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CALDERON-ZYGMUND OPERATORS
ASSOCIATED TO MATRIX-VALUED KERNELS

GUIXIANG HONG, LUIS DANIEL LOPEZ-SANCHEZ,
JOSE MARIA MARTELL AND JAVIER PARCET

ABSTRACT. Calderén-Zygmund operators with noncommuting kernels may fail
to be Ly-bounded for p # 2, even for kernels with good size/smoothness prop-
erties. In this paper, we obtain weak type estimates for perfect dyadic CZO’s
and cancellative Haar shifts associated to noncommuting kernels in terms of a
row/column decomposition of the function. General CZO’s satisfy analogous
Hi — L1 type estimates. In conjunction with Lo, — BMO type estimates,
we get similar row/column L, estimates. Our approach also applies to para-
products/martingale transforms with noncommuting symbols.

INTRODUCTION

A semicommutative CZO has the formal expression
Tf(@) ~ | b)) d.

where the kernel acts linearly on the matrix-valued function f = (f;;) and satisfies
standard size/smoothness Calderén-Zygmund type conditions. This is the operator
model for quite a number of problems which have attracted some attention in recent
years, including matrix-valued paraproducts, operator-valued Calderén-Zygmund
theory or Fourier multipliers on group von Neumann algebras, see [9, 10, 20, 24, 25]
and the references therein. To be more precise, let B(¢2) stand for the matrix algebra
of bounded linear operators on f5. Consider the algebra formed by essentially
bounded functions f : R™ — B({2). Its weak operator closure is a von Neumann
algebra A and as such we may construct noncommutative L, spaces over it. Let
us highlight a few significant examples:

e Scalar kernels. k(z,y) € C and
k) (@) = (k9)fs).
e Schur product actions. k(z,y) € B(f3) and
k) () = (ki@n)fi©).
e Fully noncommutative model. k(z,y) € B(f2)@B({2) and
K (Fw) = (30, oK)k @),
e Partial traces, noncommuting kernels. k(z,y) € B(f;) and
(ZS kis(x,y)fsj(y)),
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Scalar kernels require a matrix-valued Calderén-Zygmund decomposition in terms
of noncommutative martingales and a pseudo-localization principle to control the
tails of T'f in the Lo-metric [25]. Hilbert space valued kernels were later considered
in [22], see also [19, 29, 32] for previous related results. The second case refers to
the Schur matrix product k(z,y) e f(y), considered in [10] to analyze cross product
extensions of classical CZO’s. It is instrumental for Hérmander-Mihlin theorems
on Fourier multipliers associated to discrete groups and for Schur multipliers with
a Calderén-Zygmund behavior [10, 11]. In the fully noncommutative model, we
approximate k(z,y) by a sum of elementary tensors »_ k. () ® ki, (y) and the
action is given by

Tf@) ~ [ (dow) [ e )] d.

In this case, we regard the space L,(A) = L,(R™; L,(B(¢2))) as a whole. In other
words, the noncommutative nature of L,(.A) predominates and the presence of a
FEuclidean subspace is ignored. That is what happens for purely noncommutative
CZO’s [12] and justifies the presence of id ® tr, to integrate over the full algebra A
and not just over the Euclidean part. The last case refers to matrix-valued kernels
acting on f by left /right multiplication, k(x,y)f(y) and f(y)k(z,y). Matrix-valued
paraproducts are prominent examples [16, 20, 21, 24, 31]. This is the only case in
which the kernel does not commute with f, since the Schur product is abelian and
we find (id @ tr)[k(z,y)(1 ® f(y))] = (id @ tr)[(1 ® f(y))k(x,y)] by traciality.

Our main goal is to obtain endpoint estimates for CZO’s with noncommuting
kernels, motivated by a recent estimate from [10] for semicommutative CZO’s. If
k(z,y) acts linearly on B(f2) and satisfies the Hormander smoothness condition
in the norm of bounded linear maps on B(¢3), the following results were recently
proved in [10]

o If Tis Loo(B(f2); L5(R™))-bounded, then T : Lo (A) — BMO,.(A),
o If T is Loo(B(f2); L5(R™))-bounded, then T : Lo (A) — BMO,(A).

Here, the Lo (L§)-boundedness assumption refers to

1
2

R REEI)

R

H(/n Tf(x)"Tf(x) d:c)

B(ts B(t2)

while the column-BMO norm of a matrix-valued function ¢ is given by

(4 (0t0) = 50)" (o)~ g0) )’

Taking adjoints we find L., (L})-bdness and row-BMO norm. The noncommutative
BMO space BMO(A) = BMO,.(A) N BMO.(A) was introduced in [29]. According
to [23] such a BMO space satisfies the expected interpolation behavior with the
corresponding L, scale. Therefore, standard interpolation and duality arguments
show that T': L,(A) — L,(A) for 1 < p < oo provided the kernel is smooth enough
in both variables and T is a normal self-adjoint map satisfying the L. (L5) and
Loo(L§) boundedness assumptions. In other words, the row/column boundedness
conditions essentially play the role of the Ls-boundedness assumption in classical
Calderén-Zygmund theory.

sup
Q cube

B(£2)
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Although this certainly works for non-scalar kernels —Schur product actions
were used e.g. in [10]— the boundedness assumptions impose nearly commuting
conditions on the kernel. Namely, given k : R*" \ A — B({3) smooth and given
x ¢ suppgn f, let us set formally the row/column CZO’s

L) = [ ke f@)dy and Tfw) = [ J@ko)dy
n R’VL
It is not difficult to construct noncommuting kernels with

i) T, and T, are Ly(A)-bounded,
ii) 7, and T, are not L,(A)-bounded for 1 < p # 2 < oo,

see e.g. [25, Section 6.1] for specific examples. Therefore, the Lo, (L5) and Loo (L)
boundedness assumption is in general too restrictive when kernel and function do
not commute. Assume in what follows that T, and T, are Ls(A)-bounded. We
are interested in weakened forms of L, boundedness and endpoint estimates for
these CZO’s. A dyadic noncommuting CZO will be a Ly(A)-bounded pair (T}, T¢)
associated to a noncommuting kernel satisfying one of the following conditions:

a) Perfect dyadic kernels
Hk(l‘, y) - k(zv y)HB(@) + Hk‘l(yv JI) - k.(:% Z)HB(&) =0
whenever x, z € @ and y € R for some disjoint dyadic cubes @, R.
b) Cancellative Haar shift operators

k(ry)= Y > afshr(x)hs(y),

Q dyadic R,S dyadicC Q
((R)=2""4(Q)
£(S)=27°4(S)

for some fixed 7, s € Z where the a%s € B(¢3) with HO{%SHBMQ) <X ||g|||5|.

