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WEIGHTED HARDY SPACES ASSOCIATED WITH ELLIPTIC OPERATORS.

PART I: WEIGHTED NORM INEQUALITIES FOR CONICAL SQUARE FUNCTIONS
JOSE MARIA MARTELL AND CRUZ PRISUELOS-ARRIBAS

AssTrACT. This is the first part of a series of three articles. In this paper, we obtain weighted norm in-
equalities for different conical square functions associated with the Heat and the Poisson semigroups
generated by a second order divergence form elliptic operator with bounded complex coefficients.
We find classes of Muckenhoupt weights where the square functions are comparable and/or bounded.
These classes are natural from the point of view of the ranges where the unweighted estimates hold.
In doing that, we obtain sharp weighted change of angle formulas which allow us to compare conical
square functions with different cone apertures in weighted Lebesgue spaces. A key ingredient in our
proofs is a generalization of the Carleson measure condition which is more natural when estimating
the square functions below p = 2.
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1. INTRODUCTION

In the last decade, after the solution of the Kato conjecture [3], there has been a big interest in
developing a Calder6n-Zygmund theory appropriate for the operators (functional calculus, Riesz
transforms, square functions, etc.) that appear naturally associated with divergence form ellip-
tic operators with complex bounded coefficients. In general, these operators cease to be classical
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Calder6n-Zygmund operators, as their kernels do not have the required decay or smoothness. This
causes, in particular, that their range of boundedness may no longer be the interval (1, co) but some
proper (small) bounded subinterval containing p = 2. Auscher, in a very nice monograph ([1]), ob-
tained a new Calderén-Zygmund theory adapted to singular “non-integral” operators arising from
elliptic operators (see [1] for historic remarks and references). A key ingredient in the method is
and idea used systematically in [11] (see also [26]): in place of using kernels, which do not have
reasonable behavior, there is a representation of the operators in question in terms of the Heat semi-
group {e~'F},5 (or its gradient) that has some integral decay measured in terms of the so-called
“off-diagonal” or Gaffney type estimates. The bottom line of [1] is that the operators under con-
sideration are bounded precisely in the ranges where either the semigroup or its gradient has a nice
behavior.

After Auscher’s fundamental monograph there has been quite a number of papers whose goal
is to continue with the development of a generalized Calderén-Zygmund theory. We shall mention
some that are relevant for the goal of the present work. Auscher and the first named author of
this paper wrote a series of papers [5, 6, 7] where the weighted theory was developed and where
some appropriate classes of Muckenhoupt weights were found. While vertical square functions
(i.e., usual Littlewood-Paley-Stein functionals) behave as expected with and without weights (see,
resp., [1, 7]), conical square functions have better ranges of boundedness in the unweighted case,
even going beyond the intervals where the semigroup or its gradient has a nice behavior, see [4].

In harmonic analysis, and more in particular in the so-called Calderén-Zygmund theory, where
the typical range of L”-boundedness is the interval (1, co), the natural endpoint spaces are the Hardy
space H L(R") for p =1 (HPR") for p < 1) and the space of bounded mean oscillation functions
BMO(R") for p = oo. For instance, it is well-known that the classical Riesz transform (associated
with the Laplacian) is bounded from H (R to L1(R"), and it becomes natural to study whether
Riesz transforms associated with general elliptic operators behave well in Hardy spaces. Classical
real-variable Hardy spaces in R"” have been deeply studied since the fundamental paper of Stein
and Weiss, [35], on systems of conjugate harmonic functions. The pioneering paper of Feffer-
man and Stein [20] showed that, besides the intimate relation between Hardy spaces and harmonic
functions, Hardy spaces can be characterized in terms of general approximations of the identity
or by general conical square functions (i.e., area functionals of Lusin type). This eventually led
to some developments of these spaces without using their connection with the Laplacian, which
could be used for general elliptic operators. However, this is not the case: if we had that the associ-
ated Riesz transform maps continuously H Y(R") into L'(R"), then the interpolation with the L*(R™)
boundedness (which is the Kato conjecture) would imply boundedness on L”(R") for 1 < p < 2
violating some of the results in [1] (see [27] for more details). In the same way as real-variable
Hardy spaces were originally defined in connection with the Laplacian, in the last decade there
has been a big interest in studying Hardy and other related spaces adapted to elliptic operators, see
[8, 9, 10, 12, 13, 14, 18, 19, 25, 27, 28] and the references therein. Among them we highlight
[27, 28] where Hardy spaces, BMO, and some other related spaces adapted to general divergence
form elliptic operators were successfully developed.

The goal of this series of papers is to continue with the development of generalized Calder6n-
Zygmund theory for elliptic operators and study the corresponding weighted Hardy spaces. Clas-
sical (or Laplacian-adapted) weighted Hardy spaces were first introduced by J. Garcia-Cuerva [21]
(see also [36]). Our aim is to present a satisfactory Hardy space theory for general elliptic operators
with bounded complex coefficients complementing the results in [27, 28]. Our spaces generalize
those in [12, 14, 30] in the Euclidean setting where the adapted weighted Hardy spaces are associ-
ated with a friendlier class of non-negative self-adjoint operators whose heat kernel satisfy Gaussian
upper bounds. We also generalize [13] by considering molecules living in weighted spaces and also
by being able to fully recover [27, 28].
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In the first part of the series, which is the present paper, we study the weighted norm inequalities
for conical square functions. We establish boundedness and comparability in weighted Lebesgue
spaces of different square functions using the Heat and Poisson semigroups. In the second part,
[31], we shall use these square functions to define several weighted Hardy spaces H i(w). We show
that they are one and the same in view of the fact that the square functions are comparable in the
corresponding weighted spaces. We also show that Hardy spaces can be equivalently defined using
molecules and/or non-tangential maximal functions. The study of H7 (w) for other values of p is in
the third part [32].

In contrast with [27, 28], where some of the unweighted estimates for the conical square function
are taken off-the-shelf from [1], our first difficulty consists in proving that conical square functions
are bounded on weighted spaces for some classes of weights “adapted” to the unweighted range
of boundedness. This was left open in [4] since some of the existing arguments naturally split the
boundedness into the cases p < 2 and p > 2. That procedure, as learned from [7], is inefficient
when adding weights: to obtain the right class of weights one has to be able to work with the
whole interval where the unweighted estimates hold. Splitting the interval would lead to some
distortion in the class of weights. To illustrate this, let us recall that in [4] it is shown that the square
function Gg y, defined in (1.2) below, is bounded on L?(R") for every p_(L) < p < oo where p_(L),
introduced in (1.7) below, is strictly smaller than 2. Using the approach in [4], and “stepping” at
p = 2, this square function is bounded on L”(w) for every 2 < p < coand w € A, (see the
precise definitions below). However, as we shall see in Theorem 1.12, one has boundedness on
LP(w) for every p_(L) < p < oo and w € Ap/,_(1), hence in a bigger range and a wider class of
weights since p_(L) < 2. Moreover, the obtained class of weights is the natural one adapted to the
unweighted range (p_(L), o), in view of the version of the Rubio de Francia extrapolation theorem
in [5, Theorem 4.9] or [16, Theorem 3.31]. See also [14, 30] for related issues. The goal of the
present paper is to present a library of weighted norm inequalities for the different square functions
that can be defined using the Heat or the Poisson semigroup. We look for two different types of
estimates: the first type of estimates will give us comparison among the square functions, and the
second boundedness. The main idea is to show that all these square functions can be controlled by
either Sy or Gy (see below), and independently to obtain that these are bounded on L”(w) for some
range of p’s and for some class of Muckenhoupt weights.

To be more precise let us set our background hypotheses. Let A be an nxn matrix of complex and
L*-valued coeflicients defined on R”. We assume that this matrix satisfies the following ellipticity
(or “accretivity”) condition: there exist 0 < 4 < A < oo such that

e <ReA(x)&-E and JA(x) € - 21 < AIENIL,

for all £,{ € C" and almost every x € R". We have used the notation ¢ - { = &1 {1+ -+ &4
and therefore £ - Z is the usual inner product in C". Note that then A(x)& -7 = Y ik Aik(X) Ek .
Associated with this matrix we define the second order divergence form elliptic operator

Lf = —div(A V),

which is understood in the standard weak sense as a maximal-accretive operator on L2(R”, dx) with
domain (L) by means of a sesquilinear form.

lL}

The operator —L generates a Co—semigroup, {e™™},50, of contractions on L*(R") which is called

the Heat semigroup. Using this semigroup and the corresponding Poisson semigroup, {e~' £},
one can define different conical square functions which all have an expression of the form

dydr\ ?
Of(x) = <// T, f()I* th) , x € R
I(x) r

where I'(x) := {(y,1) € Rﬁ” : |x —y| <t} denotes the cone (of aperture 1) with vertex at x € R” (see
Section 3 for more details including a discussion about the use of cones with different apertures).




4 JOSE MARIA MARTELL AND CRUZ PRISUELOS-ARRIBAS

More precisely, we introduce the following conical square functions written in terms of the Heat
semigroup, {e7}~0, (hence the subscript H): for every m € N,

) dydr
(1.1) Smuf(x) = ( / /r ( )I(tzL)’”e‘t Lroor? tfﬂt) ,

and, for every m € Ny := N U {0},

(1.2) G f(x) = (//r( )|tVy(t2L)me—t2Lf(y)|2Cg’jl‘) 2 ;
o, dydt)?
(1.3) Gnuf () = < / /r GRS Lf(y)F,fJ) :

In the same manner, let us consider conical square functions associated with the Poisson semi-
group, {e”’ ‘E}»O, (hence the subscript P): given K € N,

4 N A
I'(x)
and for every K € Ny,
(15) Grns = ([[ VDo)
I'(x
(16) Grnf () = ( /l T >2Ke—fﬁf<y>|2fff’f> g

Corresponding to the case m = 0 or K = 0, we simply write Guf := Gouf, Guf = Gouf,
Gpf := Gopf, and Gpf := Gopf. Besides, we set Suf := S;uf, and Spf := S| pf.

In order to give the statements of our main results we need to introduce some notation. As in
[1] and [6], we denote by (p_(L), p+(L)) the maximal open interval on which the Heat semigroup,
{e7 )0, 18 uniformly bounded on L?(R"):

. )
(1.7) p-(L) :=inf {p € (1,00) : sup|le ’Lllu(Rn)_,Lp(Rn) < oo} ,
>0
)
(18) p+(L) .= Ssup {p S (1,00) . Sup||e ! LHL]’(R”)—)LP(R") < OO} .
>0

Note that in place of the semigroup {¢~"%},~o we are using its rescaling {e"zL}»O. We do so since
all the “Heat” square functions are written using the latter and also because in the context of the
off-diagonal estimates discussed below it will simplify some computations.

Besides, for every K € Ny let us set
p+(L)n
po(L)S = { n— QK+ 1) p(L)
00, if QK+1)pi(L)=n.

if CK+1)pi(L)<n,

Corresponding to the case K = 0, we write p.(L)* := po(D)%.

