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ABSTRACT. The present paper is devoted to the second part of our project on
asymmetric maximal inequalities, where we consider martingales in continuous
time. Let (M, 7) be a noncommutative probability space equipped with a
continuous filtration of von Neumann subalgebras (M¢)o<¢<i whose union is
weak-* dense in M. Let & denote the corresponding family of conditional
expectations. As for discrete filtrations, we shall prove that for 1 < p < 2 and
z € Lp,(M, 1) one can find a,b € L,(M, 7) and contractions u¢, vy € M such
that
Eu(a) = aue +veb and  max {Jlallp, [bllp} < cpllallp-

Moreover, au¢ and v¢b converge in the row/column Hardy spaces Hy (M) and
Hg, (M) respectively. We also confirm in the continuous setting the validity of
related asymmetric maximal inequalities which we recently found for discrete
filtrations, including p = 1. As for other results in noncommutative martingale
theory, the passage from discrete to continuous index is quite technical and
requires genuinely new methods. Our approach towards asymmetric maximal
inequalities is based on certain construction of conditional expectations for a
sequence of projective systems of Lp-modules. The convergence in Hj, M)
and Hg (M) also imposes new algebraic atomic decompositions.

Introduction

Noncommutative martingales associated to continuous filtrations arise naturally
in the dilation theory of Markov semigroups over von Neumann algebras [12]. In
this direction, a theory of Hardy spaces for continuous filtrations was formulated in
[T, [18]. This includes (conditional) Hardy and BMO spaces for noncommutative
continuous martingales together with Fefferman-Stein duality, Burkholder-Gundy
inequalities, Davis and Burkholder-Rosenthal inequalities, etc. The theory admits
applications in quantum stochastic calculus and especially in harmonic analysis
through the connection with the interpolation theory of BMO spaces associated
with semigroups of operators [8], which plays a crucial role in understanding the
behavior in L, of noncommutative Riesz transforms [7] and other smooth Fourier
multipliers in group von Neumann algebras [9].

In our recent paper [5], we established new asymmetric Doob inequalities based
on an algebraic form of the atomic decomposition which yield a very satisfactory
and complete picture of the noncommutative maximal inequalities for martingales
in discrete time. This included the right reformulation of Davis’ martingale theorem
[1] for p = 1, which escaped previous attempts for quite some time. It is therefore
very natural to wonder whether similar estimates hold in continuous time. Beyond
its unquestionable interest in the theory of Hardy spaces, this could lay foundations
for future applications in maximal ergodic theory and harmonic analysis. As we
shall see in this paper, asymmetric maximal inequalities in continuous time do
not follow from the discrete case via somehow standard limiting processes, but
implementing new techniques involving L,-modules and introducing new families
of Hardy spaces to generalize our original arguments.
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Given (M, 7) a noncommutative probability space, let & denote the conditional
expectations associated to a weak-* dense filtration (My)¢c(o,1) of von Neumann
subalgebras. Let Hpc(o) be the column Hardy space with respect to the discrete
filtration (M¢)ie, for a finite partition o = {0 = t9 < t; < ---t, = 1} of the
interval [0, 1]. Fix an ultrafilter &/ over the set of all such finite partitions ¥ such
that for each finite partition o of [0,1] the set U, = {0/ € ¥ : 0 C o’} belongs to
U. Given x € M and 1 < p < oo, set

[2[ng = Eg}”mHH;(a)'

The Hardy space Hj, (M) associated to the continuous filtration (M;)iec(o,1] is the
completion of M with respect to the norm |- || which —based on the monotonicity
properties of the Hg(o)-norm— was proved to be independent of the ultrafilter U/
in [II]. For this reason, we will work with one fixed ultrafilter ¢/ over ¥ in the
present paper. Row Hardy spaces are defined analogously.

The asymmetric maximal quasi-norms for continuous indices are trivially defined
as in the discrete case, we quickly introduce them here and refer to [5] for further
information. Given 1 <p < oo and 0 <0 < 1, we take

el o, =08 {llall 2, ( sup Jwrlloc )bl | @ = aw for ¢ € 0,1]}.
piToo tel0,1]

Additionally, the weak column maximal quasi-norm is defined as follows

. 1
H(xt>t€[0,1]”1\pm(egc) = sup in {)\T(l —q)7 | |zeqlloe < Aforall t € [0, 1]}

f
A>09EMr

M denotes the projection lattice in M. Take adjoints to define row quasi-norms.

Theorem A. Let (M, T) be a noncommutative probability space and let & denote
the conditional expectations associated to a weak-x dense filtration (My)icjo,1) of
von Neumann subalgebras. Then, the following inequalities hold:

i) Given 1 <p <2 and x € Hy(M)

H(gt(l‘))te[o,uHAP,OC@&) < Cp||$||H;;-
The row analog (Et)iefo,1) * Hp(M) = Ap oo (M LL,) is also bounded.
ii) Given 1 <p <2 andx € H;(M)

[(Ec@))eonllL, ooy < cnollzllg
b(22,)

provided 1 —p/2 < 6 < 1. The same holds for x € Hy(M) and 0 < 6 < p/2.

Theorem Ai will be deduced directly from the result in the discrete case since
ultralimit of projections can be easily modified to be a projection satisfying the
desired properties. A crucial difficulty in the proof of Theorem Aii is that we may
not use the identity

€@l aen ) = Sen 1€ @eeallr, (r

when p/2 < 6 < 1, since ||+ ||, ¢y is not a norm. Thus, the discrete time results in
[5] can not be used as a black box. Instead, we give a direct argument. A key new
ingredient is the construction of a sequence of increasing von Neumann algebras
from a sequence of projective systems of L, modules, see Lemma
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Stronger asymmetric Doob maximal estimates follow by stretching our approach
to produce finer algebraic Davis type decompositions. More precisely, motivated
by the proof of Theorem A, we will introduce new Hardy spaces

BD (M) + Rl (M) and RS, (M) +Rlo (M) for w > 2.

