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UNIFORM RECTIFIABILITY AND HARMONIC MEASURE II:
POISSON KERNELS IN L? IMPLY UNIFORM RECTIFIABILITY

STEVE HOFMANN, JOSE MARIA MARTELL, AND IGNACIO URIARTE-TUERO

ABsTRACT. We present the converse to a higher dimensional, scale invariant ver-
sion of the classical F. and M. Riesz theorem [RR], proved by the first two authors
in [HM]. More precisely, for n > 2, for an ADR domain Q c R"*! which sat-
isfies the Harnack Chain condition plus an interior (but not exterior) Corkscrew
condition, we show that absolute continuity of harmonic measure with respect to
surface measure on 0€), with scale invariant higher integrability of the Poisson
kernel, is sufficient to imply quantitative rectifiability of 0Q.
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1. INTRODUCTION

This paper is a sequel to the work of the first two named authors [HM], in which
we have presented a higher dimensional, scale invariant version of the classical
theorem of F. and M. Riesz [RR]. The F. and M. Riesz Theorem states that for
a simply connected domain Q in the complex plane, with a rectifiable boundary,
harmonic measure is absolutely continuous with respect to arclength measure on
the boundary. In [HM], we proved a scale invariant version of the latter result in
higher dimensions. That is, given a domain Q c R™!, n > 2, satisfying certain
quantitative topological properties, whose boundary is rectifiable in an appropri-
ate quantitative sense, we showed that harmonic measure for Q) satisfies a scale
invariant version of absolute continuity with respect to surface measure. To be
more precise, assuming that Q satisfies interior “Corkscrew” and “Harnack Chain”
conditions (these are scale invariant versions of the topological properties of open-
ness and path connectedness; cf. Definitions 1.2 and 1.4 below), and that 0Q is
“Uniformly Rectifiable” (a quantitative, scale invariant version of rectifiability; cf.
Definition 1.7), we showed that harmonic measure belongs to weak-A., (cf. Defi-
nition 1.16) with respect to surface measure on d€. Let us note that the weak-A,
property implies that the Poisson kernel (i.e., the Radon-Nikodym derivative of har-
monic measure with respect to surface measure), satisfies a scale-invariant higher
integrability condition (cf. (1.21).)

To put the result of [HM] in context, we note that in previous work establishing
absolute continuity of harmonic measure in dimensions n + 1 > 3, other authors
have imposed either an extra hypothesis on the geometry of the boundary, stronger
than uniform rectifiability, namely that JQ contains “Big Pieces” (cf. Definition
1.11) of the boundaries of Lipschitz sub-domains of Q [BL] , or else an extra
hypothesis on the geometry of the exterior domain Q,,; := R\ Q (e.g., an “ex-
terior Corkscrew condition” or “exterior n-disk condition), which in turn implies
the “Big Pieces” condition [DJ], [Se], [Ba]. The absence of such assumptions is
the principal advance in [HM]. We refer the reader to the introduction of [HM], for
a more detailed historical survey of work related to the results of that paper.

In the present paper, we obtain a converse to the main result of [HM], that is,
we show that if Q c R"*! satisfies interior Corkscrew and Harnack Chain condi-
tions, if dQ is n-dimensional “Ahlfors-David Regular” (cf. Definition 1.5), and if
harmonic measure w is absolutely continuous with respect to surface measure o,
with Poisson kernel k := dw/do satisfying the scale invariant higher integrability
condition (1.21), then 9Q is uniformly rectifiable (cf. Theorem 1.23). We observe
that this result, and our approach to its proof, are in the spirit of the solution of
the Painlevé problem ([To], but see also [Ch], [MMV], [Da] and [Vo]), in which
analytic information (the existence of non-constant bounded analytic functions) is
used to establish rectifiability properties of a set, via the use of Th theory [NTrV]
applied to the Cauchy integral operator. In our case, the use of 7b theory works
as follows. To prove quantitative rectifiability of 0Q, it suffices to verify a crite-
rion of [DS2], by establishing an L? estimate for a square function involving the
(twice differentiated) single layer potential operator (cf. (1.8)-(1.10) below, and
the accompanying discussion). In turn, this square function bound is obtained via
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a so called “local” Th theorem', which reduces matters to checking local, scale-
invariant bounds, when the square function acts on an accretive system of testing
functions. Using our hypothesis concerning the scale invariant absolute continuity
of harmonic measure, we construct these testing functions as normalized Poisson
kernels. Eventually, we are able to show that the latter interact well with the square
function based upon the layer potential operator, a step which depends in part on
extending square function estimates of [DJK] to our setting.

To our knowledge, our result here appears to be the first converse to a theorem
of F. and M. Riesz type, at least in the “large constant” setting, although analogous
free boundary results have appeared previously in the “small constant” or “regular”
setting. More precisely, our work here and in [HM] may be viewed as a “large
constant” analogue of the series of papers by Kenig and Toro [KT1, KT2, KT3].
The latter papers say, collectively, that in the presence of a Reifenberg flatness
condition and Ahlfors-David regularity, logk € VMO iff v € VMO, where k is
the Poisson kernel with pole at some fixed point, and v is the unit normal to the
boundary. Moreover, under the same background hypotheses, the condition that
vy € VMO is equivalent to a uniform rectifiability (UR) condition with vanishing
trace, thus logk € VMO = vanishing UR, given sufficient Reifenberg flatness.
On the other hand, our large constant version “almost” says “logk € BMO
UR”, given interior Corkscrews and Harnack Chains. Indeed, it is well known that
the A condition (i.e., weak-Ao, plus the doubling property) implies that logk €
BMO, while if logk € BMO with small norm, then k € A,. We further note
that, in turn, the results of [KT2, KT3] may be viewed as “endpoint” versions of
the free boundary results of [AC] and [Je], which say, again in the presence of
Reifenberg flatness, that Holder continuity of log k implies that of the unit normal
v (and indeed, that 9Q is of class C'® for some @ > 0).

Finally, let us mention that in a sequel to this paper and [HM], the first two
authors and S. Mayboroda [HMa?] have used the results and techniques of [HM]
and the present paper to show that 9 is uniformly rectifiable, given that Q satisfies
interior Corkscrew and Harnack chain conditions, and that dQ is Ahlfors-David
Regular, and assuming the L? “Riesz transform bound”

(1.1) sup/
£>0 Jon

In a remarkable paper by Nazarov, Tolsa and Volberg [NToV], the latter result
has now been proved in full generality, i.e., assuming only (1.1) and that € is the
complement of an Ahlfors-David Regular set of co-dimension 1; thus Q is open
but need not satisfy any other topological hypotheses.

2
/y %f(y) do(y)| do@) <10 -

cOQ:x—yl>e X — Y

1.1. Notation and Definitions.

e We use the letters ¢, C to denote harmless positive constants, not necessarily the
same at each occurrence, which depend only on dimension and the constants ap-
pearing in the hypotheses of the theorems (which we refer to as the “allowable

la notion introduced by Christ in [Ch], and implicit in the solution of the Kato square root problem
[HMc], [HLMc], [AHLMCcT]; the version that we use is proved in [GM], cf. Theorem 2.51 below.
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parameters”). We shall also sometimes write @ < b and a ~ b to mean, respec-
tively, that a < Cbh and 0 < ¢ < a/b < C, where the constants ¢ and C are as
above, unless explicitly noted to the contrary. At times, we shall designate by M
a particular constant whose value will remain unchanged throughout the proof
of a given lemma or proposition, but which may have a different value during
the proof of a different lemma or proposition.

e Given a domain Q c R™! we shall use lower case letters x, v, Z, etc., to denote
points on €, and capital letters X, Y, Z, etc., to denote generic points in R+l
(especially those in R**! \ 6Q).

e The open (n + 1)-dimensional Euclidean ball of radius r will be denoted B(x, r)
when the center x lies on dQ, or B(X,r) when the center X € R™!\ 0Q. A
“surface ball” is denoted A(x, r) := B(x,r) N 9Q.

e Given a Euclidean ball B or surface ball A, its radius will be denoted rp or ra,
respectively.

e Given a Euclidean or surface ball B = B(X, r) or A = A(x, r), its concentric dilate
by a factor of « > 0 will be denoted by «B := B(X, «r) or kA := A(x, k).

e For X € R"™!, we set §(X) := dist(X, 0Q).

e We let H" denote n-dimensional Hausdorff measure, and let o := H" denote

the “surface measure” on 9Q.

P

e For a Borel set A ¢ R"*!, we let 14 denote the usual indicator function of A, i.e.
la(x)=1ifx€ A, and 14(x) = 0if x ¢ A.

e For a Borel set A ¢ R"*!, we let int(A) denote the interior of A. If A C 9Q,
then int(A) will denote the relative interior, i.e., the largest relatively open set
in 0Q contained in A. Thus, for A C 9Q, the boundary is then well defined by
0A = A\ int(A).

e For a Borel set A, we denote by C(A) the space of continuous functions on A, by
C(A) the subspace of C(A) with compact support in A, and by C(A) the space
of bounded continuous functions on A. If A is unbounded, we denote by Cy(A)
the space of continuous functions on A converging to O at infinity.

e For a Borel subset A C 9Q, we set JEx fdo = o(A)~! fA fdo.

e We shall use the letter I (and sometimes J) to denote a closed (n+1)-dimensional
Euclidean cube with sides parallel to the co-ordinate axes, and we let £(/) denote
the side length of /. We use Q to denote a dyadic “cube” on 0€2. The latter exist,
given that 0Q is ADR (cf. [DS1], [Ch]), and enjoy certain properties which we
enumerate in Lemma 1.12 below.

Definition 1.2. (Corkscrew condition). Following [JK], we say that a domain
Q c R™! satisfies the “Corkscrew condition” if for some uniform constant ¢ > 0
and for every surface ball A := A(x, r), with x € dQ and 0 < r < diam(0Q), there
is a ball B(Xa, cr) C B(x,r) N Q. The point X5 C Q is called a “Corkscrew point”
relative to A. We note that we may allow r < C diam(0€2) for any fixed C, simply
by adjusting the constant c.
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Remark 1.3. We note that, on the other hand, every X € Q, with §(X) < diam(0Q2),
may be viewed as a Corkscrew point, relative to some surface ball A ¢ 9Q. Indeed,
set r = K6(X), with K > 1, fix x € 0Q such that | X — x| = 6(X), and let A := A(x, r).

Definition 1.4. (Harnack Chain condition). Again following [JK], we say that
Q satisfies the Harnack Chain condition if there is a uniform constant C such that
for every p > 0, A > 1, and every pair of points X, X’ € Q with 6(X), 6(X’) > p
and |[X — X’| < A p, there is a chain of open balls By, ..., By C Q, N < C(A), with
X € By, X’ € By, Bi N Biy1 # @ and C~! diam(By) < dist(By, Q) < C diam(By).
The chain of balls is called a “Harnack Chain”.

We remark that the Corkscrew condition is a quantitative, scale invariant version
of the fact that Q is open, and the Harnack Chain condition is a scale invariant
version of path connectedness.

Definition 1.5. (Ahlfors-David regular). We say that a closed set £ C R s
n-dimensional ADR (or simply ADR) if there is some uniform constant C such
that

1
(1.6) o " <HYENB(,r)<Cr', Yre(0,Ry),x€E,

where Ry is the diameter of E (which may be infinite). When E = 0, the boundary
of a domain €, we shall sometimes for convenience simply say that “Q has the
ADR property” to mean that 0Q is ADR.

Definition 1.7. (Uniform Rectifiability). Following David and Semmes [DS],
DS2], we say that a closed set E ¢ R™*! is n-dimensional UR (or simply UR)
(“Uniformly Rectifiable™), if it satisfies the ADR condition (1.6), and if for some
uniform constant C and for every Euclidean ball B := B(xg, r), r < diam(E), cen-
tered at any point xg € E, we have the Carleson measure estimate

(1.8) / / IV2ZS1(X)]? dist(X, E)dX < Cr",
B
where Sf is the single layer potential of f, i.e.,
(19) SFX) = ¢y / X — {77 ) dH" ().
E

Here, the normalizing constant ¢, is chosen so that E(X) := ¢,|X |'" is the usual
fundamental solution for the Laplacian in R"*!. When E = 9Q, the boundary of
a domain €2, we shall sometimes for convenience simply say that “Q has the UR
property” to mean that 9Q is UR.

We note that there are numerous characterizations of uniform rectifiability given
in [DS1, DS2]. Let us note that, by “7'1 reasoning”, the Carleson measure condition
(1.8) is equivalent to the global L? bound

(1.10) / /R ; IVZSFOOP 6(X)dX < Cllfl72 00

The condition (1.8) will be most useful for our purposes, and appears in [DS2,
Chapter 3, Part III]. We remark that the UR sets are precisely those for which all
“sufficiently nice” singular integrals are bounded on L? (see [DS1]).
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Definition 1.11. (“Big Pieces’). Given a closed set E C R™*! such that E is n-
dimensional ADR, and a collection S of domains in R"*!, we say that E has “big
pieces of boundaries of S” (denoted E € BP(AS)) if there is a constant 0 < @ < 1
such that for every x € E, and 0 < r < diam(E), there is a domain Q" € § such that

H"(0Q' N B(x,r)NE)>aH"(B(x,r) NE) ~ ar’.

