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Ao IMPLIES NTA FOR A CLASS OF VARIABLE COEFFICIENT ELLIPTIC
OPERATORS

STEVE HOFMANN, JOSE MARIA MARTELL, AND TATIANA TORO

AssTRACT. We consider a certain class of second order, variable coefficient divergence form elliptic
operators, in a uniform domain Q with Ahlfors regular boundary, and we show that the A, property
of the elliptic measure associated to any such operator and its transpose imply that the domain is in
fact NTA (and hence chord-arc). The converse was already known, and follows from work of Kenig
and Pipher [KP].
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1. MAIN RESULT

There has been considerable recent activity seeking necessary and sufficient geometric criteria
for the absolute continuity of harmonic measure with respect to surface measure, on the boundary
of a domain Q. This paper is concerned with a quantitative version of this problem, in which
both the geometric conditions on Q and its boundary, and the absolute continuity properties of
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harmonic measure, are expressed in a quantitative, scale invariant fashion. For example, under
the background hypotheses that 9 is Ahlfors regular (Definition 2.1 below), and that Q satisfies
an interior Corkscrew condition (Definition 2.3), in work of the first two authors [HMZ]I, it is
shown that 0Q is uniformly rectifiable (a quantitative scale invariant version of rectifiability; see
[DS1, DS2]), provided that the Poisson kernel satisfies a certain uniform scale invariant L? estimate
(which is in turn equivalent to the property that harmonic measure satisfies a quantitative, scale-
invariant version of absolute continuity, namely, the weak-A., condition; see Definition 2.8).

However, the converse to the result in [HM?2] is false (see [BiJ] for a counter-example), and it
remains an open problem to find a geometric characterization of quantitative absolute continuity of
harmonic measure’.

On the other hand, under strengthened background hypotheses, necessary and sufficient condi-
tions for absolute continuity are known. Building on the fundamental result of Dahlberg [Dah]
for Lipschitz domains, David and Jerison [DJ], and independently Semmes [Se], showed that for a
chord-arc domain 2, harmonic measure satisfies an A, condition (see Definition 2.8) with respect
to surface measure o on 9L, i.e., harmonic measure is absolutely continuous with respect to o in
a quantitative, scale invariant way. The term “chord-arc” refers to an NTA domain with an Ahlfors
regular boundary. In turn, an NTA domain is one which satisfies the Harnack Chain condition (Def-
inition 2.4), as well as both interior and exterior Corkscrew conditions. A domain which satisfies
the Harnack Chain condition and interior Corkscrew condition is known in the literature as a uni-
form domain, or a 1-sided NTA domain. Thus, an NTA domain is a uniform domain for which, in
addition, the exterior Corkscrew condition holds.

In this work, we take as our background hypotheses that Q is a uniform (i.e., 1-sided NTA)
domain, and that 9Q is Ahlfors regular. We call such domains /-sided chord-arc domains. In this
context, a necessary and sufficient condition for quantitative absolute continuity (in the form of the
A property) of harmonic measure with respect to surface measure is known. Indeed, one has the
following.

Theorem A. Suppose that Q c R is a uniform (aka 1-sided NTA) domain, whose boundary is
Ahlfors regular. Then the following are equivalent:

(1) 0Q is uniformly rectifiable.
(2) Qis an NTA domain, and hence, a chord-arc domain.
3) we A.

As mentioned above, the implication (2) = (3) was proved independently in [DJ] and in [Se],
while (3) = (1) appears in joint work of the first two authors of the present paper, together with
L. Uriarte-Tuero [HMU], and (1) = (2) was proved by the present authors jointly with J. Azzam
and K. Nystrom [AHMNT].

In the present work, we give a direct (and more efficient) proof of the fact that (3) — (2),
without passing through the results of [AHMNT]. More importantly, our approach here allows us
to extend these results well beyond the case of the Laplacian, and to treat a much broader class
of divergence form elliptic operators, with variable coefficients. For the class of operators that we
consider here, the converse direction (2) = (3) was known, and follows readily from work of
Kenig and Pipher [KP]; we shall return to this point momentarily (in particular, see Corollary 1.9).

More precisely, we shall consider divergence form elliptic operators Lu = —div(AVu), whose
coefficients satisfy the following assumptions.

ISee also [MT] for an alternative proof of the main result of [HM2], and [HLMN] for an extension of these results to
the setting of the p-Laplacian.

20n the other hand, we mention that certain other boundary estimates for harmonic functions may be characterized
in terms of uniform (i.e. quantitative) rectifiability, by combining the recent results of [HMM] and [GMT].
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Hypothesis 1.1. Let A(X) = (a; j(X))1<i,j<n+1 be areal (n+1)x(n+1) matrix such that a; j € L*(Q)
for1 <i,j<n+1, and A is uniformly elliptic, that is, there exists 1 < A < co such that

AP < AX)E- €, AX)E-nl < AlEllgl,  forallé,n e R™, and a.e. X € Q.
Suppose further that A satisfies the following conditions:
(@) A € Lip;,.(€D).
B) [[IVAIS|| o ) < 00, where 5(X) = dist(X, IC).

(¢) VA satisfies the Carleson measure estimate:

1
(12) VAl == sup  —— f f IVA(X)|dX < oo,
) xeﬁ% o (B(x,r) N0 JJpixrna
0<r<diam(dQ)

where o := H"|5q denotes the surface measure and H" is the n-dimensional Hausdor{f measure.

We shall also assume that {a)}L( }xeq, the elliptic measure associated with L, belongs to A (0€2).
More precisely, we shall consider elliptic operators whose associated elliptic measure satisfies the
following scale invariant higher integrability estimate.

Hypothesis 1.3. There exists g > 1 and C > 1, such that for every surface ball A = A(x,r) :=
B(x,r) N 0Q, with x € 0Q and 0 < r < diam(0Q), one has that wa < 0, and the Poisson kernel
kXt = dwl® do satisfies the scale invariant estimate

(1.4) / KX ()7 do(y) < C (M)
A
Here, X is a fixed (or any) Corkscrew point in Q, relative to A (see Definition 2.3).

We remark that in the setting of a uniform domain with Ahlfors regular boundary, it can be shown
that estimate (1.4) is in turn equivalent to the property that the Poisson kernel satisfies an L7 reverse
Holder inequality, equivalently, that elliptic measure satisfies an A, condition (a quantitative, scale-
invariant version of absolute continuity; see Definition 2.8). We further remark that Hypothesis 1.3
is equivalent to the solvability of the Dirichlet problem for L with L? data, and with nontangential
maximal function estimates in L?, for p = g/(g — 1) (see, [Ke] and [HMT]).

Our main result is the following.

Theorem 1.5. Let Q ¢ R™!, n > 2, be a 1-sided CAD (see Definition 2.7). Let Lu = —div(A Vu)
be a second order divergence form operator in Q, whose coefficients satisfy the assumptions of

Hypothesis 1.1, and suppose that the elliptic measures for both L and its transpose L' satisfy
Hypothesis 1.3. Then Q is a chord-arc domain (CAD).

Remark 1.6. In particular, the conclusion that Q is a CAD implies that dQ is uniformly rectifiable
(UR) (see [DS2]). The UR constants depends on dimension, the ellipticity constants, the 1-sided
CAD constants, ||[VA|6|| ., VAo and finally ¢ and C in (1.4).

Remark 1.7. We point out that we do not assume symmetry of the coefficient matrix A; on the other
hand, Theorem 1.5 is new even in the symmetric case (and in that case, of course, one requires that
Hypothesis 1.3 holds only for the elliptic measure associated to L).

Let us observe that given property (») in Hypothesis 1.1, we have that property (¢) immediately
implies the more familiar Carleson measure condition

1
(1.8) su S f f IVAX))? 6(X)dX < oo,
e (B, N0 semne
O<r<diam(0Q)
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(on the other hand, the converse is not true). Here 6(X) := dist(X, 0€2). It has essentially been shown
by Kenig and Pipher [KP], that the latter condition, in conjunction with property (b) of Hypothesis
1.1, is sufficient to deduce the A, property of elliptic measure in an arbitrary Lipschitz domain,
and thus, by a well-known maximum principle argument, in a chord-arc domain Q as well, using
the method of David and Jerison [DJ]. We refer the reader to [DJ] for the details, which are stated
there in the case that L is the Laplacian, but extend immediately to the case of operators satisfying
property (b) and (1.8), since these conditions clearly hold uniformly in every Lipschitz subdomain
of Q. In particular, combining our Theorem 1.5 with the result of [KP] and the method of [DJ], we
obtain the following necessary and sufficient criterion.

Corollary 1.9. Let Q be a 1-sided CAD (cf. Definition 2.7), and let Lu = — div(A Vu) be a variable
coefficient second order divergence form operator whose coefficients satisfy Hypothesis 1.1. Then
the elliptic measures {CU{}XGQ and {u))L(T }xeq belong to A(0Q), if and only if Qe = R™\ Q
satisfies the Corkscrew condition (and thus, Q is a CAD).

As noted above, Corollary 1.9 was already known in the special case that L is the Laplacian.

The plan of the paper is as follows. In Section 2 we present some background and preliminaries
that are used throughout the paper. Section 3 contains some auxiliary results. The proof of Theorem
1.5 is in Section 4. There, after some reductions, we show that it suffices to establish Proposition
4.25 in the symmetric case and Proposition 4.36 in general. These in turn follow from an integra-
tion by parts argument. In Section 4.1 we single out the case of symmetric operators and we pay
particular attention to the Laplacian since it is rather simple and models the general case which is
treated in Section 4.2. Finally, we observe that the main theorem of [KKiPT] allows for a modest
shortcut in the proof of the result of [KP] that we have invoked in Corollary 1.9. For the reader’s
convenience, in an appendix we briefly sketch the argument of [KP], using the result of [KKiPT] to
shorten their proof.

Acknowledgments. The main result of this paper was proved in the Fall of 2014 while the first two
authors were visiting the last author at the Mathematics Department of the University of Wash-
ington. In addition, these results were presented, in condensed form, by the first two authors at
the MSRI Summer Graduate School “Harmonic Analysis and Elliptic Equations on real Euclidean
Spaces and on Rough Sets”, June 13-24, 2016. We are grateful to both of these institutions for their
kind hospitality.

We mention also that some of the main ideas of this work were used subsequently (but have
appeared already) in [ABHM] to obtain a qualitative version of the main result of the present paper.
In particular, Proposition 4.25, although first proved in the present work, was previously announced
in [ABHM, Proposition 3.3], with a reasonably detailed sketch of the proof®.