Hr (M) He,,

Theorem B. Let (M, 1) be a noncommutative probability space and let & denote
the conditional expectations associated to a weak-x dense filtration (My)iecjo,1) of
von Neumann subalgebras. Then, the following results hold:

i) Given 1 <p <2 with1/p=1/w+1/s, we find
L,(M) ~ ﬁ;w(./\/l) + ﬁ;w(/\/l) provided w > 2,5 > 2.
ii) Given 1 < p <2, the inequalities below hold for any w > 2
||(5t(x))t€[071]”Lp(z;) < pr||$||ﬁ;w,
||(5t($))te[o,1]HLp(ch) < Cp,waHﬁ;w-

In particular, given x € L,(M) may write x = x, + x, with
mesc {[| €@ ietoll, oo €@ eoally, ey} < collallo
iii) Moreover, we have z, € ﬁ;w(/\/l) CH (M) and z. € ﬁ;w(/\/l) C Hy(M).

Theorem Biii establishes an important fact. Namely, that the decomposition
elements can be taken in the usual Hardy spaces defined via square functions. To
that end, we prove an algebraic Davis decomposition for these newly defined Hardy
spaces in Theorem We think this is of independent interest.

1. Proof of Theorem A

In this section we establish our first asymmetric inequalities in continuous time
already stated in Theorem A. Unlike the symmetric maximal inequalities, which
follow trivially from the discrete results, the asymmetric ones in Theorem Aii require
ultraproduct methods and L, module theory to generalize the algebraic atomic
decompositions of L, and Hardy spaces.

1.1. Proof of Theorem Ai. This is relatively easy since we can reduce it to the
analogous result in the discrete case [5]. Indeed, by density we may assume that
x € M. Now, given A > 0 and ¢ € X, we know from [5, Theorem Aii] that there
exists a projection g, € M such that

Hé}(m)ngm <X and M(1- qg)% < Cplz| me(o)

for any t € 0. Define v = w* — Lo — limy s ¢o. Recall that u is not necessarily
a projection. However, recalling that z € M, it is straightforward to show that
the exact same inequalities above apply for u instead of ¢, and H;(M) instead of
Hy (o), details are left to the reader. Then, the projection ¢ = xq1 yj(u) clearly
satisfies

q<2quqg<4u® and 1-¢<2(1—u).
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This implies for any ¢ € [0, 1] that

Hé’t(x)quo < 2||& () uPE (z)* |EO <2\ and M(1- q)% < 2%C’p||;vHH;. O

1.2. Ultraproducts and projective systems of L, modules. Before proving
Theorem Aii let us recall some preliminaries, we refer to [I1] and references therein
for more information. Let U be the ultrafilter that we have fixed over ¥ and
consider a family of Banach spaces (X7)y,exn. Let £oo({X7 : 0 € X}) be the space
of bounded families (27)sex € [[, X7 and define the ultraproduct [, X7 as the
quotient space

[[X° =tc({X7 : 0 € 2}) JNH,
u
where NY denotes the (closed) subspace of U-vanishing families
N = {(w")aez € loo({X7 10 € T} [ lim [ xo = 0}.

If (27)* is the element of [[,, X7 represented by (27),ex, its quotient norm is

1G?)* ) = Lim 27|~
When X° = X for all o, the ultrapower [],, X is the quotient space {0 (3; X ) /NY.
If (X%)pex and (Y7),ex are two families of Banach spaces and 77 : X7 — Y°
are linear operators uniformly bounded in o € ¥, the ultraproduct map (7°9)® is
defined canonically as follows

(1) : [ X7 5 (2°)* = (172°)* e [ Y".
u u

We refer to [4l, [24] for basic facts about ultraproducts of Banach spaces.

It is well-known that the class of von Neumann algebras is not closed under
ultrapowers, but according to the work of Groh [3], the class of the preduals of von
Neumann algebras is. Let M be a von Neumann algebra. Then [],, M, is the
predual of a von Neumann algebra denoted by

My = (1;[/\/1)

[ [, M may be identified with a weak*-dense subalgebra and Mu becomes the von
Neumann algebra generated by [[,, M in B(]],, H) for any *-representation of M
in B(H). This was proved by Raynaud [22], who also constructed an isometric
isomorphism

Lp(.K/IVM) o~ HLP(M) for all p > 0.
u

If M is a finite, the usual von Neumann algebra ultrapower is
My = loo(S; M)/SY where SY = {(m")gez € loo(Zs M) | lim7((27)"2") = o}.

According to Sakai [23], My, is a finite von Neumann algebra when equipped with
the ultrapower map of the trace 74((2?)®) = limy gy 7(27). This is compatible with
YU and defines a normal faithful normalized trace on My,. We may identify My,
as a dense subspace of Lq(My) via the map My > x> 7(z-) € L1(My). Then
we have ||z]|1 = limyy ||z7]1 for z = (27)* € My, regardless of which representing
family () of  we use. This implies that L; (M) can be regarded as an isometric
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subspace of [[,, L1(M). Since Ly (My) is stable under My, actions, we know from
[25, Theorem II1.2.7] that there must exist a central projection ey in My such
that L;(My) = Ll(ﬁu)eu. It turns out that ey is the support projection of the
trace 7. In the sequel, we will identify My, as a subalgebra of ﬁ/lvu by considering
My = ﬁ/lvueu. More generally

— = H'HL:,,(J\? )
Lp(My) = Ly(My)ey = | Ls(Mu) )
p>p

for all 0 < p < oo. Indeed, the subspace L,(My) can be characterized by using
the notion of p-equiintegrability [21] [25]. The last identity above follows from this
property, we refer to [IT, Lemma 1.7] for further details.

