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AssTRACT. The aim of this paper is to study the boundedness of different conical square functions
that arise naturally from second order divergence form degenerate elliptic operators. More precisely,
let L, = —w™! div(wA V) where w € A, and A is an n X n bounded, complex-valued, uniformly
elliptic matrix. D. Cruz-Uribe and C. Rios solved the L?(w)-Kato square root problem obtaining that
VL, is equivalent to the gradient on L*(w). The same authors in collaboration with the second named
author of this paper studied the L”(w)-boundedness of operators that are naturally associated with L,,,
such as the functional calculus, Riesz transforms, or vertical square functions. The theory developed
admitted also weighted estimates (i.e., estimates in L”(vdw) for v € A.(w)), and in particular a
class of “degeneracy” weights w was found in such a way that the classical L?-Kato problem can be
solved. In this paper, continuing this line of research, and also that originated in some recent results
by the second and third named authors of the current paper, we study the boundedness on L”(w)
and on L?(vdw), with v € A, (w), of the conical square functions that one can construct using the
heat or Poisson semigroup associated with L,,. As a consequence of our methods, we find a class
of degeneracy weights w for which L?-estimates for these conical square functions hold. This opens
the door to the study of weighted and unweighted Hardy spaces and of boundary value problems
associated with L.
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1. INTRODUCTION

Associated with divergence form elliptic operators with complex bounded coefficients, we find
certain operators (functional calculi, Riesz transforms, square functions...) that are beyond the
classical Calderén-Zygmund theory. The study of these operators and the development of a Cal-
der6én-Zygmund theory for them are subjects of big interest, which mainly came up after the solution
of the Kato conjecture in [4]. A great contribution to a new theory adapted to singular “non-integral”
operators arising from elliptic operators was done in [1], where some key ingredients exploited ideas
from [9, 22, 3]. The related weighted theory was considered by P. Auscher and the second named
author of this paper in [6, 7, 8]. The study of conical square functions, which played a fundamental
role in the development of Hardy spaces associated with elliptic operators done by S. Hofmann,
A. Mclntosh, and S. Mayboroda in [23, 24], was later taken in [5] (in the unweighted case) and
completed in [28], see also [10, 31].

One can also consider degenerate elliptic operators in which case the associated matrix ceases to
be uniformly elliptic and presents some controlled degeneracy in the ellipticity condition. The case
in which the degeneracy is an A, weight was pioneered by E.B. Fabes, C. Kenig, and R. Serapioni
in [19] (with real symmetric matrices) and the corresponding Kato square root problem was solved
by D. Cruz-Uribe and C. Rios in [15]. The latter amounted to obtaining that the square root of
the operator in question is equivalent to the gradient in the weighted space L*(w), where w is the
A, weight that controls the degeneracy of the matrix of coefficients. A further step was taken
in [14] (see also [26, 30]) where L”(w) estimates were established for the associated operators
(functional calculi, Riesz transforms, reverse inequalities, vertical square functions...). In fact,
using the Calder6n-Zygmund theory for singular “non-integral” operators developed in [6] and the
notion of off-diagonal estimates on balls introduced in [7], “weighted” estimates (i.e, inequalities in
LP(vdw) with v € A (w), see Section 2) were also proved. As a consequence, it is shown in [14] that
under some additional assumptions on w (written in terms of some controlled higher integrability)
one can actually solve the L?>-Kato square root problem, that is, the square root of the operator and
the gradient are comparable on L*(RM).

In this paper we continue these lines of research and study several conical square functions
associated with the heat or Poisson semigroup generated by a degenerate elliptic operator (see
(2.16)—(2.21) below). It is well-known that these conical square functions are important objects
in the study of Hardy spaces, as well as in the study of boundary value problems (see, e.g., [25]).
Here we present a theory that allows us to prove boundedness on L”(w) (again w € A, controls
the degeneracy of the ellipticity condition) — we note that in [30] there is a similar result for just
the conical square functions in (2.16) in a more restricted range. Additionally, we obtain weighted
estimates in LP(vdw) with v € Ao (w), which in particular lead us to establish L*-estimates under
some conditions on w.