2. PRELIMINARIES

2.1. Notation and conventions.

e We use the letters ¢, C to denote harmless positive constants, not necessarily the same at each
occurrence, which depend only on dimension and the constants appearing in the hypotheses of
the theorems (which we refer to as the “allowable parameters”). We shall also sometimes write
a < b and a = b to mean, respectively, thata < Cb and 0 < ¢ < a/b < C, where the constants ¢
and C are as above, unless explicitly noted to the contrary. Unless otherwise specified upper case
constants are greater than 1 and lower case constants are smaller than 1. In some occasions it is

3Quite recently, Proposition 4.25, as gleaned from [ABHM], has also been used as one ingredient in work of Azzam,
Garnett, Mourgoglou, and Tolsa [AGMT], to extend the results of [GMT] to the class of operators with coeflicients
satisfying Hypothesis 1.1.
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important to keep track of the dependence on a given parameter v, in that case we write a <, b
or a ~, b to emphasize that the implicit constants in the inequalities depend on .

e Our ambient space is R"*!, n > 2.

e Given E c R™! we write diam(E) = SUP, v |x — y| to denote its diameter.

e Given a domain Q c R"*! we shall use lower case letters x, ¥, z, etc., to denote points on JQ,
and capital letters X, Y, Z, etc., to denote generic points in R"*! (especially those in R"*! \ 6Q).

e The open (n + 1)-dimensional Euclidean ball of radius r will be denoted B(x, r) when the center
x lies on dQ, or B(X, r) when the center X € R*™1\ Q. A surface ball is denoted A(x,r) :=
B(x,r) N 9Q, and unless otherwise specified it is implicitly assumed that x € 9Q2.

e If 0Q is bounded, it is always understood (unless otherwise specified) that all surface balls have
radii controlled by the diameter of 9Q, that is, if A = A(x, r) then r < diam(0€2). Note that in this
way A = 0Q if diam(0Q) < r < diam(9€2).

e For X € R"!, we set 6(X) := dist(X, dQ).

e We let H" denote the n-dimensional Hausdorff measure, and let o := H"|30 denote the surface
measure on 9€.

e For a Borel set A ¢ R™*!, we let 14 denote the usual indicator function of A, i.e. 14(X) = 1 if
XeA and 1,(X)=0if X ¢ A.

e For a Borel subset A C 0Q, with 0 < 0(A) < o0, we set f, fdo := (A" [, fdo.

e We shall use the letter / (and sometimes J) to denote a closed (n+ 1)-dimensional Euclidean cube
with sides parallel to the coordinate axes, and we let £(I) denote the side length of /. We use Q to
denote dyadic “cubes” on Q. The latter exist, given that 9Q is AR (cf. [DS1], [Chr]), and enjoy
certain properties which we enumerate in Lemma 2.12 below.

e Given a domain ©, and an elliptic operator L, we let w} denote the L-elliptic measure for Q with
pole at X, and if wf < o, we let k¥ := dwy/do be the corresponding Poisson kernel. When
the operator L is understood, we will at times suppress its appearance in the notation, and write
simply w¥, kX in place of wf and kY.

2.2. Some definitions.

Definition 2.1 (Ahlfors regular). We say that a closed set E ¢ R™! is n-dimensional Ahlfors
regular (AR for shortness) if there is some uniform constant C such that

(2.2) C'P"<HWENBx,)<Cr', x€E, 0<r<diam(E).

Definition 2.3 (Corkscrew condition). Following [JK], we say that a domain Q C R™1 gatisfies
the Corkscrew condition if for some uniform constant ¢ > 0 and for every surface ball A := A(x, r),
with x € 0Q and 0 < r < diam(9Q), there is a ball B(Xa, cr) C B(x,r) N Q. The point Xpo C Q is
called a corkscrew point relative to A (or, relative to B). We note that we may allow r < C diam(9€2)
for any fixed C, simply by adjusting the constant c.

Definition 2.4 (Harnack Chain condition). Again following [JK], we say that Q satisfies the
Harnack Chain condition if there is a uniform constant C such that for every p > 0, A > 1, and
every pair of points X, X’ € Q with §(X), 6(X’) > p and [X — X’| < Ap, there is a chain of open
balls By,...,By € Q, N < C(A), with X € By, X’ € By, By N By # @ and c! diam(B;) <
dist(By, 0Q) < C diam(By). The chain of balls is called a Harnack Chain.

Definition 2.5 (1-sided NTA and NTA). We say that a domain Q is a /-sided NTA domain if
it satisfies both the Corkscrew and Harnack Chain conditions. Furthermore, we say that Q is an
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NTA domain if it is a 1-sided NTA domain and if, in addition, Qey := R"*! \ Q also satisfies the
Corkscrew condition.

Remark 2.6. The abbreviation NTA stands for non-tangentially accessible. In the literature, 1-sided
NTA domains are also called uniform domains. We remark that the 1-sided NTA condition is a
quantitative form of path connectedness.

Definition 2.7 (1-sided CAD and CAD). A /-sided chord-arc domain (1-sided CAD) is a 1-sided
NTA domain with AR boundary. A chord-arc domain (CAD) is an NTA domain with AR boundary.

Definition 2.8. (A, weak-Aw, and RH,). Given an n-dimensional Ahlfors regular set £ C R+
and a surface ball Ag := By N E, we say that a Borel measure u defined on E belongs to A (Ag) if
there are positive constants C and s such that for each surface ball A = BN E, with B C By, we have

A N
(2.9) uA)<C Q u(A), for every Borel set A C A.
()
Similarly, we say that u € weak-A(Ap) if for each surface ball A = BN E, with 2B C By,
oA\’
(2.10) HA) <C m uQR2A), for every Borel set A C A.
o

We recall that, as is well known, the condition y € A (Ap) is equivalent to the property that u < o
in Ag, and that for some ¢ > 1, the Radon-Nikodym derivative k := du/do satisfies the reverse
Holder estimate

”q H(A)
2.11) <J[k‘1d0'> sfkdaz, VA =BNE, with BC Bj.
A A a(A)

The inequality in (2.11) is often referred to as an L? Reverse Holder (“RH,”) estimate.

2.3. Dyadic grids and sawtooths. We first give a lemma concerning the existence of a “dyadic
grid” which can be found in [DS1, DS2, Chr].

Lemma 2.12 (Existence and properties of the ‘“dyadic grid’’). [DS1, DS2], [Chr]. Suppose that
E c R"™! satisfies the AR condition (2.2). Then there exist constants ag > 0, 1 > 0 and C; < oo,
depending only on dimension and the AR constant, such that for each k € Z, there is a collection of
Borel sets (“cubes”)

Dy :={Qj C E: j e,
where 3y denotes some (possibly finite) index set depending on k, satisfying
(i) E =V;0% foreachkeZ.
(i) If m > k then either Q" ¢ Q% or Q' 0 0% = @.
(iii) For each (j, k) and each m < k, there is a unique i such that Q’J‘. c o
(iv) diam (Q%) < Cy27%,
(v) Each Qlj‘- contains some surface ball A(xf-, a02_k) =B (xﬁ, a02_k) NE.

(vi) H”({x € Qlj‘. s dist(x, E \ QI;) < 7'2_"}) <Citm H”(Ql;),for all k, j and for all T € (0, ap).

A few remarks are in order concerning this lemma.

o In the setting of a general space of homogeneous type, this lemma has been proved by Christ
[Chr], with the dyadic parameter 1/2 replaced by some constant 6 € (0,1). In fact, one may
always take 6 = 1/2 (cf. [HMMM, Proof of Proposition 2.12]). In the presence of the Ahlfors
regularity property (2.2), the result already appears in [DS1, DS2].
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e For our purposes, we may ignore those k € Z such that 27% > diam(E), in the case that the latter
is finite.
e We shall denote by D = D(E) the collection of all relevant Q’;-, i.e.,
D := UiDy,
where, if diam(E) is finite, the union runs over those k such that 2% < diam(E).

e For a dyadic cube Q € Dy, we shall set £(Q) = 27%, and we shall refer to this quantity as the
“length” of Q. Evidently, £(Q) ~ diam(Q).

e Properties (iv) and (v) imply that for each cube Q € Dy, there is a point xg € E, a Euclidean ball
B(xg, rp) and a surface ball A(xg, rg) := B(xg, rg) N E such that

(2.13) cl(Q) <rg < €(0) and A(xg,2rp) C Q C A(xg,Crq),
for some uniform constants C, c. We shall denote this ball and surface ball by
(2.14) BQ = B(XQ, I’Q) , AQ = A(]CQ, I’Q),

and we shall refer to the point x¢ as the “center” of Q.

It will be useful to dyadicize the Corkscrew condition, and to specify precise Corkscrew con-
stants. Let us now specialize to the case that £ = 0Q is AR, with Q satisfying the Corkscrew
condition. Given Q € D(0Q), we shall sometimes refer to a “Corkscrew point relative to O, which
we denote by X¢, and which we define to be a corkscrew point X, relative to the surface ball Ag
(see (2.13), (2.14) and Definition 2.3). We note that

(2.15) 8(Xp) ~ dist(Xp, Q) ~ diam(Q).

Definition 2.16 (cy-exterior Corkscrew condition). Fix a constant ¢y € (0,1), and a domain
Q c R"™!, with AR boundary. We say that a cube Q € D(9Q) satisfies the cg-exterior Corkscrew
condition, if there is a point zg € Ag, and a point Xé € B(zg,r9/4) \ Q, such that B(Xé, co€(Q)) C
B(zg,rg/4) \ Q, where Ag = A(xg, rp) is the surface ball defined above in (2.13)—(2.14).

Following [HM1, Section 3] we next introduce the notion of Carleson region and discretized
sawtooth. Given a cube Q € D(dL), the discretized Carleson region D relative to Q is defined
by

Dg ={Q" e D@OQ): Q' c Q}.
Let F be family of disjoint cubes {Q;} C D(9€2). The global discretized sawtooth region relative
to F is the collection of cubes Q € D that are not contained in any Q; € ¥ ;

Dg :=D\ | Dy,
QjeF

For a given Q € D the local discretized sawtooth region relative to ¥ is the collection of cubes in
Dy that are not in contained in any Q; €

Dy :=Dg\ | Do, =Dy NDg.
J=a
We also introduce the “geometric” Carleson regions and sawtooths. In the sequel, Q ¢ R"*! (n > 2)
will be a 1-sided CAD domain. Let ‘W = W(Q) denote a collection of (closed) dyadic Whitney
cubes of Q (see [St, Chapter VI]), so that the boxes in ‘W form a covering of Q with non-overlapping
interiors, and which satisfy

(2.17) 4 diam (1) < dist(4/, 0Q) < dist(I, 0Q) < 40 diam (1)
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and
(2.18) diam(/;) =~ diam(/,), whenever I, and I, touch.

Let X(/) denote the center of I, let £(/) denote the side length of I, and write k = k; if £(/) = 27k,
We will use “boxes” to refer to the Whitney cubes as just constructed, and “cubes” for the dyadic
cubes on 0Q.

Given 0 < A < 1 and I € ‘W we write I" = (1 + A)I for the “fattening” of /. By taking A
small enough, we can arrange matters so that, first, dist(/*, J*) =~ dist(/, J) for every I, J € ‘W, and,
secondly, I* meets J* if and only if 01 meets dJ. (Fattening ensures /* and J* overlap for any pair
I, J € W whose boundaries touch. Thus, the Harnack Chain property holds locally in I* U J* with
constants depending on A.) By picking A sufficiently small, say 0 < 4 < Ay, we may also suppose
that there is 7 € (1/2, 1) such that for distinct I,J € W, vJ N I* = @. In what follows we will
need to work with dilations I** = (1 + 2 ) or I"** = (1 + 4 A)I and in order to ensure that the same
properties hold we further assume that 0 < A < 4p/4.