We shall work with Muckenhoupt weights, w, which are locally integrable positive functions.
We say that a weight w € A; if, for every ball B c R", there holds

][ w(x)dx < Cw(y), forae.yc€ B,
B
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or, equivalently, Mw < Cw a.e., where M denotes the Hardy-Littlewood maximal operator over
balls in R". For each 1 < p < oo, we say that w € A, if it satisfies

p-1
(][ w(x) dx) (7[ w(x)' " dx> <C, VBCR"
B B

In the previous expression p’ = p/(p — 1) denotes the conjugate exponent of p. The reverse Holder
classes are defined as follows: for each 1 < s < co, w € RH; if, for every ball B C R", we have

<][ w(x)® dx) ' < C][ w(x) dx.
B B

For s = 0o, w € RH,, provided that there exists a constant C such that for every ball B c R”
w(y) < C][ w(x)dx, fora.e.ye€ B.
B

Notice that we have excluded the case ¢ = 1 since the class RH; consists of all weights, and that is
the way RH is understood in what follows.

We sum up some of the properties of these classes in the following result, see for instance [17],
[23], or [24].

Proposition 1.9.
(i) AycA,CA forl <p<g<oo
(ii) RHow CRH,; CRH, for 1 < p < q < oo,
(iii) If w € Ap, 1 < p < oo, then there exists 1 < q < p such that w € A,.
(iv) If w e RH,, 1 < s < oo, then there exists s < r < oo such that w € RH,.
W Ae= |J 4= | RH.
1<p<eo 1<s<oo
(vi) If 1 < p < oo, w€ A, if and only ifwl=? e Ay

(vii) For every 1 < p < oo, w € A, if and only if M is bounded on LP(w). Also, w € Ay if and
only if M is bounded from L'(w) into L' (w).

For a weight w € A, define
(1.10) ry:=inf{l <r<oco:weaA,l} sy = inf{l < s <oco:we€RHg}.

Notice that according to our definition s,, is the conjugated exponent of the one defined in [5,
Lemma 4.1]. Given 0 < pg < gg < 00, w € Ay, and as in [5, Lemma 4.1], we have

(1.11) W(po, qo0) := {p 1Po < p<qo,w EA% ﬁRH(q())f} = <porw,qo> .

V4 w
If po = 0 and go < oo it is understood that the only condition that stays is w € RH /,\’. Analo-
p
gously, if 0 < pg and gg = oo the only assumption is w € A » . Finally W,,(0, c0) = (0, 00).
70

Our first goal is to study the boundedness of the square functions presented in (1.1)—(1.6) on
weighted spaces LP(w) where w € A. Our first result establishes the boundedness of the square
functions associated with the Heat semigroup. Notice that when w = 1, which corresponds to the
unweighted case, this result recovers the estimates in the range (p—(L), c0) obtained in [4].

Theorem 1.12. Letw € A,.
(a) Sy, Gy, and Gy are bounded on LP(w) for all p € W,,(p-(L), o).
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(b) Givenm € N, S, 1, Gpp1, and G are bounded on LP(w) for all p € ‘W,,(p—(L), o0).

Equivalently, all the previous square functions are bounded on LP(w) for every p_(L) < p < oo and
everyw € A L
p_

The proof of Theorem 1.12 is split into two steps. First, we prove (a) (in doing that we only need
to consider Sy and Gy since Gy f < Guf). Second, we shall show that the square functions in (b)
are all controlled by Sy in LP(w) for every w € A, and 0 < p < oo (see Theorem 1.14). Gathering
this and (a), the proof of (b) will be complete.

Our second result deals with the boundedness of the square functions related to the Poisson
semigroup. Here the formulation is more involved since the ranges where these square functions
are bounded, not only depend on p_(L) and the weight, but also on p, (L) and the parameter K. We
also notice that when w = 1 we recover the estimates obtained in [4].

Theorem 1.13. Let w € A...

(a) Given K € N, Sgp is bounded on LP(w) for all p € W,,(p_(L), p+(L)X*).
(b) Given K € Ny, Ggp and Ggp are bounded on LP(w) for all p € ‘W,,(p-(L), p+(L)5).
The proof of this result is as follows. We shall first show that each square function in (a) and

(b) can be controlled by either Sy or Gy in LP(w) for every w € Ao, and p € W,,(0, p+(L)5*) (see
Theorem 1.15). This, in concert with (a) in Theorem 1.12, will easily lead to the desired estimates.

We present the two promised results containing the control of the previous square functions
by Sy and Gy. In the first result we deal with the square functions defined in terms of the Heat
semigroup.

Theorem 1.14. Given an arbitrary f € L*(R") there hold:

(@) Guuf(x) < Guuf(x), for every x € R" and for all m € Ny.

(b) Givenm € N, [|Spufllerowy < ISufllLrow), for allw € A and 0 < p < oco.

(¢) Givenm €N, |GnufllLrowy S ISHfllLrow), for all w € Ao and 0 < p < co.

Finally, the following result establishes the control of the square functions associated with the

Poisson semigroup.

Theorem 1.15. Given an arbitrary f € L*(R") there hold:

(a) Ggpf(x) < Grpf(x), for every x € R" and for all K € Ny.
(b) Given K € N, [|SxpflliLrow) < ISufllron, forallw € A and p € W, (0, (LS.

©) 1Gp fllLrowy S N1GuSflLrowy, for all w € Aey and w € W,,(0, p4(L)*).
(d) Given K € N, IGkp fllrow S ISHflILron, for all w € Ac and p € W, (0, p+(L)K).

Let us observe that in (b) and (d) (and also (c¢) with K = 0), if 2K + 1) p+(L) > n the correspond-
ing estimates hold for every w € A, and every 0 < p < oo, Otherwise, if 2K + 1) p.(L) < n, each
corresponding estimate holds for all 0 < p < p (L)X and w € RH,, 1)k py-

The organization of the paper is as follows. In Section 2 we recall the off-diagonal estimates
satisfied by the Heat and Poisson semigroups, as well as by the other related objects that define
the square functions under study. In Section 3, we consider weighted estimates in the tent spaces
introduced and developed in [15]. Crucial to us are the change-of-angle formulas which are very
useful for comparing square functions in weighted Lebesgue spaces with cones having different



WEIGHTED HARDY SPACES ASSOCIATED WITH ELLIPTIC OPERATORS 7

apertures and with a precise control of the variation of the angle. Another important tool is the
introduction of a modified version of the Carleson measure condition suited to deal with estimates
on LP, for p < 2. As explained above, this will be crucial when obtaining weighted estimates
without splitting the argument into p < 2 and p > 2 as previously done in [4]. Finally, in Section 4
we prove our main results: Theorems 1.12, 1.13, 1.14, and 1.15.

2. OFF-DIAGONAL ESTIMATES

We briefly recall the notion of off-diagonal estimates. Let {T}},~o be a family of linear operators
and let 1 < p < g < co. We say that {T,},~¢ satisfies L” — L? off-diagonal estimates of exponential
type, denoted by {T;};~0 € Foo(LP — L), if for all closed sets E, F, all f, and all # > 0 we have

_n(%_l) _dER?
T:(f 1E) 1pllLawny < Ct N\ e 2 ||f 1El| Loy
Analogously, given 8 > 0, we say that {T}}. satisfies L? — LY off-diagonal estimates of polynomial
type with order 8 > 0, denoted by {T;};~0 € Fp(LP — L9) if for all closed sets E, F, all f, and all
t > 0 we have

1

—(p+2 1_1
_(1_1 d(E, F)? ( 2\r " q
WT:(f 1) 1FllLawny < Ct n(” q) (1 + t2> ILf 1ElLr @)

The Heat and the Poisson semigroups satisfy respectively off-diagonal estimates of exponential
and polynomial type. Before making this precise, let us recall the definition of p_(L) and p,(L)
in (1.7)—(1.8) and introduce two more parameters related to the gradient of the Heat semigroup.
Let (g-(L), g+(L)) be the maximal open interval on which the gradient of the Heat semigroup, i.e.
{tVye"zL}t>0, is uniformly bounded on L”(R"):

. _42
q-(L) := inf {P € (1,00) : supltVye ™" Ml pp@my—rr@n < 00} ,
>0

_2
q+(L) := sup {p € (1,00) : supl[tVye ! L”Lp(Rn)_)Lp(Rn) < oo} .

>0

From [1] (see also [6]) we know that p_(L) = 1 and p.(L) = oo if n = 1,2; and if n > 3 then

p_(L) < 2% and p.(L) > nzf”z Moreover, g_(L) = p-(L), g+(L)* < p+(L), and we always have

n+2

qg+(L) > 2, with g, (L) = 0 if n = 1.

The importance of these parameters stems from the fact that, besides giving the maximal intervals
on which either the Heat semigroup or its gradient is uniformly bounded, they characterize the
maximal open intervals on which off-diagonal estimates of exponential type hold (see [1] and [6]).
More precisely, for every m € Ny, there hold

(PL)"e g € Fooll? =LY forall p_(L) < p<q < ps(L)
and .
{tVye  Hhno € Fooll? = L) forall q_(L) < p < g < q+(L).
From these off-diagonal estimates we show that, for every m € Ny,
(VLY V) g, € F,p 1 (1P — L9),
forall p_(L) < p < g < p+(L), and
(Y, (PLY"e ™ g, {1V, (P L)"e g € Fool 1P — L),

1V, (VLY e V) g € P (L7 — L9, {19, (e VLY Vg € Fp (1P = L),

forall g_(L) < p < q < g+(L).



8 JOSE MARIA MARTELL AND CRUZ PRISUELOS-ARRIBAS

To show these off-diagonal estimates we shall apply the following Lemma, whose proof follows
mutatis mutandis that of [26, Lemma 2.3].

Lemma 2.1. Let {P;};~0 and {Q;};~0 be two families of linear operators. Given1 < p < g < oo,
assume that {P;}0 € Foo(LP — L) and {Q;}>0 € Foo(LP — LP). Then, for all closed sets E, F, all
f,andallt,s > 0 we have

_d(EF)?

a1t AEFP
H(Pt o QY)(f lE) IFHL‘J(R") <Ct n(!’ Q>e Cmux{t,.v)Z ||f lE”LP(R")-
To prove our claims, let us first consider

t 2A\" e
Y v(tzL)me_’ZL =C—V,e 2to <L> e 2k,
¥ N

m 2
Taking P, = \@Vye 5L and Q; = (%L) e 7L for all t > 0, since {P/}0 € Fooll? — L9)
and {Q};s0 € Foo(LP — LP), for all g_(L) < p < g < g+(L), we conclude from Lemma 2.1 that
V(ALY L) 1ng € Fuo(LP — L9), forall g_(L) < p < q < q4(L).

To prove that {tVy,,(tzL)’"e"zL}»o € Foo(LP — L), forall g_(L) < p < g < g+(L), we just need
to observe that

10V, (PL)"e L F )] < V(ALY e "L )| + [(PLY e L F )] + I(PLY™ e "L £y,

and apply the off-diagonal estimates satisfied by each term.

