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QUANTIFYING DEMOCRACY OF WAVELET BASES IN
LORENTZ SPACES

EUGENIO HERNANDEZ, JOSE MARIA MARTELL, AND MARIA DE NATIVIDADE

ABSTRACT. We study the efficiency of the greedy algorithm for wavelet bases in
Lorentz spaces in order to give the near best approximation. The result is used
to give sharp inclusions for the approximation spaces in terms of discrete Lorentz
sequence spaces.

1. INTRODUCTION

Let (B, || - ||g) be a Banach (or quasi-Banach) space with a countable unconditional
basis B = {e; : j € N}; that is, every x € B can be uniquely represented as an
unconditionally convergent series x = ) jen i €y for some sequence of scalars {s; :
j € N}

An approximation algorithm for the space B and the basis B is a sequence of maps
Fy :B — B, N € N, such that for each x € B, Fy(x) is a linear combination of at
most N elements of the basis B. The most classical algorithm is the one given by the
partial sums operators Sy(z) = Zjvzl sje;, N € N.

The thresholding procedure that is used in image compression and other applica-
tions can be modeled using the greedy algorithm. If z = Z;’il sje; and the basis
elements are ordered in such a way that

lsjells > Isieplls > [lsjeslls > - ..

(handling ties arbitrarily) the greedy algorithm of step N is defined by the corre-
spondence

N
T = Zsjej € B— Gy(x) = Zsjkejk.
jeN k=1

For x € B, the N-term error of approzimation (with respect to B) is defined by
on(z)p =inf {||z — yllp : y € En'}, (1.1)

where Y denotes the set of all elements y € B with at most N non-null coefficients
in the basis representation. It is clear that oy (z)p < ||z — Gn(2)||s. A basis B is said
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to be greedy in (B, ||.||) if there exists a constant C' > 1 such that
1
5||ZE—GN([E)HBSO'N(IB)B, Vo € B, N:1,2,3

Thus, for such bases the greedy algorithm produces an almost optimal N-term ap-
proximation, which leads often to a precise identification of the approximation spaces
A (B) (see [3] or [5] for precise definitions and results). A result of S.V. Konyagin
and V.N. Temlyakov ([11]) gives a characterization of greedy bases in a Banach space
B as those which are unconditional and democratic, that is, for some ¢ > 0 we have

Il < Z el
Z eyl s = U 2 T s e

for all finite sets of indices I', IV € N with the same cardinality.

Wavelets systems are well known examples of greedy bases for many function spaces.
In [16], V.N. Temlyakov shows that the Haar basis (and indeed any wavelet system
LP-equivalent to it) is greedy in the Lebesgue spaces LP(RY), 1 < p < oco. When
wavelets have sufficient smoothness and decay they are also greedy bases for the more
general Sobolev and Triebel-Lizorkin classes (see, e.g. [5] and [8].)

In this paper we study the efficiency of wavelet greedy algorithms in the Lorentz
spaces LP4(R%). Wavelet bases are unconditional in LP4(R%) for 1 < p < oo, 1 < ¢ <
oo ([14]). When p = ¢, LP9(R?) = L?(R?) and by the above mentioned result of V.N.
Temlyakov they are also greedy. But when p # ¢ the Haar basis is not democratic
(hence, not greedy) in LP4(R%) (see [18]). We give in Section 3 a simple proof of the
fact that admissible wavelet bases (see the definition below) are not democratic in
LP4(R?) when p # q.

In view of this result it is interesting to ask how far wavelet bases are from being
democratic in LP9(R?), p # q. To quantify democracy of a basis B = {e; : j € N} we
consider

h-(N;B,B) = sup H “y HB

Card(D)=N Il 77 e~ ls

and

€
h(N:B,B) = inf H 1 H
4 ) C’arcll?f‘):N 762 lleqy||s 1lB

which we call the right and left democracy functions of B (see [6], [4] and [9].)

The main result of this paper gives a precise estimate for the right and left democ-
racy functions of wavelet admissible bases in LP?(R%) in terms of the exponents p and
q.