For every Q we can construct a non-empty family Wy, € W and define

(2.19) Up:=|J I,
IGW*Q

satisfying the following properties: Xp € Uy and there are uniform constants k* and Ky such that
k(Q) —k* <k < k(Q) + k* YIeWs;,
(2.20) X(I) »uy, Xo VIeWs;,
dist(, Q) < K 27KO VIeW,.
Here X(I) —y, X means that the interior of Ug contains all the balls in a Harnack Chain (in
Q) connecting X(/) to X, and moreover, for any point Z contained in any ball in the Harnack
Chain, we have dist(Z, 0Q) ~ dist(Z, Q \ Ugp) with uniform control of the implicit constants. The
constants k*, Koy and the implicit constants in the condition X(/) —y, X in (2.20) depend on at
most allowable parameters and on A. For later use, it will be convenient to associate to Whitney
boxes a particular nearest dyadic cube. Let I € ‘W with £(I) < diam(dQ) and pick z € 9Q (there
could be more than one z with this property but we just pick one) such that dist(Z, 0Q2) = dist(/, z).

We define Q; € D as the unique dyadic cube such that z € Q; with £(Q7) = £(I). We note that the
construction in [HM1] guarantees that I € ‘W, *Q? (indeed, this property holds for any other nearest

dyadic cube with side length £(1)). The reader is referred to [HM1] for full details.
For a given Q € D, the Carleson box relative to Q is defined by

To = int U Ug
Q'EDQ
For a given family ¥ of disjoint cubes {Q;} C D and a given Q € D we define the local sawtooth
region relative to ¥ by

Q‘y—-’Q = int U UQl = int U r,
Q'eDyr o le Wg o

where W o = UQ, Dy Wy Analogously, we can slightly fatten the Whitney boxes and use /™
to define new fattened Whitney regions and sawtooth domains. More precisely,

@21y Ty=int| | UL |, Qpyi=int| | UL ). Up:= | I
[0 EDQ Q,EDTA,Q Ie (W*Q’
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Similarly, we can define 75", Qg , and Uy by using I*** in place of I"".

One can easily see that there is ko > ¢! (depending only on the allowable parameters and where
¢ is the constant in (2.13)) so that

(2.22) TocTyocTy cTy CkoBoNQ=:BpNnQ,  VQeD.

Given a pairwise disjoint family ¥ c D (we also allow ¥ to be the null set) and a constant
p > 0, we derive another family ¥ (o) € D from # as follows. Augment ¥ by adding cubes Q € D
whose side length £(Q) < p and let ¥ (p) denote the corresponding collection of maximal cubes
with respect to the inclusion. Note that the corresponding discrete sawtooth region Dg,) is the
union of all cubes Q € D¢ such that £(Q) > p. For a given constant p and a cube Q € D, let Dy, o
denote the local discrete sawtooth region and let Q) o denote the local geometric sawtooth region
relative to disjoint family 7 (o).

Given Q € Dand 0 < € < 1, if we take o = @, one has that Fo(e £(Q)) is the collection
of Q' € D such that e £(Q)/2 < €(Q’) < €€(Q). We then introduce Ug e = Qg ce(0)),0, Which
is a Whitney region relative to Q whose distance to JQ is of the order of € £(Q). For later use,
we observe that given Qg € D, the sets {U Q,E}QE]DQ0 have bounded overlap with constant that may
depend on €. Indeed, suppose that there is X € Up N Uy  With Q, Q" € Dg,. By construction
Q) ~e 0(X) ~¢ €(Q') and

dist(Q, 0') < dist(X, Q) + dist(X, Q") < €(Q) + €(Q") ~e ((Q).

The bounded overlap property follows then at once.

2.4. PDE estimates. Next, we recall several facts concerning elliptic measure and Green’s func-
tions. For our first results we will only assume that Q ¢ R"*!, n > 2, is an open set, not necessarily
connected with dQ being AR. Later we will focus on the case where Q is 1-sided CAD.

Let Lu = —div(A Vu) be a variable coefficient second order divergence form operator with
A(X) = (a;j(X))1<i,j<n+1 being a real (non-necessarily symmetric) (n + 1) X (n + 1) matrix such
that g; ; € L*(Q) for 1 < i, j < n+ 1, and A is uniformly elliptic, that is, there exists 1 < A < oo
such that

AP <AQOE-E A E 7l < AlélInl,
forall £, € R™! and almost every X € Q. We write LT to denote the transpose of L, or, in other
words, L™u = —div(AT Vu) with AT being the transpose matrix of A.

We say that a function u € Wllo’f(Q) is a weak solution to Lu = 0 in Q or that Lu = 0 in the weak
sense in €, if

ff AX) Vu(X) - VO(X)dX =0, VO e Cy(Q).
Q

Associated with L and LT one can respectively construct the elliptic measures {w’L( }xeq and
{wa }xeq, and the Green functions G, and G, . The construction of the Green functions dates back
to Gruter and Widman [GW], while the existence of the corresponding elliptic measures is an appli-
cation of the Riesz representation theorem in the case the domain is Wiener regular. The behavior
of w¥ (resp. a)}L(T) and G, (resp. G;r) as well as the relationship between them is something that
depends crucially on the fact that Q is a 1-sided CAD. For a comprehensive treatment of the subject
we refer the reader to the forthcoming monograph [HMT] (a summary of some of these properties
can also be found in [Z]).

Lemma 2.23. Suppose that 0 is n-dimensional AR. Then there are uniform constants ¢ € (0, 1)
and C € (1,0), depending only on n, AR, and A such that for every x € 09, and every r €
(0,diam(0Q)), if Y € Q N B(x, cr), then

(2.24) Wl (A(x, 1) = 1/C>0.
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We refer the reader to [Bo, Lemma 1] for the proof in the harmonic case and to [HMT] for
general elliptic operators. See also [HKM, Theorem 6.18] and [Z, Section 3].

The next result incorporates the construction of the Green function in [GW] with some of the
properties which are derived from the assumptions on the domain (all details can be found in
[HMT]). We note that, in particular, the AR hypothesis implies that € is Wiener regular at every
point. In fact, it satisfies the Capacity Density Condition (CDC) (see [HLMN, Lemma 3.27] and
[Z, Section 3)).

Lemma 2.25. Let Q be an open set with n-dimensional AR boundary. Let Lu = — div(A Vu) be as
above. There are positive, finite constants C, depending only on dimension, A and cy, depending
on dimension, A, and 6 € (0, 1), such that G, the Green function associated with L, satisfies

(2.26) GLX.Y)<ClX-Y|I'™"

(2.27) colX - Y|'"™" < Gu(X,Y), if [X-Y|<68X), 0€(0,1);
(2.28) GL(.Y)eCQ\{Y) and  GL(,V)|,n=0, VYe
(2.29) GLX, V)20, VX, YeQ,X#7Y;

(2.30) GLX,Y) =G+ (Y,X), VX, YeQ,X#Y.

Moreover, G (-,Y) € Wllo’cz(Q \{Y}) for any Y € Q and satisfies LGL(-,Y) = Oy in the weak sense in
Q, that is,

f f AX)VxGL(X,Y) - VO(X)dX = DY), VYdeCQ).
Q

In particular, Gr(-,Y) is a weak solution to LG (-, Y) = 0 in the open set Q \ {Y}.
Finally, the following Riesz formula holds

(2.31) ff AT(Y)VyG~ (Y, X) - VO(Y)dY = O(X) —/ @dwf, fora.e. X € Q,
Q 0Q

and for every ®@ € CS"(R’”I).

Next, we recall a Caffarelli-Fabes-Mortola-Salsa estimate (cf. [CFMS], and [HMT] for the cur-
rent version).

Lemma 2.32. Let Q be a 1-sided CAD domain. Let B := B(x, r), with x € 0Q, 0 < r < diam(dQQ).
Then for X € Q\ 2 B we have

(2.33) éw{(A) < " IGL(X, Xp) < CwX(A).

The constant in (2.33) depends only on A, dimension and on the constants in the I-sided CAD
character.

Lemma 2.34. Suppose that Q is a 1-sided CAD domain. Let B := B(x,r), x € 0Q, A := BN 0Q

and X € Q\ 4B. Then there is a uniform constant C, depending only on A, dimension and on the
constants in the 1-sided CAD character, such that

(2.35) w} (2A) < Cw(A).
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3. AUXILIARY RESULTS

We have the following Poincaré inequality which is an improvement of [HM1, Lemma 4.8].

Lemma 3.1. Suppose that Q is a 1-CAD. Fix Qg € D, a (possibly empty) pairwise disjoint family
F C Dyg,, and let Q € Dg o,. Then for every p, 1 < p < oo, and for every small € > 0, there is a
constant Cep such that

(3.2) f f F(X) = .l dX < Cop €Q) f f VAP dX,
Q'F(f (0.0 Q‘F(E ()X

where cg e = Qg (e f(Q))’er f fQTW(Q»’Q fdX. In particular, the previous Poincaré inequality holds
fOF UQ,E replacing Q}‘(E[(Q)),Q.

Proof. Without loss of generality we may assume that Qg ¢0)),0 # 9. We first observe that

1
(3.3) ff J&X) - fo fxdy
Q;:(E((Q)),Q | T(EK(Q)),Ql QT(G[(Q)),Q
1
397 f ff If(X) = f(V)IP dX dY
| T(Ef(Q))an Qr (e 1(0)).0 Qreton.0

1
= Qcrnonol X) - f(Y)I? dX dY.
Q7 0.0l 2 f f1 f fj 10 = f)

1.Je Weewo).0

Fix now I,J € We(c)),0- Note that dist(1, J) < £(I) = £(J) = £(Q) (where the implicit constants
depend upon €). By [HM1, Lemma 3.61] there is a chain {11, Ip, .. ., In} C Wg(c¢(0)),0, 0f bounded
cardinality N depending only on dimension, the 1-sided CAD constants of €, and €, such that
Iy =J, Iy =1, t;) = {(I) = £(J) for each j (again the implicit constants depend upon €), and for
which U?’: 11} contains a Harnack Chain which connects the centers of / and J. Moreover, the chain
may be constructed so that I7 N[5, # @, 1 < j < N - 1. Hence, by telescoping and using the
standard Poincaré inequality

(3.4)

( f f1 f oo sp dXdY>;

1

1 N-1
< ((ffl |f<X)—fﬁ|PdX> . (ffj If(Y)—fJ*I"dY) >+5(1) N U g
j=1

1
n+l 4 2 (n+1) Nl
< < I IVf(X)I”dX> w b SV - i
Qreuon.0 =1

where we have used the notation ﬁ;ﬁ = II;fl‘l 1], r f, and where the implicit constants depend on p
and €. To analyze the last term, take 1 < j < N — 1. Recall that /7 = (1 +4) I; with /; being a dyadic
Whitney cube. The same applies to I;f +1- Also, by choice of 1 and since I; N I; .1 % D it follows that
0l meets 01,1, which in turns implies that £(/;) ~ €(I;41). Hence, one can find a cube / C I}'f al I;f 1
with €(I) ~ AL(I}) ~ AL(I};1). Then, by using again the standard Poincaré€ inequality we conclude

1 1
;= i, < W = i+ V= iy < [ [1700 = prtaxe 1 [[1700 - g ax
1 1
<o [[ o= gaxs 2 [ oo - g tax
|Ij| I}f ! |Ij I;H !

