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ABSTRACT. In this paper we investigate asymmetric forms of Doob maximal
inequality. The asymmetry is imposed by noncommutativity. Let (M, ) be a
noncommutative probability space equipped with a weak-* dense filtration of
von Neumann subalgebras (Mp),>1. Let £, denote the corresponding family
of conditional expectations. As an illustration for an asymmetric result, we
prove that for 1 < p < 2 and z € Lp(M, 7) one can find a,b € Lp(M, 7) and
contractions uy, vy, € M such that
Ea(@) = aun +vab and  max {Jlally, b} < cplally-

Moreover, it turns out that au, and v,b converge in the row/column Hardy
spaces Hj, (M) and Hg (M) respectively. In particular, this solves a problem
posed by Defant and Junge in 2004. In the case p = 1, our results establish
a noncommutative form of Davis celebrated theorem on the relation between
martingale maximal and square functions in L1, whose noncommutative form
has remained open for quite some time. Given 1 < p < 2, we also provide new
weak type maximal estimates, which imply in turn left/right almost uniform
convergence of £, (z) in row/column Hardy spaces. This improves the bilateral
convergence known so far. Our approach is based on new forms of Davis
martingale decomposition which are of independent interest, and an algebraic
atomic description for the involved Hardy spaces. The latter results are new
even for commutative von Neumann algebras.

Introduction

Doob maximal inequality is a corner stone in harmonic analysis, probability and
ergodic theory. Its noncommutative form is central in noncommutative harmonic
analysis and quantum probability. Cuculescu established in [I] the noncommutative
endpoint estimate for p = 1 of Doob’s inequality. Given (M, 7) a noncommutative
probability space, let &, denote the conditional expectantions associated to a given
weak-* dense filtration (M,,)p>1. Given z € Li(M)1 and A > 0, Cuculescu
constructed projections gy € M satisfying

1
wEn()gpn <A and  T(1-¢qy) < X||;1c\|1.

Unfortunately, Marcinkiewicz interpolation with the other (obvious) endpoint is
by no means trivial. Due to the lack of pointwise suprema after quantization, it
first required to understand how noncommutative L, norms of maximal functions
should be described. This was achieved by Pisier using sophisticated tools from
operator space theory [16]. Then, the expected interpolation result was proved by
Junge/Xu in 2007 for positive cones [12]. A few years earlier, the second-named
author had found a direct more elaborated argument from Hilbert module theory
[]. Given p > 1 and x € L,(M), the noncommutative form of Doob maximal L,
inequality provides operators a,b € Lgp(M) and w, € M satisfying

En(e) = awad  and[allsp ((sup lwnlac) [y < ol
n=z

The results above reduce to Doob’s original formulation for commutative algebras.
1
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As we shall see, the spaces above have a symmetric nature. Noncommutativity
allows however to conjecture natural asymmetric forms of these inequalities, which
all collapse into one inequality for abelian algebras. The row/column-valued L,
spaces —the most asymmetric ones— are omnipresent in operator space theory and
quantum probability. Just to mention some examples, noncommutative Khintchine
or Burkholder-Gundy inequalities [I3} [I8] [20], as well as several noncommutative
forms of Littlewood-Paley theory [B] [7] precise row/column spaces. Certain free
variants of these inequalities have also a great impact in Grothendieck’s theorem
for operator spaces [19] 22]. Other more subtle asymmetries were studied in [9]
with applications in operator space L, embedding theory [§]. In the particular
context of noncommutative maximal inequalities, almost everywhere convergence
is replaced by almost uniform convergence and row/column asymmetric estimates
yield left/right a.u. convergence [3| Proposition 5.1], less restrictive than what the
symmetric ones provide. The row/column L, (¢ ) spaces have also played a role in
noncommutative BMO theory. All of this motivates further research.

Motivated by a question of Gilles Pisier, the second-named author found the first
asymmetric forms of Doob inequality in his paper [4]. Namely, given 0 < 6 <1 the
following estimate holds for z € L, (M)

(ADg,) H(SN(x))"ZlHLp(M;ego) < cp,9|\x||Lp(M) when p > 2max {0, 1-— 9}.

L,(M; £9.) is the subspace of sequences in L, (M) with quasi-norm
H(x")”leLp(M;zgo) = inf {Ha”ﬁ (itg) ||wn||oo> [bll2 | @ = aw,b for n > 1}.

The infimum runs over all possible factorizations of (z,)n>1 in the form z,, = aw,b
with (a,b) € Ly/1-6)(M) X Ly /9(M) and (wy,)n>1 uniformly bounded in M. The
symmetric Doob inequality corresponds to # = 1/2 and the corresponding space is
denoted L,(M;{). Other significant cases are given by the row/column spaces
L,(M; %) and L,(M;S,) which correspond to 6 = 0,1 respectively. Let us note
that the triangle inequality may fail unless 1 — p/2 < 6 < p/2 —equivalently
p > 2max{f,1 — 8}— and these spaces form a natural interpolation scale in this
range [3,[9]. Although is fully satisfactory for p > 2, a counterexample in
[3] disproved the asymmetric inequality for p < 2max{6,1 — #}. This implies that
row/column estimates fail for p < 2. Fortunately, this is not the end of the story
and other asymmetric Doob inequalities might hold. Indeed, given 1 < p < 2 and
recalling H, (M) +H; (M) C Ly(M) from the noncommutative Burkholder-Gundy
inequalities [20], the best we could hope for is

||(gn(x))"21||Lp(M;Zgo) < &llllag

AD
(ADw,) 1@ nzallr, e ) < eollelagirn-

The row/column Hardy spaces H (M) and Hj (M) are the completion of finite L,
martingales with respect to the p-norm of their (row/column) martingale square
functions. This suggests a control of row/column maximal functions by row/column
square functions in the spirit of Davis fundamental theorem [2]. In the symmetric
case of H,(M), it holds for p > 1 [ 20] and fails for p = 1 [II]. Unfortunately
it seems that is too good to be true —see below— but we may find their
closest substitutes. Our first result establishes weak type forms of and also
strong forms after arbitrary small perturbations of the asymmetries.
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There are two ways to provide weak forms of the space L,(M; £y ). One is as
an amalgamated space Ly oo(M; o) = Lop oo(M)loo(M)Lap oo (M) in the spirit
of [9], which allows asymmetric generalizations in an obvious way. Alternatively
the (weaker) space Ay o (M, l) is defined as the sequences (xy,)n>1 i Ly oo (M)
satisfying that

=sup inf { A (1= )7 | gzngloc < Aforalln>1}

H(l’n)nleAp,oo(M?Zoo) A>09€EM=

is finite. Here M. stands for the projection lattice in M. This definition is inspired
by Cuculescu’s construction and L, o (M;ls) C Ap oo(M;€ss). The column space
is determined by

= sup inf {)\T((l - q))% | lnglloo < A for all n > 1}.