We next obtain the off-diagonal estimates of polynomial type satisfied by the operators related
to the Poisson semigroup. Following some ideas used in [27, Lemma 5.1], we shall combine the
subordination formula

o) u [2
22) g =c [ e rodn

0o Vu
with Minkowski’s inequality and the off-diagonal estimates satisfied by {(tzL)me_’zL},>o and by
{1V, (LY e Hysp.

To obtain that {(t\/Z)zme"ﬁ}po € Tm+%(LP — L%) for all p_(L) < p < g < p+(L), take
two closed sets E and F, a function f supported in E, and t > 0. Apply (2.2), Minkowski’s
inequality, the off-diagonal estimates satisfied by {(tL)"e "},~9, and change the variable u into

(1+d(E, F?/2) " u:

1

( / VLY VE f(y)e dy) '
F
_ m [T 2y ‘)
—C</F VL) /0 ) du dy)
/OO —Mm+1</ <t2 )m >q dM
< e “u"m2 —L e 4u y —
0 F 4u u
© i) (r) (i) “(] ,,d>'
s/o e (2 2 [rowa
)

m+ Ly 1

11 2 2 2 p q o
~ () <1+d(E;f) ) | et ) ( / If(y)l”dy>
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1_1 2y ~ (a3 %_é ?
_ () <1+d(Et’2F)) i) (/Elf(y)lpdy> ,

where in the last equality we have used that m > 0 and that p < g.

We next show that {tVy,(t VL)"e™ V) g € 7,1 (L7 — L) for all g-(L) < p < q < gs(L).
Apply subordination formula (2.2), and Minkowski’s inequality to obtain

( / 19,,.t VLY VEF(y)pe dy) '
F

:C(/F

N
dy)

2m 5
VZ) el f(y)

0o _—y 5
vV, (VL 2’"/ ¢ e Ew L fy)d
3,1( ) A \/L—té’ ) du

t

g (L
2vu '\ 2

1
q q
d
dy) —u.
u

Note now that

2m 2m
: : g <] g (L ey
s )] | )
et (5 VZ>2m o)+l (5 V) st
2+u 2 \u '

Then, applying that, for all K € Ny, {tV,( \/Z)ZKe_’zL}M), {(tzL)Ke_’zL},>0 € FooL? — L9), we
have

1
( / 11Vt VL) "e VE f(y)]d dy)q
F
o0 n n X 2
<) [ (u’”“”(i‘ff) + u’”*“(’l"l’)) U
0 u

1A llzrcE)-

L_1> <1 s d(E, F)2>—(m+£+g(1')_;>)

Finally to show that {fV (¢ \/Z)zme"‘@}po € Fm+1(LP — L?) we proceed as above. Applying
that, for all K € Ny, {1V,(t VL)* e "L}, € Fuo(LP — L9), we have
N
dy)

( [, aNERme o dy) e ( /
F F
| ,

0 +1 t v— 2m t2L qd ! du
<C " —V, [ —= VL T —
- /0 e /FZ\/ﬁ )(2\/5 > I B

(1 1) [® n(l_l) _.< d<EvF>2) du
+1+ 1+

<t "(P 4)/ W' T\rTa) e 2 u;”f”LP(E)
0

~n(1-1) (1 | dCE, F)2>—(m+1+g(11)_;))

P g
12

£V, (t VL 2" /O %e—ﬂ f(y)du

1A llzrcE)-
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3. TENT SPACES

We start with some definitions. Let R”*! denote the upper-half space, that is, the set of points
(v,1) € R" xR with ¢t > 0. Given @ > 0 and x € R" we define the cone of aperture a with vertex at
x by

(x) == {(y,f) e R™ ¢ lx — y| < ar).
When a = 1 we simply write I['(x). For a closed set E in R”, set
RUE) := | T
x€E
When a = 1 we simplify the notation by writing R(E) instead of R!(E).
We also define the operator A%, a > 0, (and simply write A when @ = 1) by

G.) AF(x) = ( i PP fffft)z-

3.1. Change of angles. Related to the above operators we obtain Proposition 3.2, which is a
weighted version of [15, Proposition 4] and [2], see also [29].

Proposition 3.2 (Change of angles). Let 0 < a < 8 < co.

(i) Foreveryw € A,, 1 < r < oo, there holds

nr

>
IIﬂ'BFIILn(W) <C <§) AYFllLrowy forall 0<p<2r
(ii) Foreveryw € RHy, 1 < 5 < o0, there holds

n

ARA 2
IIﬂ”Flle(W)sC<B) W\APF||Lowy for all ;

< p <oo.

In Remark 3.25 below we shall show that the previous estimates are sharp: the exponents nr/p
in (i) and n/sp in (ii) cannot be improved. This should be compared with [2] where the unweighted
case was considered (see also [29]).

To prove this proposition we need the following extrapolation result:

Lemma 3.3. Let F be a given family of pairs (f, g) of non-negative and not identically zero mea-
surable functions on R".

(a) Suppose that for some fixed exponent pg, 1 < pg < oo, and every weight w € A,

(3.4) FOPw(x)dx < Cy, / 2P w(x) dx, Y(f,g)eF.
Rn RI‘!
Then, forall 1 < p < co and forallw € A,
(3.5) Fx)Pw(x)dx < Cw,p/ g(x)P w(x)dx, Y(f,e) eF.
R” R”

(b) Suppose that for some fixed exponent qo, 1 < qo < oo, and every weight w € RHy,
1 1
(3.6) Fx)0 w(x)dx < Cy, / g(x) w(x) dx, V(f,.8)eF.
R R
Then, for all 1 < g < co and for allw € RH,,

(3.7) £ w(x)dx < Cpry / g1 wndy, Y(f,g) €F.
R® R®
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Part (a) is the so-called Rubio de Francia extrapolation theorem (cf. [22, 33]) written in terms of
pairs of functions rather than in terms of boundedness of operators. The reader is referred to [16]
for a complete account of this topic. There is, however, a subtle difference between (a) and [16,
Theorem 3.9]: in the latter both the hypothesis and the conclusions are assumed to hold for all pairs
(f,g) € ¥ for which the left-hand sides are finite. Here we do not make such assumptions and, in
particular, we do have that the infiniteness of the left-hand side will imply that of the right-hand one.
This formulation is more convenient for our purposes and its proof becomes a simple consequence
of [16, Theorem 3.9]. The extrapolation result in (b) is not written explicitly in [16], but can be
easily obtained using [5, Theorem 4.9] and [16, Theorem 3.31] (see also [4, Proposition 2.3] for a
particular case).

Proof. We start with (a). Given a family ¥ as in the statement and an arbitrary large number N > 0
we consider the new family

Fn = {(fn:8) : (f,8) € F fv := [LixeBON):f (<) }-

Note that

(3.8) / N wx)dx < N'w(B(O,N)) <o, forall 0<r<oco and w € Ae.
Rn

From (3.4) and the fact that fy < f, we clearly obtain that the same estimate holds for every pair
in ¥y (with a constant uniform on N) with a left-hand side that is always finite by (3.8). Thus we
can apply [16, Theorem 3.9] to ¥ to conclude that (3.5) holds for all pairs (fy, g) € Fn (with a
constant uniform on N), since again the left-hand side is always finite by (3.8). To complete the
proof we just need to invoke the Monotone Convergence Theorem.

We next obtain (b). Letus fix 1 < g < coand w € RH,. As before we first work with Fy.
Since w € RHy C A, there exists po such that w € A, . We set p; := 2¢q, ro := % and pick

O<p-< min{z—z, [%0,2}. We then have that 0 < p_ < rg < p,, and for all wy € A mRH(p+>, -
P 0
RH, .\ =RHy,
(%)

69 [ (A@H) wwdr= [ fobwcodss [ foimmds

R’l Rl‘l
<c / (D) wo(¥)dx = C / (s00%) " wowrd.
Rn R

with C independent of N, and for every pair (fy, g) € ¥n. Note that for each pair the left-hand side

is finite by (3.8). Therefore, applying [5, Theorem 4.9] or [16, Theorem 3.31], we obtain, for all

p-<p<psandforallwe A, ﬁRH<p+>/,
= e

p

(3.10) ) (x0)dx < C / ¢(x) % W(x)dx,
R" R”

with C independent of N, for every pair (fy, g) € Fn. Then, note that p = 2 satisfies that p_ < p <
p+andalsowe Ay, NRHy CA2 N RH(%)I. Thus, we can apply (3.10) with p =2 and w = w to
p—

obtain
/ fN(x)éw(x)dx <C / g(x)éw(x)dx,
Rn R7

with C independent of N. Letting N — oo, the Monotone Convergence Theorem yields the desired
estimate (3.7). |
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Before proving Proposition 3.2 let us recall the following property satisfied by Muckenhoupt
weights. Given 1 < p, g < oo, for every ball B and every measurable set E C B,

w(E) -1 (1B
(3.11) o) > <|B|> . VweAa,
and
W(E) E] ¢
(3.12) @ < [W]RHq, <|Bl> , Ywe RHq/.

Proof of Proposition 3.2, part (i). We first observe that if 0 < & < 8 < co then APF(x) = APIeF,
where F(x,t) = a:F (x, t/a). Thus, we can reduce matters to obtaining that for every @ > 1 and for
every w € A,, 1 <r < oo, there holds

(3.13) A Flliry < Ca? | AFra, forall 0 < p<2r.

We then prove (3.13) by splitting the proof into three steps. We first obtain the case p = 2 and
1 < r < oo. From this, we extrapolate concluding the desired estimate in the ranges 0 < p < 2 r and
1 < r < oco. Finally, we shall consider the case r = 1 and 0 < p < 2.

Fix from now on a > 1. For the first step, let p = 2 and w € A,;, 1 < ryp < co. From (3.11), we
easily obtain

1
e dydt 2
(3.14) WA Fll 2 = < / / / F(y, P2 w(x)dx>
nJo |x—yl<at t
1
e dydt)\?
< / / IF(y, OPw(B(y, b)) f+1>
R JO r
1
nrg * dydt)?
o ( / / IF G DPw(BO, 1) )
nJ0
1
nry 0 dy dt 2
=« 7 </ / / |F(y, t)|2 ;;H w(x)dx)
nJ0o [x—yl<t

nro
= ? ”ﬂF”LZ(W)

12\

We shall extrapolate from this inequality. To set the stage, take an arbitrary 1 < ryp < oo and

2 2
consider ¥ the family of pairs (f,g) = ((ﬂO‘F Yo, a" (AF )6). Notice that (3.14) immediately
gives that for every w € A,

F(XO)°w(x)dx = / AVF(x)> w(x)dx < C "™ / AF (x> w(x)dx =C / g0 w(x) dx,
R~ R~ R? R

where C does not depend on a. Next, we apply (a) in Lemma 3.3 to conclude that for every
1 < r < oo and for every w € A,

A0 wrydx = | Fx) wlx)dx < C / 2 W) dx = Ca™ | AF)® wx)dx,
R? R?

R R

where C does not depend on a. From this, using that 1 < ry < oo is arbitrary, we conclude (3.13)
under the restriction 1 < r < 0.