Lemma 1.12. (Existence and properties of the “dyadic grid”’) [DS1, DS2], [Ch].
Suppose that E ¢ R™*! satisfies the ADR condition (1.6). Then there exist constants
ap > 0,n > 0and C; < oo, depending only on dimension and the ADR constants,
such that for each k € Z, there is a collection of Borel sets (“cubes”)

Dy :={Q} CE: je 3,
where 3 denotes some (possibly finite) index set depending on k, satisfying
(i) E =V;0% foreachkeZ
(ii) If m > k then either Q' C Qlj‘- or Q' N Q]J‘- = Q.
(iii) For each (j, k) and each m < k, there is a unique m such that Qlj‘. c o
(i) Diameter (Q4) < 127

(v) Each Q"; contains some “surface ball” A(x’;., a02‘k) = B(x’;., a02‘k) NE.

(vi) H" ({x € 0 dist(r E\ 08) < rz—k}) < O\ H" (Q’;) , for all k, j and
for all T € (0, agp).

A few remarks are in order concerning this lemma.

e In the setting of a general space of homogeneous type, this lemma has been
proved by Christ [Ch]. In that setting, the dyadic parameter 1/2 should be re-
placed by some constant § € (0, 1). It is a routine matter to verify that one may
take 6 = 1/2 in the presence of the Ahlfors-David property (1.6) (in this more
restrictive context, the result already appears in [DS1, DS2]).

e For our purposes, we may ignore those k € Z such that 2% > diam(E), in the
case that the latter is finite.

e We shall denote by D = D(E) the collection of all relevant 0k ie.,
D := U;Dy,
where, if diam(E) is finite, the union runs over those k such that 27% < diam(E).

e Properties (iv) and (v) imply that for each cube Q € Dy, there is a point xg € E,
a Euclidean ball B(xp, r) and a surface ball A(xg,r) := B(xg,r) N E such that
r~ 2% ~ diam(Q) and

(1.13) A(xg,r) € Q C A(xg,Cr),
for some uniform constant C. We shall denote this ball and surface ball by
(1.14) By = B(xg, 1), Ag = Alxg, 1),

and we shall refer to the point x¢ as the “center” of Q.
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o Let us now specialize to the case that E = 9Q, with Q satisfying the Corkscrew
condition. Given Q € D(0Q2), we shall sometimes refer to a “Corkscrew point
relative to Q”, which we denote by X, and which we define to be the corkscrew
point X4 relative to the ball A := Ag (cf. (1.13), (1.14) and Definition 1.2). We
note that

(1.15) 0(Xp) = dist(Xp, Q) = diam(Q).
e For a dyadic cube Q € Dy, we shall set £(Q) = 27k and we shall refer to this
quantity as the “length” of Q. Evidently, £(Q) ~ diam(Q).

e For a dyadic cube Q € D, we let k(Q) denote the “dyadic generation” to which
O belongs, i.e., we set k = k(Q) if Q € Dy; thus, £(Q) = 2—KQ)

Definition 1.16. (Ac, AY*Y and weak-A..). Given a surface ball A = B N Q,
a Borel measure w defined on 0Q is said to belong to the class A (A) if there are
positive constants C and 6 such that for every A’ = B’ N 9Q with B’ C B, and every
Borel set F c A’, we have

a(F)\*
1.17 Fy<cC A").
(1.17) w(F) < (o-(A’)> w(A")
If we replace the surface balls A and A’ by a dyadic cube Q and its dyadic subcubes
O, with F C Q’, then we say that w € A (Q):

F 0
") “O

Similarly, w € weak-As(A), with A = B N 9Q, if for every A’ = B’ N 0Q with
2B’ C B, we have

(1.18) W(F) < c<

o(F)
o(A)

9
(1.19) wF)<C ( ) w(2A")

As is well known [CF], [GR], [Sa], the A (resp. weak-A,) condition is equiv-
alent to the property that the measure w is absolutely continuous with respect to o,
and that its density satisfies a reverse Holder (resp. weak reverse Holder) condi-
tion. In this paper, we are interested in the case that w = w¥, the harmonic measure
with pole at X. In that setting, we let k¥ := dwX /do denote the Poisson kernel, so
that (1.17) is equivalent to the reverse Holder estimate

1/q
(1.20) <JC (kX)qdo'> <C T Kdo,

Al
for some ¢ > 1 and for some uniform constant C. In particular, when A’ = A, and
X = Xa, a Corkscrew point relative to A, the latter estimate reduces to

(1.21) / () do < C o(A)'.
A

Similarly, (1.19) is equivalent to

/g
(1.22) (f(k")"do) <C kada.
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Assuming that the latter bound holds with A’ = A, and with X = Xj, then one
again obtains (1.21).

1.2. Statement of the Main Result. Our main result is as follows. We shall use
the terminology that a connected open set Q c R"*! is a 1-sided NTA domain if it
satisfies interior (but not necessarily exterior) Corkscrew and Harnack Chain con-
ditions. We remark that such domains are sometimes called “uniform” domains in
the literature, but we prefer the designation “1-sided NTA”; first, because the latter
is more descriptive and indicates the connection with the notion of an NTA domain
introduced in [JK], and second, to avoid confusion with uniform rectifiability of
the boundary (a completely different concept). We recall that an NTA domain, as
defined in [JK], satisfies both interior and exterior Corkscrew conditions, as well
as an interior Harnack Chain condition.

Theorem 1.23. Let Q c R™', n > 2, be a I-sided NTA domain, whose boundary
is n-dimensional ADR. Suppose also that harmonic measure w is absolutely con-
tinuous with respect to surface measure and that the Poisson kernel k = dw/do
satisfies the scale invariant estimate

(1.24) / (K2)P do < C (),
A

for some 1 < p < oo and for all surface balls A. Then Q) is UR.

Remark 1.25. As mentioned above (1.24) is (apparently) weaker than w** being
in weak-Aw(A). However, a posteriori, we obtain that these two conditions are
equivalent. Namely, Theorem 1.23 shows that 9Q is UR and therefore we can
apply [HM, Theorem ??] to obtain that w** belongs to weak-Aq(A).

Theorem 1.23 leads to an immediate “self-improvement” of itself, in which the
hypotheses are assumed to hold only in an appropriate “big pieces” sense.

Theorem 1.26. Let E € R™! be a closed set and assume that E is n-dimensional
ADR. Suppose further that E € BP(0S) (cf. Definition 1.11), where S is a collec-
tion of I-sided NTA domains with n-dimensional ADR boundaries, with uniform
control of all of the relevant Corkscrew, Harnack Chain and ADR constants. As-
sume also that there exist 1 < p < oo and C > 1 such that for every Q' € S we
have that harmonic measure wq is absolutely continuous with respect to surface
measure and that the Poisson kernel ko = dwoy [do ¢y satisfies the scale invariant
estimate

P
(1.27) / (k)" dorer < Cogay',
and for all surface balls A’ on Q. Then E is UR.

The proof of this result is as follows. Let x € E and 0 < r < diam(E). Under
the hypotheses of Theorem 1.26, there is ()’ satisfying the hypotheses of Theorem
1.23, with the property that for some 0 < & < 1, we have

(1.28) o (0Q NB(x,r)NE) > ac(B(x,r)NE).

By Theorem 1.23, (1.27) implies that 0Q)" is UR with uniform control of the con-
stants (since the ADR and 1-sided NTA constants are uniformly controlled, and
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also p and C in (1.27) are independent of Q’). This and (1.28) implies that E has
big pieces of UR sets and therefore E is UR, see [DS2].

Acknowledgements. We are grateful to the referees for carefully reading the man-
uscript and for offering numerous helpful suggestions to improve the exposition.

2. Proor oF THEOREM 1.23

2.1. Preliminaries. We collect some of the definition and auxiliary results from
[HM] that will be used later. In the sequel, Q C R™! 1 > 2, will be a connected,
open set, w* will denote harmonic measure for Q, with pole at X, and G(X,Y)
will be the Green function. At least in the case that Q is bounded, we may, as
usual, define wX via the maximum principle and the Riesz representation theorem,
after first using the method of Perron-Wiener-Brelot (see, e.g., [He]) to construct a
harmonic function “associated” to arbitrary continuous boundary data’; indeed, if u
is the solution associated to the data f, then the mapping f — u(X), for each fixed
X € Q, defines a bounded linear functional on the space of continuous functions
on 0Q. For unbounded Q, we may still define harmonic measure via a standard
approximation scheme, see, e.g., [HM, Section ??] for more details. We note for
future reference that w* is a non-negative, finite, outer regular Borel measure.

The Green function may now be constructed by setting

2.1 GX,Y)=EX-Y) - / E(X - 2)dw¥ (2),
4Q

where & (X) := ¢,|X|'™" is the usual fundamental solution for £, the Laplacian in
R"™!. We choose the normalization that makes & positive. Of course, by construc-
tion, LyG(X,Y) = 0x, the Dirac mass at X, although it is not clear that G(X, -)
vanishes on 0€), unless 0Q is regular in the sense of Wiener. In that case, the Green
function defined here is the same as the classical one, as defined, e.g., in [GW] (we
refer the interested reader to the proof of [HM, Lemma ??] for verification of this
fact).

Lemma 2.2 (Bourgain [Bo]). Suppose that 0Q is n-dimensional ADR. Then there
are uniform constants ¢ € (0,1) and C € (1, ), such that for every x € 09, and
every r € (0,diam(0Q)), if Y € Q N B(x, cr), then

(2.3) WV (A(x, 1) = 1/C>0.

In particular, if Q satisfies the Corkscrew and Harnack Chain conditions, then for
every surface ball A, we have

(2.4) WM (A)>1/C>0.

We next introduce some terminology.

Definition 2.5. A domain Q satisfies the qualitative exterior Corkscrew condi-
tion if there exists NV > 1 such that Q has exterior corkscrew points at all scales
smaller than 27V That is, there exists a constant ¢ such that for every surface ball
A = A(x, r), with x € 0Q and r < 27V, there is a ball B(X¢", cr) € B(x,r) N Qeyr.

2Since we have made no assumption as regards Wiener’s regularity criterion, our harmonic func-
tion is a generalized solution, which may not be continuous up to the boundary.
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Remark 2.6. A clarifying comment is in order here: certainly, the existence of
Corkscrew points at all scales less than 27" implies also that there are Corkscrew
points at larger scales, but with constants that depend badly on N as the scale grows
large. Thus, the adjective “qualitative” refers to the fact that we shall not invoke
this condition in a quantitative way, and therefore our estimates will not depend
on the parameter N in Definition 2.5. In the sequel, we shall work with certain
approximating domains Qy satisfying the qualitative exterior Corkscrew condition
(for the same N; cf. subsection 2.2 below). We prove quantitative estimates for
these domains that are uniform in N, and thus may be transferred to the original
domain.

Let us further observe that if Q satisfies the qualitative exterior Corkscrew con-
dition, then every point in 0 is regular in the sense of Wiener. Moreover, for 1-
sided NTA domains, the qualitative exterior Corkscrew points allow local Holder
continuity at the boundary (albeit with bounds which may depend badly on N).

Lemma 2.7 ([HM, Lemma ??]). There are positive, finite constants C, depending
only on dimension, and c(n, 0), depending on dimension and 0 € (0, 1), such that
the Green function satisfies

(2.8) GX,Y)<CIX-YI'™"
2.9 cm )X -Y'"" <GX,Y), if X-Y|<08X), 0€(0,1).
Moreover, if every point on 0C is regular in the sense of Wiener, then

(2.10) G(X,Y)>0

(2.11) GX,Y)=GY, X), VX,YeQ,X+#Y.

Lemma 2.12 ([HM, Lemma ??]). Let Q be a 1-sided NTA domain with n-dimensional
ADR boundary, and suppose that every x € 0 is regular in the sense of Wiener.
Fix By := B(xg, ro) with xog € 0Q, and Ay := Bo N 0Q. Let B := B(x,r), x € 0Q,
and A := B N 0, and suppose that 2B C By. Then for X € Q \ By we have

(2.13) r1G(Xa, X) < Co™(A).
If, in addition, Q satisfies the qualitative exterior corkscrew condition, then
(2.14) WX (A) < Cr'IG(Xa, X).

The constants in (2.13) and (2.14) depend only on dimension and on the constants
in the ADR and 1-sided NTA conditions.

Corollary 2.15 ([HM, Corollary ??]). Suppose that Q is a I-sided NTA domain
with n-dimensional ADR boundary and that it also satisfies the qualitative exterior
Corkscrew condition. Let B := B(x,r), x € 0, A := BNoQ and X € Q\ 4B. Then
there is a uniform constant C such that

WX (2A) < CW¥(A).

We next introduce some “discretized” and “geometric” sawtooth and Carleson
regions from [HM, Section ??]. Given a “dyadic cube” Q € D(0Q2), the discretized
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Carleson region Dy is defined to be the collection of all dyadic sub-cubes of Q,
i.e.,

(2.16) Dg:={Q eD:Q cQ}.

Given a family # of disjoint cubes {Q;} C D, we define the global discretized
sawtooth relative to F by

(2.17) Dy :=D\ | JDy, .
?

i.e., Dy is the collection of all Q € D that are not contained in any Q; € F.

We apologize to the reader for a potentially confusing aspect of this notation:
the symbols Do, with Q € D, and D#, with £ C D, denote two very different
concepts. In particular, in the case that F consists of a single cube Q, i.e. ¥ = {Q},
the corresponding sawtooth Dy is in fact the complement of Dy.

Given some fixed cube Q, the local discretized sawtooth relative to ¥ by

(2.18) Dy g :=Dg \ | JDg, = Dy N Dy.
?’