[@n)nz1lls, _oanee ) A0 7€M -

This is finite iff (2},77)n>1 € Ap/2,00(M; o). Take adjoints to define the row space.

Theorem A. Let (M, 7) be a noncommutative probability space and let £, denote
the conditional expectations associated to a weak- dense filtration (My)n>1 of von
Neumann sulbalgebras. Then, the following inequalities hold:

i) Given 1 <p <2 andx € Hj(M)
||(5n($))n21||Lp(M;ng) < Cp,0||m||H;(M)

provided 1—p/2 < 6 < 1. The same holds for x € H,(M) and 0 < 0 < p/2.
ii) Given 1 <p <2 and x € H;(M)

IEn@Dnz1ll, . aies,) S collzllmgonn-

Similarly, the row analog (En)n>1 @ Hy(M) = Ap oo (M5 LL,) is also bounded.

Theorem A gets very close to inequalities —see Theorem B for related
inequalities— and according to [3 [I1] we conjecture that Theorem A is best possible
in our restrictions on 0 < 6 < 1, see Remark Actually, Theorem A solves the
mystery around the noncommutative Davis theorem and yields the following result
forany0<97$%<1

(E)ns1 i Hi(M) = Ly(M; 00) + Ly(M; £279).

The symmetric case § = 1 was disproved in [L1] but Theorem A shows it works for

arbitrary small asymmetries. Theorem Aii also provides weak estimates for 6 = 0, 1.

A crucial difficulty in the proof is that we may not take direct advantage of the
positivity-preserving nature of conditional expectations, as it happens in previous
results [3, 4, 12]. Our proof rests on two crucial points. We first decompose the
column Hardy space Hg (M) = he(M)+hi(M) into the column conditioned Hardy
space hy (M) and the diagonal Hardy space hg(/\/l), precise definitions will be given
below in the body of the paper. This result is known as the noncommutative
Davis decomposition, independently discovered by Junge/Mei and Perrin [6] [14]
and subsequently improved in [I0 [I5] with a better diagonal term hll,c (M). The
second ingredient is an instrumental ‘algebraic atomic’ description of these spaces
from [I5]. The combination of these two results produces a description of H; (M)
which we call algebraic Davis decomposition in this paper.
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A sequence (z,,)n>1 of T-measurable operators converges to 0 7-almost uniformly
when there is a sequence of projections (pg)r>1 in M satisfying limg 7(1 —px) =0
and lim,, ||2,pk|lcc = 0 for all ¥ > 1. Theorem Aii implies that (&, (z)),>1 converges
T-a.u. to x for every x € H;(M) and any 1 < p < 2. Row analogs also apply and
refine the (weaker) 7-a.u. bilateral convergence results in [4].

Stronger asymmetric Doob maximal estimates follow by stretching our approach
to produce finer algebraic Davis type decompositions. More precisely, according
to Theorem A and the noncommutative Burkholder-Gundy inequalities, it is clear
that every x in L,(M) can be written as ¢ = x, + z, with

max{H(gn(xr))nzl||A1,1°O(M;ggo)v ||(€n(x6))n21HAp’w(M;égo)} < cpllzllr,(m)-

Similar decompositions apply for the strong inequalities in Theorem Ai. Can we find
a better decomposition & = z, + x. to prove the inequality above for row/column
L,(¢~) spaces instead of their weak analogs? In this paper we will introduce new
families of spaces

(DD, hpy (M) + hln (M) and RS, (M) + hle (M)

pw

Hipw (M) Hw (M)

for w > 2, so that the spaces corresponding to the parameter w = 2 recover the
row/column Hardy spaces considered so far. The key to solve the question above is
a new algebraic Davis decomposition which refines the ones in [6] [10] 14, [15]. We
think it is of independent interest. In the following result we include this Davis
decomposition and the strong type inequality which answers our question.

Theorem B. Let (M, 1) be a noncommutative probability space and let £, denote
the conditional expectations associated to a weak-+ dense filtration (My)n>1 of von
Neumann sulbalgebras. Then, the following results hold:
i) Given 1 <p <2 with 1/p=1/w+1/s, we find
Ly(M) = Hp, (M) + Hpy (M) provided  w,s > 2.
Moreover, we have continuous inclusions Hj,,(M) C H (M) for t =r,c.

i) Given 1 < p < 2, the inequalities below hold for any w > 2
||(5n(x))n21||Lp(M;ggo) < Cp-,waHH;w(M),
H(En(x))nzluLp(M;zgo) < CpﬂvHxHH;w(My

In particular, given x € L,(M) may write x = x, + x, with

max{H(En(xr))nzlHLP(M;@)v ||(g”(xc))"21||Lp(M;égo)} < ollzllL, (M-

Moreover, we have x, € H,,, (M) C Hp(M) and z. € Hy,,(M) C Hi(M).

Theorem Bii is also very close to (ADy | since arbitrary small perturbations
of row/column square functions (w > 2) dominate in turn row/column maximal
functions. The last statement for x = x, + . solves in passing the problem posed
in [3, Section 7.2] and refines Theorem A. Again, the proof is strongly based on
the decomposition of L, given in Theorem Bi in conjunction with and
algebraic atomic descriptions of the involved Hardy spaces. These latter results are
apparently new even for classical (commutative) probability spaces.
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1. Proof of Theorem A

In this section we prove Theorem A and briefly discuss its optimality. We shall
also present its applications in terms of almost uniform convergence. Our first task
is to recall the noncommutative Davis decomposition from [I0] and the algebraic
atomic description of the involved Hardy spaces.

1.1. Algebraic Davis decomposition. Given p > 1 and a weak-* dense filtration
(Mp)n>1 in (M, 7), the column martingale Hardy space Hj, (M) is the completion
of finite Ly-martingales with respect to

1
lollaeg o = || (- lda(@)?)”
n>1

The space hg, (M) is also defined in a similar way via the conditioned square function

s = [( D &alaa@l?) | witn @l = @

n>1

|

In what follows, we will say that an operator z affiliated to M is an algebraic
hg—atom whenever it can be written in the form z = Zn21 anbn, with a,, and b,
satisfying the following conditions for 1/p =1/2+41/¢:

i) Enlan) =0, by € Lg(M,,) for all n > 1,
1

. 2

i) Y2 Jaalf < 1and ||[(Y |bal?)