To complete the proof it remains to consider the case r = 1, (i.e., w € A1) and 0 < p < 2. Notice
that if [[AF||r(w) = oo the inequality follows immediately. So, we can assume that || AF||zr) < o0.

For a fixed 1 > 0, set
Ey={xeR": AF(x) < 1}, 0, =RNE,={xeR": AF(x) > A).
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Then, for each 0 < y < 1, we also consider the set of global y-density with respect to £, defined by

. E,NB
E) = {x eR": |/1|B|| >y, VB centered at x}
and denote its complement by
(3.15)
0, N B(x,
0 = {xeR" : 3r>0suchthatw l—y} = {xeR": M1p)(x) > 1 -7},
X, r

where M is the centered Hardy-Littlewood maximal operator.

Note that if x; — x then Iy (v, ) = I (y,t) forae. (y,1) € Rﬁ”. This and the Fatou Lemma
clearly imply that E, is closed. We next show that, for each 0 < y < 1, E7 is a nonempty closed
set contained in E,. Notice that the fact that M : L'(w) — L®(w), since w € A, and our earlier
assumption ([[AF ||z < o0) give

* n 1
w0 =w({xeR": M(1o)x) > 1-7y}) < w(0,) < T IAFN ) < 0.

I—y )

This immediately implies that £ cannot be empty.

Next, we see that £ C E,, for all 0 < ¥ < 1. This follows from the fact that E, is closed: if
x ¢ E,, there exists r > 0 such that B(x,r) N E; = 0, and then x ¢ E7.

Finally, we show that E7 is closed. Let {x;}x C E? be such that x; — x. Take an arbitrary r > 0
and define the functions fi = 1g,nB(x,,» Which satisfy fi — 1g,np.» a.e. in R". Note also that for
k large enough fi < 1p(x 2, (since x; € B(x,r)). Thus, by the Dominated Convergence Theorem,
we conclude that

|[Ea N B(x,r)| = klim iy dy = klim |Ea 0 B(xg, ).
—0oo Jpn —00

On the other hand, since x; € £ we have that |[Ey N B(xg, r)| > y|B(xy, r)| = y|B(x, r)|. This in turn
implies that for every r > 0
|Ea N B(x, 1)
- 7 > v,
|B(x, )|
which yields that x € E} and hence E7 is closed.
After these preparations, given (y,f) € R*(E?), there exists X € E7 such that |Xx —y| < at.

Therefore, forz = y — éli:; we have that B (z, %) C B(x%,at) N B(y, t) and

B an) \ BO, )| < ‘B()‘c, an)\ B (z, %) ‘ — |B(X, )| — ‘B (z, %) ‘

 Qngn

= |B(x, at)| <1 ) = cq |B(X, at)|,

with ¢, = (1 - 5=) < 1. This and the fact that X € E yield

T Ta
YIB(x, an)| < |[E; N B(X, at)| = |[Ex N B(X, @) \ B(y, )| + |[E; N B(%, at) N B(y, 1)
< ¢o|B(X, at) + |Ea 0 B(y, 1)].

Choosing y = % we conclude that
1 1
(3.16) |[Ex N B(y, )| = WlB(L at)| = WW(}’, at)|.
From this and (3.11), we have for every (y, t) € RY(E?),
E,NBQO,t 4IEaN B, t 1
(3.17) w(E, N B(y, 1)) S [W]A11| AN BG Ol

w(B(y, ar)) IBy,anl  — 27anwla,
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We use this to show that

« X - dy dt
(3.18) / AF(x)Pw(x)dx = / / FGu 0P o (S ) w5 dx
E} = Jo R~ at 4

dydt
< // IF(, 1) / wx) dx s
o(E?) B(y.at) 4
dydt

< 2wl / / IF(y, )P / W) dx 2l
Re(E) BO.ONE, £

<2 wly, [ AF(x)*w(x)dx.
E)

Therefore, from (3.18), (3.15), and the fact that M : L'(w) — L»®(w) (because w € A,), we obtain

w{x: AF(x) > A}) <w({x e O : AF(x) > ) +w({x € E} : AYF(x) > A})

<w({x: Mo )(x) > 1=y} + % / .?l“F(x)Zw(x) dx
£}

< @'[wla,w(0,) + o' [w] ?[F(x)zw(x) dx

Al 75
A2 E,

= " [wla,w({x : AF(x) > A}) + a"'[w] AF(x)*w(x) dx.

A172
A= JE,

Using this and that 0 < p < 2 it follows that

* da
A FN ey = / p/l”w({x:ﬂ“F(x)>/l})7
0

< a"[wla, ( / ) p AP w({x : AF(x) > A}) djﬂ + / ) pAP2 [ AF(x)*w(x)dx ‘2’1)
0 0

Ea

« Lda
< a’n[W]Al (HﬂFllIZP(W) +/ ﬂF(x)z/ P/lp 2 TW(X) dx>
R” AF(x)
= C "Wl |AFL, -

This completes the proof of (i). |

Proof of Proposition 3.2, part (ii). As before, we can reduce matters to showing that for every a >
1 and for every w € RHy, 1 < s < oo, there holds

2 2
(3.19) IAF Ly < Ca #IAYF ||y, forall = < p < oo,

5

We show this estimate considering three cases: p=2and 1 < s < 00,2/s<p <ooand 1 < s < 0o,
ands=1and2 < p < oo.

We start by taking p =2 and w € RHy, with 1 < 59 < co. We proceed as in (3.14) and use (3.12)
to obtain

o0 dydr\
(320) [NAF Iz = ( /R ,, /0 IF(y,t)Izw(B(y,t))th>

1
i °° dydr\* _ _n
Sa % (/ / IF (v, 0)Pw(B(y, a1)) tfu) = a 20| A Fllz).
" J0O

For the second case we shall extrapolate from (3.20). Take an arbitrary 1 < so < oo and consider
F the family of pairs (f,g) = ((AF)**,a™" (A*F)**). Notice that (3.20) immediately gives that,
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for every w € RHsg),

F(X)® w(x)dx = / AF(xP w(x)dx < Ca™ % / AF(x)P w(x)dx = C / 200 w(x)dx,
R? R® R? R7

where C does not depend on a. Next, we apply (b) in Lemma 3.3 to conclude that, for every
1 < s < oo and forevery w € RHy,

2 5 n 2
AF() S wx)dx = | £ wx)dx < C / g w)dx=Ca™s | AF(x) S wx)dx,
Rn R}'I Rn RI!
where C does not depend on . From this, using that 1 < sy < oo is arbitrary we conclude (3.19)

under the restriction 1 < s < oo.

Finally, we show (3.19) for all 2 < p < o0 and w € RH, (i.e., s = 1). Without loss of generality,
we may assume that @ > 32 (for 1 < @ < 32 we just use that AF < AYF). Let us also assume
that [|AYF||zrwy < oo. Otherwise, there is nothing to prove. Besides, since w € RH., there exists
r > 1, which can be assumed to satisfy r > p/2, such that w € A,. Then we can apply part (i) with
B = 6 y/na and obtain that

nr

P
) KA Fllrowy = CIAYFllrow) < 0,

6
(3.21) AN | pyy < C < f“

where C does not depend on «.
After these observations, for every A > 0, consider the set
0, :={xeR": AV F(x) > A}.
We shall show that

(3.22) w({x eR" : AF(x) > 24}) C;_Z

| AV B () Pw(x)dx.
0,

Note that the previous estimate is trivial when O; = 0: both sides vanish since AF < A° Vi
We may then assume that O, # (. From the arguments in the proof of (i) we clearly have that O,
is open. Also (3.21) and Chebychev’s inequality give that w(O,) < oo, which in turn yields that
0, ¢ R". We can then take a Whitney decomposition of O, (cf. [34, Chapter VI]): there exists a
family of closed cubes {Q}jen with disjoint interiors so that

323)  Oi=J0@;  diam(Q)) <d(Q;R"\ 0y <4diam(Q), Y 1g <12"1p,,
JEN J

where Q =3 20; e
On the other hand, since AF < A° Ve , we have that

(3.24) w({xeR": AF(x) > 24}) = w({x € Oy : AF(x) > 24}) = Zw({x € Q;: AF(x) > 2a}).
jeN

Fix j € N and, for every x € Q;, write

l(Q,
dyd
AF(x) < Gj(x) + Hj(x) := (%(Q)/ )IF( ¥, DI ,M) / /B( )IF(v Ol tfﬂt

Pick x; € R" \ O, such that d(x;, Q;) < 4diam(Q;). Notice that for every x € Q; and 1 > {(Q;)/«a
we have that B(x, ) C B(xj, 6 y/nat). Then,

0 dydt
() /@ /B O 0PSET < [(Qj /B iy PO t,m < AVE(x ) <
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where we have used that x; € R" \ O, in the last inequality. Using this and that w € RH,, we have

w({x € Qj: AF(x) > 2A)) < w(fx € Q; : Hi(x) > A))

< % /Q .Hj(x)zw(x)dx

1 ) dydt
=P //Q(Qj> L0120, OIF O DFWB(: 1)~
a™ dy dt

N

2 -1
= / /R o, Ko@) OIF 0O (B 32 an) 5

a™” 0 dydt
. / / / 1FG 0P 2 o
0;Jo  JB(x32an) f

a:l—z / ACNre (x)*w(x)dx.
Q;

Then, by (3.24) and the bounded overlap of the family {Q’;} jen, we conclude (3.22):

w({x € R" : AF(x) > 21}) < CZZ > /Q * \AC VI F () Pw(x)dx < 622 /0 \AC VI F () Pw(x)dx.
jeN 7€ 1

This, the fact that 2 < p < oo, and (3.21) give

da

A,y = 27 /0 pAlwx: AF(X) > 24} = S o /0 AP / (5616WF(x))zw(x)dx7
0,

) ﬂﬁ \/H(YF(X) /1
<a™ / (AOVIF(x)) / /lp_zjw(x)dx < @ ANEN, ) S @ INAYFIR .
n 0
This completes the proof. O

As announced before, we next discuss the sharpness of Proposition 3.2.

Remark 3.25. Let us consider the weights wy(x) = [x|7?. Tt is standard to show that wy € A, if and
only if —n(r — 1) < 6 < n (with the possibility of taking 8 = 0 when r = 1). Besides, wy € RHy if
and only if —co < @ < & (with the possibility of taking 6 = 0 when s = 1). We shall use this family
of weights to show that the exponents obtained in Proposition 3.2 parts (i) and (i7) are sharp.

We proceed as in [2], where the unweighted case was considered. Set B := B(0, }L) and a(y, 1) :=
15(n1, 1 1(®). It is straightforward to show that

Aa(x) < Clsp(x), VYxeR", and Aa(x) >C, VYxeB,
and, for every a > 1,
A%a(x) < Clug+np(x), YxeR", and A%a(x) > C, VYxeRa-1)B.
Hence,
(3.26) Al Ly ~ 1 and Al ~ @7 s

where the implicit constants may depend on 6 but are independent of a.