Theorem 1.1. For 1 <p < oo and 1 < q < oo, letB:{le:QED, l=1,...,L}
be an admissible wavelet basis for LP4(R®). Then

h(N; LP(RY), B) ~ N5t and by (N; L (R), B) ~ Nt

The organization of this paper is as follows. Notation and results needed for the
proof of Theorem 1.1 will be given in Section 2. Section 3 is devoted to the proof of
this theorem. As an application of Theorem 1.1 and Theorems 4 and 5 in [10] we give
inclusions for the approximation spaces (see Section 4) in terms of discrete Lorentz
spaces (Corollary 4.3) and show that these inclusions are optimal (Lemma 4.8).
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2. PRELIMINARIES

2.1. Lorentz spaces L[P?(R%). For 1 < p < oo and 1 < ¢ < oo the set of functions
f on RY such that

I£la = (o [ e 15 > HE ) < o0 21)

defines the Lorentz space LP4(R?). Note that ||Af]|,, = . In general, although
the expression (2.1) is not a norm, LP9(R?) is a Banach space Wlth a norm equivalent
to ||.||p.q (see [15] or [1] for more information about these spaces). When 1 < p < oo
and 1 < g < oo the Lorentz spaces LP4(R?) are separable rearrangement invariant
Banach function spaces. Note that for a measurable set E C R?

p,q:< / tQ|E|Z@> — |E7. (2.2)

For future reference we state the following elementary result that gives a discrete
characterization of Lorentz spaces.

Proposition 2.1. Let 1 <p < o0 and 1 < q < co. For any a > max{l,ﬁ_%} we
have

@) Wfllpa ~ (X e 17(@)] = *HE)°

kEZ

and
1

(i1) | fllpg = (D a¥{a s a* < |f(0)] < a*H1}F) "
keZ
2.2. Wavelet bases for LP¢(R?). Let D = {Q,x =277([0,1)+ k) : j € Z, k € 79}
denote the set of all dyadic cubes in RY. We say that a finite famlly of functions
{t, ... 9r} € L2(RY) is an orthonormal wavelet system if the collection

{Whh(e) = 259! k) j€Z k€2, L=1,2,...,1}

is an orthonormal basis of L?(IR%). For simplicity we write WQ for w§ p When Q = Qjx
is a dyadic cube. The reader is referred to [7], [12] for construction, examples and
properties of orthonormal wavelets. Many wavelet families are unconditional bases
for L?(R?), 1 < p < co. Moreover, there is a characterization for functions f €
LP(R?), 1 < p < oo, in terms of the wavelet coefficients (f, (), @ € D,l =1,2...,L,
that is,

1l e ey = (1S (Pl Lr@ay, 1 <p < oo, (2.3)

where

= (X X A v PO xal@)) (2.4)

=1 QeD

The characterization (2.3) holds for the d-dimensional Haar system, for wavelets aris-
ing from r-regular multiresolution analyses (see [12], pg. 22), for wavelets belonging
to the regularity class R° (as defined in [7], pg. 64, for d=1), and, in fact, for any
orthonormal wavelet in L?(R?) with very mild decay conditions (see [13] and [17]). A
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wavelet system that satisfies (2.3) for all p € (1, 00) is called an admissible wavelet
system.

P.M Soardi proved in [14] that admissible wavelet systems {wég Q€ Dl =
1,2..., L} are unconditional basis for LP4(R%),1 < p < 00,1 < ¢ < oo and there
is a characterization similar to (2.3) for these spaces.

Proposition 2.2 ([14]). Let 1 < p<oo,1 <g<oc and {t': 1 =1,...,L} be an
admissible wavelet system. Then, any f € LP4(RY) can be written in the form

F=Y2 (gl

I=1 QeD

with unconditional convergence in LP4(R?), and moreover

£ llpa = 156 ()llp.q (2.5)

This result was derived from the corresponding wavelet characterization of Lebesgue
spaces LP(R?),1 < p < oo, by applying Boyd’s interpolation theorem for sublinear
operators.