Here hq refers to any of the 2" — 1 Haar functions related to the cube Q.

Perfect dyadic kernels were introduced in [1] and include Haar multipliers, as well
as paraproducts and their adjoints. If J_ and J; denote the left/right halves of
a dyadic interval in R, the standard model for Haar shifts is the dyadic Hilbert
transform with kernel > ;(hy_(y) — hy_(y))hs(x). It appeared after Petermichl’s
crucial result [28], showing the classical Hilbert transform as a certain average of
dyadic Hilbert transforms. Hytonen’s representation theorem [7] extends this result
to arbitrary CZO’s. We will write generic noncommuting CZO for Ly(A)-bounded
pairs (T;.,T.) with a noncommuting kernel satisfying the standard smoothness.

Theorem A. The following inequalities hold:
i) Given f € L1(A), there exists an explicit decomposition f = f.+ f. so that
the following inequality holds for any row/column pair T,./T. of dyadic
noncommuting CZO’s

||Trfr||1,oo + Hchc 1,00 5 ||fH1

i) Given any row/column pair T,/T. of generic noncommuting CZO’s, we
have T, : Hi(A) — Li(A) and T, : H¢(A) — Li(A). In particular, if
£l cay ~ e llmray + [ fellaeay we get

1T frlly + ITefelle S 1 1, -
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The noncommutative forms of L o and the Hardy space H; are well-known in
the subject, we will remind the definitions in the body of the paper. Our main
result is the inequality in Theorem A i) and their noncommutative generalizations
in Theorem C below. The argument we use simplifies that of [25] for dyadic CZO’s
with commuting kernels. The following result easily follows from Theorem A by
interpolation and duality arguments. Nevertheless, it is worth mentioning the L,
inequalities that we find.

Theorem B. The following inequalities hold for generic noncommuting CZ0’s:
i) Ifl<p<2and feLy(A
int (T, + Il S 151
In fact, we also have that T, Hy(A) — Ly(A) and T.. : Hy(A) — Ly(A).
ii) If2<p<oo and f € L,(A)
I gy + 1725

iii) Given f € Loo(A), we also have ||T; f|lsmo, a) + | TefllBmo.ca) S I1flloo-

H;(.A) 5 ||f||17

Theorems A and B also hold for other operator-valued functions, replacing B(¢3)
by any semifinite von Neumann algebra M. Our proof will be written in this
framework. Let us now consider a weak-* dense filtration ¥4 = (Ay)n>1 of von
Neumann subalgebras of an arbitrary semifinite von Neumann algebra A. In the
following result, we will consider two kind of operators in L,(.A):

a) Noncommuting martingale transforms

MIf =Y Ap(f)ér1 and MEf =" & 1Ak(f).

k>1 k>1

b) Paraproducts with noncommuting symbol

=Y Eea(HA(p) and TI5(f) = > Ax(p)Ex-1(f):

k>1 k>1

Here A denotes the martingale difference operator E, — Ex_1 and &, € Ay is an
adapted sequence. Of course, the symbols £ and p do not necessarily commute with
the function. Randrianantoanina considered in [32] noncommutative martingale
transforms with commuting coefficients. As for paraproducts with noncommuting
symbols, Mei studied the L,-boundedness for p > 2 and regular filtrations in [20]
and also analyzed in [21] the case p < 2 in the dyadic matrix-valued case under
a strong BMO condition of the symbol. Our theorem below goes beyond these
results, see also [22] for related results.

Theorem C. Consider the pairs:

i) Martingale transforms (M, M¢), with supy, [|§x[|am < oo.

ii) Martingale paraproducts (IT}, I19), with HZ/C Ly (A)-bounded.
If X4 is reqular, we obtain weak type (1,1) inequalities like in Theorem Ai) for
martingale transforms and paraproducts . The estimates in Theorems Aii) and B

also hold for both families and for arbitrary filtrations ¥ 4. Moreover, the martingale
paraproducts 117 and 115 are Ly-bounded for 2 < p < oo and Lo, — BMO.
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For martingale transforms, there are also examples of noncommuting kernels
failing Lyp-boundedness for p # 2. In the case of regular filtrations, our weak
type estimates extend those in [32] with appropriate substitutes for noncommuting
coefficients. Our strong type estimates —including the analog of Theorem Aii)—
may be derived from the results in [29]. We use nevertheless a different argument
using atomic decompositions, which is also valid for paraproducts. Our result for
paraproducts goes beyond [20, Theorem 1.2] in two aspects. First, our estimates
for p > 2 hold for arbitrary martingales, not just for regular ones. Second, we
partially answer Mei’s question in [20] after the proof of Theorem 1.2 for the case
p < 2 and also for weak type (1,1) estimates. The paper is organized following the
order in the Introduction. Along the paper we shall assume some familiarity with
basic notions from noncommutative integration. The content of [25, Section 1] is
enough for our purposes, more can be found in [15, 30, 34].

1. CALDERON-ZYGMUND DECOMPOSITION

Let M be a semifinite von Neumann algebra equipped with a normal semifinite
faithful trace 7. Consider the algebra of essentially bounded functions R® — M
equipped with the n.s.f. trace

o) = [ @)

Its weak-operator closure is a von Neumann algebra A. If 1 < p < oo, we write
L,(M) and L,(.A) for the noncommutative L, spaces associated to the pairs (M, 7)
and (A, ¢). The lattices of projections are written M, and A, while 1,4 and 14
stand for the unit elements. The set of dyadic cubes in R™ is denoted by Q and we
use Q, for the k-th generation, formed by cubes @ with side length £(Q) = 27%. If
f:R™ — M is integrable on @ € Q, we set the average

1
fo= 5 /Q f() dy.

Let us write (Eg)gez for the family of conditional expectations associated to the
classical dyadic filtration on R™. E; will also stand for the tensor product Ex ® id 4
acting on A. If 1 <p < oo and f € L,(A)

Ex(f) = fi = Y. fola
QEeQy

Au(f) = df = Y (fo—f5)le

QEQy

where @ denotes the dyadic parent of Q). We will write (Ag)rez for the filtration
Ay, = E;(A). The noncommutative weak Li-space, denoted by L o (A), is the set
of all p-measurable operators f for which [|f||; , = sup s Ap{[f] > A} < oo, see
[5] for a more in depth discussion. In this case, we write ¢{|f| > A} to denote the
trace of the spectral projection of | f| associated to the interval (A, 00). We find this
terminology more intuitive, since it is reminiscent of the classical one. The space
L1 o (A) is a quasi-Banach space and satisfies the quasi-triangle inequality below
which will be used with no further reference

)up{|f1 + fol > )\} < w{w > )\/2} +)\<p{\f2| > )\/2}.
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Let us consider the dense subspace
Acy =Li(A)N {f ‘R™ — M | f e Ay, suppga f is compact} C LT (A).