To see that the exponent in part (i) is sharp, assume by way of contradiction, that there exists
O<po< % such that foralla > 1,w € A;, 1 <r < o0, and 0 < p < 2r there holds

(3.27) A Fllogwy < Cua? 2l AF |-
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Take ] < r <00 < p<2r,andsetf:=—-n(r—-1)+ %. Note that —n(r — 1) < 6 < n and therefore
wg € A;. Applying (3.26) and (3.27), there exists Cy so that for every a > 1 there holds
nr_Q n=0 nr_ nr_
@r i =a" ~ A allLrowg) < Coa? ~C||AallLrny ~ Coar ™7,
where the implicit constants may depend on 6 but are independent of @. This clearly leads to a
contradiction since @7 ~* > a7 ¢ when @ — .
We next see that the exponent in part (i) is sharp. Again we proceed by way of contradiction:

let us assume that there exists ¢ > 0 such that foralla > 1, w € RHy, 1 < s < o0, and % <p<oo
there holds

(3.28) IAFILrwy < Cuwa™ A FlLrgr).
Take 1 < 5 < oo, % < p < oo, and pick 6 := & — % Observe that —co < § < % and therefore

wyg € RHy. Applying (3.26) and (3.28), there exists Cy so that for every a > 1 there holds
—n_ _n_,, n=0
1 % || AdllLrwyy < Coa™ I AallLrowy = Coa™ 7477 = Coa 2,
where the implicit constants may depend on 6 but are independent of @. Note that the right-hand
side tends to 0 as @ — oo and this readily leads to a contradiction.

Proposition 3.2 gives us a way to compare the norms of A*F in L”(w) for different angles «. In
that result, the emphasis is on the class of weights: fixed a class of weights (A, in (a) or RHy in (b)),
we estimate the change of angles in L”(w) for some range of p’s. In some other situations it may
be interesting to give formulas where the emphasis is on the exponent p. This is contained in the
following result whose elementary proof follows from Proposition 3.2 and is left to the interested
reader:

Proposition 3.29. Letw e Ao, 0 <@ < B <0 and 0 < p < co. There hold:

P
@) IIﬂBFIILp(W) <C (i) WA FllLowy, for r > max{5, r,), and for r = max{%,r,} if n, < § or
weE A

n

.. a\ : . :
@) |AYFllpwy < C (,3> [dalirey for% < min{5, Ly andfor% = mm{g,é} iff < L

Sw

orw € RH.,.

Related to the change of angles, we establish the following result, which will be required in the
proof of Theorem 1.15.

Proposition 3.30. Let 1 < g < s <oo,we RHy, and 0 < a < 1. Then, for every t > 0, we have

(3.31) / (/ |A(y, t)ldy) ’ w(x)dx < as / (/ |h(y, 1)| dy) ! w(x)dx.
n B(x,at) " B(x,1)

Proof. We fixt>0,0<a<1,and 1 < g < oco. Set

1

G (x,1) = < / Ih(y, t)|dy> "
B(x,at)

For @ = 1, we simply write G(x, f). Then, from (3.12), forall 1 < so < oo and w € RH.vg), we have

(3.32) / G(x, ) Iw(x)dx = |h(y, )l w(B(y, at)) dy
n RIZ

sa [ G, DIwBE,D)dy = a% / G(x, 7 w(x)dx.
R” R"
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This gives (3.31) for ¢ = 1, and thus we may assume that g > 1. We shall extrapolate from (3.32).
Take an arbitrary 1 < 59 < oo and consider ¥ the family of pairs (f, g) = (G"(‘, Hn1% o" G(-, 1)1 50).
Notice that (3.32) immediately gives that, for every w € RHy,,

£ w(x) dx = / G*(x, I w(x)dx < C ' / G(x, 0 w(x)dx = C / 200 w(x) dx,
R R

n

Rﬂ
where C does not depend on a. Next, we apply (b) in Lemma 3.3 to conclude that, for every
1 < s < oo and forevery w € RHy,

/ G, )5 wx)dx = | f(x)s wx)dx < C / g(x)s wx)dx = Ca’ / G(x, )" w(x)dx,
n R’l

n

Rl‘l
where C does not depend on @. From this, if 1 < ¢ < 5 < co we can take so = s/¢ and conclude
(3.31) as desired. O

3.2. A new version of the Carleson measure condition. Let us recall the following maximal

operator from [15]
dydt
CF(x) —sup( / /| ) )
B>x IBI

Recall that CF € L™(R") means that |F(y, tw% is a Carleson measure in R’fl.

Given 0 < p < oo, we now introduce a new maximal operator

1

(3.33) CpF(x0) = sup / < / / IF(, f>|2dycft> dx |
B3xo |B| B(x,1) "

where the supremum is taken over all balls B ¢ R" and where rg denotes the corresponding radius.

This operator is a version of C which will be very useful for our purposes. Indeed, for p = 2, we
shall see that CF ~ C, F. First, applying Fubini we have

CF(x)=SU< /// |F r>|2 >
20 Baﬁ |B| B(x.p) 0. gl
1
1 B dt\?
sSup(// IF(y,t)|2</ ldx) dy1>
Baxo \IBl J28 Jo By.1) "

2rp dvd
ydt
< su IF(y, ) —— ) = CF(xo).
Py <|2B| / /
For the reverse inequality, there holds

1
dydt\?
CF<xo>—sup< / /| Foy,np 24! )
B>xg |B|
1
2
sup( / /|F(y,z>|2 </ Ldx ) dycft)
B>xg |B| Byt "
2rp 2
< FQ,t = CrF(xp).
P <|2B|/ / /Bm)' 0:0F s ) 200

Our next result shows how C,, and A compare to each other. The case po = 2 andw = 1
appears in [15] and as a result one sees that AF and CF ~ C,F are comparable in L”(R") for every
2 < p < oco. Our result gives comparability of AF and C, F in the range pp < p < oo and, in
particular, if pg < 2 we can go below p = 2.

(ST

D=
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Proposition 3.34.
(@) If 0 < po,p < oo, w € A and F € L2 (R™1) then

KAF | row) S NCpoFllLew)-
b)) If0<py<p<ocoandw € Ar then

pPo

Cpo FllLrowy < IAF|Lr(w)-

Proof. The proof of (a) uses a good-A argument. Then, it requires to know that the quantity to be
hidden is a priori finite. To guarantee this we divide the proof into two steps. The first step consists
in proving (a) for all F € LZ(RTI) such that, for some N > 1, supp F' C Ky := 1m0 y-1 ny(0)-

In the second step we shall consider general functions F € LIZOC(RTI) and define, Fy := Flg,,

N > 1. Clearly Fy € L*(R"*!) and supp Fy C Ky, and hence we can apply step 1 to Fy. By a
limiting argument we shall obtain the desired estimate for F.

Step 1: Take F € LZ(RTI) such that, for some N > 1, supp F' € Ky, and note that under this
assumption |[AF ||y < 0. Indeed, supp AF C B(0,2N), and then

ntl 1
AF||Lrwy < N 2 ||F||L2(RQ+1)W(B(07 2N))? < co.

We claim that it is enough to prove that there exist « > 1 and a constant ¢ such that for all
O<y<Tland0 < A < oo we have

(3.35) w({x e R" : AF(x) > 21,Cp, F(x) < yA}) < cy™w({x e R" : AYF(x) > A}).
Assuming this momentarily it follows that
w({x e R" : AF(x) > 24})
<w({x e R" : AF(x) > 24,Cp F(x) < yA}) + w({x € R" : Cp, F(x) > yA})
<cyw(x eR" : A'F(x) > A)) + w({x e R" : Cp F(x) > yA)}).
This easily gives
KAF ) < CrpliCon Iy + ¥ IAF I -

From Proposition 3.2 we know that [[AYF||zrn < c(a@, pIAF||Lrw). Then, by choosing y small
enough so that cy“c(a, p)P < 1, and since || AF||rr() < o0, we easily conclude that

AF | r o) S NCpoFllLew)-

To complete the proof it remains to show (3.35). We argue as in [15]. Write O, = {x € R" :
AYF(x) > A}. We may assume that w(O,) < oo (otherwise, there is nothing to prove) and this in
turn implies that O; ¢ R". Without loss of generality we can also suppose that O, # 0 (otherwise,
both terms in (3.35) vanish, since A*F > AF because a > 1, and again the proof is trivial). Note
finally that O, is open, fact that can be proved much as in the proof of Proposition 3.2. We can
then take a Whitney decomposition of O, (cf. [34, Chapter VI]): there exists a family of closed
cubes {Q;}jen with disjoint interiors satisfying (3.23). In particular, for each j € N we can pick
x; € R"\ O, such that d(x;, Q;) < 4diam(Q);). Furthermore, since & > 1 we have A*F > AF and

w({x e R" : AF(x) > 24,Cp F(x) < yA}) = w({x € Oy : AF(x) > 21,Cp F(x) < yA})

=Y w(lx € Qj : AF(x) > 21,Cp F(x) < yA)).
JjeN
Thus, to show (3.35), it is enough to prove
(3.36) {x e Qj: AF(x) > 24,Cp, F(x) < yA}| < cy™|Qjl,
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which, together with w € A, (cf. (3.12)), would imply
w({x € Qj : AF(x) > 2A,C, F(x) < ya}) < cy™w(Q)),

and summing in j we would get (3.35).

Let us now fix j € N and obtain (3.36). There is nothing to prove if the set on its left-hand side
is empty. Thus, we assume that there exists X; € {x € Q; : AF(x) > 24,Cp,F(x) < yA}. Let B; be
the ball such that Q; c B; with 2rp; = diam(Q;). Then, d(x;, Q;) < 8rg; and Q; C B(xj, 10rg)).

We now write
F(x,0) = Fyj(x,0) + Fp,j(x,1) := F(x,1) 1[rBj,oo)(t) + FQ 1) L0,y (D)

In particular, AF(x) < AF} j(x) + AF, j(x). Easy calculations lead to obtain that for every @ > 11
there holds

(3.37) AFy j(x)* = / / IF(y, z)|2 ,,m < / / IF(y, t)|2 prav = AF(x;)* < 22,
[x—yl<t |xj—yl<at

where in the last inequality we have used the fact that x; € R" \ O,. On the other hand, by our
choice of x; € Q; C Bj, it follows that

(3.38)

n
2

Po = 2 ¥ )P0 Po

|B|/ﬂF2/(x) dx = IBJI/ </ /B(“)IF( 3] n+1> dx < Cp F(Z))" < (PO,

Using (3.37), Chebychev’s inequality, and (3.38) we conclude (3.36):

Hx€ Q;: AF(x) > 2A,Cp F(x) < yA}| < [{x € Q; : AF3 j(x) > A}

1
< E /Q ﬂFz’j(x)pO dx < ,ypolle < cy”OIQjI.
j
This completes the proof of Step 1.

Step 2: Take F € LIOC(RTI) and define, for every N > 1, Fy := Flg,. Then, since Fy €
L>(R"*!) and supp Fy C Ky, we can apply Step 1 and obtain that

IAF NI Lrwy S NCpyFnllerowy < NCpoFllLeow)s

where the implicit constant is uniform on N. Finally since Fy ,” F in R"*!, the Monotone Conver-
gence Theorem yields the desired estimate. This finishes the proof of (a).