We also introduce the “geometric” Carleson regions and sawtooths. Let us first
recall that we write k = k(Q) if Q € Dy (cf. Lemma 1.12), and in that case the
“length” of Q is denoted by £(Q) = 27KQ) We also recall that there is a Corkscrew
point X, relative to each Q € D (in fact, there are many such, but we just pick
one). Let W = W(Q) denote a collection of (closed) dyadic Whitney cubes of
Q, so that the cubes in ‘W form a pairwise non-overlapping covering of 2, which
satisfy

(2.19) 4 diam(/) < dist(4/,0Q) < dist(I, 0Q) < 40 diam([), VieW

and also
(1/4)diam(ly) < diam(/) < 4 diam(/;),

whenever [ and I, touch. Let €(I) denote the side length of /, and write k = k; if
£(I) = 27, There are Cy > 1000 vz and mq > 0 large enough (depending only on
the constants in the Corkscrew condition and in the dyadic cube construction) so
that for every cube Q € D
(2.20)

Wo:={IeW: kQ)-my < ki < k(Q)+1, anddist(/, Q) < Co 271} |

satisfies that Xp € I for some I € Wy, and for each dyadic child 0’ of Q, the
respective Corkscrew points Xy, € I for some I/ € Wy. Moreover, we may
always find an I € Wy with the slightly more precise property that k(Q)—1 < k; <
k(Q) and

(2.21)

Wo, N Wy, # @, whenever 1 <

ates) <2, and dist(Q1, 02) < 1000£(Q>) .
49y

We introduce some notation: given a subset A C Q, we write X —4 Y if the
interior of A contains all the balls in a Harnack Chain (in Q), connecting X to Y,
and if, moreover, for any point Z contained in any ball in the Harnack Chain, we
have dist(Z, 0Q2) ~ dist(Z,Q \ A), with uniform control of the implicit constants.
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We denote by X(/) the center of a cube [ € R"*!, and we recall that X denotes a
designated Corkscrew point relative to Q that can be assumed to be the center of
some Whitney cube I such that I C Bo N Q and £(]) ~ £(Q) = dist(/, Q).

For each I € ‘W, we form a Harnack Chain, call it H(/), from the center X(/)
to the Corkscrew point Xp. We now denote by W () the collection of all Whitney
cubes which meet at least one ball in the chain H(/), and we set

Wy = | w.

IG(WQ
We also define, for A € (0, 1) to be chosen momentarily,
(2.22) Up:=Ja+nr= | r.
Wy IeW;,

By construction, we then have that
(2.23) (WQC(WEC(W and XQEUQ, XQjEUQ,

for each child Q7 of Q. It is also clear that there are uniform constants k* and K
such that

(2.24) k(Q)—k* <k <k(Q)+k*, VIeW,
X(I) -y, Xo, VIeWy
dist(/, Q) < Ko 27K, VI e W,
where k*, Ko and the implicit constants in the condition X(/) —y, Xg, depend only
on the “allowable parameters” (since mg and Cy also have such dependence) and
on A. Thus, by the addition of a few nearby Whitney cubes of diameter also com-

parable to that of Q, we can “augment” Wy so that the Harnack Chain condition
holds in Uy.

We fix the parameter A so that for any I, J € ‘W,
dist(I*, J*) ~ dist(1, J)
intIMNint(J) 20 < INIJ + QD
(the fattening thus ensures overlap of I* and J* for any pair /, J € ‘W whose bound-
aries touch, so that the Harnack Chain property then holds locally, with constants

depending upon A, in I* U J*). By choosing A sufficiently small, we may also
suppose that there is a 7 € (1/2, 1) such that for distinct 7, J € ‘W,

(2.26) Inl*=9.

Remark 2.27. We note that any sufficiently small choice of A (say 0 < 4 < 4p) will
do for our purposes.

(2.25)

Of course, there may be some flexibility in the choice of additional Whitney
cubes which we add to form the augmented collection ‘W, but having made such
a choice for each Q € D, we fix it for all time.

We may then define the Carleson box associated to Q by

(2.28) To:=int | | Ug
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Similarly, we may define geometric sawtooth regions as follows. As above, give a
family 7 of disjoint cubes {Q;} C D, we define the global sawtooth relative to F
by

(2.29) Qg :=int U Uy |,
Q'eDy

and again given some fixed Q € D, the local sawtooth relative to ¥ by

(2.30) Qrp:=int| |J Uy

Q'ED}:Q
We also define as follows the “Carleson box™ Tz associated to a surface ball A :=
A(xp, r). Let k(A) denote the unique k € Z such that 27k=1 <2007 < 27%, and set

(2.31) DA := {Q € Dya) : QN 2A # B).
‘We then define
(2.32) Ta:=int | | ) Tp

QehA

Given a surface ball A := A(x, ), let By := B(x,r), so that A = By N dQ. Then,
5
(2.33) ZBA NQ CTh.

and there exists kg large enough such that

(2.34) Tx C koBa N QL.

Lemma 2.35 (Lemma [HM, ??]). Suppose that Q is a I-sided NTA domain with
an ADR boundary. Then all of its Carleson boxes Tg and Ta, and sawtooth re-
gions Q, and Qf o are also 1-sided NTA domains with ADR boundaries. In all
cases, the implicit constants are uniform, and depend only on dimension and on
the corresponding constants for C.

Lemma 2.36 (Lemma [HM, ??]). Suppose that Q is a I-sided NTA domain with
an ADR boundary and that Q also satisfies the qualitative exterior Corkscrew con-
dition. Then all of its Carleson boxes Tg and Ta, and sawtooth regions Qg, and
Qg ¢ satisfy the qualitative exterior Corkscrew condition. In all cases, the implicit
constants are uniform, and depend only on dimension and on the corresponding
constants for Q.

Corollary 2.37 ([HM, Corollary ??]). Suppose that Q is a 1-sided NTA domain
with n-dimensional ADR boundary and that it also satisfies the qualitative exterior
Corkscrew condition. There is a uniform constant C such that for every pair of
surface balls A := BN 0Q, and N’ := B' N 9Q, with B' C B, and for every
X € Q\ 2kgB, where kg is the constant in (2.34) below, we have

L xoan = @@ Xa g a7
Ea) (A < N < Cw™(A).
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Remark 2.38. Let us recall that the dilation factor A, defining the fattened Whitney
boxes I* and Whitney regions Uy, is allowed to be any fixed positive number no
larger than some small Ay (cf. (2.22) and Remark 2.27). For the rest of the paper
we now fix 0 < 4 < Ap/2, so that, in particular, the previous results apply not
only to the Carleson boxes and sawtooths corresponding to Uy as defined above,
but also to those corresponding to “fatter” Whitney regions Uy, = Uy 1 ** with
I = (1 +24)1. We will work with these fatter regions in Sections 2.4 and 2.5
below.

2.2. Step 1: Passing to the approximating domains. We first observe that with-
out loss of generality we can assume that p < 2: If p > 2, (1.24) and Holder’s
inequality imply the same estimate with p = 2.

We define approximating domains as follows. For each large integer N, set
Fn := Dy. We then let Qy := Qg denote the usual (global) sawtooth with respect
to the family Fy (cf. (2.24), (2.22) and (2.29).) Thus,

(2.39) Qy = int U Ug | »
QeD: £(Q)>2-N+1

so that Qy is the union of fattened Whitney cubes I* = (1 + A)I, with £(I) 2 27V,
and the boundary of Qy consists of portions of faces of I* with £(I) ~ 27V. By
virtue of Lemma 2.35, each Qp satisfies the ADR, Corkscrew and Harnack Chain
properties. We note that, for each of these properties, the constants are uniform in
N, and depend only on dimension and on the corresponding constants for €2.

By construction Qy satisfies the qualitative exterior corkscrew condition (Def-
inition 2.5) since it has exterior corkscrew points at all scales < 27V. By Lemma
2.36 the same statement applies to the Carleson boxes T and T, and to the saw-
tooth domains Qg and Qg o (all of them relative to Qu) and even to Carleson
boxes within sawtooths.

We write wy for the corresponding harmonic measure and ky for the corre-
sponding Poisson kernel (we know by [DJ] that wy is absolutely continuous with
respect to surface measure, since Qy enjoys a qualitative 2-sided Corkscrew con-
dition, i.e., it has exterior Corkscrew points at all scales < 27V). We are going to
show that the scale invariant estimate (1.24) passes uniformly to the approximat-
ing domains. To be precise, for all surface balls AV, defined with respect to the
approximating domain Qy (i.e., AY = B N dQy with B centered at dQy), we have

(2.40) / (kf,AN)deN < Con(aM)'7,
AN

where C and 1 < P < p are independent of N. To prove (2.40), we shall first need
to establish several preliminary facts.

Given X € Qn C Q we write & for a point in dQ such that 6(X) = |X — %,

analogously &y € 0Qy with 6y(X) = |X — Xu]| (here oy stands for the distance to
the boundary of Q). Set Ax = B(X,6(X)) N 9Q and AY = B(Gy, on(X)) N Q.
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Let X € Qy c Q with y(X) = 27V, thus 6(X) ~ 27V. We claim that for every
Y € Qu we have
WyAY) _ o' (By)
on(AY) T o(Ax)’

2.41)

where C is independent of N.

We first consider the case Qy bounded. For fixed Y € Qu we set u(Y) = w}\/,(AI)\(’ )
and v(Y) = w"(Ay). Note that u, v are harmonic in Qy. For every Y € AY, we have
u(Y) = 1 < w¥(Ax) = v(Y) by Lemma 2.2 and the Harnack chain condition. Also,
if Y € 0Qy \ AY we have u(Y) = 0 < w¥(Ax) = v(Y). Thus, maximum principle
yields that u(Y) < v(Y) for every Y € Qu and then we obtain as desired

k(AP _ o' Ay
on(A) T oAy’

where C is independent of N (notice that we have used that (TN(AQ) ~ ON(X)" =~
0(X)" ~ 0(Ax).)

Let us treat the case Qy unbounded. Let M > 1 and set BY, = B(&n, M 6y(X))
and A% = Bg\’,j N 0Qy. Take Q= TA% where TA% C Qp denotes the Carleson

box corresponding to AIAVl for the domain Qy. By (2.33) and (2.34) (with Q replaced
by Q) we have

5 o .
ZB%[ NQy C Qn.m, Qym C K()B%] N Qy.

These and the fact that M > 1 allow us to obtain that X € Qu a7, Xy € 0QNNOQN 11,
Sy u(X) = on(X) ~ 27V, and

AY = B(Gin, on(X)) N 0Qy = B(Gin, Sn(X)) N OQu .

Then, we proceed as in the previous case and consider uy(Y) = wéNM(Ag) and

v(Y) = w¥(Ax) for Y € Qn.m. The same argument above and the maximum prin-
ciple in the bounded domain Qy »s yields up(Y) < v(Y) for every ¥ € Qu p with
constant independent on N, M and X. On the other hand notice that the solutions
uy(Y) = ngyM(Ag) are monotone increasing on any fixed Qp a,, as Mo < M —
oo, by the maximum principle. We then obtain that uy(Y) — u(Y) := w¥(AY),
uniformly on compacta, by Harnack’s convergence theorem. Thus, u(Y) < v(Y) for
every Y € Qp and then the previous argument leads to the desired estimate.

Proposition 2.42. There exists 1 < p < p such that for all N > 1 if we let
AN = BN Qy be a surface ball with r(B) ~ 27N, then

(2.43) (JC (kl}\(IAN)ﬁ dO‘N> g < O'N(AN)—l
AN

where the constant is uniform in N. Furthermore, for every Y € Qn \ 2koB we have

1 Y AN
Y\P 7 _ wy(AT)
(2.44) < JEN (k%) daN> ST

where the constant is uniform in N.
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Proof. Let us momentarily assume (2.43) and we obtain (2.44). As observed above
Qy is a 1-sided NTA domain with ADR boundary and satisfies the qualitative ex-
terior corkscrew condition. Thus we can use Corollary 2.37: we take AN = BN Qy
with #(B) ~ 27V and for every Y € Qu \ 2x9B we have

JC kS doy ~ wl(AY) KM doy, B CB.
(ANY (ANY
Then for oy-a.e. x € AN we take B’ = B(x,r) and let r — 0 to obtain kX (x) ~

cuX,(AN ) kf,AN (x) with constants that do not depend on N. Consequently, we have

1 1
~ 3 [3 3
< f (k)" dO'N)p < wh(A) ( f () da'N>p, Y € Qy \ 20B.
AN AN

This and (2.43) clearly give (2.44).

We next show (2.43). Write AN = AN(xy, r) = B(xy, r) N 0Qy with xy € 0Qy
and r ~ 27V. We take x € dQ such that §(xy) = |xy — x| ~ 27" and set A =
A(x, M 27N) with M (independent of N) large enough. Note that

(2.45) B(xn,4r)NQy cu; I*,

where the union runs over a collection of Whitney boxes I € ‘W(Q), of uniformly
bounded cardinality, all with int(I*) c Qy, £() = 27N and B(xy,4r) N I* + @.
Notice that we have B(xy, 4r) N0y C U;0I*. For each such I, there is a Oy € D,
such that

o) ~ €Qn) = 27" ~ distl, Q) ,

so by definition / € Wy, . Thus, for any such / we have that
(2.46) lxg, — x| S UQp +d(Qr, ) + €(I) +4r + |xy — x| < M2V,

for M chosen large enough, and therefore xg, € A.

Let k(A) denote the unique k € Z such that 2751 < M2V < 27% (below we
may need to make M larger). We define

P :=int U Q0
QchA

where D? is defined in (2.31) (note that k(A) is slightly different.)