In order to state some of the main results we need to introduce some background (see Section 2
for precise definitions). Fix w € Aj, that is, w is a non-negative locally integrable function such that

[W]a, := sup <][ w(x) dx) (7[ w(x)_l dx> < 00,
B B B
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We will write L”(w) to denote the LP-space with underlying measure dw(x) = w(x)dx. Let A be
an n X n matrix of complex and L*-valued coeflicients defined on R". We assume that this matrix
satisfies the following uniform ellipticity (or “accretivity”) condition: there exist 0 < 4 < A < o
such that

(1.1) e <ReA(x)é-E and JA(x) € - 21 < AIEIIL,

for all £, € C" and almost every x € R". We have used the notation ¢ - { = &1+ + &4
and therefore & - £ is the usual inner product in C". Associated with this matrix and a given weight
w € Ay, we define the second order divergence form degenerate elliptic operator

L.f = —w ' diviw A V),

which is understood in the standard weak sense as a maximal-accretive operator on L*(w) with
domain D(L,,) by means of a sesquilinear form. Equivalently, A,, := w A is a degenerate elliptic
matrix, that is,

Aw) i < ReAy(x)é-& and Aw(x) € - 2 < Aw(x) €] ¢,

for all £, € C" and almost every x € R". In [15] the Kato problem for these degenerate elliptic
operators was solved:

12
LA Fllizgy = 1V U260,

for every f in the weighted Sobolev space H'(w), that is, the completion of C2°(R") (the space
of infinitely differentiable functions with compact support) with respect to the norm ||f{/51(,) =
W Nzowy + [IVfllz2on)- The operator —L,, generates a Co—semigroup {e7Iv},.0 of contractions on
L?(w) which is called the heat semigroup. Using this semigroup and the corresponding Poisson
semigroup {e”’ ‘/LT“}»O (defined using the classical subordination formula) one can consider several
conical square functions associated with L,,. Here, for the sake of conciseness, we just introduce
two of them (in the body of the paper we study more general versions), one associated with the heat
semigroup and another with the Poisson semigroup:

Ly _ 2y L, a2 AW dt
(1.2) Sy f(x0) = ( / /r " |2 L,e”" I f(y)| w(BO. t)))
1.3 Ly - 21 otVLw , dw(y)dt )
(1.3) Sk f(x) = ( / /F IPLe i )

where ['(x) := {(y,?) € R”“ |x — y| < t} denotes the cone (of aperture 1) with vertex at x € R"” and
w(B(y,1)) = f Blyt) w(x) dx. Taking these as the model of more general conical square functions, the

goal of this paper is to find ranges of p’s for which Sﬁw and/or Sé“' are bounded on L”(w). Also we
will obtain the corresponding weighted norm inequalities, that is, estimates in L”(vdw) for some
range of p’s and some collection of v € A (w) (see Section 2 for the precise definitions). As a
consequence we will also establish purely unweighted inequalities, that is, estimates in L”(R") (the
LP-space associated with the Lebesgue measure in R"). As a sample of our results, let us present
one containing some of these estimates in the unweighted space L*(R™) (see Corollaries 6.1, 6.4,
and 6.7 for complete statements). We note that the boundedness on L*(R") of the conical square
functions (1.2) and (1.3) in the uniformly elliptic case (i.e, when w = 1) follows at once from
the fact that the associated divergence form elliptic operator has a bounded functional calculus on
L*>(R™). Here, in contrast, the L>(R") theory for degenerate elliptic operators becomes non-trivial
and our results open the door to considering, for instance, boundary value problems associated with
L,, with data in L*(R").