Here suppg. means the support of f as a vector-valued function in R”. In other
words, we have suppg. f = supp || f||m. We employ this terminology to distinguish
from supp f, the support of f as an operator in .A. Any function f € A. + gives rise
to a martingale (fx)rez with respect to the dyadic filtration. Moreover, it is clear
that given f € A. 4+ and A > 0, there must exist mx(f) € Z so that 0 < f, < A for
all k < my(f). The noncommutative analogue of the weak type (1, 1) boundedness
of Doob’s maximal function is due to Cuculescu. Here we state it in the context of
operator-valued functions from A.

Cuculescu’s construction [4]. Let f € A.4+ and consider the corresponding
martingale (fi)rez relative to the filtration (Ag)rez. Given X € Ry, there exists a
decreasing sequence of projections (qx(\))rez in A satisfying

1) qr(X) commutes with qx—1(N\) frqr—1(N\) for each k,
ii) gx(N\) belongs to Ay, for each k and qi(N) frgr(A) < Agr(A),
iii) The following estimate holds

1 1
e(ta= Aa) < Tswplfils = 57l
kEZ kEZ

Ezplicitly, qr(N) = X (0,3 (@k—1(A) fr@e—1(A))qr—1(A) with qr.(A) = 14 for k < ma(f).

Given f € A, ., consider the Cuculescu’s sequence (gi(\))rez associated to
(f,A) for a given A > 0. Since A will be fixed most of the time, we will shorten the
notation by ¢ and only write g;(A\) when needed. Define the sequence (pi)krez of
disjoint projections py = qx—1 — gk, so that

Y pp=1a—q with ¢= /\ g
keZ keZ

Calderén-Zygmund decomposition [25]. Given f € A.+ and X > 0, we may
decompose f = gq + o + ba + bog as the sum of four operators defined in terms
of the Cuculescu’s construction as follows

9a = afq+ Y prfepk,

kez
ba = Y pe(f— i)k,
ke,
bogg = Zpi(f_fivj)pjv
i#]
Joff = Zpifivjpj + af(lu—q@)+Qa—qfq
i#]

Moreover, we have the diagonal estimates

quq+ ZpkfkpkHz <2'AIfllr and Y |lpe(f = fo)pell, < 211 £11-

keZ keZ
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The expression below for gog will be also instrumental

o0 oo o0 o0 oo
Gor = Y Delfers@ris1 + Gris1dfiisPe =Y, D Grs = D G(s)-
s=1k=mx+1 s=1k=mx+1 s=1

2. PROOF OF THEOREMS A AND B

The key result of this paper is Theorem A, since the remaining theorems follow
from it or by using analog ideas. We begin with the proof of the weak type estimates
for perfect dyadic CZO’s and then make the necessary adjustments to make it work
for Haar shift operators. The proof of Theorem Aii) will require to recall some
recent results on square function and atomic Hardy spaces.

2.1. Perfect dyadic CZO’s. To the best of our knowledge, the notion of perfect
dyadic Calderén-Zygmund operator was rigorously defined for the first time in [1]
by Auscher, Hofmann, Muscalu, Tao and Thiele. Accordingly, we define a perfect
dyadic CZO with noncommuting kernel as a pair (T, T.) formally given by

/ﬁ k(z,y)f(y)dy,

Tef(z) ~ f)k(z,y) dy,

R"L
with an M-valued kernel satisfying the perfect dyadic conditions

Hk(x’y) - k‘(Z,:U)HM + Hk‘(y,.’l?) - k‘l(yvz)HM =0
whenever x, z € Q and y € R for some disjoint dyadic cubes @, R. Alternatively, we
may think of perfect dyadic kernels k : R?" \ A — M as those which are constant
on 2n-cubes of the form @ x R, where @, R are distinct dyadic cubes in R™ with
the same side length and sharing the same dyadic parent. Classical perfect dyadic
CZO’s include Haar multipliers/martingale transforms and dyadic paraproducts.
In other words, operators of the following form

Hf(r) = /W(ZﬂQ 1(2)(lg ~2715)(s)) £ () d,

Qe

1 —n
L@ = [ (X gitee - rle@? "150) ) dv
e 1@l
with supg, [£(Q)] < oo and p : R — C in dyadic BMO. Adjoints of paraproducts
are also perfect dyadic. In the noncommuting setting, the coefficients £(Q) and the
symbol p become operators in M and an M-valued function respectively which do
not commute a priori with f € L,(A). Nevertheless, the perfect dyadic condition
for the kernel is still satisfied in these cases.

Proof of Theorem Ai) — Perfect dyadic CZO’s. Splitting f as a sum of
four positive operators and by density of A. 4 in the positive cone of L (A), we
may clearly assume that f € A ;. A well-known lack of Cuculescu’s construction
is that we do not necessarily have qi(A\1) < gx(A2) for Ay < Ag. This is typically
solved restricting our attention to lacunary values for A. Define

Wj,k:/\Qk(Qs)* /\ qe(2%) for j,keZ.
5> s>j—1
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SOT

We have Zj mik = 14—y, where
dr =\ a(2%).
SEZL
Observe that ¥y dfy, = dfxyr = 0 for k € Z. Indeed, we have
1 1 1 1
[Vrdfella < 10 fE lallfell s+ e fioillall fo-1ll %

1 1 1 1 . s 1
e Frel 20 fell 2+ Nk feor ol 20 =2l < lim 255 £]1%.