Let us make some observations about this set P. Note first that Dg, is the col-
lection of all dyadic cubes whose side length are at least 2~¥*!. Thus for every
0 € D?, we have that £(Q) = 27¥® and Dg,,o consists of all dyadic subcubes of Q
whose side length is at least 27N+l je., those Q' € D¢ with 27N+ < p(Q) < 27K
and these are a finite number. Note also that the cardinality of D” is finite and
depends only on M and the ADR constants, and therefore P is the union of a fi-
nite number (the cardinality depends only on M and on the parameters that ap-
pear in the definition of “Wp,) of fattened Whitney boxes that are “close” to A
and have size comparable to 27N Note also, that P ¢ Q. It is easy to see that
B(xy,4r) N Qy C P. Namely, for every Y € B(xy,4r) N Qy we have shown above
using (2.45) that there exists I* > Y with (1) ~ 27N, I € Wy, and xg, € A.

Therefore there is Q* € D? such that Q; ¢ Q*. Thus, Y € Qr, o, C Ugems Q7yv.0-
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Notice that B(xy,4r) N Qpu is open so there exists a ball By centered at y that is
contained in this set. For every Z € By we have just shown that z € [Jyepa Q7.0
this eventually leads to Y € P.

Lemma 2.47. P is an NTA domain with ADR boundary, that is, it satisfies the
interior and exterior corkscrew conditions, the (interior) Harnack chain condition,
and OP is n-dimensional ADR; moreover, all of the corresponding constants are
independent of N. Consequently, wp, the harmonic measure for the domain P, is
absolutely continuous with respect to surface measure and its Poisson kernel, kp,
satisfies the scale invariant estimate

p N
(2.48) / (kﬁ“’) dop < Cop(A")' 77,
AP

for some 1 < p < co and for all surface balls A¥, where C and p are independent
of N.

The proof of this result is given below.

Fix y € AN = B(xy,r) N dQy. Then y € 8I* with I € W(Q), £(I) = 27V and
int(/*) ¢ Qy. We recall that P is a finite union of fattened Whitney boxes J* €
W(Q), and we define P;- to be the interior of the union of those boxes J* C PP that
overlap I*. It is easy to see that / C P~ c P. We shall see from the proof of Lemma
2.47 that Pj« is an NTA domain with constants independent of N. Moreover, we
claim that taking M above larger we have that P is strictly contained in P, and
in fact P \ P+ contains some Whitney box J € W(Q). We may verify this claim
as follows. We fix Q; € Fy with £(Q;) =~ €(I) ~ 27V and dist(Z, Q;) ~ 27N.
Notice that, for M large enough, there is some Q € D such that Q; ¢ Q (cf.
(2.45)-(2.46).) For this Q, take J € W*Q which is clearly in P. Note that

(D) ~ Q) ~ M2™N ~ M ()

and therefore for M large enough we have that I* N J* = @, by properties of
Whitney cubes (since otherwise €(1) ~ €(J)). This shows that P+ C P.

Set u(Z) = Gy(Z, Xa~) and v(Z) = Gp(Z, Xpv) where Gy, Gp are respectively
the Green functions associated with the domains 2y and P. Notice that u and v are
non-negative harmonic functions in P;- (since P; ¢ P € Q) and we can assume
that X,~ ¢ Pp+: indeed, by the Harnack chain condition, and our observation above
that P~ € P, we may assume that X,v is the center of a Whitney box J C P\ Pp-.
Notice that M‘MN = V‘ZAN = 0 (since 2AN c 0Qy and since B(xy,47r) N Qy C P
implies that 2 AN = B(xy, 2 r) N 0P). Therefore u = v = 0 in B(y,27V"N) N oP-
(here N is a fixed big integer such that B(y,2~¥""1) n 9P ¢ 2AN. As mentioned
before, P;+ is an NTA domain with constants independent of N and we have the
(full) comparison principle (see [JK, Lemma 4.10]):

uz) _uXw)
vZ) X))’

for every Z € B(y,27V"M/C) n P} with C large independent of N. We remind the
reader that X (/) stands for the center of the Whitney box /. Notice that

IX(I) — Xyv| ~ dist(X(I), OP) ~ dist(Xyv, OP) ~ 27V .
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Thus, the Harnack chain condition and the size estimates for the Green functions
imply that u(X(I))/v(X(I)) = 1. Hence u(Z) ~ w(Z) forall Z € B(y,2"N="M /C)NP;-.
As observed above Qy is a 1-sided NTA with ADR boundary and also satisfies
the qualitative exterior corkscrew condition, so that, in particular, we may apply
Lemma 2.12. We take s < 27V and write AN(y, 5) = B(y, s) N Qy to obtain

X
UXpavys5)  GNXpngy 5, Xav) W (AN, 5))
) B s " on(AN(y, 5)) '

The same can be done with Gp (indeed P is NTA) after observing that AM(y, s)
is also a surface ball for P and that after using Harnack if needed Xjn(, ) 18 a
corkscrew point with respect to P for that surface ball. Then,

X
V(XAN(y.5)) _ Gp(Xpv(y,s5)> Xav) wp™ (AN (y, 5))
s s ap(AN(y, s))

Note that if s is small enough then Z = Xy, ) € B(y, 2-N=N1/C)NP;-. This allows
us to gather the previous estimates and conclude that

o (A0, 9) w0 AV, )
ov@ANG.s) T oAy s)

Next we use the Lebesgue differentiation theorem and obtain that kj\(,AN o) = kgAN 62)
for a.e. y € AN. Then if we set p = min{p, p} and use (2.48) we obtain

(£, () ) = (£, (2 aor)

o 1
< ( f (kﬁ”)p dw) <o)~ oYy
AN

This completes the proof of Proposition 2.42. |

Proof of Lemma 2.47. The proof is very elementary. The corkscrew conditions are
as follows. Fix Ap = Ap(x, r) with 0 < r < diam(dP) ~ 27V. Since x € P, which is
a finite union of fattened boxes of size comparable to 27V, x € oI* with £(I) ~ 27V,
The fact that I* is a cube yields easily that you can always find a corkscrew point in
the segment that joints x and X(/) (the center of I) with constants independent of N
and this is an interior corkscrew point for P. For the exterior corkscrew condition
we notice that dI* can be covered by the union of the Whitney boxes that are
neighbors of 7 (i.e., whose boundaries touch). Then x € J with I N dJ # @. Note
that J C int(J*) and hence J* cannot be one of the Whitney boxes that define P.
Take J’ a neighbor of J: if int((J')*) C P, then (J')* “bites” a small portion of J
(since (J)* is a small dilation of J’); otherwise (J')* does not “bite” J. Eventually,
we see that the part of J minus all these “bites” is contained in P°. Note that x is
in one of this portions and therefore we can find a corkscrew point in the segment
between x and the center of J. This is possible since r < 2N,

We show the Harnack chain condition. Let X;, X, € P. Then, foreachi = 1,2
there exists Q; € D® and Q; € Dy, o, with X; € int(I7) where I; € W7,. Note

that £(Q;) = €(Q)) =~ () = 27N If I}, I overlap then the condition is clear.
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Otherwise, dist(7, I;) ~ dist(l1, I>) = 27V and |X; — X»| ~ 27V. Moreover, we can
construct an appropriate chain in each fattened box between X; and X(/;). In fact, if
Sp(X;) =~ 27V the number of balls is bounded by a dimensional constant, whereas if
8p(X;) < 27N then we simply use that each cube I} has the Harnack chain property
with uniform constants. Therefore, it suffices to assume that X; is the center of I;".
In such a case 6p(X;) ~ 27V, i = 1,2, |X; — Xa| ~ 27V and therefore we need to find
a Harnack chain whose cardinality is uniformly bounded (in N).

Therefore we fix two fattened Whitney boxes I, /5 and we want to find a
Harnack chain between the centers of such boxes. As just mentioned, if I7, I3
overlap we can easily construct a finite (depending only on 1) chain between
X(I1) and X(I>) (with respect to the domain I U I5) such that diam(B;) =~ 2N,
dist(B;, 0(I7 U 1)) = 27N Let us observe that in such a case

dist(B;, dP) < diam(P) ~ 27V ~ dist(B;, (I} U I3)) < dist(B;, dP)

Thus the constructed Harnack chain is valid for the domain P. If I}, I5 do not over-
lap it suffices to find a chain of fattened boxes Jji,..., Jg in P such that J} = I,
Jx = I; and with the property that J; and J;,, overlap. Notice that K is uni-
formly bounded since PP is a finite union of fattened Whitney boxes with cardinality
bounded uniformly in N. Notice that if Oy, O € DA we have £(Q;) = £(Q5) and
dist(Q1, 02) < 4 €(Q»). Therefore, the construction of the sets ‘W guarantees that
Wo, N Wy, is non-empty (cf. (2.21)) and there exists I € Wy, N Wy,. This
leads to show that I C int(Ugp,) Nint(Up,) which in turn gives I C Qg o, N Qs 0,
To conclude we just observe that each Qg o, enjoys the Harnack chain property
by Lemma 2.35 and this means that we can connect any box in Qg, o, with I as
before.

To show that JP is ADR we proceed as follows. Notice that 9P C UpepadQgy o
where each 0Q#, o is ADR by Lemma 2.35 and the cardinality of DA is finite and
depends only on M and the ADR constants of €. Thus the upper bound of the
ADR condition for P follows at once with constants that are independent of N.
For the lower bound, let B = B(x, r) with x € 9P and r < diamP ~ 27V, As P is
comprised of partial faces of fattened Whitney cubes I* with £(I) ~ 27V, then x lies
in a subset F of a (closed) face of I*, with F ¢ BNJP, and H*(FNB) = H"(F) = r",
as desired. Again the constants are independent of V.

Having shown that P is an NTA domain with ADR boundary, with constants
independent of N, we may invoke [DJ] to deduce absolute continuity of harmonic
measure, along with the desired scale invariant estimate (2.48) for the Poisson ker-
nel, with constants independent of N. O

With these preliminaries in hand, we now turn to the proof of (2.40). To this
end, we fix AV, and consider three cases. If #(AY) ~ 27V then (2.43) gives the
desired estimate. Assume now that r(AY) > 27V, We cover AV by those dyadic
cubes OV € Dy(0Qy) that meet AN (we remind the reader that Dy (0Qy) are the
dyadic cubes associated to the ADR set 0Qy with £(Qy) = 27N, Note that for
each of those cubes we have Xyv € Qp \ 2«0B(xgv, C 27N) and then we can use
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(2.44) with Y = X~ and the surface ball AV (xgv, C 27Ny
XN N N
o ) doy < § j )7 g
/AN ( N oN on(Q )JC oN
< § (@Y f
AV(xgn.C27N)

AN(xpv,C 27N
<3 ow" (“’N (( o D)

AN (xgv, C27V))

AN) dO'N

QN
p
AN )
<) on(QY) i" ,
%N: N on@AY )

where in the last estimate we have used that wy is doubling: let us observe that
AN (xgn,C 27Ny and A%QN are balls whose radii are comparable to 27N and the

distance of their centers is controlled by 27V, and that §y(X,v) = r(AY) > 27N,
Let us observe that Xy € Qy and 6(Xpv) ~ dn(Xgn) = 27N <« On(Xpn) = O(Xpv).
Then we use (2.41) to obtain

2.49 Y dory < w (@B’
(2.49) /AN(N) O'NN%V:O'N(Q) TXQN)

Given QV, its center Xov is in 9Qy C Q and therefore there exist Xpv € 9
such that 6(xgv) = |xgv — Xon| ~ 27N Then using the dyadic cube structure in
0Q, there exists a unique R(QV) € Dy(4Q) that contains Xov. We note that AXQN
and Agov) are surface balls in 9Q with radii comparable to 2N and whose centers
are separated at most C2™N. This means that AXQN C CAgvy- On the other
hand, one can show that C Aggvy C C” Ax,,, by using that Q" meets AV and that
r(AN) > 27N,

Next we want to control the overlapping of the family {C Agonv}on. It is easy
to see that if C Agcgny N C Apigyy # @ then |xgn — xgv| <27V = €(QY) = €(QY).
Thus the fact that the cubes Q" are all dyadic disjoint with side length 2=V yields

Gathering the previous facts we obtain that

Set Ag = C’" Ay, and observe that by the Harnack Chain property WXV~ WX,

Thus plugging these estimates into (2.49) we conclude that

W (Ax )

X\N p Ag
/AN () daNs§mv(QN)< ) ) Z/A (1)
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< [ (@) do< < [y do’)p (AT < o(Bo) T ~ gAY,
Ao Ao

where we have used p < p and our hypothesis (1.24) and where the involved
constants are independent of N. This completes the case r(AY) > 27V,

To complete Step 1, we need to establish (2.40) for r := r(AV) < 27V, Set AN =
B(xy, r)NO0Qy. Given AV (xy, C 27V) we consider the associated P as before. For a
fixed y € AN = B(xy, r) N 0Qy, we have that y € 9I* with £(1) ~ 27 and int(I*) c
Qp. We define P;+ as before and recall that it is an NTA domain with constants
independent of N. Let us note that 5AN c 0Qn N 0P, since r < 27N, We let
Y~ denote a Corkscrew point with respect to A", for the domain P;-. Let ¢ < 1 be

small enough such that Y~ ¢ Tix(y,Zcr)’ where fo@,Zcr) is the Carleson box with

respect to AV(y, 2 ¢ r) relative to the domain P;« (note that ¢ depends on the various
geometric constants of P~ which are all independent of N, see (2.34)). Notice that

by Lemma 2.35, fo(yZCr) inherits the (interior) Corkscrew and Harnack Chain

conditions and also the ADR property from P;-. Moreover, Tfjj G2en) also inherits

the exterior corkscrew condition, with uniform bounds. Indeed, consider a surface

ball Aw(z,p) C OT N ey Withz € OT\L oo and p 5 1 ~ diam(Tyh 5 ,0).
If dist(z, 0Pr) < p/100, then B(z,p) N (R”“ \ ngUZL‘r)) contains an exterior

Corkscrew point inherited from P;-. On the other hand, if dist(z, 0P;-) > p/100,
then z lies on a face of some fattened Whitney cube J* € W (P;+), of side length
€(J*) = p, for which there is some adjoining Whitney cube J’ containing an exterior
Corkscrew point in B(z,p) N (Pp \ THAP{JUV’Z . r)). Consequently Tfﬁ(y’zc, , is an NTA
domain with constants independent of N, r and y.