Remark 2.3. For the sake of simplicity, we assume throughout the paper that L = 1.
Our theorems will remain valid for any L > 1, since the finite sum appearing in the
definition of Sy (f) given in (2.4) is harmless in our computations.

2.3. A simple Lemma. We state and prove a simple result that will be used in the
proof of Theorem 1.1.

Lemma 2.4. Let N\,Ny...,N; €N and N = Ny + ...+ N;. For any o > 0,
J

min{ N, N} < ZNJO‘ < max{N, N*}.
j=1
Proof. If a < 1, Z ZJ N; = N = max{N,N°}. On the other hand,

(Z}]:1 Nj>a = N® = max{N, N*}. On the other hand, Z}]:1 Ng > Z}]:1 N; =N =
min{ N, N*}. O

ijle > (ijlN]) = N® = min{N,N°}. If @ > 1, we have ZFl & <

3. PROOF OF THEOREM 1.1
We start by showing that
ho(N; LP9, B) > Nt (3.1)
and
h(N; LP9, B) < Nwwstvo | (3.2)

This is done by exhibiting two examples of subsets of dyadic cubes I'y and I's, both
of cardinality N such that

H Z II@ZJQHpq

NN% and H
ZIWQHpq
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By (2.5), (2.4) and (2.2), for Q € D and ¢ € L?(R?) an orthonormal wavelet

_1 11
[$allng ~ 11Q1 *xallng = QI21QI7 = Q|72 (3.3)
Again by (2.5) we obtain, for any finite set I' C D
2 3
| Z ~|(Xlerixe) (3.4)
< ool oo~ 102

Choose T'1 = {Q1,Q2...,Qn} C D a set of disjoint dyadic cubes of the same fixed
size |@|. Then, by (3.4) and (2.2)

H Z ||¢Q||pq

_1 _1
H > @l pXQH = Q™" XUper, @llpa
Qel, p,q

—lQ+ Je

Qe

PNt (3.5)

Choose now I'y = {@1, e ,@ N} C D a pairwise disjoint family of dyadic cubes all of
them of different sizes, say |Q;| = 279¢,j =1,2,..., N. By (3.4) we have

| Z H% ~ HZ\@A o,

Using the discrete characterization of the Lorentz spaces given in Proposition 2.1, part

Ilpq

(i), with a = 27 we have

12 Fa

IIpq

N
N< 25 {25 gz % - (z) < 257 )
keZ j=1

Q\»—t

(ZQ’?@] > _

Observe that (3.5) and (3.6) prove (3.1) and (3.2). Also observe that this shows that
wavelet admissible bases cannot be democratic in LP4(R?) for p # q.

(3.6)

We now show that
hy(N; LP9, B) > Nt (3.7)
Let T be a subset of D of cardinality N. By (3.4) and using ¢*(T") < ¢>(T") we obtain

| Z etz = (5197 x00)°

Let F(x) = supger |Q]_%XQ( ), which is a finite value function. By part (i) of Propo-
sition 2.1 with a = 27

_1
2 Isup Q"7 xo(llpg-  (3.8)
P, Qer

Jad jd. g
IF)|E, =~ 2% [{z: F(z) > 27 }e. (3.9)

JEZ
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Write I' = szl [ where I; = {Q €' : |Q| = 2%} with ky > ko > ... > k;. We

have ijl Card(l';) = Card(T") = N. Since the disjoint union (Jgep, @ is contained
k;d

in {z: F(z) > 27 } we deduce from (3.9)

17, i\uq (Y )

Qer; j=1 Qer;

J
Z Card(T;))? > min{N, N»} (3.10)

where the last inequality is due to Lemma 2.4. From (3.8) and (3.10) we deduce

H Z ||¢Q||pq

min{N%,N%} = Nm,

showing (3.7).