In particular, we find f =", (14 — Yr—1)dfi (14 —Yr—1) and set f = f, + f. with

fr = ZLTk_l(dfk) = Z(Zﬂi,k—ldfkﬂj,k—l)v
keZ kEZ i>j

f. = ZUTk_l(dfk) = Z(ZMk—ldfk?Tj,k—l)-
kEZ kez i<j

This is the decomposition we will use for any perfect dyadic CZO. Given such an
operator T = (T,.,T.) and A > 0, the goal is to show that there exists an absolute
constant ¢ so that Ae{|T; fr| > A} + Ap{|Tefe] > A} < ol fll1 for any f € A. 4+
and any A > 0. By symmetry in the argument, we will just prove the inequality for
T.f.. Moreover, replacing ¢y by 2co we may also assume that A\ = 2¢ for some ¢ € Z.
Having fixed the value of A, we may consider the Calderén-Zygmund decomposition
f =94+ gog +bq + bogr and set

95 = Z UTi_1 (Ak (gd)), ggﬁ = Z UTr1 (Ak(goﬁ))’
LEZ keZ

b = Z UTk—1(Ak(ba)), bg = Z UTh—1(Ak(bog))-
keZ kEZ

By the quasi-triangle inequality it suffices to show

Ae{ITegsl > A} + {1l > A} + o{Tegipl > 2} + { Tt > 2] S 71l

The first term is first estimated by Chebychev’s inequality in A
C 1 C 2 1 C
o ITegsl > 2} < SITgslly S ol

We use that UT,_4 (Ak(gd)) are in fact martingale differences, so that

1 1 2 1
oz = 5 IUTea el 2 < 5 3 18003
kEZL keZ
= IS A = ffasar Sesm] < 20
Y Icng—)\qq pkkPkQ_ 1-
keZ keZ
Indeed, the first inequality above follows from the fact that triangular truncations
are contractive in Lo (A) while the last inequality arise from the diagonal estimates
in the noncommutative CZ decomposition stated above. To handle the remaining
terms, we introduce the projection

i= Na@) = A N\ a).

s>/ s>l kEZ
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According to Cuculescu’s construction, we find
1 2
p(la—7) <> e(la—a@)) < D> lIfllh = TIflh-
s>t s>0

This reduces our problem to show that

Ae{IT00)a] > A} + o{ITugeg)a] > A} + o{|Twsg)a] > A} S 151
The perfect dyadic nature of T, comes now into scene. Indeed, we claim that the
three terms T¢(b5)q, Tc(954)7, Te (b5 )q vanish whenever Tt is perfect dyadic. This
will be enough to conclude the proof. If Q(z) is the only cube in Q) containing
z, we find a.e. x

T.(09)(@)a(x) = Y T(UTk-1(Ax(ba))) () q(x)

keZ

= S (UTea (A lg, @) () 3(@)
kEZ

£ Y (M nUTe b)) dy) )
k€Z QEQr -1

¢ Q
The last term on the right vanishes since the term UTy_1(Ag(bg)) has mean 0 in
any @ € Qp_1, so that we may replace k(z,y) by k(z,y) —k(x, cg), which is 0 when
x ¢ @ by the perfect dyadic cancellation of the kernel. On the other hand, if we

define the projection
Go1 = [\ au-1(2),

s>4
we see that q(x) = gr—1(2)q(z) = Qe—1(y)q(z) for any y € Qk—_1(x). This gives

T.(5) (2)3(@) = 3 Te(UTh s (Ak(ba)Gi 110, () ) (@) T2).

The exact same argument applies for Gofr and bf)ﬁ, so that it suffices to prove

UTi—1(Ak(ba)) k-1 = O,
UTr-1(Ak(gog)) @1 = 0,
UTie—1(Ar(bog)) @1 = 0,

for all k£ € Z. In all these cases we will be using the following two key identities

® Qp_1Tik—1="Tjk—1Gk—1 =0 fori,j > ¢ and k € Z,
® T k—1Pk—s = Pk—sTjk—1 =0for s > 1,4, <land k € Z.
The proof is straightforward and left to the reader. It only requires to apply the

monotonicity properties of A - j qr(2%), which increases in j and decreases in k. If
we apply the first identity to UT;_1(Ak(7)) qk—1 for any v, we get
UTi—1(Ar()) G- = Z T k=1 Ak T k—1qk—1-
i<j<e
Therefore, if we know that dy, = Ap + By where the left support of Ay and the

right support of By, are dominated by > <, pr—s = 1.4 —qr—1, then we deduce that
UTr_1(Ak(7)) @k—1 = 0. In other words, it suffices to prove that

qk—lAk(f}/)qk—l =0 for Y= bdagoﬁaboﬁ'
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‘We have
Ap(by) = ZAk(Pj(f—fj)Pj)

> pilfe = fpi = Y pilfe—1— £i)ps

i<k j<k—1
= > pidfsp; = (1a—ar-1)Ak(ba)(1a — gr—1).
j<h1

To calculate the martingale differences for g,p, we invoke the formula

o0
Goif = D > _PidfjrsQits—1 + Girs1dfi s
s=1j€Z

given in the statement of the Calderén-Zygmund decomposition. Then we find

Ar(go) = D pr—sdfrdr-1 + Ge-1dfipr—s

s=1
= (La—qe-1)dfk@i-1 + qr—1df(1a — qr—1).

Finally, it remains to consider the martingale differences of b,g

Ap(bog) = Z Z Ak (pj(f = firs)pjss + Djss(f — fiss)D;)

s=1 j€Z

= Z Z pj(fk - fj+s)pj+s +pj+s(fk - fjJrs)pj
s=1 j<k-—s

= > > pilfeer = fivs)pits + pigs(fro1 = v
s=1j<k—s—1
oo oo

= Z > pidfspis+ Y Y Pissdfin; = Ak + By
s=1 j<k-—s s=1 j<k-—s

S0 qr—14k = Brqr—1 =0 and gz 1Ak (7)qr—1 =0 for v =bg, gog, bog as desired. O
2.2. Haar shift operators. The Haar system has the form

h (x H —(z;) + €41 I (z5))

\/W

where Q = I) x Iy x -+ x I, € Q and ¢ = (e1,€9,...,e,) # (1,1,...,1) with
g; € £1. We are using [; and [ j‘ for the left/right halves of the intervals I;. It
yields an orthonormal system in Ly(R™) composed of mean zero functions. If we
write hg for any Haar function of the form hg), a noncommuting dyadic shift with
complexity (r, s) has the form

=Y Agf =) > aRs(f hsYhr(@),
QeQ QEQ R,S dyadicCQ
L(R)=27"4(Q)
£(S)=27"2(Q)

VIEIIS

where (f,hs) = [ fhs and O‘%S are operators in M satisfying ||ags||M < o
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Lemma 2.1. We have ||, f|l2 < || f]l2-

Proof. The argument is standard, observe that

Iafl3 = Y Y r((fhs) afsae(fhs)) | hay)he(y)dy.
Q.Q' R,R'S,S’ R
The integral on the right imposes R = R’, which in turn gives Q = Q' since Q is
the unique r-th ancestor of R and the same happens for (R’,Q’). Once we know
that Q = @', we may write

a3 = > 14ef1B = Y [4e( D2 <f’hS>hS)HZ'

QeQ QeQ SCcQ
£(S)=27°£(Q)

It is worth mentioning that the double use above of hg always refers to the same
choice of hg in both instances. On the other hand, it is easily seen that Ag is a
contractive operator on Ly(A). Indeed, we have

L[S efstael g L 1swoty) ta)] o

R.S

2
(Ll ) de < f ol de = ol
This yields

< Y| S asns|) = | S rnane = 15 o
QeQ QeQ

sScQ
£(8)=27°£(Q)

IN

l4qal3

IN

The next lemma is crucial to analyze Haar shifts and general Calderén-Zygmund
operators with noncommuting kernels. We take here the opportunity to slightly
modify the argument in [25, Lemma 4.2], which was not entirely correct.