Set u(Z) = GN(Z, Ypv) and v(Z) = Gp,.(Z, Yav) where Gy, Gp,. are respectively
the Green functions associated with the domains Qu and P;«. Then u and v are

non-negative harmonic functions in Tf,’v* G2er) (since Y~ ¢ Ti{; o ZCr))' Notice that

for ¢ small, r < 27V, and yE AN = AN(xy, r) we have that

AV = AN(y,er) = (By.cr) N oQy) C <8QN noP- N arf’;mm) .

In particular, u| Ay = v! Ay = 0. As noted above, Ti)ﬂ,*(y’zcr) is an NTA domain with

constants independent of N and thus by [JK, Lemma 4.10]) we have the comparison
principle:
WZ) _ u(Xo)
wZ)  v(Xo)’

Py
YZ € B(y,cr/C)N TAIIV(y,Zcr)’

with C sufficiently large but independent of N, and where Xy € Tfﬁ(yzcr) is a

corkscrew point associated to the surface ball AY, relative to each of the domains

]P]*
QN, P[* and TAN(y,Zcr

1Xo — Y| ~ dist(Xo, OP;+) ~ dist(Yan, 0Pp) ~ r,

- By the Harnack chain condition in P+ and since

one can show that u(Xy)/v(Xp) ~ 1 which eventually leads to u(Z) = v(Z) for all

Py
Z € B(y,cr/C)N TAIIV(y,Zcr)'
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We can now apply Lemma 2.12 (since, as observed above, Qy satisfies the re-
quired “qualitative assumption”), so that if we take s < r and write AN(y, s) =
B(y, s) N Qu, we have

X
UXpviys)  GNXavys Xav)  wp (AV(y, 9))
s s T on(ANG, )
The same can be done with Gp,. (indeed P+ is NTA) after observing that AN O, )

is also a surface ball for P+ and that, after using Harnack if needed, Xn(, ;) may
be taken to be a corkscrew point with respect to P« for that surface ball. Then,

X
Y Xavy.s) _ Grr X Xav) wp" (AN (y, 9))
s s op. (AN (y, 5))

Note that if s is small enough then Z = Xpn, ) € B(y,cr/C) N Tf;,*(y 2en
allows us to gather the previous estimates and conclude that

This

o (AN, 5) @t (AN, 5)
on(AN(y,5) T e (AN(,$)

Next we use the Lebesgue differentiation theorem and obtain that kiAN ) = kﬁiN 6]
for a.e. y € AN. Then

(Jilv (k;\(’AN)ﬁ dO-N> 71) s (JEN (kgﬁN)ﬁ dO’Pﬂ) 7

1
X\ P » _ _
< ( f () dcrp,*> S op, (AN 5 oAy
A

where we have used that p < p and (2.48). This completes the proof of (2.40)

Remark. We notice that to obtain (2.48), in place of using [DJ], we could have
invoked [VV]: P is a polyhedral domain (its boundary consists of a finite number
of flat “faces”), is NTA and has the ADR property, thus kp is a RH, weight. Thus
p =2 and p = min{p, 2}.

2.3. Step 2: Local Tb theorem for square functions. Having already established
Step 1, we want to show that Qu has the UR property with uniform bounds. In
the last step we shall show that this ultimately implies that Q inherits this prop-
erty. Therefore, in all the remaining steps, but the last one, we drop the already
fixed subindex/superindex N everywhere and write Q to denote the corresponding
approximating domain Qy. Our main assumption is that (2.40) holds, and this
rewrites as

(2.50) / ()" do < C ()7,
A

where p and C are independent of N.

We introduce some notation. We have already defined ‘W = W(Q) the collec-
tion of Whitney boxes of Q. We - also define W' = W(Q,,) the collection of
Whitney boxes of Q. ; = R™1\ Q. Set Wy = W U W —notice that we can
get directly this collection by taking the Whitney decomposition of R"*! \ 9Q. We
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can then consider as before Wy with the same fixed Cy as before (this guarantees
among other things that W # @). With that fixed Cy we define analogously (W‘é’“
(using only I’s in ‘W), Notice that we have not assumed exterior corkscrew
points for ., and therefore ‘W eth might be the null set. We then define

Vo= UL Aaw=U Ve Agw= | Vo
IeWy xeQeD x€QeDy,
and analogously

yext — U I, Aext(x) — U Vgxt AeQ)i)t(x) — U Vext,

1 e(W"’QX’ x€QEeD x€QeDg,

where x € dQ and Qp € D. We also consider the “two-sided” cones A(x) =
A(x) U A (x) and Ag,(x) = Ag,(x) U AG(x).

In this step we are going to apply the following local Tb theorem for square
functions in [GM]3 :

Theorem 2.51 (Local Th theorem for square functions on ADR sets, [GM]). Let
Q c R™! n > 2, be a connected open set whose boundary 0K is ADR. We assume
that there is an exponent q € (1,2], and a finite constant Ay > 1 such that for every
O € D there exists a function by satisfying

252) / bol? do < A (Q)
oQ

2.53) ‘ / bpdor| > — o(0)
0 Ag

q

) , 4y \’
(2.54) /Q ( f fA ” IV2Sbo(Y)| 5(Y)n—1> do(x) < Ay o(Q)

Then,
2.59) [ 1wt sy < e

We observe that we can easily show

/ V2SF(VP 6(Y)dY = / / VSR~ L o)
R+ a0 JAW oY)y

which is nothing but the comparability of the “vertical” and “conical” square func-
tions. In this way, we see (2.54) as an L9-testing condition for the local (conical)
square function and the conclusion states the L? boundedness of the (conical or
vertical) square function.

3In fact, the theorem of [GM] treats more general square functions, whose kernels satisfy some
appropriate point-wise smoothness and decay conditions, but we have specialized the result here to
suit our purposes.
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2.3.1. Outline of the remainder of the proof. Let us now outline our approach to
the remainder of the proof of our main theorem. We first note that the conclusion of
Theorem 2.51, namely estimate (2.55), is simply a re-statement of (1.10), which by
[DS2] implies uniform rectifiability of Q2 (cf. Definition 1.7). We shall establish
(2.55) with Q = Qy, but with bounds that are uniform in N. Thus, we shall obtain
that 0Qy is UR, uniformly in N. In subsection 2.6, we then “pass to the limit”, to
deduce that 0Q is UR, for our original domain €.

Thus, our main goal is to construct a system of accretive testing functions {b¢},
verifying the hypotheses of Theorem 2.51. We shall construct these testing func-
tions as normalized Poisson kernels, which will satisfy the size condition (2.52),
and the accretivity condition (2.53), by virtue of the higher integrability estimate
(2.50), and Bourgain’s estimate (2.4), respectively. The principal difficulty is to
verify condition (2.54). In the reminder of this subsection, we carry out this pro-
gram, eventually reducing the proof of (2.54) to a certain localized square function
estimate for the Green function, namely (2.62). In turn, we shall establish the latter
by first extending the square function/non-tangential maximal function estimates
of [DJK] to the setting of a 1-sided NTA domain with ADR boundary, and then
proving bounds for the localized non-tangential maximal function of the gradient
of the Green function. These last two steps are carried out in subsections 2.4 and
2.5, respectively.

2.3.2. Verification of (2.52)-(2.54). In order to apply Theorem 2.51, and to define
the functions by, we shall require some geometric preliminaries. Given Q € D, we
recall that there exists a surface ball Ag = A(xg,rp) such that Ap C Q C CAp =
B(xg,C rg) N 0Q with rg = £(Q). Let k1 be large enough such that Crg < «1£(Q)
and also with x; > ky where kg is given in (2.64) below. Set BQ = B(xg, k1 {(Q)).
We notice that if x € Q and Y € Ag(x) then Y € Vyp with x € Q" € Dy and
Y eleWgy. Thus,

Y = xol < &) +d(I, Q") + &(Q") + |x — x| S Col(Q") + €(Q) < Col(Q).

The same can be done for Y € Aeth (x) and therefore by taking «; sufficiently large
(depending on Kj) we have

(2.56) |J A@) c Bo.
xeQ
Next we set Byp = x Bp, with k; large enough so that X, the corkscrew point
relative to AQ = EQ N Q, satisfies )A(Q ¢6 BQ (it suffices to take x» = 6/c with ¢ the
constant that appears in the corkscrew condition).
Bearing in mind the previous considerations, we are ready to define our func-
tions by as follows: we set by = 0(Q) no kX where 1o is a smooth cut-off (defined

in R™1) with 0 < 5p < 1, suppng € 5Bg, np = 1in 4 By, and ||Vnplle < £(Q)7".
We also take ¢ = p and we recall that 1 < p < p < 2.

Using Harnack’s inequality, that ¢ = p and (2.50) we obtain (2.52):

/ Ibol? dor < o(Q)? / (k’?Q)qdo-so-(Qﬂ / (kXSAQ)qda
aQ 5A¢ 5A¢
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s Co(Q)o(549)' ™ 5 0(Q).
Regarding, (2.53) we have by Lemma 2.2 and the Harnack chain condition that

'/QdeO'

Next we show (2.54). Let X € By N Q. Then

=0(Q) / ng ke do 2 o(Q) w*2(Ag) > 7(Q)/C.
Q

V%Sbo(X) = /a N VXE(X = ¥) bo(y) do(y)
- o(0) /9 VRO - y)mo(y) de(y)
=70 | VRO -y (rg0) - D dw*o(y)

+0(Q) / V2EX - y)dw™e(y)
oQ
=N1L(X) + L(X).

For I, we observe that u(Z) = V%S(X — 7) is harmonic in Q and C23(Q) since
X € Q.. Thus, for every Z € Q we have

257 Vi&(X-2)=uZ) = / u(y) do?(y) = / VXEX — y) do’(y).
0Q 0Q

We would like to point out that we have implicitly used uniqueness of the solution
which follows from the maximum principle even for an unbounded domain since
V%S(X —Z) - 0as Z — oo. We apply (2.57) with Z = XQ and note that since
X — )A(Ql ~ {(Q) for every X € I§Q N Q.:, we therefore obtain

IL(X)| = c(QIVFEX - Xp)l < (Q) X — Xl ™V ~ £(Q)~".

For I, we observe that Q is an approximating domain whose boundary consists
of portions of faces of fattened Whitney cubes of size comparable to 27V. Thus, its
(outward) unit normal v is well defined a.e. on 9€2, and we can apply the divergence
theorem to obtain

11(X) = (Q) Vi /B X =) (g0 = 1 do*e(y)
= () Vx /a [EX =) (100) =D VyG(Xo,y) - v(y) dor(y)
= o (Q) V¥ f fg divy (EX = Y) (no(Y) = ) VyG(Rg, Y)) dY
= (@)% [[ Wy(E0x - 1) o)~ D V4G(Ro. V)Y
+0(Q) V% f fQ E(X - Y)Vio(Y) VyG(Rp, Y)dY

+0(Q) Vy Ifg EX = V)(no(Y) = 1) divy(VyG(Xp, Y)) dY
= InX)+12(X)+0,
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where we have used that the term in the next-to-last line vanishes, since ng — 1
is supported in R"*! \ 4 By, and since Xy € By implies that G(Xp, -) is harmonic
in Q\ I§Q. Notice that the integration by parts can be justified even when Q is
unbounded, since & and G have sufficient decay at infinity.

We estimate the terms /77 and I;; in turn. First, notice that if X € EQ and
Y e Q\ 4EQ we have r(BQ) S Y —xgl = Y = )A(Ql ~ |Y — X|. Then, writing
S(Q) = 2k+1 BQ \ 2k l?Q, k > 2, and using that 7y — 1 is supported in R\ 4 EQ,
we have that for every X € éQ,

(2.58) Xl <o(Q) ffg IVZVyEX = V)l Ing(Y) - 1IVyG(Xg, V)l dY

< o (Q) f f Y = X7 Wy G(Xg, V)l dY
Q\4 By
<@ f f ¥ = xo "2 [VyG (R, V)| dY
k=2 QnSk(Q)

SUQPY 2k f f IVyG(Xg, Y)|dY
k=2

QNS (Q)

= g(Q)—Z Z 2—(}’l+2) ka.

k=2

To estimate J; we cover Si(Q) by a purely dimensional number of balls meeting
S «(Q) and whose radii are 2K r(ﬁQ). Then, it suffices to get an estimate with the
integral restricted to such a ball B;. We may assume without loss of generality that
2 By ¢ Q. for otherwise we have that Q N S, (Q) N By = @. We then have two
cases: 2B, € Q and 2 B, ¢ Q. In the second case, since 2 By, is neither contained
in Q nor in Q,,;, there exists y; € dQ N 2 B;. We then set By = B(yx,3 r(By)),
and observe that this ball is centered on 0Q2 and contains B;. Since G()?Q, -) is
harmonic in 2B; N Q and vanishes on dQ, and since Q is an approximating domain
in which the Gauss/Green theorem holds, we can use Caccioppoli’s inequality at
the boundary to write

Typ, = ff IVyG(Xg, V)| dY
QNS (Q)NBy

< [[ wiccoviay
QNBy
o R 1/2
< B2 ( f f IVyG(Xp, V)P dY)
QﬂBk

1/2
< @ 00T 1B ( f f ) |G(XQ’Y)|2dY)
QN2

By
< @R 00)'T ' 2k Q) " 1Byl
=2500),
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by the size estimates for the Green function plus the fact that I)A(Q - Y| > 2k2 r(ﬁQ)
for Y € QN2 By.

