>N
1
7

Here we used the inequality ||la;|1 = |lajg;ll1 < ||lajllp7(g;)?" < ﬁ <1 O
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Theorem B. There exists an isomorphism

H{(M) ~ H;;i),p(./\/l) for 1<p<occ.

In particular, we find the atomic block decomposition Hy(M) ~ HL,, (M).

atb,p
Proof. We need to show

i) Hyji, (M) € Hf(M),
if) Hf(M) © Hyf5, (M),
Step 1. For the first continuous inclusion we shall prove
BMO.(M) C Hy$ (M)*,
which suffices by duality. Assume that ¢ € BMO(M). Since ¢ € L, (M) for any
1 < p < 0o, we may represent ¢ as a linear functional Ly on L,(M) by the formula
Ly(f) =7(f¢").

According to Lemma 2.1, it suffices to show that
oA < Il anlidllsao.cnn

for every f which can be written as a finite sum f = ), b; of column p-atomic
blocks b; € L,(M). This clearly allows us to estimate |Ly(f)| < >, |Le(b;)| with
the right hand side well-defined. In particular, it is enough to show that

|Lo(D)] S [Blah, | 6llmato. (ae)

for column p-atomic blocks b € L,(M). When b € L,(M1,T)
[Ls(D)] < Ibll1[[Erdllo < Iblais, , I 6lBrO. M0

Otherwise, we write b =} A;a; with Ex(b) = 0 and such that

_ L
7

ajg; =a;  llajlly <7(q) " =

for some k; > k and some projection g; € My,. Then we find that
[Lo(0)] = [7(b6™)| = |7 (b6 — Bxd)") [ < D> I\slllaj(@ = Bro) [l = 3 A 1A

Hence, it remains to prove that sup; A; < [|9l|Bmo, (), Which follows from

Aj < il (6 - Exds
< T(g) V(¢ - Exd)g,
> q; k‘j—k—f—l EP)q; P’
kj
< N — ) . P — . )
< @) VN6 Bl + g X el = B+ C

s=k+1
Indeed, this yields the estimate

Bj 4+ C;j < l[¢llbmoc(r) + Sup ldoklloo =~ lI#llBMO. (M)
where the inequality B; < [[¢||bmo.(a) follows from Hong/Mei formulation of the

John-Nirenberg inequality for noncommutative martingales [9]. In particular, this
completes the proof of Step 1.
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Step 2. We now prove the inclusion
H{(M) C HS

atb,p

(M)

directly, without using duality. Here we would like to thank Marius Junge for
suggesting us the noncommutative Davis decomposition (used below) as a possible
tool in proving this inclusion. Let f € H{(M), by the noncommutative form of
Davis decomposition [20] we know that f can be decomposed as f = f. + fq, where

(fmfd) € h;t C(M) X htliiag(M)'
On the other hand, since a column p-atom in the sense of [1, 9] is in particular a
column p-atomic block in our sense, we immediately find the following inequality
Wellwess oy < 15 a0
The diagonal norm of f4 is given by
[ fallny,, (0 = SolAcCa)lly S I lag -
k>1

Therefore, the goal is to show that we have
Vallws a1l

Since the norm in h(liiag(/\/l) is x-invariant, we may assume that fq is a self-adjoint
operator. Then, by an L,-approximation argument we may also assume that the
martingale differences have the form

Ar(fa) = Bikpjk = Y BixAr(pi)

i>1 i>1

(M)~

diag

for certain 5,5 € R and a family (p;x);>1 of pairwise disjoint projections. We claim

APty S T(P)

for any projection p. This is enough to conclude since then

”deH;&)p(M) < ZWMHAk pyk)|atb,p

7,k>1
S D Bl = 3| D0 Buwin|, = Wl
J,k>1 k>1  j>1

Let us then prove our claim for b = Ag(p). To show that b is a column p-atomic
block, we start by noticing Ex_1(b) = 0. Let us introduce the family of projections

a(k) = X(:2;,11(Exp);
(k=1 = X(;2;,1)(Ee1p)-
Decompose b into column p-subatoms as follows
b= > Aj(k)aj(k) = A;(k = Da(k — 1)
j>1

where coefficients and subatoms are respectively given by

Aj (k) 21(q;(k)),

Nk =1) = J7(q;(k—1)),
aj(k) = Aj(k) " q;(k)Ex(p),



16 CONDE-ALONSO AND PARCET
aj(k—1) = Xj(k—1)""gi(k = DEx_1(p),
Since (gj(k —1),¢;(k)) € Mg_1 x My, we will have a column p-atomic block b if

o a;(k—1)gj(k—1)=a;(k— 1)1 and a;(k)q; (k) = a;(k), 1
e Jlaj(k = 1)||, < 7(g;(k —1))"7" and ||a;(k)|l, < 57(q;(k))" 7.