In this paper we shall make extensive use of column L,(¢2) spaces. In other
words, the column subspaces of Sp,-valued L,-spaces. A more detailed definition
can be found in [I9]. The ultraproduct of column L, (¢3) spaces

[T Z(M:5(0))
u

forms a right L,-module over Mvu with right module action

E-x=(£%27)% for JJEHM and geHLp(M;Eg(a)).
u u

By [13|, Proposition 5.2], this module action extends naturally from [],, M to My,
and does not depend on the representing families. Similarly, given £ = (£7)® and
n=(n7)*in [, Lp(M;¥5(c)), we consider the componentwise bracket

EmMTL, Lyse) = ((€7507)" = (fo*nf). e [[Lp2M) ~ Ly 2 (My)
u

tco

where §7 =), {7 ®ero, 17 = 0, Nf @epo. This defines an Ly, /o (My)-valued
inner product which generates the norm of [[,, L,(M; ¢5(c)) and is compatible with
the module action. Hence [],, L,(M;¥5(0)) is a right Ly-module for 1 < p < oc.
The regular version of this right L,-module is

Xp(M) = ([T oM £5(0)) ).
u

It also forms a right L,-module over My since for £ € [[,, L,(M;€5(0)), we have
e X,(M) iff <€’§>Hu Lpy(t5(0)) € LP/Q(ML{). Moreover, the family X,(M)1<p<oco
forms a projective system of L,-modules over My, see the arguments after the
proof of Lemma 2.21 in [IT]. As for the regular L,(My,), we also have the following
characterization

(1.1) Xp(M) = [ [ LsM; £5(0))

p>p U

[ L (£5(0))

In the following, we shall also need the following subspaces

X2 (M) {(:v”)' € X, (M) | & () = Ofor all £ € o—},

XtHM) = {(:f)‘ € X,(M)| 27 € Ly(M,) for all t € a}.
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Remark 1.1. In what follows and in order to deal with diagonal Hardy spaces, we
shall actually use the ultraproduct of the spaces L,,(M; ¢5(0xN)) and its regularized
version. We shall keep the (lighter) notation X, (M) for this regularized version.

1.3. Proof of Theorem Aii. This part is much more involved. We can not prove
the desired estimate as a consequence of its validity in the discrete case. Instead we
adapt the proof in the discrete case to give a direct argument. This roughly means
that, for x in the column Hardy spaces —algebraic atomic forms of the conditional
and diagonal ones— we shall write & (z) in the form A;B with A; and B in some
amplified matrix algebra. Then we factorize A; using the symmetric Doob maximal
inequality. In both steps of the argument, new difficulties appear which force us to
establish some preliminary results in Lemmas and below.

Lemma 1.2. Let 1 < p < 2 and s > 2 be determined by 1/p = 1/2+ 1/s. Any
x € M can be written in the form r = x. + x1,, where the elements x. and x1,
satisfy in turn the following properties:

a

i) zc =w — L, — limy 1y a7b where

a’ = Za‘t’ ®err and b7 = Zb? ® eg1

teo teo

satisfy the following estimate [|(a”)®||xg[[(b7)*|xaa < Cpllz|[#s .
ii) 21, = w— L, — limyy (@7 (1)37(1) — a(2)B7(2)) where
a”(1) =Y u(af)* @ery, B7(1) =3 u(B7) ® ev1,

teo teo
a’(2) = Zut—(a)(ag*)* ® e14, B87(2) = Zutf(g) (B7) ® €t.1,
teo teo

O * g

Jor some module maps u; and u;- (o) acting on of*, 37. We also have

max {[|(a”(1))* |, 187 (0)* [ 1627 @))* |, 1657 @)* | .}

Proof. Assume by homogeneity that ||z[lys < 1. According to [I8, Lemma 3.2.25]
we can find p < p < 2 such that [|z]l3c < 1. Applying Davis decomposition [7, 17]
to every partition o, we find a decomposition x = z + z{_ such that

122 g oy + 125, ey < C
where C5 is the optimal constant in the Davis decomposition. It is easy to see that

z¢ and zf_ are uniformly bounded in Lz(M) since hf(o) and h;{ (o) embed into
L;(M) uniformly. By [I8, Lemma 3.1.6], we can define

Te=w—Ly—limzl and z, =w—L,—limz] .
oUu i o ¢
Let us check the properties of x.. According to the algebraic atomic decomposition

in the discrete case —see for instance [5, Lemma 2.1]— for any 6 > 0 we find a
decomposition

12 =3 ath = (Yo wens) (W @ens) =at
teo teEo

teo
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such that &a? =0, b7 € Lz(M;) where 1/p=1/2+ 1/5 and

la”ll21[67[ls < (1 + 0)[[2Z [[ng (o) -
By (1.1) and since b° are uniformly bounded in Lz(M;/¢5(0)), we conclude that
b= (b°)® belongs to X2¥(M). This implies that b = bey; and recalling that e is a
central projection we get (27)* = (a”(b%¢g))® = ((efa®)(b7¢g))°. Therefore if we
reset a* to be a*ey, we obtain the desired properties of x..