Finally, we need to show the inequality

H Z HIpQHpq

for any subset I' of D of cardinality N. We first linearize the square function. By (3.3)
and (2.4)

(Z WQHM) ~Su( D101 o) (@) = (X |Q|—§XQ(;U))5. (3.12)

Qer Qer

< Nwtrw (3.11)

For each z € UQGF Q, let @), be the smallest dyadic cube in I' containing x. Then, we
have the pointwise estimate

(Tla @)’ < (X @) = (e )’
Qer QOQx j=0

QeD

o0

= 1Qul X0, (@ (Z #)! < Qe )

< (QZ Q@) (3.13)

where the last inequality holds since the right hand side contains at least the cube @,
(and possibly more). Hence (3.12) and (3.13) show:

(Xt

2 alhs

) (@) = Q. xq. (@). (3.14)

This linearization procedure has been used by other authors in the context of N-
term approximation (see e.g [2], [5], [6], [8]).
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Let I'iin = {Q € I' : Q = Q, for some z € (Jyr @} be the set of minimal cubes
from I'. The cubes from I',,;, are not pairwise disjoint. To have a disjoint family of
sets, for each @ € I' we define, as in [6], Light(Q) = Q\Shade(Q) where

Shade(Q) = | J {R 'ReT,RC Q}.

Ue= U Lin@

QGF Qermin
and the sets in the last union are pairwise disjoint. From (3.14) we obtain

Sw<z||%||pq) ~ Y AMh@Rt (3.15)

Qer Qclmin |Q| g

Clearly

From (3.15) we deduce

H Z WQHpq

Write Do = 7, I'j where I'j = {Q € Do ¢ Q] = 2759}, with ky > ky > ... > k.

We have Z;f:l Card(l';) = Card(I'mm). By (ii) of Proposition 2.1 with a = 2% we
obtain

H Z H%Hpq

_1
NH > Q) PXught«g)H
Qer psq

min

<Z2W’{x : 2% = Z ‘Q’_%XLight(Q)<x> < 2(k+131)d}|g);
Q€T min
(22 # U sl ) < (Zz (Y )
J

Qer; Qerl;
( (Card(T ))%> < max{(Card(Tmin) ), (Card(Tmmn)? }

Jj=

1
q

1
< N min(p,9)

where the next to the last equality is due to Lemma 2.4. This shows (3.11), finishing
the proof of Theorem 1.1. O

4. INCLUSIONS FOR APPROXIMATION SPACES

In this section we will use Theorem 1.1 together with Theorems 4 and 5 of [10] to
show inclusions for approximation spaces. We recall the definition of the approxima-
tion spaces. For a Banach (or quasi-Banach) space B, given a > 0 and 0 < r < o0
the approximation space is

A%(B) = {x €B: [Z[N%N(z)]gr %} < oo}

N>1
and

« T 1 v
lollas @) = lelle + | Yo (Non(@)s) 1| .

N>1



8 EUGENIO HERNANDEZ, JOSE MARIA MARTELL, AND MARIA DE NATIVIDADE

where oy (z)p is the N-term error of approximation (see (1.1).) When r = oo the
above definition is modified in the standard way,

A2 (B) = {z € B:sup Non(z)p < 0o}
N>1

and
]| g @) = [|2]|B + sup N%on(7)s.
N>1

The inclusions will be given in terms of sequence spaces over the index set D. Let
C, be the set of sequences s = {sg : Q € D} for which we can find an enumeration
of the index set D = {(Qx)s,} such that [sg,| > |sg,| > ... and limy_, s, | = 0.
We shall always assume that {sq,;k > 1} corresponds to such an ordering, which
coincides with the non-increasing rearrangement s* of s.

For each 0 < 7,7 < 0o we define the discrete Lorentz space by

T,T l rl %
(" ={se€C,: sl = [Z(kT|st|) E] < 00}
k>1
and if r = oo 1
% —{s €, [sllrm = supkt|sg, | < o).
k>1

Let fe P 1<p<oo, 1<qg<oo,and write f = ZQGD(f, 1Yg)g. Then, define
(T (LP), as the set of all f € LP4(R?) such that the sequence {||{f, V0, )00 |lpq : k >
1} € £7" and

£ llemr ooy = [[IF Y@ dbaullpall -
where as before |[(f, ¥q,)%q, lpg = [{f: ¥@:)¥aullpg = - - - By (3.3) we can write

1 1 1 1 1 1 r
[fllemrzoay = N P | HQu7 ™2 lerr = [Z(k?lelrin’ vau )y

k>1

with the obvious modifications if r = co.
For the reader’s convenience we write below the statements of Theorems 4 and 5 of
[10] adapted to our setting and our notation.