Lemma 2.2. Given s € Z,, there exists ( € A, such that:

) Ap(la—¢) < 2°7[| [,
ii) If Qo € Qp, and x € @8, then ((z) < qi, (y) for all y € Qo.

In the second property, we write @5 for the unique s-th dyadic ancestor of Qq.

Proof. We have
B = Y@ = Y X eele= X [ Yedet
J<k J<k QeQ; QEQr RDQ
for some family of projections pg € M. Define
¢ = /\Ck with ( = 14 — \/ \/ le@\S'
keZ i<k QeQ;

It is clear that the (}’s are decreasing in k and we find
Ap(la=¢) = A lim p(la—G)

A hm Z Z T(pg |Q“’

J<k QEQ7

IN
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— 25n 1'
Jm AD D elbe®1e)
]<erQJ

= 2"he(la=1) = 272 e(La-a2™) 3 27l
m>L

To prove the second property, it will be useful to observe that Q1 C Q2 implies
that pg, and pg, are orthogonal projections. Indeed, according to the definition of

pq above, we ha‘_ve PQ:1P@:101 = (@i—1 — 3y )(Gja—1 — @jx) 1, = 0 for £(Q1) = 277
and £(Q2) = 2772. Then, we find

() < Crolo)
= 11—\ V rels (@)

J<ko QEQ;

< 1m-— VPRZIM_ZPR
RDQo RDQo

= (1= X [ e 210)w) = @), O
QeQx, RDQ

Proof of Theorem Ai) — Haar shift operators. As in the perfect dyadic case,
we assume f € A. 4 and decompose f = f, + f. in the same way. Once more the
argument is row/column symmetric, and we just consider the column part. After
fixing A = 2¢ for some ¢ € Z, we construct the corresponding Calderén-Zygmund
decomposition for f. = g5 + goz + b + 055 According to Lemma 2.1, we may
control the term IIl,(g5) in the usual way. Given v € {bg, gog,bog}, the other
terms can be decomposed as follows

I, (v¢) = Z I, (UTx-1(Ak(7)))

kEZ

Yy Y ags(/wUTk,l(Ak(w)hsdy)hR(x)

kEZ Qe R,5CQ

L(R)=2""4(Q)
£0(8)=2"°4(Q)
-3 X o+ X o+ X J-arnec
keZ QeEQ QeQ Oco
(QI<2FTL (@) 2T L g(@Q)>2eR
§(Q)<2e k!

We claim that C,, = 0. Namely, we have £(S) = 27%¢(Q) > 27%*!. This means
that Ex_1(hs) = hg since the Haar functions hg are constant in the dyadic children
of S, whose length sides are greater or equal than 2~ (=1 This yields

[ UTa@ohsdy = [ B (UTia (Au)hs) dy

- / B (UTeo 1 (A(9)) hs dy

= /71 (Ukal(EkflAk(’}/))hS dy = 0.
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In order to deal with the remaining terms A, and B,, we invoke the identity
qr—1Ak(Y)gr—1 = 0 which was already justified in the perfect dyadic case whenever
Y = bd, Gogr, bogr- Namely, since m; —1(1a — qx—1) = (1a — qu—1)Tjk—1 = 0 for
1,7 < £, we find

UTi—1(Ar(y)) = Zm,kqﬁk(v)ﬂj,kq = Zm,kqu(W’)?Tj,kq-
i<j i<j
>t

Let us now consider the term A, we have

_ A
Ap{lA,| > 2} < Ap(ta—a) + Ae{|Ad] > 5 }-

We already know that the first term on the right is dominated by || f||; and

4 =Y 3 > ol /RnUTk,1<Ak(w))hsdy)hR(M(x).

keZ QeQ R,S5CQ
Q)27 o(R)y=27"T£(Q)
£(S)=27°¢(Q)

Given Q € Q with £(Q) < 27%+1 let
kg > k—1 determined by £(Q) =272,

~, —~,

It is clear that g(z) = Gr, (2)q(2) = Qi (¥)q(x) = Gr—1(y)q(x) whenever z,y belong
to Q. However, the presence of hr(z), hg(y) implies (unless the corresponding term
is 0) that the pair (z,y) € R x S C Q X @Q so that we may write

4= ¥ > afs( [ UTa(Ak)ii s dya(o) ).

kEZ QeQ R,SCQ
{QY<27FH L(R)=2""£(Q)
£€S)=2""4(Q)

Therefore, we conclude

UTho1(Ak(M))@k-1 = D ik 1Ak(1)7j-1Gk—1 = 0
1<y
j>L
since 7 x—1qk—1 = 0 when j > £. This shows that A,g = 0. Let us finally consider
the term B,. We will follow a similar argument with the projection ¢ from Lemma
2.2 instead. Namely, we have

A
Ne{IB,| > A} < Ap(ta—¢) + Ap{|B,¢| > T}

According to property i) of Lemma 2.2, it suffices to show that B, = 0. Now
we know that £(Q) < 25—k+1 5o that kg > k— s — 1. Let us now consider the
2"* dyadic cubes T; having @ as their s-th dyadic ancestor. This gives rise to the
identities

() = Cro+s()C(2) = Chors(W)C(2) = Trgrs(2)C(x) = Gr1(2)C(2)

for (z,y,2) € Q x Q x T;. Indeed, the second identity follows from the fact that
Eto (Chots) = Cho+s» the third one from the second property in Lemma 2.2 and the
last one from the inequality kg > k — s — 1. Hence, given y € S C @ we pick the
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unique j for which § = T} and deduce that {(x) = gx—1(y){(x). Then it yields the
identity

By¢=> Y > ozgS(/Rn UTk—1(Ak(7))ar-1hs dy)hR(x)C(as).

k€EZ QeEQ R,SCQ
2Q)>27 T Y(R)=2""4(Q)
HQ)<25 7R (S)=27°£(Q)

The integrand UT,_1(Ak(7y))qx—1 vanishes for the same reason as it did above. O

Remark 2.3. Our constants ~ 2°" seem far from being sharp. The classical
argument giving constants ~ s unfortunately encounters a major obstacle due to
the presence of triangular truncations, which are not bounded in L;. This is also
the reason why we did not succeed in extended the argument above to generic
CZO’s. In fact, we leave this as an open problem for any interested reader.