The properties of z;, can be checked similarly, we shall only give a sketchy
argument. According to the definition of h%c (o) —see [B, Lemma 2.1]— for any
6 >0, wehavex{ =}, d7(afpf) with df = &—&;- () the martingale difference
associated to o and

H Z ag ® eLt
teo

where 1/p=1/2+4 1/3. Now applying Proposition 2.8 of [6], we write
E(alB]) = wlaf")u(B7),
-y (a7B) = u-(o)(a]") u-(0)(B7),
where ugs : M — C(My) is an isometric right M -module map with s = ¢,t~ (o).

Then we further write

2 = > w(af) w(B7) =Y (o) (aF) U (o) (57)-

tco teo

s

|28 @ena|| < 1+ D)l llyseqo)
2 teo ’

The rest of the argument is similar to the one used for z.. The only significant
difference is that the inequality requires the dual form of Doob’s inequality. O

To prove the asymmetric maximal inequality for conditional Hardy spaces, we
need the following lemma, which provides an explicit representation of the sequence
of right L,-modules (X, (M}))ic, and the resulting module maps extend naturally
to conditional expectations associated to certain von Neumann algebras.

Lemma 1.3. Given 0 < s < t < 1, we can find Hilbert spaces Hy C Hy, two
projections es € B(Hs)@Ms, e; € B(Hy)®My, and one module homomorphism ¢
satisfying

UXp(My)) = esly(B(Hs)OM;)er s,
UXp(My)) = et Lyp(B(Hy)@M;)er 1,
for 1 <p < oo. Furthermore, we find a Mg-module map
Ps e L, (B(Hy)@My)ern — esLy(B(Hs)@Ms)er 1
which extends to a conditional conditional expectation given by
E, : eB(H)@Mie; — er(B(H,)OM, & Dy, @My )ey

where Dy_g is the diagonal subalgebra of the matriz algebra B(Hy © Hy). In fact,
by induction, the same construction applies for all elements at once of any given
partition o € 3. This yields the following maps for allt € o

A Xp(Mt) — LP(B(Ht)@@Mt)eLl,
Pt : ele(B(Hl)@)M)eM — etLp(B(Ht)@)Mt)eLl,
I/[*it ce1B(Hp)®@Mey — eq (B(Ht)®Mt 2] Dl_t®M)61.
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Proof. According to [I3| Theorem 2.5], any L,-module is isometrically isomorphic
to a principal L,-module. In particular, there exists a sequence of projections
(ga)acr, in My so that X,(M;) is isometrically isomorphic to @ goLp(Ms) as
an L,-module. Moreover, we can assume from the proof in [13] that ¢; = 1, the
identity in M. Hence, we can formally write

x ~ @ Gatia ().

On the other hand, since (X, (M;))1<p<oo IS a projective system of M -modules
11, Lemma 2.21], (¢a)acr, can be chosen to be independent of p. Consider the
Hilbert space Hs = ¢5(I5) and define es = Zaels €a,a ® ¢o- Then, the module
homomorphism ¢ is given by

L XpMs)d Z €a,1 ® qalia(x) € esLy(B(Hs)@M;)er 1.
acl;

Since M is a von Neumann subalgebra of M; for s < t, we complete the basis
(ga)aer, in My as in the proof of [I3, Theorem 2.5] to obtain a basis (¢4 )acr, in
M, such that X,(M,) is isometrically isomorphic to @ goL,(M;). Therefore, we
may reproduce the construction above with H; D Hs and e; > e;. The module
map P; is then constructed as follows

Ps( Z €a,1 @ Qama) = Z €a,1 @ Qags(ma)'

acl, acly

The related conditional expectation ]ES is simply defined as

]:ES (et(ma,ﬁ)a,BGItet) = Es((Qama,ﬂQﬂ)a,ﬂeIt)

= es(gs(maﬁ))a,ﬁelses 2] Z €a,a 2y GaMea,aqo-
(ST AV S
Since ¢; = 1, we observe that
e1,1 ®1 <es.

Therefore, it is easy to check that E,(z) = Ps(x) whenever z € e,B(Hy)@Myer 1.
The last assertion follows inductively just replacing (s,t) by (¢,1) for all t € 0. O

Proof of Theorem Aii. By Lemma [1.2] it suffices to prove

(1.2) 1€ (@e))ellr, e,y < Clo,0)llzlag,
(1.3) 1€ (@1 ))illz, ey < C,0)ll]lg-

Given a fixed t € [0, 1] and by the definition of ultralimit, we may clearly restrict our
ultralimits to run over partitions o satisfying t € o. Moreover, the self-adjointness
and contractivity of conditional expectations allow us to commute them with the
weak L, ultralimits below. Finally, emulating our argument in the discrete case [5]
we may combine the mean zero property of X35 (M) with the adapted sequences in
X34 M) to conclude for & = (& ®idp(e,(s)))* that

Ei(ze) = & (u) —L,— Erbrll agbg) = w—L,— tleilrjnu Et<2a§bg)
" seo ’ sco

A

= wapftleitrfnua(aU)b” = waprrzrllEAt(a")bU = <6A't(a*),b>
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for the right module bracket (-,-). Using the argument in the proof of Lemma
there must exist a Hilbert space K, a projection f € B(K)®M and a module
homomorphism ¢ such that for all 1 < ¢ < oo

UXy(M)) = fLp(B(K)@M)er 1.
Therefore, it turns out that for any ¢ € [0, 1] we have
Eulwe) = & (")) (D).
The desired factorization of & (z.) shall be deduced from a factorization of +(&(a*))
in the von Neumann algebra f(B(K)®M) f which is based on the following estimate
(14) H(L(gt(a*)))tE[O,l] HL2(f(B(K)®M)f;ZgO) < CPHG‘*”XS

where 0 < p < 1 is the real number satisfying 2/p = p/(1 — 0). Indeed, let us
complete the proof of the inequality for z. assuming that ([1.4)) holds. This estimate

yields a factorization (& (a*)) = yv,z in

L2 (BIK)®M) x Loo(B(K)@M) x L2 (B(K)&M),

2
where the v;’s are contractions in B(K)®M and ”
Il 2 l1ell2 < Cylla”llx-
The promised factorization of & (x.) is then given by
Eelwe) = (272)1 (2" 2) 7122 0y u(B) (u(b) "y e (D) /2 (u(b) gy u(b)) /2.
——