+1|

P
dX
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II*+]|

where the implicit constants depend on n and A. Now, we plug this estimate into (3.4), use that
f(l;f) ~ {(I) = €(Q) (with constants that depend on €), the bounded overlap of the family {I]*.}ZJV: | and
that N depends upon e (it also depends on I and J, but in a uniformly bounded manner for € fixed):

([[ ]} veo-ranw axar)’

<o ( f f IVf(X)I”dX> e f f VA dY
Qreuon.0 UL I

< ( I IVf(X)I"dX> N v ( [ f IVf(Y)I"dY>
Qg (e uo),0

1

»
1
< Q7 e e0)),0l7 €(Q) <ff V()P dY) )
Qr(ee0).0

Both in the last line above, and in order to conclude the proof of (3.2) from this inequality and (3.3),
we need to observe that

#Wereuono <#{Q €D : 6(Q) > el(Q)} < C.

o) I, )
<o [] wroonax+ T | f VXl dX
J j

O

The following result is of purely real variable nature and establishes that if a measure satisfies
an A type condition on a cube Qp then a stopping time argument allows us to extract a pairwise
disjoint family F C Dy, such that the averages of the measure for cubes “above” the sawtooth (i.e.,
in Dg ) are essentially constant. Additionally, the complement of the union of the cubes in ¥ are
an ample portion of Qy, this means that the local sawtooth region Qg o, has an ample contact with

Qo.

Lemma 3.5. Let Qg € D and let u be a non-negative regular Borel measure on Qy. Assume that
u << o on Qg and write k = du/do. Assume also that there exist Ky > 1, 6 > 0 such that

u(Qo) u(F) a(F) \*

3.6 1 K d K, , VF .
G0 oo S0 M gy =N <<T(Qo)> <
Then, there exists a pairwise disjoint family ¥ = {Q;}; C Dg, \ {Qo} such that
(3.7) o(00\ U @) = Ki'o0o)

QjeF
and
1 (Q)
(3.8) ESZ(Q)SKOIQ, vV Qe Dy g,

where K1 1= (4 Ko)%

Proof. The proof is based on a stopping time argument similar to those used in the proof of the Kato
square root conjecture [HMc, HLMc, AHLMcT], a more refined version appears in [HLMN, HM?2].

Let ¥ = {Q;}; be the collection of dyadic cubes contained in Qy that are maximal, and therefore
pairwise disjoint, with respect to the property that either

HQ) _ 1 Q)

3.9
©:9) 702 U o0

>K0K1.
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Note that (3.6) and the fact that K1 > 1 imply that ¥ C Dg, \ {Qo}. Also, the maximality of the
cubes in ¥ immediately gives (3.8).

On the other hand, we observe that ¥ = F; U ¥, where 77 corresponds to the family stopping
time cubes with respect to the first criterion in (3.9) and ¥, = ¥ \ 7 is comprised of the maximal
cubes for which the first condition in (3.9) fails but the second holds. Set

Fo=Qo\<UQj>, Fi= UQj, Fr = UQj,

QjeF QjeFi QjeF
sothat Qg = Fo U F; U F».
We first handle the cubes in 7 which, by construction, satisfy

1 1 1
pF) = ) p(@) < 5 ) 0(Q) = Jo(F1) < 50(Qo).
Q;ef1 0eFi

On the other hand, the definition of the family 7, and (3.6) give
1 1 1
Fy) = ) < = ——— u(lFH) < —— < — .
o(F) =Y Q)< rove > @) Kok, HFD) < e i(Q0) < - Qo)
0jeF2 Qe
This, (3.6), and our choice of K yield
F R\ Ky 1

H(F>) SKO<CT( 2)> Ko 1
a(Qo) a(Qo) K? 4
Collecting the estimates obtained for F; and F,, and using again (3.6) we see that

3
0 (Qo) < u(Qo) = u(Fo) + u(F1) + p(F2) < pu(Fo) + 1 o (Qo).

Hiding the last term on the right hand side and by (3.6) one can conclude that

0
1 uFo) SKO<0'(FO)> ’
4~ 0(Qo) o(Qo)

which is (3.7) and the proof is complete. O

With a slight abuse of notation, let Q0 be either 0Q2, and in that case ID)Qo := D, or a fixed cube
in D, hence Dy is the family of dyadic subcubes of Q' Leta = {cyQ}QdDQ0 be a sequence of
non-negative numbers indexed by the dyadic “cubes” in Dgo, and for any collection D" C Do, we
define an associated discrete “measure”

(3.10) me(D) =Y ap.

Qeb’

We say that m,, is a “Carleson measure” (with respect to o) in 00, if
m, (Do)
a(Q)

For simplicity, when Q° = dQ we simply write |[ny]|c.

3.11) Imallegoy :== sup
QEDQO

Our next result establishes that to show that m,, is a Carleson measure it suffices to check (3.11)
only on “sawtooths with an ample contact”:

Lemma 3.12. Let Q° be either 0Q or a fixed cube in D. Let a = {OIQ}QGDQO be a sequence of
non-negative numbers and consider m, as defined above. Given M| > 0 and K| > 1, we assume
that for every Qo € Dgo there exists a pairwise disjoint family o, = {Q;}; C Do, \ {Qo} such that

(3.13) (00 U ¢) = Ki'eo

Qj 67:Q()
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and
(3.14) me (D, 0,) < M1 0(Qo).
Then, m, is Carleson measure in QO and moreover
ma(DQ)
(3.15) [Imallecooy = su < K| M.
e = 2 o)

Proof. We first take a sequence D! ¢ D> ¢ --- c DV ¢ --- ¢ Dgo such that Dy = UyDV
and #D¥ = N. For each N > 1 we let ay := {a/g}QeDQ0 where a/g = agpif Q € DV and
a/z := 0 otherwise. Let m,, be the corresponding discrete measure associated with ay and set
¢y = min{€(Q) : Q € DV} > 0.

We first note that

Mg, (Dp) 1 1
IMayllogoy = sup —on =0l sup Z ag S Z ag < 0o,

0y, (0 0eD y.£(Q)2ty 9(Q) 0 DgnD¥ ()" oo

Fix now Qp € Do and let Fg, be the associated pairwise disjoint family given by our hypotheses.
By the definition of D#,,.00 and by (3.13) we have

May Doy \ Dy 00) = Y MayDg) < MMaylleny, > (@)
QjeFo, QjeFo,

= Iaylleion (U Q7)< (1 = KD aylleion Qo).
Qj€F 0,
This and (3.14) yield
Moy (Do) _ maN(D‘FQO,Qo) N oy (Do, \DTQOsQO)
o(Qo) o(Qo) a(Qo)

Note that this estimate holds for every Qy € Dgo. Hence, we conclude that

< My + (1= K Imaylloegn)-

My, (Do) _
IMaylicgoy = sup —00 < M+ (1- KT IMaylleigo)-
omy,  (Q)
We can then hide the last term (which is finite as observed above) to obtain |[mg, g0y < K1 M)
and letting N — oo we conclude (3.15). O

4. PROOF OF THE MAIN RESULT

Given 0 < ¢y < 1, let B = B(cp) denote the collection of O € D for which the cy-exterior
Corkscrew condition (see Definition 2.16) fails. Set « := {@g}gep With

{ a(Q), if Qe B,
aQ =

0, otherwise.

4.1)

Associate to a the discrete measure m, as above, which depends on the parameter co. We are going
to prove that under the assumptions in Theorem 1.5 the collection 8 satisfies a packing condition,
i.e., that m, is a discrete Carleson measure, provided that cg is small enough.

Proposition 4.2. Under the assumptions of Theorem 1.5, there is cy sufficiently small and My > 1,
such that if B = B(cy), its associated measure m,, as above satisfies the packing condition

ne(Dy) ,
4.3 = = —_— < M.
*-3) Imalle = S0p =26y = 5% (@) Q,egz:Q,CQU(Q) =M
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VA 5|

The constants cy and M depend only upon dimension, A, the 1-sided CAD constants,
IVAllc) and finally g and C in (1.4).

oo’

Assuming this result momentarily, we fix a cube Q € D(9Q), and we seek to show that Q.x;
has a Corkscrew point relative to Q. Let Ag C Q denote the surface ball defined in (2.13)—(2.14).
Take Q1, a sub-cube of Q of maximal size contained in Ay, and observe that £(Q1) > cf(Q). We
claim that there exists Q" € Dy, \ 8 such that £(Q") > 2-IMil¢(Q)) (here [M] is the biggest integer
smaller than or equal to M). Otherwise, by (4.3) (applied to Q1)

[M;]
IM1+Do@)=) >  o@=s Y. oQ <MoQ)
k=0 Q€eDyg, QeB: 0cO)

(Q)=27* Q)

which readily leads to a contradiction. Hence there is Q' € Dy, \ B such that £(Q’) > 27 M1l ¢(Q,) >
c27Ml¢(Q). Since Q' enjoys the cg-exterior Corkscrew condition, so does Q, but with cg replaced
by cy=coc 2] On the other hand, every surface ball contains a cube of comparable diameter,
this means that there is an exterior Corkscrew point relative to every surface ball on the boundary,
and therefore Q is NTA, and hence chord-arc. This completes the proof of Theorem 1.5 modulo
Proposition 4.2.

To prove Proposition 4.2 we are going to use Lemma 3.12 with Q° = Q. Fix Qy € Dgo =D, an
arbitrary dyadic cube, and our goal is to obtain (3.14) for some pairwise disjoint family Fo, C Do, \
{Qo} for which (3.13) holds. We note that it suffices to consider the case £(Qg) < diam(dQ)/M, with
My large enough (depending only on the allowable parameters). In fact, assuming this, in order to
prove the case diam(0Q)/My < €(Qp) < diam(0Q) (of course this is meaningful only if diam(0Q) <
o), we cover Qg by disjoint cubes {Q’é}k with diam(0Q)/(2 My) < f(Q’(g) < diam(0Q) /M. For each
Ok, by the previous case one can find Fox so that (3.13) and (3.14) hold with Of in place of Q.
Note that if we set ¥, = UkTQ(k) we automatically have (3.13) and moreover

MaDrp,0) < D Ma@p )+ D, 0(Q)
k 0 QeDg,NB
£(Q)=diam(0€2)/ My

<My Y (Q6) + Cuy 0(Qo) < (My + Cigy) 0(Qo).
k

Thus, we have proved that for every Qp € D, (3.14) holds for some pairwise disjoint family ¥ C
Do, \ {Qo} satisfying (3.13). Hence Lemma 3.12 yields (4.3) with some constant M/ and hence the
proof of Proposition 4.2 would be complete.

In view of the previous observation we fix Qg € D such that £(Qg) < diam(0Q)/My. We choose
M, so that if we set Xop = X ViTiAg, ON€ has that 2 ko rg, < 6(Xo) < VM rg,, where we recall that
ko was chosen (depending only on the allowable parameters) so that (2.22) holds. In such a case,
dist(Xo, T')) > ko rg,, hence the pole X will be away from where the argument takes place. By
Lemma 2.23 and Harnack’s inequality there is Cy > 1 depending on the allowable parameters and
My such that w}L(O(Qo) > C, . We now normalize the elliptic measure and the Green function as
follows

(4.4) w:=Coo(Q)w)®  and  G():= Coa(Qo) Gr(Xo, -).