This leads to define the column-atomic Hardy space hj ,,(M) as the completion
in hy(M) of the space whose unit ball is the absolute convex hull of the family of
algebraic hj-atoms. This yields

lzllne . .(m) = inf { Z I\ 2z = Z)\jxj with z; h;—atoms}.

=1 Jj=1

<1
q

The space hle(M) was introduced in [I0] to replace the diagonal space h(M)
in the noncommutative Davis decomposition from [0l [14]. The advantage is that
we may work with a strictly smaller space. Namely, hzlf (M) is the subspace of
all martingale difference sequences in L,(M; ). We refer to [10} [I5] for precise
definitions —which we shall not use here— and focus uniquely in the algebraic
atomic description. We call z an algebraic hllf-atom whenever it can be written as
x =)< dn(anfr), with a;, and 3, satisfying:

i) ap € Lay(M), By, € Ly(M) for n > 1,
i) 3, ol < 1and [[(3 18.7)°

As above, we set

l2ll1e. gy = inf { Z I\j] : oz = Z Ajr; with z; hll,c—atoms}

j>1 j>1

<1

and define hlc,, (M) accordingly. This is the algebraic Davis decomposition.

p,aa
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Theorem 1.1. Let 1 < p < 2. Then
HE(M) = he (M) + hpe (M) = b (M) + Byt (M),
In fact, h§(M) ~ RS ,.(M) and hle (M)~ hlr, (M). The same holds for row spaces.

p,aa

Proof. The argument can be found in [I0, Theorem 5.7] and [15, Section 3.6]. O

1.2. Proof of Theorem Ai. Along this section, we will limit ourselves to prove
the column statements since their row analogs are proved similarly. The case p = 2
follows easily from [4] by interpolation. Indeed, given 0 < 6 < 1 and according to
[9], there exists 1 < pg < 2 < p; < oo and 0 < 1 < 1 satisfying one of the following
isomorphisms

L2(M) = [LPO (M)7 LPl (M)]

n
and

[Lpo (M log), Ly, (M3 L)), 10 < 1/2,

Lo(M;€5.) = { [Lpe(M; £oo), Ly, (M;eOO)L7 if 0 =1/2,

[Lpo (M log), Lp, (MG ES)], 10 > 1/2.
Thus, Theorem Ai for p = 2 follows at once from the symmetric and asymmetric
Doob inequalities in [4] which we recalled in the Introduction. We may therefore

assume in what follows that 1 <p < 2 and 1 —p/2 < 6§ < 1 is fixed. According to
Theorem it suffices to prove

(1.1) H(gn(x))nZlHLp(M;ego)

(1.2) H(gn(x))nleL,,(M;ego) = Cp(?Hx”hlcaa(M)

IN

CP9H$”hC aa(M)

A

Proof of . Assume
x = Z Ajx;
Jj=1
is an algebraic hj-atomic decomposition of z satisfying A; > 0 and Zj A; =1by
homogeneity. Recall that z; = 3 al bl with €,(al,) = 0 and b, € L,(M.,,)

m>1"m"“m

where 1/p = 1/2 + 1/q. Then, &,(z) admits the following factorization

Eulz) = SN de(Zaj b ) :ZiZ)\jdk(a )b!

j>1 m>1 j>1 k=1m<k
= (X M) @ e ) (30D A @ e ).
7>11<m<k<n ji>1m>1
An B

Using again 5m(aj ) = 0 we observe that

A, (Z Z N di(ad,)@ergm ) = Ea@id( 30 Y Al @er(im ) = Ea(4)
k= j>1m=1 j>21lm>1

where SAn = &, ®idp(,). By the definition of algebraic atoms

A= (30 IWanld) = (S 3 latdg)” <.

J,m>1 j>1 m>1
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Letting % = % — 1;9 > 0, polar decomposition yields A = A,ow Amas Where

a) Arow € L_»_(M®B({2)) is a row matrix with [[Ayow| 2 <1,
b) Amat € L( (M®B(£2)) is a full matrix satisfying ||Amat||s <1

According to [d, Proposition 2.8], for each n > 1 there is an isometric right
M, @B({3)-module map u,, : MRB(l2) — C(M,,@B(f2)) whose image is the space
of columns with entries in M, ®B(¢s) and such that

é\n (A) - Un (A* )*ﬂn (Amat)'

row

On the other hand, by the symmetric Doob maximal inequality [4] in the amplified
space L_» (M®&B(£2)), we find a € L_»_(M®B({2)) and p, € M&@B({2) which
satisfy the following relations for n > 1

En(Avow Atone) = Tn(Afon) T (Alene) = @ piypncr,

TOwW TOow row row

[ Arow | 12,

2(1 )

el (s lonlle ) < €y | Ao A s
Similarly, we may find 8 € Ls;(M®B({3)) and 7, € M®B(€2) for any n > 1 with

Un(Amat) " Un(Apat) = B 1B and ||6H9<ngl)”7nH00> SCIQ%G
n=z

According to polar decomposition and the factorizations found so far, it is not
difficult to construct contractions &,, ¥, € M®B({3) so that £, (x) may be rewritten
as follows

En(m) = &,(A

row)*an(Amat)B = (a*p;éh;)(wn'ynﬁ)B

= (@"a)} ((@"a)"ha" (03 &rwnya) BB(B'8°8B) " ) (B*5'BB)} .
a w b

We claim that (a,wn,b) € L_»_ (M) X Leo(M) x Lp(M) and

(1-6)

lall 25 (sup lenll ) Bl < chacho = cpo-
n=z

This implies . The fact that a, b, w, are affiliated with M and not with the
amplified algebra M®B(¢2) boils down to the observation that a* is a row matrix
and B a column matrix. Note that o* is a row matrix because the same holds for
Un(Af.,,)" since its adjoint is a column of columns. On the other hand, since &
and ¢, as well as (a*a)~/2a* and BB(B*3*8B)~'/? are contractions, we conclude

that
lall 2, ( sup wallos )10z < llall 2, ( sup loallcolalloo ) IBIs1Bllg < ¢p0¢h0-
n>1 n>1