We next turn to prove (b). For every xo € R" and any ball B ¢ R" such that xg € B, we have

1

<][ < / / IF(y, t)|2df+1t> dx) < (7[ IﬂF(x)lpodx>p0sMpo(ﬂF)(xo),
B(x,t) B

where for any function, i, M h(x) := M(lhlpO)(x)l/ Po_ Taking the supremum over all balls con-
taining xo, we conclude that C, F(xo) < M, (AF)(xo). Besides, since M,, : LP(w) — LF(w)
(because w € Ar and p > pg) we finally conclude that

Py

NC po FllLrowy < IMpo (AF)ILrawy S KAF 2 (w)-

This completes the proof. O
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We conclude this section by stating some easy consequences of the previous results for other tent
spaces. Prior to formulating the resulting estimates, we define, for each 0 < g < oo, the following

operators

1 1
dydt\ ¢ 1 [ dydt\ ¢
AGF (x) = <// |F(x, 0l ) , CyF(x) :=su (/ /IF( ,t)|q> ,
1 Te(x) g 1 Balj Bl Jo Jg Y t

and

1

Po —
"8 dydt\ ¢ "o
Cq,poF(x) = Sup <f (/ / |F(y’ t)|q 3;_1 ) dx) .
Bax \JB \Jo JB(xp !

Much as before we have that C,F ~ C,,F. Besides, we obtain the following analogues of Propo-
sitions 3.2 and 3.34.

Proposition 3.39. Let0 < g <ooand () < a < < co.

(i) Foreveryw € A,, 1 < r < oo, there holds

nr

w
“ﬂgFHU’(w) <C (i) IAG Fllrwy,  forall 0<p<gqr.

(it) For everyw € RHy, 1 < s < o0, there holds

n

a \ P
IAG Fllrawy < C (ﬁ) IACF Iy, for all

NN
IA
=
AN
8

Proposition 3.40.
(a) If0 < pg,p < oo, wE€ Ay, and F € LfOC(RTl) then

A F | Lo wy S NCqpo FllLrow).-
B) If0<pg<p<coandw € Ar then
Po

ICy.po FllLrowy S KAGF|lLr(w)-
The proofs of these results follow immediately from Propositions 3.2 and 3.34, and the equalities

ACF() = A(FIH0T  and  CypyF(x) = Capy (IFI?) ()1

4. PROOFS OF THE MAIN RESULTS

In this section we shall prove Theorems 1.12, 1.13 , 1.14, and 1.15.

Let us first fix some notation. Given a ball B € R", and unless otherwise specified, we write xp
and rp to denote respectively its center and its radius, so that B = B(xp,rg). For every 4 > 0 let
AB = B(xp, A B) be the ball concentric with B whose radius is A rp. Finally, we write

Ci(B):=4B,  C;B):=2"'"B\2/B, j>2.

4.1. Proof of Theorem 1.12.
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4.1.1. Proof of Theorem 1.12, part (a). Let us start by introducing more notation. From now on,
Q, denotes 2Le~"L, tVye"zL, or tVy,te‘tzL in such a way that, if we write

_ od\ 4
Afx) = ( / /r Qo t;fj) ,

then A f is respectively Suf, Guf, or Guf.

The boundedness of A follows from the combination of Proposition 3.34 and the following
auxiliary result.

oy _2 _ 42 2
Proposition 4.1. Let Q; denote t*Le™"L, tVye™ L oor AT L Ifwe set

1

PO -
T g Jdydr\? O\
Cpuf () = %‘i£’<|3| / ( I o) t,m) dX> ,

then, for every p_(L) < po < 2, there holds
(4.2) Cpof(X) S My f(x),  xeR

Assuming this result momentarily we prove Theorem 1.12, part (a). Note that taking F(y,?) =
Q;f(y) in (3.1) and in (3.33) we have that Af(x) = AF(x) and C,, f(x) = Cp,F(x). Thus (4.2), in
concert with (a) in Proposition 3.34, implies that, for every 0 < p < o and w € A,

WAL NLrowy S ICpoflirowy S Mo fllrowys  forall  p_(L) < po < 2,

provided Q;f € Lﬁ)c(Rﬁ“). Hence, the above estimate holds for all functions f € L°(R"). Next, fix
w € Ay and p € W, (p—(L), 00). Then, there exists p_(L) < pg < 2 (close enough to p_(L)), such

that w € A » . Therefore, M, is bounded on LP(w) and consequently the previous estimate leads to
Po

(4.3) KA S vy < CAllrons Y f € LR,
A routine density argument allows one to extend this estimate to all functions in L (w).

Let us notice that (4.2) with py = 2 appears implicit in [4, p. 5479]. Having used that estimate
we would have obtained (4.3) for every 2 < p < coand w € A,;». However, using C,, with pg
very close to p_(L) allows to obtain better estimates: (4.3) holds for every p_(L) < p < oo and
wEAp/p(n)-

We are left with the proof of Proposition 4.1, in which we shall use the following unweighted
estimates for the conical square functions that we are currently considering.

Proposition 4.4. The square functions Sy, Gy, and Gy are bounded on LP(R") for every p_(L) <
p<2

Let us note that the boundedness of Gy has been established in [1, Section 6.2]. On the other
hand, one can easily see that Gy < Gy + Sy, and therefore we only have to consider Sy. In turn,
this operator will be handled by using a Calderén-Zygmund type result from [7] after the proof of
Proposition 4.1.

We would like to observe that, a posteriori, Theorem 1.12, part (a), applied with w = 1, implies
that Sy, Gy, and Gy are also bounded on LP(R") for every 2 < p < oo (and therefore in the range
p-(L) < p < 00). The case Gy was obtained in [4, Theorem 3.1, part (2)].

Proof of Proposition 4.1. Fix p_(L) < po < 2 and xp € R". Take an arbitrary ball B > xy and split
f into its local and global parts: f = fioc + falob := flap + flrn\ap.

For fioc, we use that A is bounded on LPo (R™) by Proposition 4.4:
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dydt g 1 . m
<|B|/ </ /B(“) Q¢ fioc W) pors ) dx> < (|B| j{floc(x)P dx>

1 % 1 Plo
< <|B| foc P dX> S (|4B| o dx> S Mo fx0)

As for fyiobs since {@i}»0 € FoolL? — L) —where we recall that Q; is 2Le™""L, tV,e™"'L, or
1V, ,e"L— and since supp fuop C R" \ 4B, we have

<|B| L[] @) dﬁ’ff) dx) <Z< / /| |at(f1c,<B>>(y>|2dfff’>

Jjz2
N 1
Po
= | )I”Od> 2
Z; (/ (/2f+13 SOy t"”
4jré dt %
< Mpof(xo)z (/ (2J’”B)”°t ”03 - t> < My f(x0).
Jjz2

Gathering the estimates obtained for fioc and for fgop We conclude that

dyd %
/ ( / / QO fj) dx| < My fxo).
1Bl B(x.0)

Taking the supremum over all balls B such that xy € B we readily conclude the desired estimate. O

Proof of Proposition 4.4. As explained above we only need to consider the operator Sy. It is well-
known that Sy is bounded on L*(R"). Fix then p_(L) < p < 2 and take p_(L) < py < p < 2.
We shall apply [7, Theorem 2.4] (see also [1] and [5]). We claim that given f € L (R") with
supp f € B Cc R”, the following estimates hold

4.5) (][ \SH(I - e"%’”f\m dx) < g(j) (7[ AP0 dx) " s,
Ci(B) B

and

4.6) (f -ty dx) < 4(j) ( P dx) " s,
C(B) B

with g(j) = C 2 @M Assuming this momentarily and taking M large enough in such a
way that > s g( j)2j” < o0, [7, Theorem 2.4] implies that Sy is of weak-type (po, po) and, by
Marcinkiewicz’s interpolation Theorem, bounded on L?(R"), which is our goal.

In view of the previous considerations we need to obtain (4.5) and (4.6). Fix a ball B. For
f € LY(R") with supp f € B, we first prove (4.5). Define A3 := (I - ¢~"#1)M and by Fubini (or see
[15, Lemma 1]) conclude that

1 1

<][ ’SHAré f(x)‘po dx> " <][ ’SHAF% f(x)’z dx> 2
Cy(B) Cy(B)

l

<|2]B| // 2Le—t LA f(y)‘ d)’dt
R(C;(B) (B))
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1
. o 2 dt 2
|2JB|—% </ / ‘l‘zLe_tzLAer(y)‘ ddy)
”\Zj_lB 0 B t

+12/B? < / /
218 J2i1ry

B2 (I + ID).

A

PLe A, f(y)‘

2 didy\?
t

We estimate each term in turn. Before that, let us remind the following off-diagonal estimate ob-
tained in [26, p. 504]:

2
s° ., 2 2.2
t2 (6 s“L e (S+I)L)(f1)

_¢ dEF?
, <Ce 52 ”f”Lz(E)’ O0<t< S,
L2(F)

4.7)

with C independent of ¢ and s. This and Lemma 2.1 imply that for every M > 1 there exists C such
that for every O < ¢ < s there holds

2

M
L1\ _ dEFR)?
4.8) SZLe_SzL (;) (e_SzL —e_(SZHZ)L)M(flE) <Cs n(Po z)e S ||f||Lpo(E).