Note that away from Xy, LTG() = Coo(Qo)L"Gr(Xo, ) = Coo(Qo) L"Gr7(-,Xp) = 0 (see
Lemma 2.25). Moreover by our choice of Xy, Lemmas 2.32 and 2.34, (2.13), and (2.14) it fol-
lows that

G(Xo) _w(Q)

4.5 ~ ,
4 «Q) Q)

VQe DQO'
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On the other hand, since a))L(O 0Q) <1,

w(Qo)
Co.
= 000 =

By assumption, w <« o, and if k = dw/do denotes the normalized Poisson kernel it follows that,
for My is large enough, (1.4), (2.13), and (2.14) yield

(4.6) 1

1
(7[ k() da(y)) ' < €1 Cy = Ko,
Qo

where C is the constant in (1.4). As a consequence of that, (4.6) and Hoélder’s inequality one can
derive

1
w(F) ][ o(F)\7

= 1r(y) k(y)do(y) < K () , Y F C Q.

(00 Jg, TV = R0 {Tg) ’

Hence we can apply Lemma 3.5 to 4 = w and obtain a pairwise disjoint family Fo, = {Q;}; C
Dg, \ {Qo} verifying (3.7) and (3.8). Thus, as observed before (see Lemma 3.12) we wish to find
M independent of Qg such that

(4.8) Me(Dgy .00) < M1 0(Qo).

4.7)

Hence, in what follows, Qg € D and ¥y, is a pairwise disjoint family Fo, = {Q;}; C Dg, \ {Qo}
verifying (3.7) and

(4.9) I w0

2 00

which is (3.8) with u = w (see (4.4)).
Let us now fix Q € DgEQO,QO N B and a point zg9 € Ag C Q. Set B := B(zg,r/4), withr 1= rg =
¢(Q), and A := BN 0Q. Take ® € Cy(B), with0 < ® <1, = 1 on %B, and ||[V®|l, < r L.
Let 0 < € <« 1 to be chosen and setﬁ = |UQ,E|‘1 foQ,e AT(Y)VG(Y)dY. Recall that (see Section
2.3) Ug.e = Qe t(0)),0 Where Fo = @ and hence Fo(e £(Q)) is the collection of Q’ € D such that

€£(Q)/2 < £(Q") £ €£(Q). In particular, Q € D¢ ¢(0)),0 and (2.22) yields int(Up) C Ug C Tg C
By,. Notice that W*Q # @ and hence there is I € W*Q such that I C int(Up) with £(Q) = €(I)
and consequently |Ug | = 400) lans Keeping in mind the normalization (4.4), our choice of Xy and
(2.30), we have that L™G = 0 in the weak sense in T, Thus, Caccioppoli’s inequality, Harnack’s
inequality and (4.5) yield that for every I € W, Q" € Dy C Dy,

< Ko Kj, VQED‘TQO,QO’

gxwn) _, ., o
(.10) f fl NGy S UL ~ €0 6Xe) ~ HQ) Q)
and hence
4.11) |8 s €@ f f VGl dY < Q) ™D >~ » f f IVG(Y)|dY
To Q'eDg Ie“W*Q, r
e (0)
<™y 2t w(Q) < 22 <1,
; Q%Q o (Q)

«@H=2"*u)

where we have used that ‘W, has uniformly bounded cardinality and the last estimate follows from
(4.9) since Q € Dy, 0.
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We next use Lemma 2.34, (2.31), and (2.30) (keeping in mind (4.4), (4.9) and moving slightly
the pole Xy if needed)

4.12)
o(0) ~ w(Q) ~ / ddw = - f f AT(X)VG(X) - VO(X) dX
Q Q

0

=—ff (AT(X)VQ(X)—/?)-VcD(X)dX—ff ﬁ-V(D(X)dX+ff B V(X)dX
Q Rn+l Qext

=—ff (AT(X) VG(X) —/?)-V®(X)dX+ff B VO(X)dX
Q Qext
= —-I+17.

We first estimate 77. By [HM1, Lemma 5.7], the failure of the cy-exterior Corkscrew property
implies that |Qey N B| < co #**!. This and (4.11) give

(4.13) IT11 < 1BIr " Qe N Bl S co ™" ~ co Q).

To estimate J we proceed as follows.

(4.14) 17 < r! ff |AT(X)VG(X) - f|ax
QNB

<r! (ff AT(X)VG(X) - B|ax + ff AT VG(X) - | dX>
Ug.e (Q\Ug)NB
= (T + Iy).

For 7| we use Holder’s inequality, our choice of E Lemma 3.1 and the fact that §(X) =, €(Q) for
every X € Upe:

(4.15)
nse ([ jarovew -l ax) < couo ([[ [vaTvomrax)’
UQ’G UQ,E

< Cero(Q)? ( f fU VAT VG)(X)P 5(X) dX)§ = C.ro(0)? T%Q’e.
Qe

Before estimating 7, we need to make the following observation. Let I € ‘W be such that
I" N B # @ and pick Y € I* N B. In particular,

< Q) < diam((')Q)‘

,
4 diam(/) < dist(/,0Q) < |Y - - <
iam(/) < dist( )<Y —zpl < 4 4 4M,

Recall the construction of Q7, the unique dyadic cube satisfying that z € Q7 and €(Q;) = €(I),
where z € 0Q is such that dist(/, Q) = dist(/,z). We claim that Q; C Q. To show this let us take
Z € I such that dist(/, 0Q2) = |Z — z|. Then

lz—x0l <|z=Z|+|Z - Y| +|Y — 29| + lzp — x| < dist(1, 0Q) + diam(I*) + 2 +r<2r

This implies that z € A(xg,2r) C Q (cf. (2.13)) and since £(Q;) = ¢(I) < {(Q) it follows that
Q; C Q by the dyadic properties.

We are now ready to estimate 7,. We first see that by choice of B we have that BN Q C Tp.
Indeed, let Y € BN Q and take I € ‘W so that Y € I. Note that by the previous observation Q7 C Q.
Note also that, as mentioned above, our construction guarantees that / € (W*Q;. All these yield
Yelcin(l*) cint(Ug:;) C To.
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Once we have shown that BN Q C T one can easily see that (Q\ Ug)NB CTpo\Uge C Zc :=
{X eQ:6(X) < ef(Q)}. Therefore, if € is small enough,

(4.16) ]25|[§)||BﬂZel+ff IVGldX < e l(Q)" + I3 ~reo(Q) + I3,
BNX.

where we have used (4.11) and [HM1, Lemma 5.3]. To estimate /3, we use again the cubes Q; as
above associated with I € ‘W with I* N B # @. As already mentioned in such a scenario, Q; € Q
and I € W *Q;. We can then invoke (4.10) to obtain

ns Y f fl veolax s S wopagh= Y 2t S wop.

IeW:I"NB+0 IeW:I"NB+0 k:27%<e €(Q) IeW:I"NB+D
UN<et(Q) UDsel(Q) on=27*%
Notice that for k fixed, the family {Q7};cy.¢)=2-+ has bounded overlap, hence
(4.17) isw@ Y 2%<elQw@) sera0),
k:2kse 6(Q)

where the last estimate follows again from (4.9) since Q € D’FQO,QO- Plugging (4.13), (4.14), (4.15),
(4.16), and (4.17) into (4.12) we conclude that

7(0) £ 0 a(Q) + Cea(Q)} T, + €.

If € and ¢q are taken small enough (we may assume for later use that € = 27Ne for some N, € N
large enough) the first and third term in the right hand side can be hidden and one easily arrives at

(4.18) Q) Seay T = f f V(AT YG)X)P 5(X) dX
UQ,E

< Z f fU ) VAT VO)(X)I* 6(X) dX =: Z To.

Q’eDyg Q'eDyg
€ L(Q)<U(QN=<UQ) € l(Q)<U(QN=<L(Q)

Hence, it has been shown that for a choice of € and cg small enough, the previous estimate holds
forall Q € DerO’QO N B(cp). This in turn gives

419 ma@rp0)= >, QS D, Y Tese Y To

0eDg,, 0,NB(co) €D, .0, Q'eDy 0€Dyse 4
o O e t)<t0)<t(0) 000

where ¥, is the pairwise disjoint family of Ne-descendants (recall that € = 27Ney of the elements
of Fo,:

75 = | {Q eDg:t(@)=2"0Q) =et(Q)}.

0¥y,
We next claim that
w(Q)
(4.20) Q) I, VOeDsr o

that is, both estimates in (4.9) can be transmitted from D¢, o, to DgcéO,Qo, albeit with bounds that
may depend on e. To obtain that, fix Q € D«}‘éO’QO. By (4.9), we may assume that Q ¢ Dy, ¢,. This
means that there is Q1 € Fp, C Dy, such that Q C Q;. Since Q; splits into its N.-descendants, we
can find Q] € ¥, such that Q1N Q # @ and {(Q)) = €{(Q1). In turn, since Q € D}‘éO’QO, it then
follows that Q7 € Q C Q. We use this, the AR property, the doubling property of w (Lemma 2.34)
and (4.9) (which holds for the dyadic parent of Q;, denoted by Ql, since Q1 € Fo, € Do, \ {Qo})

W@ W)
(@) Q1)
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This shows our claim.

Seta := {&Q}QEDQO with

T , if Q € fo 00>
(4.21) Go=4 ° o
0, otherwise,

and associate to a the discrete measure mg as in (3.10). Then, we may immediately see that (4.8)
follows from (4.19) and

(4.22) mzDg,) <e 0(Qo).

Our goal is then to obtain (4.22) and in order to do that we shall distinguish between two cases
depending whether or not A is symmetric. The main idea is that when A is symmetric, in the
expression Y g we can replace 6(X) by G(X) for every X € Uy and for every Q € DgréO’Qo. Doing
this, (4.22) will be obtained by an integration by parts argument. In the non-symmetric case, for
the integration by parts to work, we would need to do the same thing but rather than G (which is
essentially G7(Xj, -), hence a null solution for LT, cf. (4.4)), we would need to work with essentially
G (Xo, ), hence a null solution for L. The latter would require to perform the stopping time in
Lemma 3.5 with w)L(Q. However, it is not clear that one can apply Lemma 3.5 simultaneously to w}L{O

and w}L(Q and obtain a family of cubes whose complement is still ample. We are going to overcome

this by another use of Lemma 3.12, hence we will work in Q € Dy, and apply Lemma 3.5 to a)
with X being effectively a corkscrew point relative to 0o.

4.1. The symmetric case. In this section we assume that A is symmetric. We start observing that

for every Q € D%o’QO and every X € Ugp we have that 6(X) ~. G(X) for every X € Up in view of
Harnack’s inequality, (4.5) and (4.20). This and the definitions of the sets {UQ}QdD)Q0 and Q;‘cé 0o
0’

(see Section 2.3) yield

(423) mgDg)= > Tose Y. f f V(A V(X)) G(X)dX

QGDTE .00 QEDTE

<[ fg  [VAveeor gxax.

We next take an arbitrary N large enough and define Fy := 7 (2‘N {’(Qo)) as in Section 2.3.
That is, ¥y C Dy, is the family of maximal cubes of the collection ¥ augmented by adding
all dyadic cubes of size smaller than or equal than 27V £(Qp). In particular, Q € Dg, .0, if and
only if Q € DY’EO,Qo and £(Q) > 27V €(Qp). Clearly, Dgy.00 € Dy, .0, if N < N’ and therefore

Qr 00 €, 0, C QB@O,QO. This and the monotone convergence theorem give that
(4.24) f f VAV G dX = lim f f VA VX GX)dX.
Q* g —00 Q;N

We now formulate an auxiliary result that will easily lead us to the desired estimate. We note that
the following proposition was previously announced, with a sketch of the proof, in [ABHM]. In the
sequel, we shall present the full details, and treat also the non-symmetric case (see Proposition 4.36
below).