In the other case, i.e., when 2 B, C €, the situation is simpler: we just use
the (interior) Caccioppoli inequality and repeat the same computations with By in
place of By. Summing over the collection of By’s covering S (Q), which for fixed
k is a family of uniformly bounded cardinality, we conclude that

(2.59) I s 25 0(Q).
We plug this estimate into (2.58) to obtain
(X s Q)Y 27"k < o)
k=2

Let us estimate /1(X). We notice that Vr is supported in 5 EQ \ 4BQ. Take
Y € 5Bp\4By. If X € By then |X — Y| ~ [Xp — Y| = £(Q) which yields
IVZEX = Y)| < IX = Y|7*D ~ £(Q)~"*D. Then using (2.59) with k = 2 we obtain

h2(X)| < €Q)7° f f  IVYGXp. V)Y < 6Q) AT, < L)
QN5 BQ\4 Bo
Collecting our estimates for /;; and I/, we have shown that [[{(X)| < (o).
Thus, for all X € BQ N Q. we have
IV3Sho(X)| < C£(Q)™".

Remark 2.60. In the previous argument, for the estimate of /; we have only used
that X € By and we have not used that X € Q,;.

Next we let X € EQ N Q, and suppose first that 6(X) = €(Q). If y € SAQ we have
IVZEX = )| < IX =y D < 5(X)~*D < £(Q)~"*D. Consequently,

IV3%Sbo(X)| = ‘ /a . V2E(X — ) bo(y) do(y)| < Q) we(5A0) < £(0)™".

It remains to treat the case X € BQ N Q, with 6(X) < cf(Q), where c is to be
chosen. Notice that

20(Q)/C < 86(Xp) < X — X| +6(X) < [Xo — X| + c £(Q).

Then we pick ¢ < C~! we obtain I)A(Q — X| > €(Q)/C. Next, we write as before
V%SbQ(X) = 1(X) + I(X). For I, since X € I§Q, by Remark 2.60 we conclude
that |I;(X)| < £(Q)~". For I, we observe that (2.1) gives

IL(X)| = o(Q) ’ /a VXEX —y)dw2(y)| = 0(Q) |V (X - Xp) - G(X. X)) |

0
S Q)X = XoI "V + 0(Q) IVXG(X, Xp)| < Q)" + o(Q) IVZG(X, Xo)I.

Therefore, collecting all of our estimates, we have shown that for every X € By,
2.61)  [ViSbo(X)| < CUQ)™ + Q) IVXGX, X0l X 3 ,nanisoo<cecon X)-

Notice that if x € 0Q then
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fﬁQ(x) s(ry=1 = Z Z ff s(Yyr-!

xeQ'eDg IeW, u’W‘X’

5(1)n+1 ' 5
)ORED DR 7= E D DR (R ()

xeQ'€Dg IeW oUW veQ’eDg

where we have used that #(W o U"Wex’ ) < Cc,. Therefore, using (2.56) and (2.61)
we have

q

v\’

V2Sbo(Y)? d
/Q<ffixg(x)| o(Y)| 6(Y)"—1> o (x)
< {0)1 d
< (Q) / <ffAQ(x) 5(Y)n- 1) o(x)

A dy :
q V2G(Y, Xo)P d
ro@ /Q<f«f1\Q(x)ﬁ{6(Y)<cf(Q)}l #S Aol 5(Y)n_l> 7

< 0(Q) + o (Q)* / S ou(x)? do(x)
0

where we set u(Y) = VyG(Y, XQ) and

1

ar '\’
SQu(x)=< f fr Q(x)wu(Y)lz 5(y)n_1> . Tow:= |J Uy

xeQ’eDg

(note then that S pu involves V2G). We claim that

(2.62) / S ou(x)? do(x) < o(Q)' 4.
o

Assuming this momentarily we obtain as desired (2.54):

ar
/Q <If/\ ( )lVZSbQ(Y)l2 5(Y)"_1> do(x) < o (Q).
o(x

Modulo the claim (2.62), we have now verified all the hypotheses of Theorem 2.51
and we therefore conclude that (2.55) holds. The latter in turn implies that 9€ is
UR (see [DS2, p. 44]).

To complete this stage of our proof, it remains to establish (2.62). We do this in
Section 2.5, after first proving a bound for the square function in terms of the non-
tangential maximal function in Section 2.4. As mentioned before, at present, Q
is actually an approximating domain (i.e., Q stands for Qu with N large enough).
Thus, the conclusion that we have obtained in the current step is that for every
N > 1, we have that Qy has the UR property with uniform constants. In Section
2.6 we show that this property may be transmitted to €, thereby completing the
proof of Theorem 1.23.



UNIFORM RECTIFIABILITY AND HARMONIC MEASURE II 29

2.4. Step 3: Good-1 inequality for the square function and the non-tangential
maximal function. We recall that Uy = UW& I with I* = (1 + )1, where 0 <
A < Ap/2 was fixed above. As mentioned in Remark 2.38, since 0 < 21 < Ay,
the fattened Whitney boxes 1™ = (1 + 2 1)/, and corresponding Whitney regions
Up = UWZJ I** enjoy the same properties as do I and Uy.

Let us set some notation: for fixed Qp € D, and for x € Qy,

ar \’ 3
Soue = [[ wunp i) Ngpuu(¥) = sup [u(Y)
Ty () (¥) YeT gy (%)
where
Lo = |J Uo. To:= |J U
xeQeDg, x€QeDg,

We also define a localized dyadic maximal operator

Moo f(¥) = sup JCQ O o).

XEQEDQO

Given any Q € Dy, for any family ¥ C Dy, of disjoint dyadic cubes we define
the fattened versions of the Carleson box Ty and the local sawtooth Qg o) by

(2.63) T, = int U Up|. Qrg, =int U U;
QEDQO QED7:,Q0

It is straightforward to show that there exists kg (depending on Kj) large enough
such that

(2.64) To, C B(xg,. ko £(Q0)) N Q.

Let us write B'go = B(xg,, ko £(Qp)) and note that in particular, for every x € Qg
and every pairwise disjoint family ¥ C Dg,, we have

2.65) T clg()cTg cByNQ,  Opg cTo cBy NG

Proposition 2.66. Given Qo € D, let u be harmonic in 2By N Q. Then, for every
1 < g < oo we have

(2.67) IS gotllzacgo) < C INgytllLa(gp)»
provided the left hand side is finite.

Remark. Let us emphasize that in this part of the argument, u is allowed to be any
harmonic function in 2 Bg’o N Q, not only VG(-, Xy) as above.

Proof. The proof is based on the standard “good-A" argument of [DJK] (see also
[Br]), but adjusted to our setting. Fix 1 < g < oo and assume (qualitatively) that
the left hand side of (2.67) is finite. In particular we have that

1
q

JC Sooudo < ( (SQou)qu') < oo,
Qo Qo
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We consider first the case that 4 > f Sooudo. Set
Qo %0
Ey={x€ Qo: Mg,(Sg,u)(x) > A}.

Then by the usual Calderén-Zygmund decomposition argument, there exists a pair-

wise disjoint family of cubes {P;}; C Dy, \ {Qo}, which are maximal with respect

to the property that ﬁ,. Sgudo > A, such that E; = U;P;. Let P; denote the
J

dyadic parent of P;. Then P ; must contain a subset of positive o-measure on
which § g u(x) < A, by maximality of P;. Fix a cube in {P,};, say Py, and set

Fa={x€Py:Sgux)>pANg,.ux) <y}
where 5 > 1 is to be chosen and 0 < y < 1. We are going to show that
a(Fy) < Cy? a(Py).

Assume that o(F)) > 0 otherwise there is nothing to prove. We claim that if g is
large enough, depending only on the ADR constants, then o(F,) < o(Pgy). Other-
wise, we would have § g,u(x) > B A for a.e. x € Py and then by the maximality of
Py and the fact that 0Q is ADR,

ﬂ/1<JC SQOudO'SC1 f SQOMdO'Scl/L
Py Py

Choosing 8 > Cy, we obtain a contradiction. Thus, o(F;) < o(Py), so by the inner
regularity of o, there exists a compact set F' C Fj C Py such that

0< %O’(F,l) <o(F) L0o(Fy) < o(Po).

Since o(F) < o(Py), it follows that int(Ppy) \ F is a non-empty open set. By a
standard stopping time procedure, we may then subdivide Py dyadically, to extract
a pairwise disjoint family of cubes ¥ = {Q;}; € Dp, \ {Po}, which are maximal
with respect to the property that Q; N F = @.

We see next that ' = Py \ (UgQj). If x€e FC Ppandx € Qjthenx € Q; N F
which contradicts the fact that Q; N F = @. On the other hand, let x € Py \ (U Q).
Pick Q7 € Dp, the unique cube containing x with £(Qy) = 27K ¢(Py), k > 1. Note
that Of N F # @, otherwise Q7 C Q; for some j and we would have x € Q;. Let
X¢ € QF N F. Then |x; — x| S {(Q}) = 27X €(Py) and therefore x; — x as k — oo.
Since F is closed and x; € F we conclude that x € F as desired.

Notice that for any x € F' = Py \ (U#Q;) and for any z € Py we have that

To,(x) = UUQ=< U UQ>U( U UQ>

ereDQO ereDQO,QcPO ereDQO,QQPo
=Tp, | ( U UQ) c e | ( U UQ) = 'py(x) UT g, ().
QGDQO,QDPO ZEQEDQO

Let us recall that Py is a Calderén-Zygmund cube in E; and that we can pick
20 € Py with S 0,U(z0) < A (indeed we know that this happens in a set of positive
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measure in Py.) Then for any x € F C F, we have

) , dy \’
(2.68) BA< S gou(x) = (fero(x) [Vu(Y)| (5(Y)"_1>

dYy : 1704 :
< Vu(Y)? ff Vu(Y)|?
: (ffrpo(x)l “) 5(Y)”_1> +< FQO(ZU)l u(¥) (5(Y)”_1>

= S pyu(x) + 8 g, u(z0)
< Spyu(x)+ 4

and therefore F' C {x € Py : Spyu(x) > (8- 1) 4}.

Next we claim that

(2.69) Ure@ c |J Ug c Qrp,

xeF Q€D p,,

where Qg p, is the fattened version of Qg p, defined in (2.63). The second con-
tainment in (2.69) is trivial (since Up C U*Q), so let us verify the first. We
take ¥ € I'py(x) with x € F. Then, Y € Up where x € Q € Dp,. Since
x € F = Py \ (UsQ;) we must have Q € Dy, for otherwise Q C Q; for some
Q; € ¥ (cf. (2.17)), and this would imply that x € Q;. Therefore Q € D# p, which
gives the first inclusion.

Write 04 = &)fo to denote the harmonic measure for the domain Q}"PO where
Xo = Ap, is a Corkscrew point in Q}', P, at scale diam(Py), whose existence is given
in [HM, Proposition ??] and [HM, Corollary ??] (which we may apply to Qc]—"PO in
place of Q¢ p, since 0 < 24 < Ay, see Remark 2.38). Let us also write 04(Y) to
denote the distance from Y to dQy py» and G to denote the corresponding Green
function. Given Y € Q}"PO, we choose yy € (?Qr,r,po such that [Y — yy| = 0x(Y).
By definition, for x € F and Y € I'p(x), there is a Q € Dp, such that Y € Ug and
x € Q. Thus, by the triangle inequality, and the definition of Uy, we have that for
Y € Tpy(x),

(2.70) e = yyl < 1x = Y+ 6x(Y) = 6(Y) + 64(Y) = 64(Y),
where in the last step we have used that
(2.71) s(Y)~8,(Y) forve ] Ug.

QeDg p,

Then, since F = Py \ (UFQ;) C0Q N 8§~2¢’p0, see [HM, Proposition ??], we have

2.72) @ (F)AB-D) = / (AB - 1)) dy < / S pott(x)” didx (%)
F F

_ , v
- [ [ o VDR S ds9

1
< Vu(Y))? 6(Y (/ do, >dY
ff U UQ| HF o) 0Y)" JFnByy.C,(Y) Or)

0<Dg p
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~X0 e ~
S f f Va2 5, (v) P Bx0r. Cod)
Qr py

(Cou(Y))

where we have used (2.70), (2.69)and (2.71).
We now claim that for ¥ € Qg p,, we have

@' Ay, Cx(Y)) _ Gu(Xo.Y)
(Cox(Y)) T 0(Y)

Indeed, if 6,(Y) < 64(X0)/(2C), then (2.73) is immediate by Lemma 2.12 and
(2.11). Otherwise, we have 6,(Y) ~ 6,(Xo) = £(Py) = |Xo — Y|, whence (2.73)
follows directly from (2.9) and the Harnack Chain condition, and the fact that har-
monic measure is a probability measure.