Remark 2.4. Note that our decomposition f = f,. + f. is completely determined
by the projections 7; j, which in turn depend on f. According to the statement of
Theorem A ii), it would be desirable to identify subspaces or even subsets A, /A,
of L1(A) for which we have

T, : Ay = L1 oo(A) and T.: A — L1 (A).

Note however that our use of Calderén-Zygmund decomposition provides estimates
of the form ||T; fr|l1.00 S || fll1. Morally, f can not be replaced by f, on the right
hand side since triangular truncations are not bounded in L;. On the other hand,
the sets A, and A. are not empty since both contain

A= {f eLf(A)] f= Z Wj,k—ldfkﬂj,k—l},
jkeZ

which in turn contains all f € L] (A) such that f(z) belongs to the center of M
for all z € R™. Note that A is not a linear subspace since the 7; ;’s depend on f.
It is an interesting problem to determine larger sets A, /A, in Lq(A).

2.3. Noncommuting CZO’s. The proofs of Theorems Aii), B and C arise from
a careful combination of recent results in the theory of noncommutative Hardy
spaces. Let us begin introducing Mei’s notion [19] of row and column Hardy spaces
for our algebra of operator-valued functions 4. In order to distinguish from order
Hardy spaces to be introduced below, let us follows Mei’s notation and define

Hy (B M) = H (R M) + H (R M)
as the space of functions f € L;(A) for which we have

I £l rsag) = fzilgfrh llglley & a0) + ]Es R M) < 00,
where the row/column norms are given by
dg 9g* 0g 0g* dxdty 3
(RN . = _— —_— t) ——
ol s H(/F Gt or T L, oz, axj}(“ D),
oh* dh oh* oh dadty 3
h c(R™- = H / —_ —_— .7t - ,
Il s ( . { ot ot +Zj Dz axj}(x+ )tnfl) 1

with ' = {(z,t) € RT*" | |z| < y} and f(a:,t) = P, f(x) for the Poisson semigroup
(Pt)t>0- In other words, operator-valued forms of Lusin’s square function. We say
that a € L(M; L§(R™)) is a column atom if there exists a cube @ so that
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® Suppgn a = @,

o [ away=o,
Q
o Nl cuasienn =7[( [ laPan)*] < o

According to [19, Theorem 2.8], we have
1 f 1l @ity ~ inf { Zk [ Ak | f= Zk Arar with ag column atoms}.

On the other hand, we have already settled a dyadic filtration (Ag)rez for our
algebra of operator-valued functions A. Then, we may follow [29] to define the
corresponding noncommutative Hardy space H;(A) as the completion of the space
of finite martingales in L;(.A) with respect to the norm

W = e || (S doeas) |+ [ (S anians)
keZ keZ

g,h martingales

In other words, Hi(A) = Hj(A) + H{(A) where the spaces on the right are the
completions of the spaces of finite Li-martingales with respect to the norms in I
of the corresponding row/column square functions given above. By the use of a
dyadic covering [3, 19], it can be shown that there exists n + 1 dyadic filtrations
Ei\ (0 < j <n)in R"™ so that

Hy (R M) ~ > Hi(A4,5%),

§=0
where the latter spaces are defined as Hj (A) after replacing the standard filtration

$Y% by any other dyadic filtration in our family. Moreover, this isomorphism also
holds independently for row/column Hardy spaces.

Proof of Theorem Aii). We will show that
T, :Hi(A) — L1(A) and T.:H{(A) — Li(A),

for any generic noncommuting CZO (T, T.). Indeed, in that case we decompose

[ = fr+ fc € Hi(A), so that || flu, 4y ~ [Ifr] Hr(A) T ||fc||H§(A) and we deduce
that

1T folls + 1 Tefelln S N fellmrcay + 1 fellnecay ~ 1F 1T, ca)-

According to our observation above, Hy (A) embeds isomorphically into Hy (R™; M)
by means of a suitable choice of dyadic coverings of R™, and the same holds for
row and column spaces isolatedly. Thus, it suffices to show that 7). : Hf (R"; M) —
Li(A) and T, : H{(R"; M) — L;1(.A) are bounded. Both estimates are identical, let
us prove the column case. According to the atomic decomposition of H§(R™; M) we
just find a uniform upper estimate for the L; norm of T.(a) valid for an arbitrary
column atom a

ITe(@)ll < [[Te(a)lagl], + || Te(@)lrmacl],-

The second term is dominated by

@il = 7 [ | [ kel dy]do
R™M\2Q '/ Q
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/ (/ ||z, y) — k(x,cQ)HM das)7’|a(y)\ dy
Q “JR"\2Q

T(/Qla(y)ldy) < |Q|r[(/@|a(y)|2dy)ﬂ <1,

where the next to last estimate follows from Hansen’s inequality or as a consequence
of the operator-convexity of the function a ~ |al?. As for the first term, it suffices
to show that T, : L1(M; L§(R™)) — L1 (M; L§(R™)), since then we find again

[Tzl = ([ m@e)d)

IN

A

< VRl[([ m@ia)!]
S VBRIP[( [ fatwran)*] <1

The L;(M; L§(R™))-boundedness of T follows from anti-linear duality

HTC(f)HLl(M;Lg(]R")) < ( sup ||T:(g)HLOO(M;L§(R")))Hf”Ll(M%LS(R"))'
HQ“LOO(LC)Sl

It is easily checked that the adjoint 7} (g) has the form T g(x) ~ [p. k( (y)dy
when we construct it with respect to the anti-linear bracket ( frg) = ( f * g) This
means in particular that T is still an Ls-bounded column CZO associated to a
kernel satisfying Hormander smoothness. This gives rise to

1
* _ * 2 2
7y = ([ @R,

<\Tc* (9)(@)|*u,u) dx
|\u||L2<M><1 L2(M) )

(
sup (/ 172 (gu)( )H;(M)daf)%
(

1
2

[lull Ly a1y <1

‘“”L2<M><1 / Hg(w)“Hig(M)dxf
B H(/ |9(x)|2dx)% .