Proposition 4.25. Assuming that A is symmetric and given Cy > 1, one can find C depending on
C1 and the allowable parameters such that if Fn C Dg,, N > 1, is a family of pairwise disjoint
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dyadic cubes satisfying

(4.26) crl < Zg <Ci  and  UQ)>27V0Qy), VQOEe€Dsg .,
then

4.27) jfg ‘V(A VG (X)I> G(X)dX < C o(Qyp).

N0

Assuming this result momentarily we see that (4.20) and the construction of Fy give (4.26).
Thus (4.22) follows from (4.23), (4.24), and (4.27). This completes the proof of Proposition 4.2
when A is symmetric, modulo obtaining the just stated proposition.

Proof of Proposition 4.25 for the Laplacian. The case when L is the Laplacian (that is, A is the
identity matrix and hence (a), (b), and (c) of Hypothesis 1.1 are trivial) is rather simple and models
the general case. To fix ideas, we first present this simple case.

Suppose for now that L is the Laplacian. We first observe that
Gx)
o(X)

albeit with bounds that depend on C; and the allowable parameters but which are uniform in N.

To see the “<” we use the harmonicity of G, VG and V2@; interior estimates, and Caccioppoli’s
inequality (we recall that we chose X so that it is away from Tao and also that 27V £(Qp) < 6(X) <

£(Qy) for every X € Q). The proof “x” is as follows: given X € Q,, there is Q € D0, and
I € W, such that X € I"*. Note that 6(X) ~ 6(Xp) ~ {(I) ~ {(Q) and |X — Xg| < £(Q). This,
Harnack’s inequality, (4.5), and (4.26) yield as desired
60 _GX) 0@ _
0x) Q)  o(Q)
We now proceed to obtain (4.27) with A being the identity matrix. Write “9” to denote a fixed

generic derivative. We use that G and G are harmonic in Q, to see that in that set the following
pointwise equalities hold

divV((66)%) = 2 div [(36) V(3G)] = 2IV(6)I*

(4.28) SCOIV2GX), IVG(X)| < I, YXeQp , =Q.

and
[divV((06)%)] G = div [V((06)*) G] - V((36)?) - VG = div [V((06)*) G - (06)*VG] .

Note that Q, is a finite union of fattened Whitney boxes, thus, its (outward) unit normal v is well
defined a.e. on 9Q*. Hence the divergence theorem can be applied to obtain

429) 2 f f V@GP GX) dX = / (V(096)) G - (06)° VG) - vdH"
Q*

0Q*

< / (IV2GIIVGIG + IVGI) dH" < H"(09*) < €(Q0)" ~ 0(Qo),
o0+
where we have used (4.28), that 0Q, is AR (cf. [HM1, Lemma 3.61]) and finally that diam(9Q.) ~

£(Qo) (note that all bounds are independent of N). From (4.29), we immediately obtain (4.27) in
the case of the Laplacian. O

Looking at the previous argument the matrix A being non-constant (for both the symmetric and
non-symmetric cases) raises several issues. The first one appears in (4.28): the “~” is still correct
but one does not expect to have the “<” for general matrices A since, as opposed to the constant
coefficient case, we no longer have that G is a null solution of L. As we shall see below in Lemma
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4.40, under the assumption that A satisfies (b) of Hypothesis 1.1, one can prove that the estimate for
VG in (4.28) holds pointwise and the estimate for VG holds in a L>-average sense via a Caccioppoli
type estimate for second derivatives of solutions. The second issue is that the presence of A in (4.27)
makes the algebra significantly more difficult as one has to distribute derivatives and some of them
hit A. Finally, because the estimates for V2@ hold in an average sense, we cannot integrate by parts
as in (4.29). We will solve this by producing some wiggling after incorporating a smooth cut-off of
the domain (see Lemma 4.44) which will have the effect of replacing integrals on the boundary by
“solid” integrals in a “strip” along the boundary.

Proof of Proposition 4.25. We just need to invoke Proposition 4.36 below with Qg = Qo since
(4.37) follows at once from (4.26). Further details are left to the interested reader. O

4.2. The non-symmetric case. As explained above in the non-symmetric case we are going to
need to use again Lemma 3.12. Recall that our goal is to show (4.22). Applying Lemma 3.12 with
o = Qo, it suffices to take an arbitrary Qo € Dy, and show that there exists a pairwise disjoint

family T {Qj} cD; ,\ {Qp} such that

@30 o(0\ J 0)2K'o@) ad  me®p g) < Moo
] /e?_ 0
In order to obtain this we note that Z(QO) < £(Qp) < diam(0Q)/Mj and set )~(0 =X ViTaA - Recall
~ 0
that by choice of M, we have that 2 g "5y < 0(Xp) £ VM, 5 where ko was chosen (depending
only on the allowable parameters) so that (2 22) holds. In such a case, dlSt(X(), T**) 2KoTg hence

the pole Xo will be away from where the argument takes place. By applylng Lemma 2.23 and

Harnack’s inequality we have wf-?(éo) > 55 ! with Cy depending on the allowable parameters and
M. We now take a normalization of the elliptic measure and the Green function for L':

4.31) wr = Coo(Qw®  and  Gr() = Coo(Qp) Grr(Xo. -.).

As before LG+ = 0 away from )Nfo, and by our choice of fo, Lemmas 2.32 and 2.34, (2.13), and
(2.14) it follows that

QT(XQ) - w7 (0) VOeD-

4.32 ~ , .
432 “o " o) o

Since w’? 0(0Q) < 1, it follows that 1 < w(Q0)/0(Qo) < Co. This and the fact that w;+ (and
hence w+) is in Ax(9Q) allow us to invoke much as before Lemma 3.5 with 4 = w+ to extract a
family of pairwise disjoint cubes T {Q i} C ]D \ {Qo} such that

wt(Q)
~1, V D~ ,
o(Q) e y 00

433 (0 U 0))z00p and

Q,‘ETE

with implicit constants depending on Co and the A.,(dQ) character of w; . Consequently, in view
of the previous considerations and Lemma 3.12, it remains to show mQ(D Q ) < M 10'(Q0)

Note first that if Qo ¢ ID)gre .0, thenap = Oforevery Q € D 0o’ hence the desued estimate follows

trivially since mz(D= 0. Thus we may assume that Qo € Dy:é .0,- Write ¥ to denote the
0

5 Q)_

collection of maximal cubes in (5, NDg) U Fg, so that DTQE()’QO NDz 5 =D . Hence,

7’@0 Qo Fxs Do
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@34 ez 5)= > Fo= > Mo
QelD)¢~ 3 QeDTe QOHDT~ 3
= > f f VAT VGX)P 6(X) dX < f f VAT VG Gr(X) dX.
Qe]D .o Ug Fx. 00

Note that in the last estimate we have used that the sets {U Q}Qe]%o have bounded overlap and that
Harnack’s inequality, (4.32) and the second estimate in (4.33) yield

G+(X) - G+(Xp) - wT(0Q)

X T Q) T o(Q)

As in the symmetric case we take N large enough and define Fy := ¥ (Z_N 4 (éo)) as in Section

2.3 sothat Q € ]D ~ if and only if Q € DT*,Q and £(Q) > 27N f(éo) Clearly, D F.00 Dﬁ, o

if N < N’ and therefore Q* - cQ . This and the monotone convergence theorem
Fn:Qo Fnr-Qo Dy, ,0o

~1, VYXeUy, VQE]D%O@O.

give that

s f [ATVGOOP G- dx = fim ([ |VAT VGI00P G0 ax.
I
We can now state the analog of Proposition 4.25 in this non-symmetric case.

Proposition 4.36. Given C > 1, one can find C depending on C; and the allowable parameters
such that if fy ¢ D oy N2 1, is a family of pairwise disjoint dyadic cubes satisfying

(4.37) il < “’Eg <C, Ci'< “(’TT((QQ)) and Q) > 27N €(Qy),
forall Q € D?_ Oy then
438) [ v ve0R 60 dx < oG

TNyao

Assuming this result momentarily, we note that (4.37) follows from (4.20), the second item in
(4.33) and the construciion of ¥. Consequently, (4.38), (4.34), and (4.35) allow us to conclude
that ma(Df~ éo) < 0(Qp). As observed above, this was the only thing left to obtain (4.22) in the

5o’
non-symmet(%ic case and the proof of our main result is eventually complete.

Before starting the proof of Proposition 4.36 we need some auxiliary results, whose proofs are
postponed until the next section.

Lemma 4.39. Let Q be an open set and let A be a uniformly elliptic matrix in Q. Given K > 0,
there exists Cg depending only on ellipticity and K such that if

(4.40) sup [VA(X)|6(X) < K,
XeQ

then the following hold:
(i) Foreveryu € WIIO’CZ(Q) , u >0, verifying Lu = 0 in Q in the weak-sense,

(4.41) [Vu(X)| < Ck Zgg, VX eQ.

(ii) Given any cube I Cc R™!, if61 c Qandu € Wl2(61) satisfies Lu = 0 in 61 in the weak-sense,

2 2 CK 2
(4.42) f fl IV2u(Y)R dy < 7 f fz 1 IVu(Y)2 av.
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Proof of Proposition 4.36. Write Q, = Q** Let us first prove that

gXx) Gr(X)
4.43 VG(X)| < ~ 1, VG+(X)| <
(4.43) IVG(X)| < 50%) IVG+(X)| 500
albeit with bounds that depend on C; and the allowable parameters but which are uniform in N.
First, [VG| < G/6 (respectively |VG+| < G+/6) follows from Lemma 4.39 applied to u = G (resp.
u = Gr) where the implicit constant depends on ellipticity and H|VA| 6HOO. To justify the use of
that lemma we first notice that (4.40) is just our assumption (b) in Hypothesis 1.1. Also, we recall

we chose Xo and X so that they are away from T (mdeed Xo is away from T O T’g ). Hence
0
LG+ = 0and LTG = 0 in the weak sense in T*’; (cf. Lemma 2.25). Flnally we observe that
27N £(00) < 8(X) < €(Qy) for every X € QO
To continue with the proof of (4.43) let X € Q,. Then there is Q € Dz 0o and ] € W % such that
X € I'™. Note that 6(X) = 6(Xp) = £(I) = £{(Q) and |X — Xp| < €(Q). Th1s Harnack’s 1nequahty,
(4.5), (4.32), that Qo € Dg, and (4.37) yield as desired
X X 0@ _,  GrX) _Gr(Xo) wr(@
Xy Q)  o©@ 6(X) Q) a(Q)

We now proceed to obtain (4.38). We note that by the boundedness of A,

~ 1, VXeQ,,

ffg VAT VG (X G+ (X)dX

FN-Qo
o [[ - mAGOPEO0R G- 00 dx
7v-Q0
+ f f V26X G+(X)dX =: T+ IT.
Q
Fn-Qo

The estimate for J is easy. Use (4.43) and (2.22) to conclude as desired

I's f f IVAGOR 300X 5 [IVAI0] g VAl (85) = 4161 1 IV Al (@),
N

where the implicit constants are clearly independent of N.
To estimate 77 we need the following auxiliary lemma whose proof will be postponed until the
next the section.