Theorem 1.4. Let A be an n X n complex- valued matrix that satisfies the uniform ellipticity condi-
tion (1.1).
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(a) Consider L,, = —w™" div(w A V), a degenerate elliptic operator as above, with w € A,.

e Givenl <r<2ifweA,nN RH%H then Sﬁw is bounded on L*(R").

e Given 1l <r <min {2, 1+ %}, ifweA, N RH%H then Sé“’ is bounded on L*(R™).
(b) Consider L, = —|x|” div(|x|™” AV) with —n <y < n (hence |x|™” € Ay).

o If—n<y< 2L then Sé{ is bounded on L*(R™).

n+2’

o If—min{4,n} <y < 2% then Séy is bounded on L*(R™).

n+2’

The plan of this paper is as follows. In Section 2 we present some of the preliminaries needed
to state our main results in Section 3. In Section 4 we first recall some earlier results concerning
off-diagonal estimates for the heat semigroup in question. We then obtain some “change of angle”
formulas that allow us to compare weighted tent-space norms for cones with different apertures.
This control is done in weighted spaces LP(vdw) with v € A (w) and w € A, and we obtain
quantitative bounds depending on the ratio between the apertures of the cones. We also introduce
some p-adapted weighted Carleson condition and compare it with some weighted tent-space norms
in weighted spaces. Section 5 contains the proofs of the main results. In Section 6 we obtain
unweighted estimates, proving in particular Theorem 1.4 above. Finally, in the appendix, we for-
mulate some extrapolation results inspired by those in [13] but with the weighted measure space
(R*, w) replacing (R", dx). The proofs are simply sketched as they follow the lines of the equivalent
ones in [13].

2. PRELIMINARIES

We turn now to introducing some notation and set up our background. Throughout the paper n
will denote the dimension of the underlying space R" and we will always assume n > 2. We write
dx to denote the usual Lebesgue measure in R"” and L”(R") or simply L? for LP(R", dx).

Given a ball B, let rg denote the radius of B. We write AB f0r~the conpentric ball with radius
rap = Arg. Moreover, we set C((B) = 4B and, for j > 2, C;(B) = 2/+*1B\ 2/B.

If we write ®; < ®, we mean that there exists a constant C such that ®; < CO,. We write
0~ 0,if O <O, and @, < O;. The constant C in these estimates may depend on the dimension
n and other (fixed) parameters that should be clear from the context. All constants, explicit or
implicit, may change at each appearance.

2.1. Weights. By a weight w we mean a non-negative, locally integrable function. For brevity, we
will often write dw for wdx. In particular, we write w(E) = f g dwand LP(w) = LP(R",dw). We
will use the following notation for averages: given a ball B we write

]ifdwzw(lB)/dew or ]ifdlelBl/dex’

and, for j > 2, we set

fdw =

—— [ rdw
Ci(B) w(2*1B) Jc B

We state some definitions and basic properties of Muckenhoupt weights. For further details,
see [16, 20, 21]. We say thatw € A, 1 < p < o0, if

p-1
[wla, := sup <][ w(x) dx> (7[ w(x) 7 dx> < oo,
B \Us B
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Here and below the sups run over the collection of balls B € R". When p = 1, we say w € A if

[Wla, :=sup <][ w(x) dx) <ess sup w(x)_1> < oo,
B B XEB

Wesayw € RH, 1 < s < o if

-1 1/s
[WlrH, 1= sup <][ w(x) dx) (][ w(x)® dx) < oo,
B \Us B

-1
[Wlgm,, = sup <][ w(x) dx) <ess sup w(x)> < 00,
B B x€EB

Aw:= ] A, = | RH..

1<p<oco 1<s<co
The classes A, 1 < p < o0, or RHy, 1 < s < oo, may be equivalently defined using cubes in R" (in
place of balls), in which scenario [w]s, ~ [w]j‘j}’es with implicit constants depending only on n and
p.
An important property is thatif w € RH;, 1 < s < oo,

and

Let

1
w(E) lET ¥
2.1 — < — ) , VECB,
(2.1) wB) = [W]RHX<|B|>
where B is any ball in R". Analogously, if w € A,,1 < p < oo, then
IEI? w(E)
22 — ] < , VYECB.
22 <|B|> =)

A consequence of this, is that A, weights are doubling measures: given w € A, for all 7 > 1 and
any ball B, w(tB) < [w]a, 7""w(B). This property will be used throughout the paper.