<(SH S mr) <

Indeed, % = % +% and ||B||q = H Z )\j‘bjﬁ‘QH

Jm21

Xr = Z)\jfﬂj

j>1

o =

Proof of ((1.2)). Assume
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is an algebraic hzlf—atomic decomposition of = satisfying A\; > 0 and ) ;A =1by
homogeneity. Recall z; =7 -, dn, (ad,B2)) with o, € Lay(M) and B4, € Ly(M)
where 1/p =1/2+1/q. Then, &,(x) may be written as

Enlz) = de =>"N de alpl)

7>1 k=1

PRy Zek CAAEDIPY ng g Bl) = Xn =Y,

i>1 k=1 j>1

By the (quasi)-triangle inequality in L,(M; (%), it suffices to estimate the norms
of (X,)n>1 and (Y,)n>1 separately. Since both are similar, we shall only justify the
one for X,’s. To that end we emulate the argument for hj-atoms, so that we aim
to express X, in the form E,,(A)B for some operators A, B affiliated to M@B({s)
and some conditional expectations E,. The cancelation of hj-atoms allowed us to
take E,, = &, ® idp(s,) above. Our choice this time will be different. Before that
we apply [, Proposition 2.8] to factorize

Ex(cdB5]) = wnlaf) ur(5])

where uy : M — C(My) is an isometric right Mjg-module map. Hence

n= (M) @en @en ) (D Au(8) @ i @ et ).

i>1k<n J>1k>1

Ap B
Let us take E,, = idp ® idp(r,) ® idpe,) @ E, where

En ((mjr)jh=1) = (Mjr)1<jk<n ® (Mik)ksn

is a unital conditional expectation in B({3). Of course, this gives A, = E,(A) as
desired. Once this is clarified, the estimate for the L, (M;£% )-norm of (X,,),>1
can be deduced following the same argument we used for hj-atoms above as long
as we can prove that ||A|2 and || B||, are finite. We have

4l: = (S0 rEedm)’ = (A ledl)’ <

i>1 k>1 i>1 k>1

1Bl = |0 &8, < (o DR 13" 1sir?

i>1 k>1 >1 E>1

)%

The bound of B follows from the dual Doob inequalities [] since 1 < ¢/2 < c0. O

[N

1.3. Proof of Theorem Aii. As above, it suffices to consider the column spaces
and we begin with the case p = 2. By the definition of Ag o (M;£5,), it can be
easily checked that

||(5n( ">1||A (M;ee,) :H(|5"(x)|2)"21H?\I,W(M;e)

1
< (21 lE, _ aery < NP1, oy = lolacan.

Here we have used Kadison-Schwarz inequality and Cuculescu weak type estimate
[1], which holds with constant 1. This proves the result for p = 2 since we have
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H5(M) = Ly(M). Let us now assume that 1 < p < 2. By the algebraic Davis
decomposition in Theorem it suffices to prove

IN

(1.3) H(g”(x))"zluApm(M;ego) cpllzllng ..M

(1.4) [En@Dnz1lls, _anee.y

IN

cpll@llpre, . (an)-

Proof of ((1.3]). Assume by homogeneity that
Izllhs . r) <1

and follow the proof of Theorem Ai to factorize &,(x) = £,(A)B with

max { | AllL, (s 1BllL, mese) b < 1
According to Theorem Aii for p = 2 (already justified with c¢; = 1) we obtain

H(gn(A))nzlHAQ,M(M®B(22)) < HA||L2(M®B(52)) <L

We are now ready to justify (I.3). Indeed, given A > 0 set in what follows \; = A\P/2
and Ay = A\P/9. According to the definition of the weak space Ag oo (MEB(fa); (<,)
there must exist a projection ey, € M®B({3) satisfying

1€ (A)er| < M1 and A (F(1—ex,))? < (1406)]|(En(A)) <1,

n>1 HAZN(M@B(&);Z@O)

where 7 = 7®tr. In addition, B is a column so that |B| € L,(M). This means that
the spectral projection fx, = X[o,x,](|B|) belongs to M. Moreover, by Chebyshev
inequality we also find that the following inequalities hold

Blfss Ao and do(r(1— fi,))7 < [|Blly < 1.
Then we construct the following projection in M
II, = (1 — supp‘(l — eAl)BD A g
Observe that (1 — ey, )BII\ = 0, which yields in turn
En(A)BILy = E,(A)ex, BILy = E,(A)ex, Bfr, Il = [|€,(A (A)BIL ||, < Aid2 = A

Therefore, by the definition of A, o (M;€5,) it suffices to estimate A(7(1 — H,\))%
1

< A(T(suppl(l —ex)B|) +7(1 - fAz)) '

T =

/\(T(l — H)\))

<=

= A(?(supp|B*(1 —e>\1)|) —|—T(1 —f)\Q))
< )\(?(1—@,\1)+T(1—f,\2))% < A(Af2+)\2_q)% — 2%

Proof of ((1.4]). Assume by homogeneity that

”th;l,“aa(M) <1

and follow the proof of Theorem Ai to write &, (z) = X,, — Y,,, where both X,, and
Y,, are of the form E, (A)B for certain rows A and columns B satisfying the same
estimates above

max { | AllL, (e I1BllL, mese) b < 1
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According to Theorem Aii for p = 2 we obtain
H(E"(A))"ZlHAQTOO(M®B(Z2)) < HAHLz(M@B(%)) <L
Then, our argument above for (1.3]) applies and yields the following inequalities

max{H(Xn < ¢p.

)nZIHA,,,x(M;zgoy H(Yn)nleAp,w(M;egc)}
The desired result follows from the quasi-triangle inequality in A, o (M;£5). O

Remark 1.2. The idea behind the proof of (|1.3) is a Holder type inequality for
the Cuculescu spaces Ay oo (M; o). More precisely, given 0 < p, ¢ < oo such that
1/r=1/p+ 1/q, we find that

Ap oo (M L5) Lg(M) C A oo (M E5,).

In other words, the following inequality holds
1
<2r

|| (#nb)n>1 HAT,OO(M;egO) (#n)n>1 HAP,OO(M;ng) Hb||Lq<M)~

The proof can be reconstructed from our proof of (|1.3)), but the argument there is a
bit more involved since our operators z,, and b live in the matrix amplified algebra
M®B(Ls) although their product does not. This forces us to be a bit more careful.