Lemma 4.44. There exists ¥y € Cy(R"™1) such that

(i) lor . SYn<lgo~ _
FN-Qo FN-Q0

(if) supyeq IVENX)6(X) < 1.

(iii) Set X .= Gfo Oy

445) Wy:= | W, Wyi={IeWy:ITe W\ Wy with 0INdJ+0}.
Q€D¢N’§0
Then
(4.46) Vey=0 in ) 1™ and > " 5 o (Qo),
IeWN\WS IeWs,

with implicit constants depending on the allowable parameters but uniform in N.
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Now we are ready to estimate J 7. Using the previous lemma we have

n+1

175 ([ e Gomnax <y ([ IMO00F 6100w ax
=1

Write “0” to denote a fixed generic derivative. The following observations will be used several
times in the proof. Observe that Lemma 4.39 and (4.43) give that G, G+, VG.VG+ € W'2(Q,) N
L>(Q,). Observe also that Wy is supported in Q,, thus 0G G+ Py € Wé’z(Q*). Hence we can find
{Gihe € CF(Qy) such that Gy — 4G G+ Py in W2(Q,). Note also that |[VA| € L¥(Q,) < oo by
our assumption (a). These observations will, in particular, justify that all the integrals below are
absolutely convergent.

We can now return to our task of estimating 7 7. By ellipticity and using (-, -) to denote the inner
product on L>(R™*!) it follows that

Fy = ffRnH IVOG) X G+(X) ¥n(X)dX sp (ATV(0G), V(G) G+ ¥)

1 7 173
= (ATV(06). V(06 G+¥x)) - 5 (ATV(0G)). V(G¥x)) =: T - S IT.

2
To estimate 7 we write
T =(0(ATVG),V(0G Gr'¥N)) — (0ATVG, V(0G G~Py)) =: T\ - I.
Controlling 7 1 it is not difficult as the previous observations along with (4.43) give
T = lim (0ATVG). VGy) =: lim T
On the other hand
fl,k = JLM 3<ATV§ . ng) dX — (ATVG,VdGy) = jl,k,l - fl,k,z-

Note that ATVG - VG, € WH2(Q,) and is supported in Q,. Hence 7 1,1 = 0 by the divergence
theorem. Also, 714, = 0 since L™G = 0 in the weak-sense in Q, (cf. (4.4) and Lemma 2.25) and
0Gk € Cy(Q4). Therefore 71 = 0 and consequently 7| = 0.

We next estimate 75:
I = (0ATVG, V(0G) Gr¥n ) +(0ATVG, VGG ¥y ) +(0ATVG, V¥ 0G G~) =: To1+1an+ 1.
Note that by (4.43), Lemma 4.44 and (2.22)

ol s [[ | WAIVGPIVG-ewax < [[ walX < WAl o35 < VAl oo,
9

where we have used hypothesis (c). Also by (4.43), Lemma 4.44 and (2.22), and Young’s inequality
we have

1T21] 3 ffR VAV G ¥y dX

( f f VAP G+ ¥y dX)z ( f f V(OGP G+ \PNdX>2
le R”*l

1

N

f fT VAP 8()dX F,%,
%

1 1 1

A

12\
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-1
< Co(Qo) + 5 Fy.

Note that C depends on the 1-sided CAD constants, ellipticity,
in the statement of Proposition 4.36. Analogously,

IVAIS|| oy IVAllc(@) and Ci fixed

Tals [[ waIvEMsOax s [[ 9AIaX < 19Al0 o Q.
Q9

Collecting the obtained estimates we conclude that
~ = ~ ~ ~ ~ 1
1 = 12| < | Zo1] + o2l + [ £ 23] < Co(Qo) + 5 Fn
We next estimate 77
IT = (ATV((06)?), VG+¥N) + (ATV((0G)?), V¥N G ) =: I T, + I 1>,

For ﬁ 2 we proceed as before, use (4.43), Lemma 4.44, (4.42), and Caccioppoli’s and Harnack’s
inequalities to obtain

1o < f f IVGIVENISOdX s Y f f _IV’GlaxX < L('D < f f - *|Vg|2dX>

IeWs

112 2 MQWm) ;
2 1y (S, e dX) S 2 oy < 2 (e

)
N

Let us turn our attention to ﬁ 1
1T, = (AVG+,V((96))¥w) = (AVGr, V((0G) W) — (AVG+, Ve (9G)) =: TT11 — ITs.

Notice that 77 1 = 0 since LG+ in the weak sense in Q, (cf. (4.31) and Lemma 2.25) and
(0G)* ¥y € Wé’2(Q*). Hence, another use of (4.43) and Lemma 4.44 produce

2 n ~
(L1 = Tl s ff IVGI" IVG+|IV¥nldX < Z ff 500 o dX < Z {n" < o(Qo).
IeWs,
Putting things together
1) < |TT1| +|I 15| $ Qo).

To conclude the proof we collect the obtained estimates
~ 1 = ~ 1 == ~ 1
O0<Fy=I-2IT<|Il+7II<Co(Qo)+ 5 F.

Here all the > constants are uniform in N. Since Fy is finite by (4.43), Lemma 4.39 and the fact that
supp Py € Q, C Q we obtain

Fy < 0(Qo)

which readily yields (4.38) with C depending on the 1-sided CAD constants, ellipticity, C; fixed in
and ||VA||C(Q). O
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4.3. Proofs of Lemmas 4.39 and 4.44. In order to get the appropriate scale-invariant estimates in
Lemma 4.39 we first present the case of the unit cube and then extend it to Q by translation and
rescaling.

Lemma 4.47. Let Iy := (—%, %)"” c R™! and let A € Lip(ly) be a uniformly elliptic matrix
in lIy. Given K > 0 there exists Cx depending only on dimension, ellipticity and K such that if
IVAllr=,) < K, then for every u € WL2(Io) N L®(1y), u > 0, such that Lu = 0 in the weak-sense in
Iy we have

(4.48) sup [Vu(X)| < Ckx inf u(X),
Xelly Xeglo

and

(4.49) [[| wueopax<cx ([ wuopax
%10 %[O

Proof. To prove (4.48) we invoke [GW, Lemma 3.1] in the open bounded domain % Iy and there
exist Cx depending on n, ellipticity and K such that

sup [Vu(X)| dist (X,0(31y)) < Cx sup u(X).

Xedl Xein

This and Harnack’s inequality give at once (4.48).

We next prove (4.49). Let us first observe that since A is Lipschitz in Iy, and u € W2(Ip)
satisfies Lu = 0 in the weak-sense in Iy, it follows that u € Wz,z(% Ip) by [GT, Theorem 8.8]. With
this in hand we are going to use a Caccioppoli type argument. Let ¢ € Cg (R™1) be a smooth
cut-off of A%Io, that is, lilo << 1%10 with ||Vl < Co. Write “8” to denote a fixed generic

derivative and observe that since u € W>2(3 I) it follows that du ¢* € Wé’z(% Iy). Hence there
exists {uh € Cy (% Iy) such that u; — du goz in Wl’z(% Ip). Writing A for the ellipticity constant of
A, we then have

7= f f IV(Ou)(X))? o(X)? dX < A f f AX) V(Ou)(X) - V(Ou)(X) o(X)> dX
R+l Rn+l

= A( f fR A V@u(X) - [V(9ug?) (X) = 299(X) (u)(X) (X)) dX) = A -215).

For 7, we observe that by the Cauchy-Schwarz inequality
\Ts| = ( f fR ACO V@) - () (G)(X) 9(X) dX‘ <ACyI? ( f f . IVu(X) dX> :
For 7| we use the sequence {u}; introduced above and note that 2
Ik = f f ~ACO V@u)(X) - Vu(X) dX
= f fR N A(AVu - Vu)(X)dX - f fR _AQO Vu(X) - V(u)(X) dX
- fnwl 0A(X) Vu(X) - Vur(X) dX

- f f AAX) Vu(X) - Vur(X) dX.
Rn+]

Here we have used that since {us} € C (% Ip) both terms in the second line vanish. In fact the first
term is the integral of a derivative of a WH2(R"*!) compactly supported function, and the second
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term vanishes because Lu = 0 in Iy in the weak sense and Juy € C8°(% Iy). To continue with our
estimate we observe that by Cauchy-Schwarz

17| = | ]}Ln; 1t = ’ f fR N AA(X) Vu(X)-V(augoz)(X)dX‘

< IVAllz= 1) <ﬂ‘wl IVu(X)| [V(@u)(X)| 9(X)* dX +2 fjl;m IVu(OP [Ve(X)| ¢(X) dX>

1
< |IVAll 1) <I§<ff [Vu(X)? dX * 4 2Co ff IVu(X)? dX)
lI() Iy
2

Collecting all the obtained estimates we conclude that
1
T < A (VA=) + 2 CoA) I ( f f |Vu(X)|2dX) "+ 2ACo VAl f ﬁ IVu(OP dX.
200 200

From here we can use Young’s inequality with epsilon in the first term on the right hand side, hide
I (which is finite since u € Wz,z(% Ip)) and the desired estimates follows easily. |

Proof of Lemma 4.39. This result follows easily from Lemma 4.47. For (i), first u € Lj5.(Q) by
interior regularity. We take J, any Whitney cube in €2, and translate and rescale 2J so that it
becomes Iy. Note that (4.40) translates into the boundedness of the gradient of the corresponding
matrix in Lemma 4.47 (up to some dimensional constants). Hence (4.48) and Harnack’s inequality
give as desired (4.41).

The proof of (4.42) follows easily from (4.49) by rescaling and translation, again interior regu-
larity gives that u € Ly, (61). Details are left to the reader. O

Proof of Lemma 4.44. We recall that given /, any closed dyadic cube in R we set I** = (1+2 D)1
and I*** = (1 + 4 )I. Let us introduce I** = (1 + 3 2)I so that
(4.50) I Cint(*) € I** C int(I**).

Given Iy := [-4, 31" ¢ R™!, fix ¢o € CF(R™!) such that 1;+ < ¢ < 1 i and Vol <
(the implicit constant will depend on the parameter A). For every I € W = W (Q) we set ¢ (- ) =
¢0( ;5;1)) so that ¢; € CO(R™), 1+ < ¢7 < l7= and Vo] < < (D)7 (with implicit constant
depending only on n and A).

For every X € Q, we let ©(X) := ) 4y #1(X). It then follows that ® € C}5,(Q) since for every
compact subset of €, the previous sum has finitely many non-vanishing terms. Also, I < ®(X) < C,
for every X € Q since the family {/**};c has bounded overlap by our choice of 4. Hence we can
set ®; = ¢;/® and one can easily see that ®; € CFR"™), C7' 1 < @; < 15 and [VO;| < &)~
With this in hand and by recalling the definition of Wy in (4.45) we set

l;v ¢1(X)
Py(X) = O(X)=—=X . XeQ.
,;V:N 2 4

We first note that the number of terms in the sum defining ¥y is bounded depending on N. Indeed,
if Q € ]D ~ then 0 e ]D~ and 2~ NK(QO) < {(Q) < {’(Qo) which implies that D has finite
cardlnahty w1th bounds dependlng only on the AR property and N. Also, by constructlon W, has
cardinality depending only in the allowable parameters. Hence, #Wy < Cy < oo. This and the fact
that each ®; € Cy° (R™*1) yield that ¥y € Cy° (R™1). Note also that (4.50) and the definition of Wy



28 STEVE HOFMANN, JOSE MARIA MARTELL, AND TATIANA TORO

in (4.45) give
swp¥;c | = U ﬁcint( U U 1) :int( U U*Q*) Qo
IeWy Qe]D)F 0o IeW*Q QEDTN@) IEW*Q QEDFN %o

This, the fact that Wy C ‘W and the definition of ¥y immediately gives that ¥y < lg ' % . On the
other hand if X € Q* ~ then the exists I € “Wy such that X € I** in which case ‘I’N(X) > ®/(X) >
C;l. This completes the proof of (i).