As a consequence of this doubling property, we have that with the ordinary Euclidean distance
|-, R", dw,|-|) is a space of homogeneous type. In this setting we can define new classes of weights
A,(w) and RH(w) by replacing Lebesgue measure in the definitions above with dw: e.g., v € A,(w)

if
p—1
[V]a, ) = sup <][ v(x) dw) <][ v(x)l_p, dw) < 00,
B \UB B

From these definitions, it follows at once that there is a “duality” relationship between the weighted
and unweighted A, and RH; conditions: v = wle Ap(w)if and only if w € RHyy and v = wl e
RH(w) if and only if w € Ay.

For every measurable set E C R", we write vw(E) = (vdw)(E) = f gvdw and LP(vdw) =
LP(R",v(x) w(x) dx). In this direction, for every w € A,, v € Ay(w), 1 < p,q < oo, it follows
that

|EI "1 ¢ (WE? g vw(E)

— < —~7) < pid s
(2.3) <|B|> < [wly, w3 ) < [Wla, V1,00 (B)’ YECB.
Analogously, if w € RH, and v € RH,(w), 1 < p,q < oo, one has

1 1
yw(E) w(E)\ 7 L |E|\ 77

2.4 < — < K — , YECB.
(2.4) ow(B) = [VIrH,(w) (w( B)> < Ira, o0 [Wlgg, B c

Remark 2.5. Consider the Hardy-Littlewood maximal function

M) = sup ]i Ol dy.

B>x

By the classical theory of weights, w € A,,, 1 < p < oo, if and only if, M is bounded on L”(w).
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On the other hand, given w € A, we can introduce the weighted maximal operator M":

(2.6) M f(x) = sup ][ lfFOldw(y).

Since w is a doubling measure, one can also show that v € A,(w), 1 < p < oo, if and only if, M" is
bounded on L?(vdw).

We continue by introducing some important notation. Weights in the A, and RH classes have a
self-improving property: if w € A, there exists € > 0 such that w € A,,_, and similarly if w € RHj;,
then w € RH, 5 for some 6 > 0. Hereafter, given w € A, let

(2.7) rW:inf{p: weAI,}, sw:inf{q: weRHq:}.

Note that according to our definition s,, is the conjugated exponent of the one defined in [6, Lemma
4.1]. Given 0 < pg < gop < c0o and w € A, [6, Lemma 4.1] implies that

(2.8) W(po, qo) = {p € (po-qo0): we€Ar NRH /, } = <porw, qo) :
o (P) Sw

If po = 0 and gp < o0 it is understood that the only condition that stays is w € RH /. Analo-

p
gously, if 0 < pg and gg = oo the only assumption is w € A » . Finally W,,(0, o) = (0, 00).

0}
In the same way, for a weight v € A (w), with w € A, we set

ry,(w) := inf {r T VE Ar(w)} and s,(w) :=inf {s tVE RHSr(w)}.

For 0 < py < gg < o0 and v € A(w), following mutatis mutandis [6, Lemma 4.1], we have

(2.9) WY (po, qo) = {p € (po.qo) : veAr(w)NRH (») (W)} (porv(W) ” )>

If po = 0and gy < oo, as before, it is understood that the only condition that staysis v € RH /' (w).