The third identity above uses the right M-module nature of column CZO’s. O

A

Remark 2.5. The proof above also shows that Ly (L}) and Lo (L}) boundedness
of T} for 1 € {r,c} follow from the corresponding L, boundedness of the same
operator. As noticed in [10], this is very specific of CZO’s with noncommuting
kernels since other semicommutative CZO’s fail to satisfy this implication. The key
property here is left /right M-modularity, so that

ul(f) =T (uf) and T.(f)u=T.(fu).

2.4. Row/column L, estimates. Theorem B follows as an easy consequence of
Theorem A after applying suitable interpolation/duality results. Thus, we will only
outline the definition of the involved spaces and the necessary results to deduce
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Theorem B from Theorem A. Given 1 < p < oo, the noncommutative Hardy space
H,(A) is defined as

Hy(A) +H(A) if1<p<2,
Hp(A)NHG(A) if 2 <p < oo,

HP(A> = {

where the corresponding row/column Hardy spaces arise as the completion of the
subspace of finite martingales in L, (A) with respect to the norms given by the row
and column square functions

gy = [ (2 dpary)

[N

’
p

kEZ
1fllaga) = H(;df’:df’“)z p
EZ

Pisier/Xu obtained in [29] the noncommutative Burkholder-Gundy inequalities
which can be formulated as L,(A) ~ H,(A) for 1 < p < co. On the other hand, we
know from [8, 14] that HJ (A)* ~ HL, (A) for 1 € {r,c} and 1 < p < oco. Regarding
interpolation, we know from Musat [23] that

H(A) = [H], (A), 1, (A)],,

1—-6
Dbo

where t € {r,c} and %} = + z%' The proof of Theorem B is now straightforward.

Proof of Theorem B. We know that
T, :H{(A) - Li(A) and T.:Hj(A) — Li(A).

If1 < p<2,wefind T, : Hy(A) = Ly(A) and T, : Hj(A) — L,(A) by interpolation
with Ly (A) = H5(A) = HS(.A). Hence, taking a decomposition f = f,.+ f. satisfying
A llp ~ L f i, cay ~ W lliga) + [ fellng ay we get [T frllp + 1 Tefellp S I1f[lp- Now
if 2 < p < oo, recalling that T.*, T are again row/column CZO’s with the same
properties, duality gives T, : L,(A) — H}(A) and T. : L,(A) — H;(A). This
immediately yields the inequality in Theorem Bii). The L., — BMO type estimates
were originally proved in [10], these also follow by duality from Theorem A. O

Remark 2.6. We may also find L, boundedness for 7T, /T, after composing with
suitable smooth Fourier multipliers approximating the identity. Let us illustrate
this assertion for T, and 2 < p < co. Indeed, if A is the infinitesimal generator of
a Markov semigroup S = (S;);>0 acting on A, it will be proved in [12] —refining
the argument in [10, Theorem A]— that the operator

A
(1+A)%

takes Hy (S) to Ly, (A), with constants depending on & > 0. We refer e.g. to [10] for
the definition of the semigroup Hardy space Hj(S). When A = Lo (R™")®M and
the generator —A is the Laplacian, H}(S) is isomorphic to Hy (A) and the operator
above is the Fourier multiplier with symbol [£]%€/(1 + [£]?)%¢.
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3. PROOF OF THEOREM C

In this section we turn our attention to noncommutative martingale transforms
and paraproducts. In particular, the former pair (A, ) will refer in what follows
to an arbitrary semifinite von Neumann algebra equipped with a normal faithful
semifinite trace. Our filtration ¥ 4 = (Ag)r>1 will be any increasing family of von
Neumann subalgebras, whose union is weak-* dense in \A. The operators E; and A
still denote the corresponding conditional expectations and martingale difference
operators. As mentioned in the Introduction, we will deal with

a) Noncommuting martingale transforms

MIf =Y Ap(f)ér1 and MEf =& 1Ak(f).

E>1 k>1
b) Paraproducts with noncommuting symbol

=Y Era(HAK(p) and TIE(F) =Y Aw(p)Exa(f).

k>1 k>1

The martingale coefficients & € A form an adapted sequence and it is easy to
show that La-boundedness of M{ and Mg hold iff the {’s are uniformly bounded
in the norm of A. On the other hand, the classical characterization II, : Ly — Lo
iff p € BMO was disproved by Nazarov, Pisier, Treil and Volberg [24], see also
Mei’s paper [20]. Hence, the La-boundedness of I}, and IIf will be simply assumed
in what follows. Regarding Cuculescu’s construction and CZ decomposition, no
essential changes are needed. Namely, given f € L] (A) (the former space A. ;
is unnecessary since our filtration starts now at k = 1) and A € R, Cuculescu’s
construction is verbatim the same. The only difference is on the diagonal estimate

”qquerz«fkpkH AllLf -

This inequality requires to work with regular filtrations, which are defined through
the additional condition Ej(f) < cEx_1(f) for some absolute constant ¢ > 0 and
every pair (f, k) € Ay x Z;. Of course, the reader might think that it is more
appropriate to use in this case the noncommutative form of Gundy’s decomposition
[26], which does not require any regularity assumption on the martingale. This leads
unfortunately to new difficulties related to our use of triangular truncations.

Proof of Theorem C — Weak type inequalities. The argument is essentially
the same as in the perfect dyadic case. Given f € Lf‘ (A), we construct the same
decomposition f = f,. + f. via the projections 7, and fix A = 2¢ for some £ € 7Z.
A further CZ decomposition gives f. = g5+ 9o +bg + b5 as usual. According to
our regularity assumption, we still have

max {||g5 13, 95113} < llgall} = [asa+ ZpkfkpkH Al

Thus, arguing as in the proof of Theorem A it sufﬁces to show that

qM{ (") = M{(v)gq = q(v") = 1I;(v)g = 0
for any v € {gog, ba, bogr }. As usual, we just consider the column case by symmetry.
Let us begin with martingale transforms. Since v = >, UT;_1(A;(v)) and the
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triangular truncation UT;_; is built with j-predictable projections, we see that
UT;-1(A;(v)) is a j-th martingale difference, so that

Ar(v) = UTik—1(Ak(v))-
By the proof of Theorem A, we know UT,_1(Ak(y))gk—1 = 0 and

ME(Y)T = Y &1 Be(¥)T = Y & aUTho1(Ae(9) @14 = 0.
k=1 k=1

For martingale paraproducts, we observe that Ex_1 (7€) = Zj<k UT;_1(A;(7)) and
p(v)q = D Ak(p) Y UTj1(8;(1)) 617 = 0. O

k=1 i<k
Remark 3.1. Is really the regular filtration assumption in Theorem C necessary?