We recall that by hypothesis, u# is harmonic in 2BKQ°O NnNQ> Q}"po (cf. (2.65)).
Let £ := V-V denote the usual Laplacian in R"*!, so that L(u?) = 2 |Vul? in Qg p,.
Combining these observations with (2.72)-(2.73), we see that

(2.73)

(2.74) Ox(F)(AB-1) 5 ff IVu(Y)* G+ (Xo, V) dY
Qr p,

! f f L@ (Y) G (Xo, Y)dY
2 Wy,

1 1

=+ 5 [ Pl
2 2 Joor, o

where the last step is a well known identity obtained using properties of the Green

function.

LetY € Q«}"PO, so that Y € Uy, for some Q € Dy p,. By definition of Dy p, this
Q cannot be contained in any Q; € F. Therefore, Q N F # @. Indeed, otherwise
0 N F = @, which by maximality of the cubes in ¥, would imply that Q C Q; for
some Q; € ¥, a contradiction. Thus, there is some x € Q N F which then satisfies
x € P\ (UrQ)) and x € Q € Dp,. Hence, Y € U, C fpo(x) with x € F. Since
F c F, we have that

u(Y)| < sup |u(Z)| < Ng,.u(x) <7y A
Zelpy(x)

Thus, |u(Y)| < y 4 and in particular u(Y) > —y A, forall Y € Q}”PO. Next, we apply
[JK, Theorem 6.4] to the (qualitative) NTA domain Qq—-, p, (we recall that, in the
present stage of the argument, Q is actually Qy for some large N, which satisfies
the qualitative exterior Corkscrew condition (Definition 2.5); thus, the bounded
domain Qg p, enjoys an exterior Corkscrew condition with constants that may
depend very badly on N.) Of course, the interior Corkscrew and Harnack chain
constants, as well as the ADR constants, are controlled uniformly in N). Conse-
quently, we obtain that # has non-tangential limit @,-a.e.. Since |u(Y)| < y A for
every Y € Qf Py» 1ts non-tangential limit therefore satisfies this same bound .-
a.e., i.e., for @.-a.e. y € 6@7—"130 we have |u(y)| < y A. Consequently, by (2.74), we
conclude that &4 (F) (A (8 — 1))* < (y 1)? and then @« (F) < y>.
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Let us now recall some notions used in [HM] that will allow us to apply [HM,

Lemma ??], a dyadic version of the “sawtooth lemma” of [DJK]. Given the family

= {Q,}; chosen above, and a Borel measure y defined on 02, we define the
measure P u as follows:

Py u(A) = u(A\ Up 0y + 3 TAN LD
— (0
In particular, we have that P# u(Q) = u(Q), for every Q € D (i.e., for Q not
contained in any Q; € ¥), and also that P& u(Q;) = u(Q;) for every Q; € F.
Recall that @, := &)f“, and set w := wX0 (these are harmonic measures for the
domains Qrﬁ p, and Q respectively). Let v = vX0 be the measure defined by

N w(FNQ
(2.75) VW(F) = @y (F\(uerj))Jerz;T (QJ)J

H(Qj).

)~(R) F C Q.

where R; C Qr,r’ p, 15 the n-dimensional cube constructed in [HM, Proposition 2??],
satisfying

{(R)) = €(Q)) =~ dist(R}, Q;) = dist(R;, 0Q) .
Observe that P#v depends only on w, and not on w; more precisely,

- a(FNQj .
(276)  Prv(F) = @« (F\ (UQ)) + Q%;f 0 aArey)

The “dyadic sawtooth lemma” [HM, Lemma ??] says that P#v is equivalent to
P#w in the sense of dyadic A.

W«(Rj), F c Qo.

Next, we note that since Py is not contained in any Q; € ¥,

P .
P = (P r) + Y T T Gy
0;e7,0,20 /
=al (Po\rop)+ Y AR
0;eF,0;SPo
2 (P\UrQ)) + S @Y (BGLr)N 00y )
0;€F,0;C0

> (AL,

where in the third line we have used the doubling property of cbfo (plus a subdivi-
sion and Harnack Chain argument if £(Q;) ~ {(Py)), and in the last line we have
used [HM, Proposition ??], along with [HM, Proposition ??] and [HM, Proposi-
tion ??] and the doubling property to ignore the difference between Q \ (U Q)
and QN dQs g,. Also, AL = Af“(fc};o, tp,) is a surface ball such that 3 € 0Qg p,,
Py = C(Py), dist(Py, Afo) < {(Pyp), and the implicit constants may depend upon Kj,
see [HM, Proposition 2?]. Using Lemma 2.2, Harnack chain and [HM, Corollary
??] it is immediate that a) O(AS 0) > C and therefore P#v(Py) > C. On the other
hand, since F = Py \ (U Q) we conclude that

Prv(F)

vipy SPPE) = ) s



34 STEVE HOFMANN, JOSE MARIA MARTELL, AND IGNACIO URIARTE-TUERO

Thus Harnack chain, [HM, Corollary ??] and [HM, Lemma ??] imply
2.77)

W B (F) <

w o (F) L WOF) _ Pro®r) | <P¢v(F)>l7 < 210
WPy WP Pro*(Po) T \Prv(Po) ’

where we recall that Ap, C Py C A Po-

We are now nearly ready to derive a “good-lambda” estimate on Py (cf. (2.80)
below). We first need the following auxiliary result, whose proof we defer for the
moment.

Lemma 2.78. Assume (2.50). Then, given a surface ball Ay = By N 0Q for every
A = BN IQ with B C By we have

~ 1/p
(2.79) < JE (K*%)P d0'> <c JE K do.

Notice that this result says that K% e RH 5(Ag) C Aw(Ap) for all Ag and the
constants are uniform in Ag. Since A« (Ag) defines an equivalence relationship (on
the set of doubling measures on Ag) we obtain that o € A, (A, w*%) for all Ay and
the constants are uniform in Ag. Thus, there exist positive constants C and 9 such
that for every Ag = By N 0Q, A = BN 0Q with B C By and every Borel set £ we
have

7® _ ¢ (wXAo<E>>”
o(A) ~ w % (A)

We apply this with A = Ag = APO and with E = F C Py C APO. Then, Lemma 2.2
and (2.77) imply

XAP ¥

o(F) N O'(AF) < ( a})( oEF) ) < wXAPO(F)ﬂ <2V,
a(Po)  o(Ap,) w o (Apy)

Since o (F,) < 2 o(F), we therefore have obtained

(2.80) o({x € Py : S gyu(x) > B A, No,u(x) <y A}) < Cy*" 0o (Py),

where all the constants are independent of Py.

We recall that Py is an arbitrary cube in {P;};, which is a family of Calderén-
Zygmund cubes associated with E, for 4 > JCQO S goudo. In addition, for o-a.e.

x € Qp such that S g u(x) > B4, we have 1 < B < Sgu(x) < Mg, (S gu) (x)
and therefore x € E,. Using these observations and (2.80) in each P, we obtain

o({x € Qo : Sgu(x) > BA, Ny, .u(x) <y}
= o-({x € Qo : Sg,u(x) > A4, NQO,*u(x) <yAIN E/])

= Z 0'({x € Pj:Soyu(x)>pA4, NQO,*u(x) < y/l})
J
<CyMY ap)
J

= Cy*"o(Ey)
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= CyM/H(T({x € Qo : Mg, (S g,u) > /l}).

Thus, we have shown that for every A4 > fQo S g,udo we have

(2.81) o(fxe Qo : S gyux) > B A Ng.ux) <ya})
< Cy" o ({x € Qo : Mg, (S gou) > A}).

Let us now consider the case A4 < fQo S g,udo. We are going to show that

(2.82) o({x € Qo : S gyu(x) > B, No,.u(x) <y A}) < Cy’ o(Qo).

We repeat the previous computations with Py = Qg with the main difference
that Py is no longer a maximal Calderén-Zygmund cube. We take the same set F',
and we assume that o(F;) > 0, otherwise the desired estimate is trivial. Before
we used the maximality of Py to show that o(F,) < o(Pyp) for 8 large enough and
this was only used to obtain that o(F) < o(Py). Here we cannot do that and we
proceed as follows. By the inner regularity of o~ we can find a compact set F, such
that @ # F c F) c Py and

1 -
0< 3 o(Fy) <o(F) <o(F)) < o(Py).
If o(F;) < 0(Py) or o(F) < o(F)) we set F = F and we have o/(F) < o(Pp).
Otherwise, i.e., if o(F) = o(F,) = o(Py), we use the following lemma:
Lemma 2.83. Let Q have the ADR property with constant C, i.e.,
Ci'r <o(A(x, 1) < Cy 1"

forall x € 0Q and 0 < r < diamdQ. Let Q € D and recall that there exists
Ag = A(xg, rg) with rg = €(Q) with the property that Ag C Q C A(xg, Ca 1) for
some uniform constant Cy > 1. Take 19 = (2 C%)_l/” and set AB = A(xg,To 7).
Then,

AJchApcQ and  2CICH'0(Q) <(AY) < ZO'(Q).

Assuming this momentarily (the proof is given below), we apply this result to
Py. Set F = Fn A}% c F which is a compact set. As we have F c Py and
o(F) = o(F)) = 0(Py) we obtain

QCien'o(Fy) = 2CICY)  o(P) < o (AR) = o (AR, N F) + o (A7) \ F)
~ — 3 3
So(F)+0(Po\F)=0(F) < O'(A}‘z)) < 1 a(Py) = i o (F)).
Thus, we have found a compact set F such that @ # F c F, C Py and

0<QCICH\T(F)) < o(F) < o(Fy) = o (Py).

This allows us to run the stopping time argument and find the family ¥ as before.
We then continue the argument and notice that in (2.68), we used the maximality
of Pg. Here, the analogous estimate is trivial: since Py = Qy, it follows that for
any x € F C F,, we have Spu(x) = Sg,(x) > 4 > (B — 1) and therefore
F c{x € Py:Spu(x) > (B—1)4}. From this point the proof continues without
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change (except for the fact that we have o(F)) < o(F) in place of o(F) < 2 o(F)),
so that (2.80) holds, and in the present case this is our desired estimate (2.82).

Let 1 < g < oo and write ag, = JCQo S goudo < co. Then
q g [" o da
IS 0ytllfaoy =B | g% (tx€ Qo Sgux) > pa)) =
0

« - da
< p? /0 q/lqo'({x € Qo : Sgu(x) > B A Ng,u(x) < y/l}) =
+ (B/y)! ||NQO,*M||Z1(QO)

ag, dﬂ e d/l A7
_ /O D / S+ B Wil g
a

Qo
= [+ 11+ (B/7) INgyttll o)

For I we use (2.82) and Jensen’s inequality:

y 409 da y y
1<CY oy [ aa T =y o, < €Y B ISl
0

For 11 we use (2.81) and the fact that My, is bounded on L9(Qy) (notice that Mg,
is the localized dyadic Hardy-Littlewood maximal function and we can insert the
characteristic function of Qg in the argument for free):

y o dAa
11 < Cy? pa / q/lqO'({x € Qo : Moy(S g,u) > /l}) 1

o 4
=Cy” p1lIMg,(S QOM)||iq(QO) <Cy plls Q0“||%q(QO)-

Gathering the obtained estimates we conclude that
9/ ~
IN Qol/l”zq(Qo) <Cy plls QOM“Zq(QO) + By ||NQ0,*M||?11(QO)-

Choosing y small enough so that Cy? g7 < % the first term in the right hand side
can be hidden in the left hand side (since it is finite by assumption) and we conclude
as desired (2.67). m]

Proof of Lemma 2.78. Notice that in proving (2.79), we may suppose that the balls
B and By have respective radii rg < rp,; otherwise, if rp = rp,, then (2.79) reduces
immediately to (2.50). We now may proceed as in the first part of the proof of
Proposition 2.42 in order to use Corollary 2.37: we take A = B N Q and for every
Y € Q\ 2koB we have

JC K do~w'(A) + K*doc B cB.
A A

By the Harnack chain condition this estimate holds for ¥ = X,,. Then for o-a.e.
x € A we take B = B(x,r) and let r — 0 to obtain kX80 (x) ~ Wb (A) kX2 (x).
Consequently, by (2.50) we have

1 1 W
0V go )| < ¥ N\, o (A) »
(ﬁ(kx) do-) S w(A) (ﬁ(kx) do-> S Yol JCkX do.
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Proof of Lemma 2.83. The proof is almost trivial. What TB) C Ap follows at
once from the fact that 79 < 1. On the other hand, let us notice that FB’ -
A(xg, (3/ PANLEN ro) and therefore the ADR property gives

— 3 3 3
o (AD) < o (Alxg. (3/2)" 1o rg)) < €, 3 T = 1 Cilry < 1 7B0)

and
a(Q) < 7(A(xg,Ca 7)) < C1 C3 1" < CT Ch 1" 0(AD) < 2C1 C o (AD).

O

2.4.1. Good-A inequality for truncated cones. In order to apply Proposition 2.66
we need to know a priori that [|S g, ullz4(g,) < oo (qualitatively), which can be veri-
fied as follows. Since Qy satisfies the exterior corkscrew condition at small scales,
we may invoke [JK] to control the square function by the non-tangential maximal
operator with constants that may depend on N (we recall that at this stage Q = Qy),
but this gives, in particular, qualitative finiteness of the square function. The results
of [JK] apply to square functions and non-tangential maximal functions defined via
the classical cones fa(x) ={YeQ:|Y —x| <(1+ a)d(Y)}, but our dyadic cones
may be compared to the classical cones by varying the aperture parameter a. Thus,
we may infer also that the our square function has (qualitatively) finite L” norm,
given finiteness of our non-tangential maximal function, so we may then apply
Proposition 2.66 to obtain that (2.67) holds with uniform bounds.