@ wy B

Namely, note that that image of ¢ is composed of column matrices, so the same
holds for z and «(b). In particular, o, 8 and w; are affiliated to M C B(K)®M and
it suffices to prove that (o, wy, 8) € Ly (1-) (M) X Lo (M) X Ly, /(M) with product
norm dominated by the H7-norm of z. This easily follows from the estimates above,
Holder’s inequality and Lemma [1.2

ol 25 ( sup, utlloe )13l < cpolla s [Blxzo < Cpr6) il
€10,

Theorefore, (|1.2) will follow if we justify our estimate (|1.4). Note that Lo(M;¢5,)
is a Banach space, using similar arguments as those used in [I4, Proposition 2.1]
we get

H(L(St(a*)))tG[Oyl]HLQ(W;O) = 21611; ||(L(gt(a’*)))tEUHLQ(ZgO)-
Given a partition o, we know from [I3] Corollary 5.2] that there exists a partial

isometry u? satisfying ¢ = u?:? for the module homomorphism ¢? constructed in
Lemma [[3] above. Moreover

IN

(727 (Eefa™))reo HLg(f(B(K)@M)f;ZQO) 167 (@) e HLz(el(B(Hl@M)el;ego)

H (Et(ﬂ(“*))%eo |’L2(61(B(H1)®M)e1;£§o)’

where we have used above the intertwining identity ¢ o g't = Et 0 1% which follows
as in [I3} Theorem 1.5], see also [16]. Finally we may apply the asymmetric Doob
maximal inequalities in discrete time [5, Theorem A] for the increasing sequence of
conditional expectations from Lemma [T.3] This yields

@@ @ ietonll ey < Cosup [17(@)]], = Colla -
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In order to prove ([1.3)) and arguing as above, we start by noticing that

Elar,) = w—L,— lim > d7(agpl)

s€o,s<t
= woLy=lim Y E(IB]) = Y Evo(alf) = Yi-Z
s€o,s<t s€o,s<t

from (the proof of) Lemma By the triangle inequality, we shall deal with Y;
and Z; separately. Since both can be handled similarly, we restrict our attention
to Y;. Define the conditional expectations

Eg =idpm ® idB(gZ) ® Ef,
where

Eg((mu,v)u,vEJ) = (mu,v)u o<t @ Z Moy u & Eu,u-
T u>t

Then, it is easily checked that we can write

Yo = w—L,— lim B (a”(1)57(1)
— w- L, - I Ef (07 (1)57(1) = (Bifa(1)"), A(D)

where E, = (Ef)® and (-,-) stands for the right module bracket. As proved in
Lemma for any fixed partition ¢ € ¥ we can construct a Hilbert space H, a
projection e and a module homomorphism ¢ such that

17(Xg(M)) = eLy(B(H)®M)ey,1  for any 1< ¢q < oo.

On the other hand, it is easy to check that Et is a right module map. Then by the
characterizations of module maps [I3] [T6], there exists a projection p; € B(H)&M
such that e;; ® 1 < p; < e and

1 (Ey(2)) = pr’(2) € pLy(B(H)@M)ey1 forall ze X (M).
Consider the increasing von Neumann subalgebras
Ay = p(BH)@M)p, ® pir (D(H)@M)py C e(B(H)&M)e

for t € o and o fixed, where D(H) is the diagonal subalgebra of B(H). The
associated conditional expectations are E;(z) = ps2p; ©pi-D(2)pi- for every element
z € e(B(H)®M)e with diagonal part D(z). Then it is easy to check that when
z € eLy(B(H)®M)ey 1, we have

P’ (2) = B (07 (2)).

This enables us to follow the arguments in the proof of estimate (|1.2)). O

2. Proof of Theorem B

Motivated by our proof of Theorem Aii and particularly Lemma [1.2] we first
introduce new families of Hardy spaces. Let 1 < p < 2, and w,s > 2 such that
1/p=1/w+1/s. We define

e (M)
hle (M)

o€ L(M) s faly, < oo},
{z € L,(M): H.’I;Hﬁ}l)({u < oo},
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with

lllz., = _inf b>\|a*|\xgllb\|xs;-d,

)

it
w=((a*,b))

where the inner products are defined as

Il

(a*,b) = w—Lp—hngagbg,
i teo

((a"0) = w—L,—limy dj(afb]).
7 teo

The row spaces }\sz (M) and ﬁzl,w(./\/l) are defined in a similar way.

Remark 2.1. Both families of Hardy spaces are Banach spaces. The properties
of the norm follow as in the discrete case [5l, Lemma 2.3], while the completeness
requires some details from the proof of Theorem see also [Bl, Lemma 2.1].