Analogously, if 0 < pg and go = oo the only assumption is v € A » (w). Finally W}'(0, o) = (O, ).
70

2.2. Degenerate elliptic operators. Let A be an nxn matrix of complex and L™ -valued coefficients
defined on R". We assume that this matrix satisfies the uniform ellipticity condition as introduced
in (1.1). Associated with this matrix and a given weight w € A, (which is fixed from now on) we
define the second order divergence form degenerate elliptic operator

(2.10) Lof = -w  diviwA V),

which is understood in the standard weak sense as a maximal-accretive operator on L*(w) with
domain D(L,,) by means of a sesquilinear form. These operators were developed in [17, 18, 19, 15]
and we refer the reader there for complete details. Here we borrow some of their results. The
operator —L,, generates a C 0—semigroup {e~™Lw},. of contractions on L2(w) which is called the heat
semigroup.

As in [1, 7, 14], we denote by (p_(L,,), p+(L,)) the maximal open interval on which the heat
semigroup {e7 )0 is uniformly bounded on LP(w):

. 2
(2.11) p-(L,,) :=inf {p € (1,00) :sup|le”” LWIILp(W)_w(W) < 00} ,
>0
(2.12) p+(Ly) := sup {P € (1,00) : sup|le™" “Nerowy—rron < 00}
>0

. . . . . 2 .
Note that in place of the semigroup {e”w}, o we are using its rescaling {e~ Lwy .. We do so since

all the “heat” square functions that we consider below are written using the latter and also because
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in the context of the off-diagonal estimates discussed below it will simplify some computations.
According to [14],

(2.13) p-(Ly) <(2}) <2 <2, < pe(Ly),

* an
where 27, = Y

if 2 < nr, and 2}, = co otherwise.
Let us also 1ntr0duce for every K € Ny := NU {0},
p+(Ly)nry,
(2.14) (pr(L)E* .= nry = QK+ Dpi(Ly)’
00, if Q2K+ Dpi(Ly) = nry,.
When K = 0, we write (p, (L)%, := (p+(Ly))%".

Using the heat semigroup and the classical subordination formula, or the functional calculus for
L,,, we can also consider the Poisson semigroup'

if 2K + Dpi(Ly) < nry,

du
2.15 _t Ly, — 2 4u .
(2.15) Vi / e "uze” .

2.3. Conical square functions. One can define different conical square functions associated with
L,, as above which all have an expression of the form

dw(y) dt
L, — T L, 2 > , Rn,
Q- fx) = (//m)l FoR D xe

where I'(x) := {(y,?) € R’}r“ : |x — y| < t} denotes the cone (of aperture 1) with vertex at x € R”.
More precisely, we introduce the following conical square functions written in terms of the heat
semigroup {e~""*},.o (hence the subscript H): for every m € N,

_ dw(y)dt
2.16 = 21"l f ()2 ) :
@.16) Shiuf ) = ( J]@noe o SR
and, for every m € Ny := N U {
Lo 2 o pr o o dwO)dt
(2.17) Gl () = < / /F Ly P S t))> ,
m —CL, 5 dw(y)dt
(2.18) nSf () = <//r(x) |V, (L) e 2 £ ()] (B, t))>

In the same manner, let us consider weighted conical square functions associated with the Pois-
son semigroup {e~’ VLo o (hence the subscript P): given K € N,

Ly — 2K ~t+L, 2 dW()’) dt >
(2.19) Sepf(x) = ( / /F . (6 /L) e VP f(y)] B0
and for every K € Ny,
Ly _ 2K ,~t VL, 2 dw(y)dt >;
(2.20) Gl () = ( / /r LR P SRR
Ly — 2K —tr 2 dW(y) dt >
(2.21) Gipf(x) = < / /F . V31t /L) SO Bo)

Corresponding to the cases m = 0 or K = 0 we simply write G v f o= GO S Qﬁ f = Q&‘h
Gp'f = Gipf, and G5 f 1= Gi'pf. Besides, we set Sy’ f := S’ f and Sp* f 1= S{'% f.
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Let us observe that in all the above conical square functions the apertures of the cones are taken
to be 1. One could define conical square functions with any given aperture, but these are equivalent
in LP(w) or in LP(vdw) for every 0 < p < oo and v € As(w) by the change of angle formulas
obtained in Proposition 4.9.