There is, however, a different approach that consists of working with cones that
are “truncated” so that they stay away from the boundary. This in turns implies
that the truncated square function is bounded and therefore that the corresponding
left hand side is finite. Passing to the limit we conclude that the a priori finiteness
hypothesis can be removed from Proposition 2.66. We present this argument for
the sake of self-containment, and because the argument is of independent interest.

Before stating the precise result we introduce some notation. Given Qy, we take
k > k(Qp) + 2 (recall that k(Qp) is defined in such a way £(Qg) = 27kQ0)) 4 large
enough integer (eventually, k T co). We define F"Qo(x) to be the truncated cone

where the cubes in the union satisfy additionally £(Q) > 27%. The corresponding
truncated square function is written as S on'

Proposition 2.84. Given Qg € D, let u be harmonic in ZB'SO N Q. Then, for every
1 < g < oo and for every k > k(Qo) + 2 we have

(2.85) IS 6o ttllzacgn) < ClINgy«ullLaop),

where the constant C is independent of k and consequently (2.67) holds whether or
not the left hand side is finite.

Proof. It is straightforward to see that the truncated cones are away from the
boundary: the cubes that define the cones have side length at least 27 and thus the
corresponding Whitney boxes have side length at lest C 27*, thus dist(I’* ,0 O2) 2

27k, Note that u is harmonic in 23’80 N Q and therefore smooth in % Bg’o N{Y €
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Q: 6(Y) 2 27%). Thus, (2.65) implies |Vu| < Cg, k. in Ty, (x), x € Qo, and conse-
quently for every x € Qg we have § Zou € L*(Qp). The bound may depend of k, Qg
but we will use this qualitatively and a not quantitatively. Note also, thatif Q € Dy,
with £(Q) = 27* then I', (x) does not depend on x € Q (i.e. Ty, (x) = I'yy (x) for
every x, x’ € Q) and thus S on” is constant on Q.

Let us write Mon for the truncated dyadic maximal function where the cubes
in the sup have side length at least 27%. Associated to § on”’ and for each 4 >
JCQo S ’éo do we define the corresponding E,; we clearly have £, = U;P; with P;
being maximal cubes as before satisfying further £(P;) > 27k (note that as we have
observed that S"Q0 is constant on cubes of size 27% we could have taken Mg, ob-
taining the same family {P;} with the same properties.) Fix one of these cubes
Py and define F, with the truncated square function S on replacing S o, —we do
not truncate the non-tangential operator. Then we proceed as before, assume that
o(F,) > 0 and find the corresponding set F, and a family # with the same proper-
ties as before. We can easily see that F’éo (x) c 1"’120 (xu F’fQo (z) for every x € F and

z € Py. Then, since Py is a Calderén-Zygmund cube in E,, we can pick zo € Py
with S "Qou(z) < A (indeed we know that this happens in a set of positive measure in

Py.) Then for any x € F C F,, we have
1

ay |\’
2.86 1< Sk = ff Vu(Y))?
(2.86) BA < Sp,u(x) ( erO(x)| u(y)| 5(”_1)

v\’ ay '\’
< Vu(Y)P f f Vu(Y)P
< ( [ fr 1y D 5(Y)n_1> +< D 6(Y)"—1>

= §h,u(x) + S u(z0)
< S pyu(x)* + A
and therefore F C {x € Py : S u(x) > (8- 1) }.

Next, using that S’foou(x) < S p,u(x) we easily obtain (2.72) and from this point
the argument goes through without change. Thus, we obtain the following analog
of (2.80)

(2.87) o(fx € Py : S u(x) > B, Ngy.u(x) <y A}) < Cy*"o(Py),

where all the constants are independent of Py and k.

Let us consider the case A < fQo S on” do. The same argument as before works
in this case and we easily obtain

(2.88) o({xe Qp: SkQOu(x) > B4, NQO,*u(x) <yaph < C’yG,O'(Qo).

Gathering (2.87) and (2.88) and repeating the computations above we conclude
that ,
IS ol acop) < C¥ BUIS Gottllfaigy) + B INgy ttllfy 0y
where all the constants are independent of k. As observed, the fact that we are
working with truncated square functions gives us that S 'éou € L*(Qp) (we use this
in a qualitative way but not quantitatively). Thus, choosing y small enough so that
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Ccy’ pl < % the first term in the right hand side can be hidden in the left hand side.
Hence, we obtain as desired (2.85)

X -
1N QOMHZq(QO) < C,Bq ||NQ0,*14”ZIJ(QO)

where C is independent of k. Letting k T co, the monotone convergence theorem
gives (2.67) without assuming that the left hand side is finite. Thus we have proved
a version of Proposition 2.66 where there is no need to assume that the left hand
side is finite. O

2.5. Step 4: Proof of (2.62). In order to obtain (2.62) we shall use Proposition
2.66, applied to u = VG, with our exponent ¢ = p. Thus, we need to study the
non-tangential maximal function of «, and it suffices to do this for each component
of u, i.e., for any given partial derivative of G. More precisely, we set u(¥Y) =
dy,G(Y, Xp), where X, is the corkscrew point associated to Ay defined in Section
2.3. As mentioned there, Xy ¢ 6 By with By = B(xg, k1 £(Q)) and x; > ko. In
particular X ¢ 6 By, so that u is harmonic in 2B N Q.

Proposition 2.89. We have
INg.«ullfycp) < C (@) 9.

Proof. Let x € Qand Y € fQ(x). By (2.65) applied to Q in place of Qy we have
To(x) C Bg’ N Q and therefore u is harmonic in B(Y,38(Y)/4) C %Bg’. We then
obtain by the mean value property of harmonic functions, Caccioppoli’s inequality,
the Harnack chain condition and Lemma 2.12, that

1

2
lu(Y)| < f IV2G(Z, Xp)ldZ < 6(Y)™! f G(Z,Xp)* dZ
B(Y,0(Y)/2) B(Y,%é(Y))

_ G(.Xg) _G(Xa,.Xg) _w*(Ay)

) o(Y) oYy
where Ay = A(y, 8(Y)), with y € dQ such that |Y — y| = 6(Y). It is easy to see that
we can find C large enough so that x € A(y, C 6(Y)) and Ay C CAQ. As usual, we
let X3, denote a Corkscrew point with respect to C Ag. Then,

(V)| 5 Koy, do

1 o 1
/ Fodo< 1
oY) Jay oY) Jag.cory

1 X .4 X
S oo k™% xoa, do s M(k™°% i )(),
oY) Jag.cory Cho 8o

where in the next-to-last inequality we have used the Harnack Chain condition.
Therefore, using that ¢ = p and (2.50), we obtain

- X2 X.» \4
INg . illfa) < MK x5 Miug) /CA (k CAQ) do
Qo

S o(CAp)'™ s o(Q)' ™.

O
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Now we are ready to establish (2.62). Given Q € D, we first apply Propo-
sition 2.84 (or else Proposition 2.66) with ¢, with Q in place of Qp, and with
u = Hij(-,)A(Q) as above, since the latter is harmonic in ZB'g N Q. Then, using
Proposition 2.89, we obtain as desired that

IS oullfy gy < CINgatdlfyp) < Co(@)'77.

2.6. UR for Q. To conclude the proof of our main result we see that the UR prop-
erty for the approximating domains QQy with uniform bounds passes to €. As ob-
served before, as a consequence of the Th theorem Theorem 2.51 we have obtained
that (2.55) holds for Qy with uniform bounds. This in turn implies that 9Qy is UR
(see [DS2, p. 44]) with uniform bounds. To obtain that this property is preserved
when passing to the limit we use an argument, based on ideas of Guy David, along
the lines of [HM, Appendix ??] (indeed the present situation is easier) where we
have to switch the roles of Q and Q.

To show that Q has the UR property we use the singular integral characteriza-
tion. We recall that a closed, n-dimensional ADR set E ¢ R"*! is UR if and only if
for all singular kernels K as below, and corresponding truncated singular integrals
T., we have that

(2.90) sup / IT.f? dH" < Cg / \fI> dH".
E E

>0

Here,
Thof(x) = Tof(3) = /E Ko — y) ) dH' ),

where K (x) := K(x) ®(|x|/g), with0 < ® < 1, D(p) = 1if p > 2, D(p) = 0 if
p < 1,and ® € C*(R), and where the singular kernel K is an odd function, smooth
on R"*1'\ {0}, and satisfying

(2.91) IK(x)| < Clx™
(2.92) [V"K(x)| < Cp x|, Vm=1,2,3,....

We also introduce the following extension of these operators
Q9 Tef(0i= [ KX-pSWAHG).  XRE
E

We define non-tangential approach regions TZ(x) as follows. Let ‘W denote the
collection of cubes in the Whitney decomposition of R™!\ E, and set W(x) :=
{I € Wg : dist(I, x) < t€(I)}. We then define

= |J r
IeW.(x)

(thus, roughly speaking, 7 is the “aperture” of Y£(x)). For F € C(R™*!\ E) we may
then also define the non-tangential maximal function

NE(F)(x):= sup [F(Y)L.
YeTE(x)
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Let us recall [HM, Lemma ??] which states that if E ¢ R™*! is n-dimensional
UR, we then have

(2.94) / (NE.(Tef)” dH" < Cox / \fIPdH".
E E

forevery 0 < 7 < oo and with C, ¢ depending only on 7, 7, K and the UR constants.

After these preliminaries, in order to show that 9Q is UR we take one of the
previous kernels K and form the corresponding operators 7, = Tyq .. Fix € > 0
and N > 1 such that £ > 27V, We write 0Q = U;Q; with Q; € Dy(02). For
fixed j, if we write Q; ; for the dyadic parent of Q;, we have by construction that
XQ € int(Up 0 ) C Q. Then in the segment joining x; (the center of Q;) and XQ
there exists a point £; € 0Qy. Next we take Q;(N) the unique cube in DN(BQN)
such that £; € Q;(N). Note that we have dist(Q;, Q;(N)) ~ 27 N Since 0Qy is
ADR with uniform bounds in N, any given Q(N) € D(JQy) can serve in this way
for at most a bounded number of Q; € D(A€2). Thus we have

(2.95) Y lgw®<C, VYxedQy.
Q;€DN(0Q)

As usual, we set o := H"|sq, and we now also let oy := H"|sq,. For 7 large
enough, we have that if x’ € Q;(N) and x € Q;, then x € TT‘QQN (x"). Thus,

/ TooyfPdor= 3 / Toon 1 do

Q;€Dn(69)
1
= ) (T a0y fIF do(x) doy(x')
0,€Dx(09) O'N(Qj(N)) 0, Jo;
2
s X[ (Ting)) dow < Caxc [ o,
Q_/GDN(BQ) Q (N) 6QN

where in the last line we have used first the ADR properties of 0Qx and 0L, and
then (2.95) and (2.94) with E = 0Qy (as we may do, since dQy is UR with uniform
bounds). In particular we observe that C x is independent of N.

Thus we have shown that T3q, : L*(0Qy) — L*(0Q). Since the kernel K is
odd, we therefore obtain by duality that

(2.96) Tao : LH0Q) — L2(0Qy).

Let us now observe that K, is odd, smooth away the origin and satisfies (2.91),
(2.92) uniformly in €. Thus (2.96) applies to the corresponding operator 750 ¢
defined by means of K, that is, we have Tsq. : L*(0Q) — L*(0Qy) with bounds
that are uniform on N and €. Then we proceed as in Case 2 of [HM, Appendix ??]
and write

/ ToaefPdor= > Toq.e /> dor

QJ eDn Q) 7 Qi

T s 2d d ’
Z N(QJ(N)) /Q,(N)/Q ITo0,ef (0" do(x) don(x)

Q;€DN(Q)
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1
S X oW Toos FOO) — Tosn FOPE do(0) doma
< on(Qj(N)) /Q_,-(N) Q_,l 00.ef(X) = Toqe f(X)|" do(x) don(x")

0;€DN(6Q)

+ ) / (Taa.ef () don(x),
0Dy (09) Y 2iN)

=I1+1I,

where we have use the ADR property for both Q2 and 9Qy. To estimate I/ we use
(2.95) and (2.96) applied to Ts0.¢:

Im< / ToefP oy < Cox / P dor
oQy oQ

On the other hand, standard Calderén-Zygmund arguments that are left to the in-
terested reader give that (2.91) and (2.92) imply

To0.0f(X) = Toaef(X)] < Maaf(x), x€Qj x' € Q;(N),

where Mg, is the Hardy-Littlewood maximal operator on €2 and the constants are
uniform in & and N, and where we have used that 2™V < &. Hence,

Is Y Moo f(x)* dor(x) = /a . Moo f(x) do(x) < /a . [F@)P dor().

0Dy (00) Qi

Gathering our estimates, we conclude that

/ Tooe fP dor < / P do,
oQ oQ

where the implicit constants are independent of &€ and N, which gives at once that
0Q is UR. [m]

Remark 2.97. Gathering together this section with [HM, Appendix ??] we con-
clude that dQ is UR if and only if Qy is UR with uniform bounds for all N > 1:
here we have shown the right-to-left implication and the converse argument is given
in [HM, Appendix ?7?].
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