1.4. Conclusions. We conclude this section with a little discussion on 7-almost
uniform convergence and the optimality of Theorem A. Let us precise our definition
of almost uniform convergence given in the Introduction. A sequence (x,)n>1 of
T-measurable operators converges to 0 7T-almost uniformly from the right when
there is a sequence of projections (pk)kzl in M satisfying limg 7(1 — px) = 0
and lim,, ||z,pgllcc = 0 for all k¥ > 1. Similarly, (x,,),>1 converges to 0 T-almost
uniformly from the left when lim, ||przn|co = 0 instead.

Corollary 1.3. Given 1 < p <2 and x € Hy(M), the sequence E,(x) converges
T-almost uniformly from the right to x. Similarly, when v € H; (M) the T-a.u.
convergence holds from the left.

Proof. Recall from Theorem Aii that

|(En(z) — €m(3«"))n2mHAp,oo(M,£go)

= e~ EntDzaly, sy < I En@lsirg = O

as m — oo. Combining this with the proof of [3| Proposition 5.1] we obtain the
desired result. The row case is justified similarly. This completes the proof. (I

Remark 1.4. According to [I1], the symmetric estimate Hq (M) — L1(M; L)
fails and our restrictions § < p/2 in the row case and 6 > 1 — p/2 in the column
case become necessary for p = 1. In addition, since La(M) = HL(M) = H5(M) the
negative results in [3] for p < 2 indicate that we may not expect a better result for
p = 2. These considerations lead us to conjecture that Theorem A is best possible
in our restrictions for the parameter 0 < 6 < 1.

2. Proof of Theorem B

In this section we prove Theorem B. This requires to introduce a family of Hardy
spaces, apparently new even in classical/commutative martingale L, theory. As a
crucial point in our approach, we shall also investigate their dual spaces.
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2.1. New Hardy spaces. The family of Hardy spaces to be introduced below is
motivated by an elementary observation. Namely, that the norms in hg ., (M) and

hle. . (M) can be simplified as follows.

p,aa

Lemma 2.1. Given 1 <p <2 with 1/p=1/2+1/q, we find

1 1

. 2 3

lelng ooy = _nf (D llanl) (Z|b|)
172" anbp 1
En(an)=0,b, €L (M,) "=

1

(an D,

1
z||; 16 = inf ( « 2) ’
=l hse,. caty B ; [l I3
In other words, any sum of atoms Zj A;jx; may be rewritten as a single algebraic

an€L2(M),Brn€Ly(M)

hy,-atom or hzl,C—atom accordingly. Similar simplifications apply for the row spaces.

Proof. The proof is very similar in all cases, let us justify it rigorously for the space
hS .. (M). The quantity on the right hand side is clearly not smaller than the one on

p,aa
the left hand side. Conversely, given § > 0 consider a decomposition = ;AT

into algebraic hy-atoms satisfying A; > 0 and 3, A; < (14 6)[[2[ne , (m)- We
know z; = Y, al,b, with £y,(al,) =0 and bJ, € Ly(M,,). Set

am = > Ajabb,! where by, = (ZAj\ngIQf

i>1 i>1

Recall that &, (a,) = 0 and b,, € Ly(M,,). Thus, it suffices to prove
i) = Zn Anbn,
1 1
i) (22, llaall3)” || (22, 1), < 35,00
and conclude by letting § — 07. The first identity requires to justify Fubini in

x = Z Njj = Ry an — }1_{1;0 Z Z Ajal bl

j=1 j<Jm>1
I N j
- h’p,aa hm Z Z Aj am m Z b,
m>1 i<J m>1

The first limit holds since the partial sums >, _; A; >~ a7,b}, are clearly Cauchy in

hs aa(M). The second limit requires to show that the A ,,-norms of the following

p,aa
sums converge to 0 as J — oo

SN Nadbh = > an (Db ()
m>1;j>J m>1

where a,,(J) = 32,5 Ajad b2 by (J)71 and by, (J)? Z >IN ;102,12 This is an
algebraic hg-atom since &y (an(J)) = 0 and by, (J) € Ly(Myy). In particular, we
immediately deduce the following estimate

| Snth],, < (3 tomtns)

m>1j>J

Nl=

e,

(25t
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We may estimate the first term on the right hand side as follows

> lan (DI Z\](ZAj|ag|) (ZMM RO
M [DRVEIDNED DD REVEACED 2V

m>1"j>J m>1j>J J>J

IA

IN

The second term uses the triangle inequality in L /(M) since ¢ > 2

(32 won) I = | Sl < Su( wa) < S
Altog;ther we obtain

i | 20 S neth],, v < fim o =0

m>135>J

which completes the proof of claim i). Claim ii) follows from above for J = 1. The
assertion for hje,.(M) is very similar. Indeed, given z = 2N 2m dm(ad,B)

pick
1
=" Nad B gL with m:( A J’2)2.
D NPy with B = (D0 Ai16%|
The exact same argument yields a suitable decomposition = Y~ dp, (). O

We are now ready to generalize the family of algebraic atomic Hardy spaces. Let
Lo(M, 1) stand for the space of 7-measurable operators. Let 1 < p < 2 and s > 2
so that 1/p =1/w + 1/s. Then we define

PewM) = {2 € Lo(M,7) ¢ [lelag, ) < o0},
MaM) = {z € LoM.7) + el ) < 0}

where
||x||h;;w(/v1) = w_zi:nfa”b” H Z an ® ein H Z bn ® en1 S
En(an)=0, bp€Ly(M
b =[S o] S,

on €L (M) BnELs (M) nz1
The analog families of row Hardy spaces are defined by taking adjoints as usual.
Remark 2.2. According to Theorem [I.1]and Lemma 2.1} we get the isomorphisms
hpa(M) = hp 2o(M) =~ hp(M),
BEM) = B (M) = Bl(M).

Of course we could have allowed s > p by imposing w > 2. The most interesting
spaces for this paper will be those satisfying w, s > 2, although those with w < 2
will also be instrumental for our purposes.