Notice also that when comparing the conical square functions associated with the heat and Pois-
son semigroups the parameter m is in correspondence with K (and not with 2K) since we can

rewrite (t VL, )*X as (1>L,,)X. This is also reflected in the fact that, for instance, Sf(‘fp f is controlled
(in norm) by Sﬁ‘j’H f, cf. Theorem 3.5 part (b). One could define conical square functions for the
Poisson semigroup with (¢ vL,, )>*! in front, which in terms of the heat semigroup, would mean to
put (tzLW)’"*%. The corresponding square functions would also fit into the theory developed in this
paper, with appropriate changes. One of the difficulties that will appear is that (tzLW)’”Jr%e"sz sat-
isfies off-diagonal estimates with polynomial decay and in that scenario one would get restrictions
in the range of boundedness or comparison. This will not be pursued in the present paper.

3. MAIN RESULTS

We will obtain weighted norm inequalities and boundedness for the square functions presented
in (2.16)-(2.21) in weighted measure spaces. The word “weighted” refers to two different concepts
here, so we explain them better. First, note that the square functions that we consider are associated
with a degenerate elliptic operator, L,,, defined as in (2.10). Thus, the natural underlying measure
space is the “weighted” space (R"”,w). For this reason, the square functions introduced above in-
corporate w in their definition. In this way, an L”(w) estimate for any of these square functions
can be written as a norm of a function in R”*! in the corresponding tent space whose underlying
measure is dw dt/t. Our goal is to obtain estimates in L”(w) for some range of p’s and also to obtain
“weighted” estimates, that is, estimates in LP (vdw) with v € A, (w).

Our first two results establish the boundedness of the conical square functions associated with
the heat and Poisson semigroup:

Theorem 3.1. Let L,, be a degenerate elliptic operator with w € Ay and let v € Ac(W).
(a) Foreverym €N, Si‘:’H is bounded on LP(vdw) for all p € WY} (p-(Ly), o).
(b) For every m € Ny, G;"”H, and Q;“H are bounded on LP (vdw) for all p € W} (p-(L,), o).

Equivalently, all the previous square functions are bounded on LP (vdw) for every p_(L,,) < p < o0
and every v € A_p__(w). In particular, letting v = 1, all these square functions are bounded on

p—(Lw)

LP(w) for every p_(L,,) < p < oo.
Theorem 3.2. Let L,, be a degenerate elliptic operator with w € Ay and let v € A(W).

(a) Given K € N, Sé‘j’P is bounded on LP(vdw) for all p € W) (p-(Ly), (p+(Lw))5’*).

(b) Given K € Ny, QI,}V’“P and Gf(‘fp are bounded on LP (vdw) for all p € W) (p_(Ly), (p+(Lw))5’*).
In particular, letting v = 1, ngfp for K € N, and Q%”P and G?‘P for K € Ny, are bounded on LP(w)
for every p_(Ly) < p < (p+(Lw))5".

These two results will be proved with the help of some estimates, interesting in their own right,
which establish that all the previous square functions can be controlled (in the L?(vdw)-norm) by
either Sfl‘”' or gﬁw. Hence matters reduce to proving the boundedness of these two operators.

In the following two results we compare the square functions associated with the heat and Pois-
son semigroups, respectively.
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Theorem 3.3. Let L,, be a degenerate elliptic operator with w € Ay and take an arbitrary f €
L2(w).

(a) Sff" f(x) < %Qﬁw f(x) and Gﬁ;:’H flx) < QQ‘H (x), for every x € R" and for all m € Ny.
(b) Givenm € N, IG5y fllurvawy < IS5 flisany. for all v € A(w) and 0 < p < oo,
(¢) Givenm €N, ||Sm+1 wfllzrwaw) S IIS ‘wfllLraw), for all v € Ac(w) and 0 < p < co.