Theorem 4.1. Let 0 < p < oo, let B = {e; : j € N} be an unconditional basis of B.
The following statements are equivalent.
1. Forall0 < g <p, and s = % — ]lj, there exists Cy < oo such that
on(x) < Cil|z)|memyN " forall z € (P(B). (4.1)

2. There exists q, 0 < q < p, such that (4.1) holds for s = % —
3. There exists Cy, such that, for allT' C N

> 2| < e,
2 Tles s N

SRl

4. For all0 < q <p, and for all 0 < r < oo, (¥"(B) — A3(B) with s = % — %.

Theorem 4.2. Let 0 < p < oo, let B ={e; : j € N} be an unconditional basis of B.

The following statements are equivalent.
1. Forall0 < q<p, and s = % — }—17, there exists Cy < oo such that

||| eaam) < Csl|z||gN° forall xe€Xy. (4.2)
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2. There exists q, 0 < q < p, such that (4.2) holds for s = % —
3. There exists Cy, such that, for allT' C N

Loy €j
a‘m 's H Z HB'
jer

=

ez
4. For all0 < g <p, and for all 0 <r < oo, A3(B) — (¢ (B) with s = % - %.
Corollary 4.3. Let B = {1/)6 :Q€D,l=1,2,...,L} be an admissible wavelet basis
for LP4(R?), 1 < p < oo, 1< q<oo. For every a >0 and 0 < r < oo we have
07T (LPD) s AX(LPD) s (7T (LP) (4.3)

1 1

T 1 1
where —=a+ and T = o+ max(p,q) *

1
min(p,q)

Proof. For the left hand side inclusion of (4.3) use h,(N;LP4(R?),B) =~ N it

from Theorem 1.1 and apply the implication 3 = 4 of Theorem 4 in [10] (see

Theorem 4.1) with B = LP4(R?), and an admissible wavelet basis. Similarly, use
1

hy(N; LP4(R%), B) ~ N =@ from Theorem 1.1 and apply the implication 3 = 4 of

Theorem 5 in [10] (see Theorem 4.2) to obtain the right hand inclusion. O

Corollary 4.4. (Jackson’s inequalities) Let B = {¢, : Q € D,l = 1,2,...L}
be an admissible wavelet basis for LP4(R?), 1 < p < oo, 1 < q < oo. Let a > 0,

0<r<oo, and = = a—l—m. There ezists C' > 0 such that for all f € (7 7 (LP9),

on(f)rra S ONT|flljr=rppay Jor all N >1. (4.4)

Proof. Notice that A%(LP?) — A% (LP9) for all 0 < r < co. By the left hand side
of inclusion (4.3) from Corollary 4.3, {7 "(LP?) — A% (LP9) and this inclusion is
equivalent to (4.4). O

Remark 4.5. The strongest inequality in (4.4) is obtained when r = oo. Notice that
for all v > 7, inequality (4.4) is stronger than the one obtained in statement 1 of
Theorem 4 in [10] when adapted to our setting (see Theorem 4.1).

Corollary 4.6. (Bernstein’s inequalities) Let B = {¢{, : Q € D,l = 1,2,...L}
be an admissible wavelet basis for LP4(R?), 1 < p < oo, 1 < q < oo. Let a > 0,
0<r<oo, and T% = oz—}—;). There exists C' > 0 such that for all f € X C LP9,

max(p,q

’|f”£‘r+,r(LP,Q) < Cl[fllpgN®  for all N = 1. (4.5)

Proof. If f € ¥ we have oy(f)rea =0if k > N and o4,(f) e < || fllpg if 1 <k < N.
Hence

N-1 ] 1/r
1f1].ag (zray < A fllpg + 1Fllpg <Z kmg) ~ ([ fllpa N
k=1
This inequality, together with the right hand side inclusion in (4.3) gives the result. O

Remark 4.7. Notice that for all v < 77, inequality (4.5) is stronger than the one
obtained in statement 1 of Theorem &5 in [10] when adapted to our setting (see Theorem

1.2).