L2(F)

After these preparations we estimate //. Doing the change of variables t = VM + 1 s and using
(4.8), easy calculations lead to obtain
1
2 ds)\ 2
——
L221B) s

el
c2irg
1
o r am o L1 dS 2
< (/ (ﬁ) s (7 z)) £ llroay
2irg N S S
1

< 2_].(2M+%) |2]B|% <][ |f(_x)|[70 dx> 0] .
B

Let us next estimate /. We proceed as in [26] or [27, p. 53-56]. Change variables as before to

obtain
1
2 d t 2
L2(R"\2/-1B) t >

1< (/rB HszLe—(MH)szL(l_e—réL)Mf
0

1
0 2 2 (2.2 2 dr\?
+ / s*Le™* L(e SL_ e +rB)L)Mf = =L+
s L2(RM\2/-1B) ¢

) _2 (2142 M
S2L€ K L(e sL_e (s +rB)L)

For I,, employ (4.8) and conclude that

1
o 4aM 1_1 472 2 . M . %
</ (rj) 52 () e T ds) Ifllzroge) < 27/ M0’ 27812 <][ F)P d’C)]O'
T s B

. s
For Iy, expand (I — e"%?L)M and use the LP — L? off-diagonal estimates satisfied by the Heat

semigroup:
1
2 ds)\ 2
f 2 j—1 )
L2R"\2/-1B) §
1

rB
(]
0
( B 2 ds>2
+ sup / —
1<ksM \Jo L2(RM\2/-1B) S

I

A

_ 2
S2L€ (M+1)s°L

Lo ((M+1)s2+kr§)Lf
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1

;] 1 1 4J 12 d 2
on( L -1 _~_BdS

< ( [ ) Wl
0 S
rB 2 2 11 4j'123 d %
S —n(L-1) C¢——2,2dS
+ sup ( / <> (M + 1)s* + kr) (7 2)e <M+1>f2+k%s> £ 1lzro ()
0

L<k<M (M + 1)s% + kr3,

€1

o o o B 2\ 2 d
<oV pip)} (f FCop dx> " L eV pip) <][ Fop dx) " ( / (2) S)
B B 0 g s

1

e Y /B (][ f(x)lPo dx) .
B

Gathering all the estimates that we have obtained we complete the proof of (4.5):

1

(f [Suaz oo dx) "< oM (][ oK dx>
Ci(B) B B

To prove (4.6), we use that {e"L};50 € Foo(LP0 — L?) and for every j > 1

1 1

2 M 3 1
][ == <3 G ]/ le L2 | < eV (][lf(X)I”"dx)
C,(B) =1 Ci(B) B

4.1.2. Proof of Theorem 1.12, part (b). Take w € Ao, m € N, and f € L’ (R"), and apply Theorem
1.14 (see below for its proof). Then, for all 0 < p < oo,

G ufllerony S USuSflLrowys  WGmuflleron S ISufllreny,  and  ISmufllroy < ISHSLrow)-

Now, use Theorem 1.12 part (a) to conclude that for all p € W,,(p-(L), )

IGmufllrowy S W llrowys  NGmufllroy SN I, and (IS aflleay < I zeow)s

for all f € LY(R"). By a standard density argument these estimates easily extend to all functions
feLlP(w). m|

4.2. Proof of Theorem 1.13.

4.2.1. Proof of Theorem 1.13, part (a). From Theorem 1.15 part (b) (see below for its proof), given
W € Ao, we have for all K € N, p € W,,(0, p(L)**), and f € L7 (R™)
ISkpfllLrowy S ISHSLrow)-
Hence, applying Theorem 1.12 part (a), we obtain, for all p € W,,(p_(L), p+(L)5*),
ISP fllrny S Nfllrons feL®R.

A density argument allows us to complete the proof. O
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4.2.2. Proof of Theorem 1.13, part (b). Take w € A and apply Theorem 1.15 parts (a), (c), and
(d) (the proof of this result is given below) to obtain, for all K € N, p € W,,(0, p,(L)%*), and
feLE®
IGkpfllrony S ISufllrewy  and  IGkpfllron < ISHSNLrow)
and
IGp fllrony S NGuSfllLrowy  and G fllLrowy S IGHSILron)-

Now, apply Theorem 1.12, part (a), and conclude, by a density argument, that for all K € N,
p € W,(p_(L), po(L)**), and f € LP(w), there hold

IGkpfllrowy S N flleowy  and  (IGkpfllrowy < Iflleow)-

4.3. Proof of Theorem 1.14. We first note that part (a) is trivial.

4.3.1. Proof of Theorem 1.14, part (b). For m = 1 there is nothing to prove. So, take m € N such

that m > 2 and consider
2

-1 P
T: := (ﬁL)m e 2L,
2 2
Fix0 < p < ocoandw € Ay. Pick r > max{%,rw} sothat w € A, and 0 < p < 2r. Then, from
{(PL)"e™""LY,5 € Foo(L* — L) and applying Proposition 3.2 in the next-to-last inequality, we have

» 1
2 dydt )’ ’
”Sm,Hf”Ll’(w) S /n <//F(x) T% ( Lf> tn+1 ) w(x) dx
1
14
2 dydt
/ / / 2;1 w(x) dx
]>1 " B(x,1) 7
—cdJ «
< 4
Z /R" </0 /B(x,2/+lz)

j=1

s (L
Z R~ B(x,27+1 V21)

Jj=1

s ([
jzzl (R" B(x,t)

S ISufllron. O

( Cle f)lcj(B(x,z»)

7

5Le ‘Lf(y)‘ n+1> w(x) dx

1

PLe -szf(y)) df+0ft) w(x)dx)

2Le"L f(y)‘ d’):ft) w(x)dx)

4.3.2. Proof of Theorem 1.14, part (c). Take m € N and consider

2 m 2
ot -ZL (A -ZL
A% = \—ery,,e 7% and B%’m = (7L) e 2",
Fix 0 < p < coand w € As. Pick r > max(%,
the L2 — L? off-diagonal estimates satisfied by {tVy,,e‘tzL}»o and Proposition 3.2, we obtain

1Gmstfllren < ( / ( / / A
R~ 0 B(x,t)

ry} so that w € A, and O < p < 2r. Then, applying

P -
2dydt)\? g
B%mf(y)‘ tfH) w(x)dx)

2
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]>1 </Rn (/ /B(xt)
' ) dyd\ ? ,
< —c4J / </ / y ) )
;e ( R* \JO JB(x,2/*1r) mf (y)‘ 1 w(x) dx
S —c4 Ba > dy dt> 4 »
) Ze </R” </ /B(x 2/+1 2 ‘ ! mf(y)‘ 1 w(x)dx

j=1

—cd4) AT
< Ze o4 27 ”Sm,Hf”Ll’(w)

=1
S ISuSfNLrowys

where in the last inequality we have used part (b). O

1
2dydt g
2 B%’mf) e, t))) (Y)‘ ;;1 ) w(x) dx)

2

2

4.4. Proof of Theorem 1.15. We first note that part (a) is trivial.

4.4.1. Proof of Theorem 1.15, part (b). In view of Theorem 1.14, part (b), and Lemma 3.3, it is
enough to show that

4.9) ISkpfllLrowy S ISkHS L)
forallw € Aw, K € N, and p € W,,(0, p.(L)5*), with 1 < p. Set

B g = (IZL)K e 'L,

and apply the subordination formula (2.2) and Minkowski’s inequality:

P
dydt
HSK’PfHLP(w) S /n (//r(x) s ) w(x) dx
<[t (LA
0 R" B(x,1)

1 o0
S /4 e k2 / </ / B
0 R* \JO JB(xp
R VR VA
i R* \JO JB(xp

= I1+1l.

(tzL)K/O e M2€ 4u f(y

P
du
(tZL)Ke au f(y)’ n+1> w(x) dx "
2 dydr\ " a
u
ti)“ ) w(x) dx) 7

2 dyd d
k0| fj) <x)dx> o

<=

2\f

For I, fix 2 < ¢ < oo and apply Jensen’s inequality to the integral in y. Then,

wiovs [ (L]
0 n 0 B(x,t)

2

2 ’
dr \’ du
B kf0) dy) ﬂ) wdx | =

=: /4 uk+s (/ T (u, x)P w(x) dx)
0 R7

<=

du
=
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Fix 0 < u < 1. Note that since 1 < £ < oo, for @ := 2+Vu € (0,1] and g := % we can apply
Proposition 3.30 and conclude, for all 1 < 2 <s<ooandwg € RHy,

« q dt
@i [ gwxtwea= [ (] B fO| dy ) wode
Rn 0  \ B2 Vizte) 2V ta
n « q dt
< u¥ B fO) dy | e woodx
nJo B(x.57) u ta
n_ a dt
u / / < / }Bmfml"dy) zWo()dx
n B(x.t) tq

™

QI

[

n
= u®

T T wo(x)dx,
Rn

where in the last inequality we have changed the variable ¢ into 2+/uz. Assuming further that
2 < g < p+(L) and applying L? — L7 off-diagonal estimates and Proposition 3.2, we can bound the
last integral above as follows

T (02 wo(¥)dx < / / /

R? nJ0 B(x,t)
Sy
Z nJo o JBx2i

S o ;
> A — | Kf(x)\ wO<x> x

Jjzl

inr —cdJ 2
< 221”’(3 CNSkHN200)

j=1
2
< ”SK,Hf”LZ(WO),

EN1N)

) q
e "Bk f(0)| dy

dt
) ?HWO(X)dX
ta

dydt
B ifx >] o

V2’

< s<oo,and wyg € RHy,

SISV

where r > r,,. This and (4.11) yield, for all 2 < g < p,(L),

/ (T 0%)* wodx < / (w7 D Sknf@*) woxdx,

where y(s,q) := 2 — Z. Next, we apply Lemma 3.3, part (b), for qo0 =S and for the pairs of

functions (ﬂ'(u, x)zs, SV(SWSK,Hf(x)ZS). Hence, forall 2 < g < p(L), 1 7 <s<00,1<g<co, and
w € RH,

4.12) I (u, x) 7] w(x)dx Su (q SK Hf(x) ] w(x)dx
Rn

We now distinguish two cases. Assume first that n < (2K + 1)p;(L). Under this assump-

tion, for every 0 < p < oo and w € A, we take s > s, max {g, 1}, max {2, pzf(’gﬁfz)s} <g<

min {p,(L),2s}, (if pr(L) = oo take ¢ := 2s), and g := % Then, we have that 2 < ¢ < p.(L),

% <s<oo,1<s, <g<oo,andw € RH,. Hence, applying (4.12), we obtain

np _np

(4.13) I, x)’wx)dx S u* 2« Skuf(x)Pw(x)dx.
Rn I’l
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Besides, note that from our choices of s and g, we have that

1 n n

K+-+—-=>K+-- > 0.
HE VTR RS R PN
Consequently, plugging (4.13) into (4.10) we obtain
1
1 lyn_ndu
(4.14) 1< / WK K ISk SNLrowy S ISkuSLrow)-
0

Consider now the case n > (2K + 1)py(L). Fix w € Ay and p € W, (0, p,(L)%*). Then w €

RH ( p+(L)K,*)’ and 0 < p < Wﬁ’;pm Therefore, it is possible to pick £; > 0 small enough

and 2 <p q < p+(L) so that

qn
sp(l +&)n— Q2K+ 1)g)
Besides, since g < gn/(n — (2K + 1)q) there also exists &, > 0 so that

qn

0<p<

g < —.
(1+&)n-QR2K+1)q)
Take &y := min{gy, &}, s = Wq%, and g = % Then our choices guarantee that

2 < g < p(L), g <s<oo, 1 <5, <q<oo,andw € RHy. Therefore, we can apply (4.12) and
obtain

(4.15) T, x)Pw)dx < u® % | Sguf(x)Pwndx.
R® Rn

Again, our choices of s and ¢ imply

1 1 1
K+7+£—£~=so i—K—f > &0 "__k--)>o0
2 4s 2q 2q 2 2p+(L) 2

This, (4.10), and (4.15) give

1
3 gylyn_ndu
I< / KEEE RS el < 1Sk M,
0

Gathering this estimate and (4.14), we conclude that, for all w € A, and p € W,,(0, p+(L)K’*) with
1<p,

I < ISkuSfrow)-

We finally estimate /1. Take F(y,t) = B;xf(y) and pick r > max{g, rw} so that w € A, and
1 < p < 2r. Hence, we have

[
nr

o0 1 n du 1 nr_n du
Ilsﬁ e_”MKJrTZHﬂZWFllLP(w); S[ ety 4”\?1F”Ll’(w)7 S ISk uSLron)-

i i
This estimate, together with the one obtained for / and the observations made at the beginning of
the proof, allows us to finish the proof. O