As a consequence, for every m € N, and for all v € Ax(W) and 0 < p < oo there holds

L, L, L, L,
(3.4) IS, wf e wawy + |G g fllraawy + 1Gwf I waw) S IS fllradw)-

Theorem 3.5. Let L,, be a degenerate elliptic operator with w € A and take an arbitrary f €
L*(w).

(a) G%’P f(x) < Q%’P f(x), for every x € R" and for all K € Ny.
(b) Given K € N, IS¢ fllraw) < ISEufllLoawy. for allv € A(w) and p € W0, (p(Ly))5).

(©) 1G5 fllrwawy S NGH FllLrcvawy, for all v € A(w) and p € W0, (p+(Ly))%)-
(d) Given K € N, |Gpflreaw) < ISESrwawy. for allv € Aw(w) and p € WY (O, (p(Ly)E™).

As a consequence, for every K € N, and for all v € Ax(w) and p € W} (0, (p+(LW))IMf’*) there
holds

Lw LW Lw Lw
(3.6) ISk pSLewaw) + IGgpfllLraw) + IGKpSLrwaw) < IISH" FllLewaw).-
The proofs of Theorems 3.1-3.5 are in Section 3. Let us note that the non-degenerate versions

(i.e., the case when w = 1) were established in [28] (see also [5]) and some of the ideas of this paper
are borrowed from there.

4. AUXILIARY RESULTS

4.1. Off-diagonal estimates. We recall here the concept of weighted off-diagonal estimates on
balls. For more definitions of weighted off-diagonal estimates and a careful study of their properties,
we refer to [7].

Definition 4.1. Let {T}};~( be a family of linear operators and let 1 < p < g < co. Given w € A,
we say that {7}, satisfies LP(w) — L9(w) off-diagonal estimates on balls, which will be denoted
by T, € O(L?(w) — Li(w)), if there exist 0y, 6, ¢ > 0 such that for any 7 > 0 and for any ball B with
radius rp,

1/q () l/p
(4.2) <][|Tt(f13)|qdw) <T< > ( |f|de> ,

and for j > 2,

1/q 2 r [22) 041% I/p
(4.3) < |T(f1c,)| dw> <2f"1'r< B) e ][ IfIPdw |
Vi Cj(B)

and
c4jr123 l/p
, (][ Ifl”dW) ,
B

1/q

. 6,
(4.4) (f IT(f1p)I dw) < 2191?(2]”3) e
Cji(B) Vi

where T(s) := max{s, s_!}, for s > 0.
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Recently, the second named author of this paper, together with D. Cruz-Uribe and C. Rios, has
obtained in [14] some new results about these types of estimates for the heat semigroup associated
with L,,. Here we just state some properties that will be needed later.

Lemma 4.5 ([14, Lemma 7.5]). Given w € Ay and a family of sublinear operators {T;}s~o such
that T, € O(LP(w) — L1(w)), with 1 < p < g < oo, there exist a,3 > 0 such that for any t > 0 and
for any ball B with radius rp,

4.6 T dw) )" ()’ vaw)
. ' < — | .| —= .
(4.6) (ﬁl (f1p)| W) max <\/¥> (\/Z) <]i|f| W)

Lemma 4.7 ([14, Proposition 3.1, Corollary 3.4, Proposition 7.1, and Section 8]). Let L,, be a
degenerate elliptic operator with w € A,.

(a) If p_(Ly,) < p < q < po(Ly) (cf. (2.11), (2.12)), then e and (tL,,)" e, for every m € N,
belong to O(LP(w) — Li(w)).

(b) There exists an interval K(L,,) such that if p,q € K(L,), p < q, then \tVe v € O(LP(w) —
Li(w)). Moreover, denoting by q_(L,,) and q.(L,,) the left and right endpoints of K(L,,), then
g-(Ly) = p-(Ly), 2 < q+(Lyw) < p+(Ly).