Remark 3.2. Adjoints of martingale paraproducts have the form
ME]"f = Era(Ak(p™)Ak(f)) and [T]°f = D Exa (Ak(f)Ak(p"))
E>1 E>1
when using the anti-linear duality bracket. It is easy to adapt the argument above
for these maps, to obtain weak type inequalities for adjoints of noncommutative
paraproducts associated to regular filtrations

L 1 2 P 14 2 P

We defined above the noncommutative Hardy spaces Hy(A). Alternatively, we
may also consider the noncommutative form h;(A) = h7(A) + h§(A) + h¥(A) of
the conditional Hardy space hi, where the norms are given by

1l = | (D Eer(aar))” |
k>1

s = || (X B (aridn))” |
k>1

g = || D1l = D el
E>1 E>1

The space h;(A) was studied in [9, 27], it was independently proved that
H{(A) =~ hi(A) +hi(A),
H(A) =~ h$(A)+hi(A).
In conjunction, these isomorphisms could be regarded as a noncommutative form of
Davis’ decomposition for martingales. Shortly after, it was found in [2] an atomic
decomposition for the spaces h7(A) and h§(A). More precisely, an element a in
Li(A) N Ly(A) is called a column atom with respect to the filtration (Ag)g>1 if
there exists kg € Z4 and a finite projection e € Ay, such that
® a = ae,
e Er (a) =0,
o Jlallz < pe)2.
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An element a € Li(A) is called a ¢ —atom if it is a column atom or a € A;
with |lal]y < 1. Row atoms are defined to satisfy a = ea instead and r — atoms are
defined similarly. We also refer to [6] for g-analogs of these notions. In the following
result, we collect some norm equivalences coming from atomic decompositions and
John-Nirenberg type inequalities. Recall that

I fllBMO.(4) = SUPHEk[(f_fkfl)*(f_fkfl)]

k>1

A’

1
A
As usual, the corresponding row norms of f arise as the column norms of f*. If we

also define || f|lbmoy(4) = supy, ||dfx]|.4, then we can define the spaces BMO(A) and
bmo(A) as follows

9 lmoccay = max {[E:CH,s sup €[ = 57 (F = )]

[ flleMoa) = max { | fllBMo,.(a), |l BMO. () }7

[fllbmo(ay = maX{Hf”bmo,«(.A)a [1f llbmoe(a)» ||bem0d(A)}-
The isomorphism BMO(A) ~ bmo(.A) was independently proved in [9, 27].

Atoms and John-Nirenberg inequality [2, 6]. We have

[fllar ~ inf { Zk el | f = Zk Aray and ag T — atom},
[l fllne ~ inf { Zk [ Ak | f= Zk Apar and aj, ¢ — atom},
I fllbmo(ay ~ sup [dekHoo vV osup ||B(f = fu)|l, vV sup ||(f - fk)ﬂHl]-
k>1 BEA BEA

181 <1 18] <1

The last equivalence is a John-Nirenberg type inequality, which differs from [13].

Proof of Theorem C — H,,/L, type inequalities. Let us begin with H; — L,
type inequalities. We will show that T} : Hi(A) — Li(A) with 1 € {r,c} for both
martingale transforms and paraproducts. Since we have

H| (A) = hj (4) + i (A),

it suffices to show that Tt : X — L;(A) with X any of the two spaces appearing on
the right. Once more, the argument is row/column symmetric and we just consider
columns. To see that T, : h{(A) — L1(A) we may use the atomic decomposition
above, so that it suffices to find a uniform upper bound for ||T.(a)|; with a being
a ¢ —atom. If a € A; with |Jalj; <1, then we see that

101
M¢(a) = &ar and 1Ij(a) = pa =117 (ula|?)[a|2  for a=ulal.
In particular, [|Mg(a)|1 + ||H§(a)|\1 <la|ls £ 1. If a is a column atom, we find

Mg@) = Y &Galdi@) = Y Goilila)e = M(a)e,

k>ko k>ko

Mo(a) = Y Aw(pE-i(a) = Y Aw(p)Er-1(a)e = T(a)e.

k>ko+1 k>ko+1
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This gives rise to [[Tc(a)lly = [[Te(a)elly < | Te(a)ll2llell2 < llall2llel2 < 1 for both
martingale transforms and paraproducts. We have already justified the hf{ — L,
boundedness. Let us now look at h{

IMET < P el le(l < (s lc) g

As for the paraproduct, we use the John-Nirenberg inequality above

O = |35 A DI 9,

HZ o= i Akal S llbmocay 1 gy

k>1
According to [9, 27] and [20, 24], we have

[ollbmocay ~ llpllBMO(A) S maX{HHZ : Ly — Lo, |15 : Ly — LQH}-

All together gives that Mg and II7 take Hf(A) into Li(A) as we claimed. In fact
slight modifications of the given argument yield the same result for [II7]*, details
are left to he reader. This is all what is needed to produce analog inequalities in
this setting to those in Theorems A and B, we just need to follow the arguments
verbatim. It remains to show that IIf : L,(A) — L,(A) for p > 2, for which
it will be enough to prove L., — BMO boundedness and use interpolation. The
Lo — BMO, boundedness follows by duality from the H{ — L; boundedness of
[IIS]*. On the other hand, the Lo, — BMO, boundedness is very simple

1
2

I3 oo, = sup | ( 32 A, A,m5(0)) |
= Jj>k
= E A (0)E;_1(NE;_1 () A (0)* ||
sup (Zk JOE 1 (DE 1 (1) 8500)7) |
< sup||E Aj( o = oo+
< ow k(z @) 18l < olmnio, a1
Now we majorize ||p||gmo, (4) by the Ly — Lo norm of II, as we did above. O

Observe that we have not needed to assume regularity of our martingale filtration
and we find that [IT]*, [II7]* take Hy — L; and L, — L, for 1 < p < 2 by duality. In
some sense, row /column noncommutative paraproducts present a similar behavior
as row/column square functions in the noncommutative Burkholder-Gundy and
Khintchine inequalities [17, 18, 29]. On the other hand, [33, Theorem 5.7] yields
Llog L — L type estimates for a finite von Neumann algebra A with (T}, T.) a
martingale transform/paraproduct with noncommuting coefficients/symbol

P mf HT Felly I Tefelly S 1 llz1og Leay-
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