It is however a simple exercise to check that this is indeed the case and

blat, < D INE)+ (k=1
j>1
< Y 47(q;(k)Ek(p)) + 27(q;(k — 1)Ex_1(p)) < 67(p).
j>1
This justifies our claim above and hence completes the proof of Theorem B. ([l

Remark 2.2. The noncommutative Davis decomposition of Perrin and Junge/Mei
[12, 20] is sometimes referred to as the “atomic decomposition” for H{ (M), since
it relates this space with the atomic Hardy space hj; .(M) and the diagonal space
h}hag(./\/l). Nevertheless, it seems there is no atomic decomposition of the diagonal
part beyond the results in this paper.

3. Open problems

When 0 < p < 1, one can extend the definition of atomic blocks to (p, ¢)-atomic
blocks. Given 1 < ¢ < oo, b is called a (p, ¢)-atomic block when b is ¥;-measurable
or there exists k > 1 such that the following properties hold:

e Er(b) =0,
e b= Zj Aja; where
o supp(a;) C Aj,
_1_1
o llaglly < p(Aj)' T 2y,
for certain k; > k and A; € Sk, -

As in the case of p =1, set |b|,, , = |Ibll, if b € L,(2, Xy, 1) and

atb,q

Plag = S

Jj=1

aj (p,q);subatom

otherwise. Finally, we define

HY,y, ,(Q) = {f €EL,(Q) | f= Z'bi’ b; martingale (p, ¢)-atomic block}7

equipped with the following quasi-norm

1
i p
Il 0 = dnf [ (il )]
b: (p,q)—atomicblock =1

The spaces H,;, () defined above are quasi-Banach subspaces of L, (£2). One can
follow almost verbatim the steps in the proof of Theorem A to conclude that the
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set of linear continuous functionals acting on H},, (€) can be identified with the

Lipschitz type class A, 4(92) of functions with finite norm

1
1 q
— sup [(][ f-E qd) A
I £1la,.. ) ATV \ kT dp lldf]|
AeYy
Notice that when p — 1, the norm in A, ,(2) tends to the norm in BMO(2). This
motivates our first problem, which is somehow analogous (in the context of atomic
blocks of this paper) to Problem 3 in [1].

Problem 3.1. Do we have

Hiip () = Hp(9)

for 0 <p <1 andgq>1? Moreover, do we have H,(Q)* = A, 4(2)?

Our main result shows that a function in H; (Q) can be decomposed into atomic
blocks similar to the ones appearing in the definition of H! (R™, u), the atomic
block Hardy space of Tolsa [25]. In the proof given in Section 2, we make use of
Davis decomposition for martingales. It is natural to ask whether we can find a
description of the space H.,, (R", i) in terms of some sort of Davis decomposition
that splits the space into a (classical) atomic part and a diagonal part. Note
that a suitable candidate for the atomic part is the space hl (R™, u) of functions
decomposable into classical atoms supported on doubling sets, since in that case
one can easily check that hl (R™, ) C HL (R",u). It is not clear for us what the

diagonal part hj;,, (R, 1) should be.

Problem 3.2. Find a diagonal Hardy space
héiag (Rn’ /.t)
so that the following Davis type decomposition holds
Helltb (an N) = hit (Rna :U‘) + hcliiag(an /'L)

The dual of the space H.,; (R™, 1) is RBMO(R™, 11), whose norm can be computed
as shown below

Iflnssioges = sup 17 = foldu+  sup |fg ~ frlkgh,
Q doublingJ Q QCR doubling
see Remark 1.2 for the definition of the coefficients Ko r. Here fg denotes the
integral average of f in Q. In view of Theorem A, it seems that RBMO spaces can
be viewed as nonregular martingale BMO spaces. Indeed, one can show that

fllrRBMO®R? 1) ~ max { sup ][f*f dp+  sup fi *fRK_l}
|| ” (&7 5p0) 1<j<2n+1 Q doubling Q| Q| QCRdoubling| @ | @R f

QeD? Q,ReD’
where (D7 Ji<j<2nt1 is a collection of 2n + 1 dyadic systems which enjoy certain
separation properties, see [2, 16] for the detailed construction. This immediately
gives
2n+1
RBMO(R™, 1) € (1] BMOp; (R", 1),
j=1
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where BMOp (R™, 11) denotes the dyadic BMO space associated to the dyadic system
D. However, the reverse inclusion does not hold in general. This motivates our last
problem, which is stated below.

Problem 3.3. Study the relation between RBMO(R", 1) and martingale BMO.
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