Lemma 2.3. The following holds:

) Ifw=2, e, is a norm.

i) Ifw<2, |-, m) is a 5-norm.
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The same is true for || - ||, (my and the corresponding row analogues.
o

Proof. Homogeneity is straightforward, while the positive definiteness follows from
the simple fact that hg, (M) embeds in L,(M). The same embedding holds for
hll)g'v(/\/l) —and so positive definiteness— although this will require a more involved
argument in Lemma below. It remains to justify the triangle inequality for
w > 2 and its F-analogue for w < 2. Since the argument is similar for A3, (M)

and h}m(./\/l) —see the end of the proof of Lemma for a similar arguing— we

shall only consider the space hpu,(./\/l). Given x1, 79 € hy, (M) and 6 > 0, we may
write z; = > al bl with &, (al,) =0 and b/, € Ly(M,,) such that

|32 o un] | 5 ], <000
Moreover, by renormalization we may assume

| 3 b, = X tnoen
m>1 v m>1 s

Set am = Y;_; al,bl,byt and by = (|bL,|* + [b2,*)2. This allows us to write
T1+ T2 = Y, 5 Gmby with &, (am) = 0 and by, € Ls(M,,). Assume now that
w < 2, our considerations so far yield

g < 5 el S0,
m>1 T >t s

Therefore, assertion ii) will follow by letting § — 0% if we can prove

max{H m®€m1 )} (1+0)= Z“%”hc
or equlvalently
s [ Semennl, = (SIEdoa)’
m>1 j=1 m2>1
5= [ Tonoen], < (S thoen])’
m>1 y j=1 m>1

To prove the first estimate we note that

4= [ oan) (5 i o)

(SN et oenn) [V LS Z ot o).
) 2

< SIS e P, = IS oo

1 j=1
The desired inequality follows them for the fact that ||-||,, /2 is a %-norm for w < 2.

The expected upper bound for B is easier to obtain since s > 2 and we may use

IA

* 2

2

M T

J
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the triangle inequality in L, 5(M)

2 1 2
5= 2w, < (X] X thoem
j=1m>1 B j=1 m>1

2 w)%
s '

This proves ii). The proof of i) is simpler since L,,/2(M) is a Banach space. O

S

) < (] X theem

Jj=1

2.2. L,mo spaces and duality. We shall need in what follows to consider the
duals of the spaces considered so far. Let 2 < p’ < oo and s > 2 so that w’ is given
by 1/w’" =1/p’ +1/s. Then we define

Lyymo(M) = {x = (Zn)n>1 Lyr-martingale : HCEHL;,w,mo < oo},
L;fw/mo(./\/l) = {x = (2n)n>1 Ly-martingale : Hx||L11;w,mo < oo},
where
1
3
Hx”LC, ,mo = sSup H( Z (xm - xn)bnb;kz(xm - wn)*) )
e mz21 n<m w’
bn€Ls (M) =
132, bnbylls <1
1
3
Hx”L;,cw,mo = SU.p H ( Z(xn - xn—l)ﬁnﬁ»::(xn - xn—l)*> w/.

Br€Ls(M)

N n>1
IS BByl 5 <1

As usual, we take adjoints to define the row spaces. We should also recall that

Ly,ymo(M) coincides with the Lf,mo(M) spaces introduced in [I4]. We are now

proving that Fefferman’s H; — BMO duality theorem extends to these spaces.
Lemma 2.4. If1 <p <2 and w > 2, we find
c * o, TC 1. * o Tle
by (M) 2 Ly ymo(M) - and  hyg,(M)" =~ L7, ;mo(M).
In addition, the analogous duality results also hold for the corresponding row spaces.

Proof. Again we only consider the column cases. Let us first study the duality
for hy,,(M). Let (z,y) € Lg,,,mo(M) x hy,,(M). Given any d > 0, we may find a
decomposition y = EnZl anby, with &, (a,) =0, b, € Ls(M,,) and

Hzan@)eln ‘an@)enl
n>1 n>1

Then we have

[{(z,y)| < sup ZT(%‘;anbn)

m>1

< (T +0)yllne, (-

w‘ S pw

n>1
= sup Z T((xm — xn)*anbn)
m>1 n<m
1
< sup ’( Z (T — )by bp (T, — xn)*> ’ ) Z an ® ey
mz1 n<m v n>1 v
< alee,mo|| Yo an @ e || Yo bn@enn| S5 lallee,, mollylng, o
pw w s p'w pw
n>1 n>1
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This proves that the map

®: Ly,mo(M)sx— @, €hy, (M)
given by @, (y) = >, 7(di(z)dr(y)) is bounded. To justify that ® is an embedding
let us prove that some ball of hg, (M) is norming in Ly, ymo. Namely, if we let

L,(M; €5) denote the space of sequences in L,(M) with norm ||, (ana’)/?||,
and we write Lgd (M; £3) for the subspace of adapted sequences

Iz, mo = sup {H((ﬂ?m _xn)bn)nZIHLw/(ég) 20l Laagey) < 1}
= s {| 20 7((@m = w)bn) 1) ol <1}
m21 sy
= sup {| 2275 (= Eatm))b )| 5 10y Il ey <1
mz1 n>1
< sup {|r@)] < Ilg,a0 Seu} = o s (@a(y)l

lvllng,, (v <1

The last inequality follows from the noncommutative Stein inequality [20] since
HZ i~ Enln)) 0} < || = Eara))n

This proves that ® is indeed an embedding. To prove it is surjective it suffices
to show that every continuous functional in hg,, (M) is of the form &, for some
L,-martingale x and use the inequality above to justify = € Lg,w,mo(/\/l). The
trivial inclusion hg,, (M) C L, (M) shows that every such functional is of the usual
form y — 7(2*y) for some z € L, (M). Therefore,  is given by z, = &,(z) which
is an L, -martingale and thus and L,,-martingale since w’ < p'.

The duality for ks, (M) is similar. Let x € L (M) and y € hpe,(M). By

p’'w’
definition, given any J§ > 0 we may assume that there exists a decomposition of

Y =251 dn(anBy) such that
Hzan®eln HZﬂn@enl
n>1 v n>1

Then we have

ry <
B (M) Lo Plee) = cullmlleng

| < @+ Oyl e

o)l = | 3 7(dul@) anbn)
n>1
1
< H(Zd ) B Bndn )2 Hzan@)eln
< Nl g mol| D © 1 wHZﬁnmm So el mollvlig ey
n>1 n>1 ’

For the reverse inequality we note that

2'>S1}

)5 1Ml L o) < 1}

Il mo = 590 { | (da@)B)alliop ¢

sup {‘ Z 7((dn(2)Bn) nn) | :

n>1




16 HONG, JUNGE, PARCET

Lo (eg)s 1Ml o) < 1}

= sup {| X0 7(dn(@) duma))| 16

n>1

< sup _ [@.(y)l,  where Su(y) =Y 7(di(2)di(y)).