2.1. Proof of Theorem Bi. The inclusion
Hy, (M) = Ry, (M) + e, (M) C Ly(M)

trivially holds by definition and the fact that it was already proved in the discrete
case [l Lemma 2.5]. Let us prove the reverse inclusion. Given z € M with
lz]|, < 1, there exists p < p < 2 such that ||z|z < 1. Applying [5, Theorem Bi]
to p and each partition o, we get a decomposition z = x7 + z{_ + z + x{_ with
xg € h¥_ (o) for u = ¢,1.,r,1, and certain w > w, 5 > s so that ‘

pw

19 ) + 15Dt ) + 15 Do) + 125, Dt o) < Crallzlly < Cria

Moreover, according to [B, Lemma 2.5] we conclude that the family (29),cx is
uniformly bounded in the reflexive space Lz(M); whence in L,(M) and we can
define

xuzw—Lp—E’rg{le €L,
Now, since @ > w and 5 > s, we may use and pick
a* € X2(M) and be X2(M)
such that z. = (a*,b) and

pw

la”[lxg bl xge < 2hm[2|ng, o) < 21 [l lng o) < 2C5a-
Therefore we get z. € E;w(/\/l) Similar arguments also work for v = 1.,r,1,. O

2.2. Proof of Theorem Bii. It is straightforward to adapt the proof of Theorem
Aii to the present setting by using the new Hardy spaces. The only significant
difference is that we assume w > 2 to obtain the completely asymmetric estimates.
Instead of , we use the following estimate from [6, Corollary 4.6]

||(L(5t(a*)))te[o,1]||L2(f(B(K)®M)f;€gQ) < COlla™||xg-
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2.3. Proof of Theorem Biii. Unlike the discrete case, the proof of this part
becomes quite involved since it requires an algebraic atomic characterization of the
hat Hardy spaces, which could be regarded as a continuous version of Lemma 2.1
in [B]. We shall need some preliminaries. Let 1 < p < 2 and w, s > 2 such that
1/p = 1/w+ 1/s. Given x € M, we consider the following quantities and their
corresponding row analogues

2., —hm||x||hc (o) and [z, —hm||ac\|h1C

Pw P pi (o)

These limits exists —see Lemma [2.2] below— and define four norms.

Lemma 2.2. Let 1 < p < 2 with
1 1
—=—+4+— for some w,s>2.
p w s

Then, the following inequalities hold for o C o’
lzllne, o) = lzllne, @)
Hx”h;gu(g) S Cw,s||x||h117$u(0/)-

Similar results hold in the row case. In particular, we get

lzllng,, = mEllzln,en el ~ s izl o)

lelhg, = it Izl lollgg ~ supnzuhlr(g)

Proof. The assertion for hg,, follows trivially since any z = 7, a7b7 admits a
representation in the form x =, , a7b7 by taking af = b7 = 0 for t ¢ 0. The
space hzl)gﬂ requires a more involved argument. Given € > 0, let x € M admit a

decomposition
EDIACES
se€o’
satisfying the following estimate
1
(S ey IO e
seo’

It is easy to check that we can rewrite

N AN ACE )]

teo SEJ;

< @llpie, (o

D w

)+€.

where J; denotes the collection of s € o’ such that t~ (o) < s7(¢/) < s < t. By
triangle inequality, ||z| hle (o) 18 smaller than the sum of the following two quantities

[ (5 o) [ (5 )

We only estimate the first term, the second one follows similarly. Define

o7 = Y )07 where 17 = (Y EME) for teo

seJy seJt

b (o)

Here we are assuming by approximation that b7 is invertible. We can rewrite

p=Yd7 (Y &la'vy) = d7(afy).

t€o seJy teo
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Note that 1 < p < 2 and w,s > 2 by assumption, which implies 2 < s < co. In
particular, the dual version of Doob’s maximal inequality in L /(M) yields the
following estimate

(el = (23 &mre)’

t€o scJ;
’ % ’ %
= (S enr) (>
seo’ se€o’

On the other hand, by factorization of conditional expectations [0, Proposition 2.8]
we find an isometric right Mg-module map ug : M — C(M;) for each s € o and
such that

S

< Cs

S

S

E:(a7'b7) = ua(a ) us ().
Given s € ¢/, let us write ¢, in what follows to denote the only member of ¢ which
satisfies that s € J;,. By Holder inequality and the dual version of Doob’s maximal

inequality in L., 2(M), we find

l@P)ieol gy = || 20 32 wslas™) ut2)0f) " @ er| = 1|48,

tco seJ;
with
4 = Z Z US(G‘;/*)* ®e1s @ e,
teo seJ;
B o= 33 w0 @ear @en.
teo seJ;

This gives rise to the following estimate

o * i o’ o\ —
| (af )tGUHLw(Zg) < 4 A)2||w SupH Z“s(bs )(b7)~! ®6s,1H
teo SEJ, es}
= (S eag )| suen 3 eng 2on) |
w teo fe'e)
s€o’ seJt
According to the definition of b7 and by dual Doob’s inequality
g O'l* 2
@ decollp gy < G| (3 1o )
se€o’
Altogether, we have proved |[z]|,1c ;) < Cu,s([7]l,1¢ () + ) for all e > 0. O

Remark 2.3. In particular, up to an absolute constant, the above defined norms
for column/diagonal Hardy spaces do not depend on the choice of the ultrafilter .

Remark 2.4. If D, denotes the optimal constant in the dual form of Doob’s
inequality over L, (M), the proof of Lemma establishes that the constant C,, g

in the statement satisfies
Cw,s < 2\/ D(9/2Dw/2~

We are now ready to introduce the algebraic atomic Hardy spaces, which are
defined as follows. Let 1 < p < 2 and w,s > 2 with 1/p = 1/w + 1/s. We start
with certain auxiliary Hardy spaces given by

Row(M) = {xe L(M): le]u, < oo},
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hM) = {z € Ly(M) : [l2]1, < oo}

pw

The algebraic atomic Hardy spaces are then constructed accordingly

h;w(M) = {Z] )\jxj 1T € FfL;jwj with wj; > w, S5 > S},

hll,;j(/\/l) = {Z] A a; € E;gwj with w; > w, s; > s},
with norm defined via

lallig, = it {30 Il =30 Ayl <1},
;o lige ol < }
el = it {30 il =30 Ayl <1

Of course, the row spaces hy,, (M) and h);, (M) are defined in a similar way.