4.4.2. Proof of Theorem 1.15, parts (c) and (d). We first invoke [4, Lemma 3.5]: for every K € Ny,
f € L*(R") and x € R”, there holds

0 ) d d %
(4.16) Grpf(x) S K ( / / l(PLyKe™ Lf(y)F;‘,ﬂf)
0 JBx2n r

1
© 2
v ( / / |rvy,t<z2L>Ke—f2Lf<y>|2dyf?)
0 JBG2n "
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1
© 2
+ ( / / |<z2L>K<e-’ﬁ—e‘“)f(y)ﬁdyfft) |
0 JBx20 "

The first and second term in the right-hand side of the above inequality will be easily controlled in
LP(w), applying Proposition 3.2, by Sk f and Gxuf respectively. So, we just need to deal with
the third term. To this end we define

e . dydr\?
Gxpf(x) = < / / (PLYE eV = e Ly fy)P Lf) .
0 JBwx2 13

We claim that for all K € Np, w € Aw, and p € W,,(0, p,(L)%*), the following estimate holds:

4.17) 1OxpfllLron < IS+ Lrw)-

Assuming this momentarily and applying Proposition 3.2 to the first two terms in the right-hand
side of (4.16) we conclude, for all K € No, w € Ao, and p € W,,(0, p(L)5*),

(4.18) IGkpfllrony < KISku o + 11GkuaNrrowy + ISk+1 0 e (w)-

For K € N, apply Theorem1.14 parts (b) and (c). This proves part (d). To obtain part (c), we take
K = 01in (4.18). Note that clearly Sy f < %QH f and therefore

IGr fllLrowy S NGufllLrowy + ISHS L owy S IGHS e (w)-

To complete the proof we need to obtain (4.17). Note that in view of Lemma 3.3 it is enough to
prove (4.17) for p > 1. Given 1 < p < oo, apply the subordination formula (2.2) and Minkowski’s
inequality:

1

P
o e 2 _ dydt\ ? " du
16 Kp Sl < / e / / / (L et — el P22 wodr | 2
0 re \Jo JB(x21) " u

1
°° d 4 d © d
=: / e_”u%F(u)l < / u%F(u)—u +/ e_”u%F(u)—u = I+1I.
0 u 0 u % u

FixO<u< Al” and note that

t

2 2 2u 2y 4 dr
‘(e—fT“L_e—l‘ L)f‘ g/ I"2L€_r Lf‘}7
t

We set Hg(y,r) := (rPL)K+le™r *L f(»). Using the previous estimate and applying Minkowski’s and
Jensen’s inequalities, it follows that

t 1 2
F(u) < / / ( / o ( / |(t2L>’<r2Le-r2Lf<y>|2dy> ‘”) dtl w(x)dx
»\ Jo t B(x,21) r)

P 1

_ v INAK  drdt)’ '
st ([ [ eonnp(5) a4 ) wood
n\Jo Ji B(x21) r r2t
, 1
<" IN4K  didr\? P
/ (/ / / |HK(y,r)|2(*) dynz) wx)dx | .
R” 0 J2+ur JB(x21) r "r

1

FNE

Su
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Take 2 < g < oo, apply Jensen’s inequality to the integral in y, and change the variable ¢ into 77 to
obtain

Flo) < ! / / / ( / IHK(, r)ﬁdy)
n \Jo Javar \JBwx20)
| z ’
*© po dt d
<u / / / (/ |Hk(y, r)lqu> K= znr w(x)dx
re \Jo Java \JB@x2rm) ta !
1

1

Tu A < H(x, u)pw(x)dx> ! .
R}'I

SRS

» 1
5 P
INAK drdr\
<7> T w(x)dx
r tg I

1

&1
SRS

Note that 1 < %. Then fora := 1€ (0,1) and q := g we can apply Proposition 3.30 and obtain for
all £ <5 < coandwy € RHy

(4.19)

R 5 1 0 z]— dr 4K dt
H(x, u) wo(x)dx = |Hk(y, l*dy | wo(x)dx—; 11 n
R 2+u JO n B(x,2rt) ra’ ta

1 _m ngqdt [T 71 : d
< / g d / / ( / IHk (. r>|%ly)qm<x)dxz,f1
2 tJo Jrr \JBwx2n ra’t

= C(u,5,9) | Hg(x)*wo(x)dx,
R}l

YN

where

1 1
dt _yn 1 dt
C(u,s,Zﬁ:/ 17— ::/ A
2vu 1 2 t

Al 1= ( / ( / |HK<y,r>|"fdy>5Z:]>
0 B(x,2r) rd

If we further assume § < p.(L), then {(FPL)K*1e"’L}, o € Fu(L* — L9). Use that Hg(y,r) =
2
2K le= 7L Hy (y, \er) and apply Proposition 3.2 to obtain

~ i & 2dydr
H K(x)zwo(x)dx < et / / / Hg(y, = wo(x)dx
/" ]Zzlj nJo  JB(x2i%2r) } ( \/§)| rtl

e dyd
Y e / ,1 /0 /B [Hiy, 1 el wo(ad

j>1 (X,2j+2 ‘/Er)

and
1
2

S 2re / Sk f (¥ wo(x)dx

21 R

S | SkriufO) wo(x)dx,
Ril
where r > r,, is so that wg € A, and 0 < 2 < 2r. This, together with (4.19), yields for all

2<g<pi(l),%<s<oco,andwy € RHy

/ ) (ﬁ (x, u)zs) * wo(x)dx < / (caws, 'qV)SSKH,Hf(X)ZS)% wo(x)dx.



32 JOSE MARIA MARTELL AND CRUZ PRISUELOS-ARRIBAS

Applying Lemma 3.3, part (b), to the pairs of functions (f—i(x, u)*s, C(u, s, Q)’Sk+1H f(x)z‘v) and
with go := s, we have forall 2 < g < p,(L), 4 < s < 00,1 < g < oco,and w € RHy
(4.20) H(x,w) s wx)dx < Cu, 5,9 | Skeruf(x) ¢ w(x)dx.
R” R
Consider now two cases: n < (2K + 1)p.(L) and n > (2K + 1)p.(L).
Assume first that n < 2K + 1)p+(L). Fix0 < p < oo and w € A,. Take s > s, max {%, 1},
max {2, 25p-(L) } < ¢ < min{p,(L),2s}, (if p;(L) = oo take g := 2s), and q := % Then, 2 < g <

po(L)+2s

p+(L), 4 < s <00, 1< s, <g<oco,andw e RH,. Hence, (4.20) yields

1

F(u) < us ( H(x, u)f’w(x)dx)" < w3 O, 5,92 IS k11 OllLron.

Rn
Note that from our choices of s and g we have

2
g:=ak - 11> 4K -
q s p+(L)

Therefore, taking —1 < 0 < min{#, 0}, we obtain
1 1 _

- dt =dt
C(u,s,q) = / — < / R u%,

ovu !t 2 f

and hence

1 1
Y du Y . 1du
@421) 1= / P < / 5,9 P 1Skl
0 u 0 u
1

i 135du
s |t USkanflon $ 1Sk nfllo.
0

We next consider the case n > (2K + 1)p,(L). Fix w € Ay, and p € W,,(0, p+(L)%*). Then w €

L(L . ~
RH ( 17+(L)K,*)’ and 0 < p < WM There exists £; > 0 small enough and 2 < g < p4(L),
P

such that _
qn
sp(l +&)n— Q2K+ 1)g)
Besides, since g < gn/(n — (2K + 1)g), there also exists &, > 0 such that
qgn
< .
(1 +&)n-QRK+ 1)g)

0<p<

q

Pick &9 := minley, &), s = m, and g := %. Then, 2 < g < py(L), § < 5 < oo,
1 <5, <g<oo,and w € RH, . Therefore, (4.20) yields

1
Fu) s us < / H(x, u)pW(X)dx> L <uiCu, s, DSk 11 L.
Rn

Once more, from our choices of s and g we have

2
g:=4Kk - — + 21 1=—1+2g (ﬁ—(2K+1)> >—1+280<
q s q

Hence, taking -1 < 0 < min{@, 0}, we obtain

1 1
dt =dt
C(u,s,§)=/ tgﬁ/ 7= <uz.
2vu ! 2vu 1

n
D" QK + 1)) > 1.

SN
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Therefore,

1

1
i du i 1du
IZ/ MZF(M)MS/ M4C(M,S,Z])27||3K+1,Hf||LP(w)
0 0

149 du

1
i
< / us o ISk+1.0 lzrowy S USk1,HS Lo (w)-
0

This and (4.21) give I < [ISk+1,10fllr(w) forall w € Ao, and p € W, (0, p+(L)5*) with p > 1.
To estimate 11 we fix i < u < oo and observe that

t
S
t

2Vu

2 2 _27 . dr
(el —eThyf r*Le rLf‘—.
r

Set Tp2 g := (r2L)K+1e_’2L and pick 7 > max{%, r,,} so that w € Az and 1 < p < 27. Then, applying
Jensen’s inequality, Fubini, the fact that we are integrating in 7 < 2 +/ur, and Proposition 3.2, we

have
1
5 P

1 2
F) < / / ( / ( / |(l‘2L)KTr2,0f(y)|2d}’> dr) 9w
n\Jo . \JBx20 r f

2Vu

P
ot drdt\’
/ / / / (PLYE T fIPAY S ) wix)dx
re \Jo Jit- JBa2n re

14

1
v drdr\’ Z
= / (/ / / |(t2L)KTr2,Of(y)|2dy7 . W(x)dx
R” 0 r B(x,21) oy

1

1
p

A

00 2 \fur dr g r
s ([ [ [ imasopavarsy | wes
n 0 Jr B(x,4 \Jur) r
o 3 ’
K+l 2 K4l 2L v o AT\
Sutti I(r"L)" " e™ “f)I°dy w(x)dx
R \Jo JB(x4var)

r
rn+1
1

T & E ’
< uK+i+$ (/ </ / |(r2L)K+1e—r2Lf(y)|2dy f_:‘l) w(x)dx)
R" 0 B(x,r) r

K+lim
=u 2 ||Skaaflleow-

Hence,

C du © kedpidu
11=ﬁ e "WF(M)T[ S[ ety T o ISk+1.0 lzrowy S ISk1.HS L ow)
i I

4
Gathering this estimate and the one obtained for /, from the observations made above, the proof of
(4.17) is complete. O

Remark 4.22. We note that Theorems 1.14 and 1.15 are restricted to functions f € L*(R"). How-
ever, an inspection of the proof and a routine and tedious density argument allow us to extend
these estimates to bigger classes of functions. For instance, we can take any function f € LY(w)
with w € As and g € Wy (p-(L), p+(L)). In that range the Heat and the Poisson semigroups are
uniformly bounded and satisfy off-diagonal estimates, hence the square functions under study are
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meaningfully defined. Moreover, L has a bounded holomorphic functional calculus on LY(w) (see
[5], [6], and [7]). Further details are left to the interested reader.
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