N

<
191116 () <

Surjectivity follows again from hJs, (M) C Ly,(M), see Lemma for the proof. O

2.3. Proof of Theorem Bi. We now turn to the proof of Theorem Bi, for which
we recall the definition of the spaces Hj,,(M) and Hj,,(M). Given 1 < p < 2 and
w > 2, we set

Hpw(M) = h (M) + By (M) and HS, (M) = he, (M) + by, (M).

Recall that Theorem Bi for w = 2 follows from the Burkholder-Davis type inequality
in [I0] and Remark We may therefore assume in what follows that w > 2. Let
us start with the inclusion

which holds for a wider range of p’s and w’s, as we justify in the following result.

Lemma 2.5. The continuous inclusion
Hipw (M) + Hpy(M) C Lyp(M)
holds for all 1 <p <2, w>p and s > 2 provided 1/p =1/w+1/s.

Proof. It suffices to prove the continuous inclusion of the column spaces, which in
turn reduces to prove it for hg,, (M) and h;)gu (M). The first space embeds trivially
in L,(M) from Holder inequality. The second embedding is more involved and we
shall divide the proof into three cases:

1. The case w > 2. According to the definition of the space h), (M), we may
write « in the form ) d,(a,3,) with «, 8 being sequences in L.,,(M) and Ls(M)
respectively. Then we may use the factorization identity Ex(af) = uk(a™)*ug(B)
for a right Mg-module map uy : M — C(My) and the noncommutative dual Doob
inequality in L, /o(M) and L/o(M) [4] to conclude that

n>1 p
< | X gat@nsn)|| |30 En-r(ansa)
n>1 P n>2 P
S Z un(()é:;)* & €in ‘ Z un(ﬁn) & €nl
n>1 v n>1 s
+ Z Un—1(a})* ®ep ’ Z Up—1(Bn) ® en1
n>2 T >2 s
3 3
< 2( 1)’ (32 18:2)7 | = 2l ao
n>1 n>1

Note the last inequality follows by taking infimums over a and [ as above.



ASYMMETRIC DOOB INEQUALITIES 17

2. The case w = p. The Burkholder-Gundy and Stein inequalities from [20] yield

|5 et

el =
n>1
S cp Zd anﬁn ®eln
n>1
%
< Cp Zanﬂn(@eln = Cp Zanﬂn :;Ot;; »
n>1 n>1 z

< p Zan(g)eln < CPHx”h},ﬁ,(M)
n>1

H E ﬂn & en1
p 0o
n>1

Again, the last inequality follows by taking infimums since 1/s = 1/p — 1/w = 0.

3. The case p < w < 2. Note that we may assume p > 1, since we have w = s = 2
for p = 1. We proceed by complex interpolation. Let 0 < # < 1 be determined
by 1/w = (1 —60)/p+ 6/2 and then fix r = fs. Let 0; be the vertical line in C of
complex numbers z with Im(z) = j for j = 0,1. Then, we can find two sequences
of operator-valued analytic functions A(z) = (an(2))n>1 and B(z) = (Bn(2))n>1
satisfying (A(0), B(#)) = (&, Brn)n>1 and

max{ sup Z an(2) ® e1n|| , sup Z an(2) ®ern } < H Z an el
Z€Do n> P z€0 2 n>1 w
max { sup Z Bn(z) ® en1l| , sup Z Bn(z) ® en1 } < H Z Bn ® en1
zE€Dp X0 z€0, n>1 S
Note that r > 2 since
0 1 1 1 0 0 2
7:7:7——:7—7:>r:7p22_
r s p w p 2 2—p

Then, the three lines lemma and the previous two cases give rise to

lall, < sup sz a0 sz (anC)8az)|

Zj Ea
1-6 1-6

< Cp Sup Z an ® €in H Z /Bn ® €nl

z€0o
X Sup Z an ® €1in H Z ﬂn ® €nl

zZ€D n>
S X e1n H Zﬁn®en1 )

w S
n>1
which implies the assertion by taking infimums over a and g as usual. O

The following lemma is a dual version of Lemma It will be used below in an
extrapolation argument to obtain the remaining embedding for Theorem Bi though
the duality result established in Lemma[2.4]
Lemma 2.6. The continuous inclusion

Ly (M) C Ly,mo(M) N L;Z‘w/mo(./\/l) NnLS,,,mo(M)N L;?w/mo(./\/l)

holds for all 2 < p’ < oo, 1 <w' <p' and any s > 2 provided 1/w’ = 1/p" +1/s.

p'w
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Proof. Arguing as in the proof of Lemma [2.4] and using Lemma [2.5]
lellie, mo < sup {1 o)]: Iylg,, < o
< sup {llzl ol llhs, < e} < cpulol

Similar estimates hold for Lzl)?w,mo(/\/l)7 as well as for their row analogues. O

Lemma 2.7. The continuous inclusion
T 1, c 1.
Lyyymo(M) N L mo(M) N Ly, mo(M) N Ly, mo(M) C Ly (M)
holds for all 2 <p’ < o0, 1 <w' <2 and any s > 2 provided 1/w' =1/p' +1/s.

Proof. The case w’' = 2 follows from Lemma and the Davis type inequality
proved in [I0]. Let us then fix 1 < w’ < 2 for what follows. We may assume that
x = En(x) is a finite martingale and prove the result with constants independent
of m. Note that for w’ < 2, we can choose w’,5 > 2 such that

1 1 1 1 1

S pw

w s
This means there exists some 0 < 6 < 1 satisfying

1:1—9 0 1 1 1_(1—9 9)_(1 1):1;9+%

2 w’ * w' qg 2 p
Let (bn)n>1 be an adapted sequence in Lq(M) satisfying || >, bpbli|lq < 1. Then

we can find a sequence of vector-valued analytic functions B(z) = (by,(%))n>1 with
B(0) = (bp)n>1 and max{ sup Z bn(2)®e1n|| , sup H Z bn(z)®e1n ~} <1.
#€do n>1 n>1 s

S z€0:
Thus, we deduce from Lemma [2.6] that

(Y2 @ = )bubiy(@m = 2a)")

w’ w’ w' s

[N

2

n<m

) Ty1-0
< sup (Z(aﬁm—xn)bn(z)bn(z) (m —:Cn)) ,
z€0p n>1 w
* %\ 2 o
X sup (Z(wm—xn)bn(z)bn(z) (Tm — Tp) ) |
z€01 n>1 w

1-6 0 1-0 0

< Nl ol mo < comlialz?, ol

According to the definition of L¢,,,mo(M), we immediately conclude that it embeds
in L, (M). The exact same argument applies for Lll)?w,mo(/\/l) and row spaces. U

Remark 2.8. Lemmas [2.6] and [2.7] yield a John-Nirenberg type result for p > 2.
Applying the Duality Lemma, to our embedding in Lemma we obtain

the converse embedding of Lemma Altogether, this proves the first assertion
in Theorem Bi. The second assertion follows from the following result.