IN

Remark 2.5. In the above definitions, summation over j is taken in the hg,, and
1C . . . .
h,,-norms respectively. Moreover, it is easy to check that the Ay ,-norm is equal
to its atomic form
o /
lallns, = llallye,

on the atomic Hardy space hg,,. In particular, we shall drop the " in what follows.
All these results hold replacing ¢ by 1., r, 1,.. Moreover, all these spaces are Banach.

The proof of Theorem Biii crucially rests on the algebraic atomic characterization
in Theorem [2.6] below. Its proof is quite involved, so that we postpone it for the
next subsection and complete the proof of Theorem Biii taking it for granted.

Theorem 2.6. We have
c ~ Te 1. o Ala
hop (M) ~ hpw(/\/l) and  h,;, (M) = hpw(/\/l)

for1 <p<2andw,s > 2 with % = i + % The same holds true for row spaces.

Proof of Theorem Biii. Let 1 < p < 2 and w > 2. By Theorem [2.6] it suffices
to show that h¢, (M) C HE(M) and hls, (M) C HG(M) respectively. For the first
inclusion, given = € hf,, (M) we may assume that
x € E%w(./\/l) for some p>p,w>w
with hg-norm smaller than 1. By Lemma there exists one partition o such
that [|z]|4c (o) < 1. Using Davis decomposition [I1, Theorem 6.3.2], the decreasing
property of h{(c)-norms [IT, Lemma 5.3.1] and arguing as in [3, Lemma 2.9], we
conclude
[zl < llzllng < ll2llng o) < call@llng, @) < ca-

The second inclusion is proved similarly. Take x € E%%(M) for some p > p,w > w
with norm smaller than 1. Given any partition ¢ and arguing once more as in
the proof of [5, Lemma 2.9] yields —in conjunction with Lemma above— the
following estimate

l#llmgioy S Il o) < 1
Hence, taking suprema over all 0 € &

[ ([25 ~ sup 2]l mg (o) S 1

where we use the increasing property of the Hg(o)-norms [I1, Lemma 3.3.1]. O
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2.4. Atomic decomposition. We finsih the paper with the proof of Theorem [2.6}

The inclusions A, (M) C /ﬁ;w (M) and hy (M) C TL;LJ(M) We only deal
with hg,, (M), since similar arguments work also for the diagonal Hardy spaces. By
definition, given x € h$,, (M) we may find p < p; < 2, w; > w and s; > s satisfying
x =35, Aja; for some z; with ”xj”h?)jwj <1 and

Dol < A+ 0)zng, -
Jj=21
On the other hand, given any ¢ € ¥ we may write in turn

v; =Y a7 (j)b7 (4)

teo

with & (a7 (j)) =0, b§ (j) € Ls, (M) for all j > 1 and such that

1
H(at” teg-HL = H tEo‘HL (EL) = (1 + 6)||'rj||}2lgjwj(o)'
Define
1
af = S Naf (M) where b7 = (SN GI)
i1 j>1

where we assuming b¢ invertible by approximation. This gives
T = Z Ajxj = Z a7 by
j>1 teo

for all o € X. Therefore, letting a = (a”)® and b = (b7)°* we obtain

1 1
ol < lla* g bl g = tim | (S agaz) || [[(Soerer)’
pw O',Z/{ w S
teo teo

Indeed, considering finite j-truncations of af and bf it is easy to check that a* € X,
and b € X234, Once we have estimated the norm of x by the ultralimit of A, B,, it
suffices to show the following estimates

= limA,B,.
o

[NIE

Aa S (Z|A ||| a‘t tEUHLw ((r)) )
7>1

1

Ba S (Z|/\ ||| tEUHL (zc))Za
7>1

since then, taking ultralimits, we obtain the expected estimate
el < (1402 Il < (1+6)°|llng,
Jj=1
since § > 0 may be taken arbitrarily small. To justify the claim for A,
1 —1 -
o = (Sl @e) (Zw Ao () v7) ®eﬂ) = of A7,
Jj=1

where 7 is clearly a contraction, so that at * < afaf*. This implies that

(o o *
H Zat Qy

teo

»
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| S arGraz )

j>1 teo

1

o5 T\ * 2
(Sl Yo arerey|),)
j>1 teo 2

since w; > w. The claim for B, follows by the triangle inequality in L, 2(M). O

1
2

w
2

IN

The inclusion E};ﬂ (M) C hy;,(M). Given z € ﬁ},g’u (M) and 6 > 0, there exists a
representation x = ((a*,b)) such that |[a*[|x, [|bl|x, < (14 0)||z|;:. . By density

w

we can further assume that
ac[[LaM;ts(c xN)) and be []Ls(M;L5(0 x N))
o,U oU

for some w > w and s > s such that

la*lxs < A+ d)lla’llx, and  [bllx, < (1+6)[b]lx.
We claim that it suffices to prove the following estimate
2.1 |, 1. < lim H de (agbg .
(2.) el <t | S ar o,
—_——
To

Indeed, in that case we conclude

[ ll1e, = h%} HxHh},c (o) S Eg} ||'r||h1}5fﬂ(a) < Eg} ||$a||h11;gﬁ(a) <1+ 5)3||$HE,1;'U

pw o w

with 6 > 0 arbitrarily small. Let us then prove the claim. According to the
definition of h%jﬂ(/\/l), we know that © = w — Ly — limy s ©,. By the monotonicity
Lemma [2.2] it suffices to prove

||x\|h;%(ao) < Lug{l ||xg||h117%(a) for all og € X.