The inclusions in Corollary 4.3 are best possible in the sense described in the fol-
lowing Lemma.
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Lemma 4.8. Let B = {wég :Q €D, l=1,2,...L} be an admissible wavelet basis for

LPARY), 1 < p < oo, 1 <q< oo Foreverya >0 and 0 < r < oo we have the
following:

(i) If the inclusion (7" (LP9) — A%(LP?) holds for some T > 0, we must have T < 7~

1 _ 1
where —=a+ YR

(73) If the inclusz’on A"‘(Lp ) e (77 (LP9) holds for some T > 0, we must have 7+ < 7

where — T =a+ max(p ik

Proof. (i) Let T'y be a collection of 2N, N € N, pairwise disjoint dyadic cubes of equal
size [@Q| and set fi = > ,cp, szﬁ' From Lemma 1 in [10], for £ =1,2,...,2N —1

we have

(o)

n
I'Crly, |IV|=2N—-k H Oer H¢Q||p,q p.q

~ (2N — k)» (4.6)

or(fi1) =

where the last equivalence is due to (3.5). From (4.6) we deduce
N N

a(Lpa) 2, { [k*(2N — /{;)%] %} > Np{ka%} e
>

3=

/1

k=1 k=1
N#N® = N°t5 (4.7)
On the other hand,
2N

illran = { ST}~ @20} & v (48)

k=1

From the inclusion (7" < A%(LP9), (4.7) and (4.8) we deduce N3 < N7 for all
N =1,2,.... Thus
1 1
oa+—-<=. (4.9)
p T
Choose now I'y = {Q, ..., Qan} C D be a collection of pairwise disjoint dyadic cubes
all of them of different sizes, say |Q| = 2794, j =1,2,...,2N. Set f, =

Using (3.6) in place of (3.5) and arguing as in (4.6) we obtain
ool fo)pme ~ (2N —k)e, k=1,2,...,2N — 1.

2 Ger, ||¢Q||p p

This results gives || fo|| 4o (Lra) 2 N “+7 with an argument similar to that of (4.7). On

the other hand || fa|¢7r(1pay = N }. The assumed inclusion then produces N4 < N7
forall N =1,2,.... Thus

1 1
at-<z (4.10)
q = T
From (4.9) and (4.10) we deduce — = a+ mm(p 7 < < 1 proving part (i) of Lemma 4.8.

(77) Take I'; as in the proof of part ( ). Then, by (4.6)
2N—1 2N—1

illagare S N+ { S BN 0L s NE N Y ki)

k=1 k=1

Sl
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< Nt (4.11)
From the inclusion A%(LP4) «— (77 (LP49), (4.11) and (4.8) we deduce N7 < N» ™
forall N =1,2,.... Thus
1
<a+-. (4.12)
p
Using now the function f; of the proof of part i), and arguing similarly as above we

must have N7 < N5 for all N = 1,2,.... Thus

N =

i <a+ 1 (4.13)
T q
The inequalities (4.12) and (4.13) give
[ R |
T~ max(p, q) Tt
proving the desired result. U

Remark 4.9. A similar result as the one in Lemma 4.8 can be obtained from Theorem
1.1 and 4 = 3 of Theorems 4 and 5 in [10] (see Theorems 4.1 and 4.2) assuming
a < 1/7 in statements (i) and (i1) of the Lemma. The direct and simple proof given
above does not need to assume this condition.

Acknowledgment. We thank an anonymous referee for pointing out that paper
[10] could be used to give shorter proofs than the ones we originally designed for the
results of section 4.
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