Lemma 2.9. If1 <p <2 and w > 2, we find
Hpy (M) C HH(M)

up to a constant cp,. The same continuous inclusions hold in the row case.
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Proof. We shall prove that

]

pullZllng,, (M)

Hy(M) S
||$H7-l;(/v1) < cPwa”h;a(M)'

For the first inequality, assume that z = )", a,b, with

H E an ® e1p H E bn®en1 S
w s
n>1 n>1

where &, (a,) =0 and b, € Ly(M,,). By Davis decomposition [I5], we have

[Zlnsmy < Nllng o

(L4 0)llzllne,, M),

= [(Zemaitar)’,
n>1
= (el tutwn)"
k<n b
_ (;gn 1‘Zd akbk’) )

By the right M,,_;-modular maps u,—1 : M — C(M,,_1) from [4, Proposition 2.8]
2 2
gnfl‘ Zdn(ak)bk‘ = unfl(zdn(ak)bk)

k<n
= [ > unat bk’ = in_1(dn(A)B
k<n

2

)

where A =5, ap®eqx, B =), by ®ej1 and m is used for the matrix amplification
m ® idp(g,) of the map m. Then, use Hélder inequality and Burkholder-Gundy
inequality in the case w > 2

ol S ||B° Z\un i

< H(zsn,lxdnm)y )
n>1
For the second inequality, assume that z = )" d,(a,,) with
Hzan®eln HZﬁn(genl <
n>1 Y >1 8
Now recall that Ly(M;¢,) C Ly(M;£5) for ¢ < 2 and the reverse embedding holds

for ¢ > 2. Indeed, the cases ¢ = 2 and ¢ = oo are clear. Then one can proceed by
interpolation and duality. Thus, noting that w,s > 2 and p < 2

%

[SSR S

Blls < cullAllu[|Blls <5 cwllzlng,,

p'u.)

(L+0) 2l (an)-

ety = Nldn(@nBalnzllz, ouues)
< |[(dnlanBn) ">1||LP(M€ )
< 2|[(an)nx1] LMt Il €
< QH(CYn)nzlﬂLw(M;gg)H(ﬁ ) £5) s 2||33||h}1,$u(/v1)' N
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2.4. Proof of Theorem Bii. Our aim now is to complete the proof of Theorem B.
The last assertion follows trivially from the Davis type decomposition in Theorem
Bi and the boundedness of (€, )pn>1 : M, (M) = Ly(M; L) for 1 <p <2, w > 2
and T = r,c. This latter estimate will be our goal. As usual, we only justify the
column case. It suffices to show that

IA

H(Sn(x))nleLp(M;égo) pr”mHh;;w(M)y

IN

[En@)nz1l, ane cpullzllngs, ()

Given = € hy, (M), there exists a decomposition = = a,b, satisfying
Hzan@)eln szn@)enl <
w S
n>1 n>1

where &,(an) = 0 and b, € L,(M,). This gives rise to &,(z) = &,(A)B where
A=), a,®e and B =), by ® e as in the proof of Theorem Ai. Using polar
decomposition A = v4|A| and the modular map u,, : M — C(M,,), we can rewrite
En(A) = En(valAl) = un(vi) un(|A])-
Note that u, (v%)* is a contractive row. On the other hand, since w > 2 we may use
noncommutative Doob inequality for [A|* € L, /2(M®B(fz)). Doing so we deduce
there exists 8 € L, (M®B({2)) and contractions v, € M&B({3) satisfying
E(|A®) = BB and (Bl < [|Allw-
This implies @, (|A|) = ¥ny, 0 for some contraction ¢, € MB({;). As we did in

the proof of Theorem Ai, we now exploit that @, (v%)* is a row and B is a column
to find a factorization of &, (x) with operators affiliated to M. Namely

En(z) = E,(A)B = Ty, (v} tnyn BB(B*B*BB) "% (B*B*3B)? .

Wn, b

(1 + O)llllng,, ()

Since w,, € M is a contraction, we just need to observe that

lolle, vy = BB, (maB@s))

IN

IN

w s R
H § an @ e1in H § bn & en1
n>1 U1

Let us finally prove the inequality for z =" dn(anfn) € hps, (M) with
Hzan®eln ‘ Zﬁn(@enl <
n>1 > g

Then we can write

= di(anB) =D Ex(awBh) = > Exa(anfi) = X
k=1 k=1 k=1

Using the quasi-triangle inequality, we are reduced to deal with (X,),>1 and
(Ys)n>1. The two cases being similar, we only estimate (X,,),>1. Then, using
the modular map uy, : M — C(M}) we may write

X, = Zuk o) ug(Br) = (Zuk ay) ®61k) (thk(ﬂk) ®6k1> =E,(4)B,

k>1

So l2lne, ()
S

(L+0)l|zllpie (an)-
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where E,, = idy ® idp(e,) ® E,, with E,, being the conditional expectation on B(fs)
which we introduced to prove (1.2). Here A = Z,Ql ug(af)* ® e1y. Arguing as

above, it all reduces to show that ||A||||Blls Ss ||m||h;§u(M). However, since w > 2
we may use the dual form of Doob inequality in L., 2(M)

1

2

JAllw = || > &l > lail?|;
E>1 E>1 z

and similarly || Bl|s < ¢g/2]l >) Bx ® ex1||s since s > 2. The proof is complete. [

<cw
— 2

w
2

Zak ® 611@H

k>1

= Cu
2

g

w

Remark 2.10. Since H},,(M) C H} (M) for { = r,c, it turns out from Theorems
A and B that other asymmetric Doob maximal inequalities hold for these Hardy
spaces. Namely, given 1 < p < 2 and w > 2, we have

(En)n>1: Hpyy (M) — Ly(M;¢%) for 0<6<p/2,
(En)n>1: Hpyy (M) — Ly(M;£2) for 1-p/2<6<1.
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