Let us fix a 09 € ¥ and € > 0. According to Mazur’s lemma, we can find a

finite sequence of positive numbers (ay,)M_; with Y a, = 1 and partitions
ot 0?,...,0M containing o such that

M
(2.2) Hm - mZ:lamw(,m Hﬁ <e and |zom ||h117%(0m) <(1+¢) l;rg{l ||xg||h;%(a)
forall m =1,2,..., M. Hence, we may decompose

M M
ol o) < o= D amaom + || 32 amon]
! m=1 ) m=1

The second quantity on the right hand side is smaller than

h;;% (o0 h%fb (00)

(I+¢) E?} HIUHh;;%(O')

by the triangle inequality and Lemma —since 0, contains op— together with
the second estimate in (2.2). On the other hand, the first quantity can be made
arbitrarily small as a consequence of the first estimate in (2.2]) and the inequality
below

1ZllhLe (o0) < loolll=llz,
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which is valid for 1 < p < 2 and any finite partition og. Indeed

z = Zd”ozz_””v/gzi'ﬁ/g
H Hh:?%(go) Hteao ' ( | | | | ) h:?fﬁ(tfo)
1 _5/3 1 ==
< ool 2|21z 75| lool 2 |[1217* ]l < ool lz]5- O

The inclusion ﬁ;w (M) C hg,, (M) requires different arguments than those which
we have used for diagonal Hardy spaces, since the column Hardy space norms have
opposite monotonicity and we can not prove something similar to (2.1)). We shall
proceed with the proof after a couple of preliminary lemmas.

Lemma 2.7. Letz € ﬁ;w(/\/l) and e,¢' > 0, then:
i) Given w < oo, there exists &' € ﬁ;w(/\/l) N Lg(M) with ||z — 2'||;. <e.
pw
ii) There exists 2" € hy,, (M) with ||2" — z"||, < &" and ||2"|[ns,, < 4l|2']7. -
Sew
Proof. Since z € ﬁ;w (M), there exists a representation

z = (a*,b) suchthat max {|a*|

xg,, [bllxea} < 2|]]

’%Zw’
Let v > max(2w,w, s) and § > 0. By the density we may find
@b e [[ LM t5(0))
oU
such that B
max {fla” — @, b~ Bllxaa} <6

Then we define &' = (a*,b) and it clearly has the desired properties

o 2’ € 7S, (M) N Lg(M),

1
o If we pick 6 = | /4|[z[lj. +¢&—2[z||Z, , then
pw pw

lz =2l < lla” —a@"[lxg [Ib]l xge

+ fla” —a’llxg

w

b — b xaa

~ 1
+ [l lxg b= bllxea < 40l +6° = e

pw

Let us now prove the second assertion. Once we know that x’ € ﬁ;w (M) we know
that
/ ~% n : /\UAO . % N /
' =(a"b)y=w—L, - EEZ% by with ||a”||xe [|b]| xae < 2| ||ﬁ§w.
teo
Define z, = Y, 62’3{. As we did in (2.2) we can find a sequence of positive

numbers (a,)M_; satisfying >, ., = 1 and also partitions o', 02,..., 0™ such
that

M
! E : I
’ Tr — A L om
m=1

for all m = 1,2,..., M. Defining 2" = a2, and applying Lemma we
conclude

/

) <& and |[ghm|lng, (om) < 221151 1251 Ihe,, (0) < 4||x/|‘ﬁgw
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M
2"l < Zamnxamuhc < 3 amllthnlng,om <4l O

pw

Lemma 2.8. Let x € hy,,(M) such that for any € > 0, there exist z(e) € E;w(/\/l)
satisfying the inequalities ||z —x(e)|, < € and ||z(e)|ns, < Klz|;. . Then we find

[llng,, < Kllzll7 -
Proof. Since hg,, (M) is injective in L,(M), it turns out that L, (M) = L,(M)*
is dense in the dual space hj,,(M)*. Given any z € L, (M), we have the following
estimate

lpal2)l = [ra2)| = |lim r(e(e)"y)]
< lmflz)lng, I2lmg, - < Klzlg, lzllng,)-
which implies the desired estimate by taking supreme over z € L,/ (M). ([

The inclusion ﬁ;w (M) C hgpy(M). Let x € ﬁ;w (M). By the first part of Lemma
for any € > 0 and w < oo, we find z(e) € /ﬁ;w(M) N Lz(M). Actually z(e)
can be chosen to be in %%a(./\/l) where p < p < 2, w > w, 5 > 2 with

1 1 1

p w s
Indeed, fix o € ¥ and write z(e) = >, df (z(¢)) - 1. By monotonicity Lemma

@ (&) g, < 12(E)lIng 00 < H(Ddf’ IE)

The last estimate follows from the noncommutative form of Burkholder-Gundy
inequality [20]. Now, we know from the second part of Lemmal[2.7 that z(e) satisfies
the conditions in Lemma 2.8 with K = 4 for any € > 0. Next, if we apply Lemma
.for all e =27 kHIHhC , we obtain

x(e1 +Z z(ept1) — z(ex))

k>1

|0|2 < Cylo|? ()|l

where the summation converges in EC w(M). Recall that all x(ex41) —x(ex)’s satisty
the conditions in Lemma [2.8] with K = 8. In particular, putting altogether the
assertion follows

Izllng, < llze)lng, + D lle(errs) = 2(en) Ing,

k>1
/S Hx(é'l)”ﬁgw + Z ||I(€k+1) — x(gk)”ng 5 (1 + 22 )
k=21 k>1
This completes the proof of E;w(./\/l) C hgy, (M) and thus of Theorem E O
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