To obtain (ii) we note that for every X € Q

VN0 < D VD01 s Y D™ 10 5 600

IeWy Iew

where we have used that if X € I** then 0(X) = €(I) and also that the family {F} 1ew has bounded
overlap.

Let us finally address (iii). Fix I € (WN\’WZZ\, and X € I, and set Wy :={J € W : ¢;(X) # 0}.
We first note that Wy c Wy. Indeed, if ¢;(X) # O then X € J**. Hence X € I N J*** and our
choice of A gives that 9/ meets dJ, this in turn implies that J € Wy since I € Wiy \ “W,%, All these
yield

> i(X) > 45X > $i(X)

Wy (X) _ JeWy _ JeWnnWy _ JeWnnWy _
! YD SN0 R SR
Jew JeWnWy JeWnnNWy

Hence Wy/,... = 1 for every I € Wy \ ‘W5. This and the fact that Wy € C{(R"*') immediately
To complete the proof we need to estimate the sum in (4.46). Recall that X = (')Q{*F 3, © Q and
N>¥0

let I € “W,ZV We claim that there exists Z; € Z such that dist(Z;, I) = £(I) = 6(Z;). To prove this
we first observe that int(/**) C Q* B c Qssince I € Wy. On the other hand, I € "szv implies
0

that there is J € W \ ‘Wy such that I N AdJ # @. In particular, X(J) € R+ \Q* ~ (by our

choice of 1) where X(J) is the center of J. Then we can find Z; € X with Z; in the segment joining
X(J) and X(I). Note that dist(Z;, 1) < |Z; — X(I)| < |X(I) — X(J)| < €(I) since dI N dJ # @ implies
that £(1) =~ €(J) by the nature of the Whitney cubes. On the other hand since int(/**) C Q* .50
we have that Z; ¢ int(/**), thus dist(Z;, I) > €(I) (with implicit constant depending on A). Fmally,
o) ~ €J) ~ 6(Zp).

One we have chosen Z; we let A¥ = B(Z;,5(Z;)/2) N =, which is a surface ball with respect to
the domain Q* o centeredon Z; € X = C')Q* 0.5 . Since (')Q* ~ 1s AR (cf. [HM1, Lemma 3.61])

with bounds that do not depend on N, it follows that

St > 6@yt~ Y HYAD.

leWs leWs, IeWs,

We next see that the family {A7};cqy» has bounded overlap. Indeed, suppose that A, N A7, # @ and
take Y in that intersection. Assume for instance that £(1;) < €(I,). then,

1 3
0Zp) < 12p, = Y|+ 1Y = Zy,| + 6(Zy,) < 5 6(Z,) + 5 6(Z,)

which implies that £(I2) = 6(Z;,) < 0(Z;,) = £(I1). Thus, £(11) = €£(I2). Moreover,
dist(11, ) < dist(ly,Zy) + |25, = Y|+ Y = Zp,| + dist(lp, Zy,) < €(11) + €(1p) = £(h) = €(17).
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By the properties of the Whitney cubes it then follows that the family {A%} TeWs, has bounded over-
lap. Thus,

n o noAZ n z n _ gn * . * n A\
Sy~ HOH<H ( U A,) < H'(S) = B0, ;) < diam(@Q - )" < Qo).
IeWs IeWs IeWs,
where we have used again that (9!2; & is AR and also that this set is bounded with diameter

N>

controlled by K(QO). This completes the proof of Lemma 4.44. O

ApPPENDIX A. THE Ao, PROPERTY IN LIPSCHITZ DOMAINS: THE KENIG-PIPHER ARGUMENT

The result of [KKiPT] allows for a slight condensation of the proof of the results of [KP], al-
beit with the very same ideas. For the reader’s convenience, we supply the shortened proof here
following the key part of [KP] essentially unchanged. To be precise, we shall prove the following.

Theorem B. ([KP]). Let Q c R™! be a Lipschitz domain, and suppose that L = —div AV is
an elliptic operator in Q satisfying Hypothesis 1.1, but with property (c) replaced by the weaker
condition (1.8). Then elliptic measure is absolutely continuous with respect to surface measure o on
0Q, and the Poisson kernel satisfies Hypothesis 1.3, with constants depending only on dimension,
the Lipschitz character of Q, and the constants in the modified version of Hypothesis 1.1 that we
assume here.

Sketch of Proof. Since the estimate to be proved, namely (1.4), is local, we may reduce matters to
working in a single co-ordinate patch, and thus we may suppose that Q = {(x,7) € R"™"! : ¢ > ¢(x)},
where ¢ is a Lipschitz function. We may then further suppose that Q = R™*!, the upper half-space,
by pulling back under an appropriate mapping (see, e.g., [DKPV]) which preserves the class of
coefficients satisfying the modified Hypothesis 1.1 (i.e., with property (c) replaced by (1.8)). By
[KKiPT], we may further reduce matters to proving the Carleson measure estimate

1 Q)
(A.1) sup — / / \Vu(x, ) tdxdt < Cllull%,,
o 101Jo Jo

for any bounded weak non-negative solution of the equation Lu = 0 in R"*!, and the supremum
runs over all cubes Q € R". At this point we follow the argument of [KP] essentially verbatim.

Fix u > 0 a bounded weak solution of the equation Lu = 0 in R”*!. Note that by the preceding
reductions, A = (a;j)1<i j<n+1 satisfies the modified Hypothesis 1.1 in R’fl, with X = (x,1) €
R" x (0, ), and 6(x, t) = ¢. In particular, by property (b), which now becomes |[VA(x, 1)| < 1/t, we
have that [Vu(x, )] < ! ||ulleo, uniformly in x (see (4.41)).

Observe that if we set A’ := (a,,+1,n+1)_1A (note that ap+1 p+1 = A1>0 by ellipticity), then

1 1 1
Lu—V< )-AVMZ—V( )-AVu,
An+1,n+1 An+1,n+1 An+1n+1

since Lu = 0;i.e., L'u+ B - Vu = 0, where B = (By, Bs, ..., B,+1), with

n+l 9 1
Bk:z(‘k( >Clj,k, 1<k<n+1,
J

= Ap+1,n+1

L'u=—-divA'Vu = —

and X,+1 = t. Then by our current assumptions on A, [B| < 1/, and IB|*tdxdt is a Carleson measure
: 1
in R

Thus, after relabeling A’, L’ as A, L, and normalizing so that ||u||l., < 1, we may suppose that

(A.2) peiper =1, Lu+B-Vu=0, llulleo + 2lVu(-, Dlleo < 1,

where L = —div AV, [B| < 1/t, and |B*tdxdt is a Carleson measure.
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Fix a cube Q c R", we define standard and two-sided Carleson boxes respectively, by
Ro:=0x(0,4Q), Ry:=0x(-00QD).UQD).
Let ® = @y € CS"(R"“) be a smooth cut-off adapted to Rg, so that supp® C R;,, @ = 1 in Ry,
0<®d<1,and |VD|e < 1/€(Q).
Set
du(x,t) := [VA(x, ) tdxdt,  dv(x, 1) := |B(x, 0| tdxdt,
and define their respective Carleson norms by

v(Rg)
A3 llulle == sup ——=, IVlle := sup —=.
(A.3) ullc Qp 0| c QP 0]

To prove the corresponding estimate in (A.1) for Q, it is routine to see that we can work with
uy, A, and B, in place of u, A and B, defined by u,(x, 1) := u(x,t + 1), etc., and then let p — 0
provided all our estimates are independent of 7. To simplify the presentation we abuse the notation
and use u, A and B to denote respectively u,, A, and B,,. Notice that (A.2) remains true with bounds

uniform in 1, and also that u = u, is continuous in RZ*!. We use ellipticity and then the second
equation in (A.2) to write

(A.4)

f \Vul? t dxdt < f f IVul*> @ ¢ dxdt
RQ R4+]

< f (AVu, Vu) O© t dxdt
RTH

= le <AVu,V(u(Dt)>dxdt—ffRM (AVu,V(®1)) udxdt

= - ff B-Vuudrdxdt — ff (AVu, Vo) utdxdt — ff (AVu, e,.1) ud dxdt
Rﬁ+l Ri+1 Ri+1

= =11 -1,- 13,
where e, denotes the standard unit basis vector in the positive ¢ direction.
We first treat 7,. By the last item in (A.2), and the construction of ®, we find that

1
Il S — 1 dxdt < Q.
|2|<5(Q)ff1ezg xdt < |0

Next, we consider 73, which we rewrite as
n
f3=2ff An+1,j (aju)u(l)dxdt+ ff (alu)ud)dxdt = JI+711T,
n+l n+l
J=1 Ry RY

since we have reduced to the case that a,11 ,+1 = 1. Then, since u is continuous in R

1 1 1
IIT =~ ff 0, (u*) ®dxdt = —= ff (0,®) u* dxdt — ~ / u* ddx,
2 erl 2 RTI 2 R®

whence it follows that |[777| < |Q|, by the properties of @, and the normalization |ju|l, < 1. We
also have

1
Ir=>) 5 ffl ane1,j 0 (u?) © dxdt
J=1 :
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1 n
_Qfon+, O; (ans1,j0;(u”) @) t dxdt
j=1 YR

1 — L
-5 ZJLM at(an+1,j) aj(uz) O tdxdt — 3 fowﬂ ani1.j 0y (8]-(142)) Ot dxds
j=1 YR = Sz
B % fo lan+1,j<9j(u2) (0,@) t dxdt
j=1 a

1 n
— > ([IIj+I;,+1135),
j=1
where we have integrated by parts in ¢ in the second line. Exactly as for term 7,, we find that
|71 ;5] <10, for each j. Integrating by parts horizontally, we find that

Ifj’z = _fjl;ﬁn aj(a,/H,],j) 6,(u2) D rdxdr — ffRTI an+1,j6,(u2) (aj(D) tdxdt =: II;-’Z + 7 ;:2

Note that |71 ;-le < |Q), for each j, exactly as for term J5.

It remains to treat the terms 1y, 77 ;;, and 71 ;2 for which we have the cumulative estimate

|+ 1TT 01+ 11T s f fR (B + |VAI) [Vud | @t dxdt

1
< - (,u(RQQ) + V(RZQ)> + & ﬂ |Vu|2 O tdxde,
E Rﬁ'H

where ¢ is at our disposal, and where we have used the definition of ® and the normalization
lulle < 1. Choosing & small enough, we may then hide the small term on the left hand side (more
precisely in the second term) in (A.4); note that this is finite since we are working with u,, A, and
B,. Also, by taking 0 < n < €(Q), clearly u(Ryp) + v(R20) < (llullc + IIVlle) 1Q| uniformly on 7.
Collecting our various estimates, letting 7 — 0" and since Q was arbitrary, we find that (A.1) holds
with C % [lullc + [IVllc. m
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