4.2. Change of angles for weighted conical square functions. In this section we present a result
that will allow us to change the aperture of the cone in different square functions. We indeed work
in the setting of tent spaces and we put the emphasis on quantifying the bound that is obtained by
the change of aperture. These change of angle formulas were first established for the Lebesgue
measure in [11] and with an optimal version in [2]. The weighted case was considered in [28] (see
also [27]). Here, as opposed to what was done in [28], the underlying measure is dw, as can be seen
from the conical square functions (2.16)—(2.21).

To set the stage, we denote by R"*! the upper-half space, that is, the set of points (y, 1) € R" xR,.
Given @ > 0 and x € R” we define the cone of aperture @ with vertex at x by

[%x) :={(y,0) e R™ 2 [x — y| < aut}.

For any closed set E in R”, let R*(E) := |J,x I*(x). We also define the operator Ay, @ > 0,
wE Aw:

dw(y) dt
4, ?F(x) = F 2
(48) b0 = (// v O tw(B(y,z»)

When a = 1 we simplify the above notation by writing I'(x), R(E), and A,,.
In the following proposition we present the promised change of angle formulas which allow us
to compare the L”(vdw)-norms of the operators A, for different values of a.

Proposition 4.9 (Change of angles). Let 0 < a@ < 8 < co.

(i) Foreveryw € Azandv € A,(w), 1 < 1,7 < oo, there holds

nrr

(4.10) [FEF | Loy sc<§> ’ [ AN || pyay Sorall 0 < p<2r,

where C > 1 depends onn, p, r, 1, [W] A and [v]a, o), but it is independent of a and .
(ii) For everyw € RHw andv € RHy(w), 1 < 5,5 < oo, there holds

_n_

a\ e 2
@ Ay <€ (5) N g foran 2 <p<e

where C > 1 depends on n, p, s, s, [WlRa,, and [VIgm,, (), but it is independent of @ and .
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Proof. We start proving part (i). Fix w € A7, 1 < 7 < co. We first consider the case p = 2 and

1 < r < oo, then we shall extrapolate to obtain (4.10) for 1 < r < oo and 0 < p < 2r. Finally we
prove the case r = 1 and 0 < p < 2. In all these cases we may assume that || A, Fllzrvaw) < ©0.
Otherwise, there is nothing to prove.

Forp=2andv €A, (w), 1 <rg < oo, applying (2.3) and Fubini’s theorem, we obtain

(412) 1P Fllpa = ( / ” / /| L |2td(3(8 S (x)dw(x))é
( /[ / PG, DB, ﬂt))tdgzy)i”
co(8) T ([ [ wonrmmoan Bty
( ) (/ / A_W' o )'zrdw(gd)) (x)dW(x)Y

ﬁ 2
=C (a> Hﬂ?VFHLZ(vdW)’

where C is independent of @ and .

Next we extrapolate from this inequality to the case 1 < r < co and 0 < p < 2r. Take an arbitrary
1 < rp < co. Then, (4.12) implies, for all v € A, (w),

1o

/ ((ﬂ'ﬁF(x)) %) Ov(x)dw(x) < / ((g) (ﬂ%F(x)) %> v(x)dw(x).

Now, using Theorem A.1, part (a), we obtain that, forall 1 < r < co and v € A.(w),

/ ) (AL F (%)) %v(x)dw(x) < <§> /R ) (ALF(x)) %v(x)dw(x).

Since 1 < ry < oo is arbitrary, we conclude (4.10) forall 1 < r < co, v € A,(w), and 0 < p < 2r.
Note that the implicit constant is independent of @ and S.

Finally we show the case v € A;(w) and 0 < p < 2. As in the proof of [11, Section 3, Proposition
4] and [28, Proposition 3.2], we consider, for all A > 0, and for 0 < y < 1 to be chosen later,

B(x,r)NE
SR AFW) > A}, Ey=RNO, and Ef = xerr: BEDOEL ol
|B(x, )|
Note that
O, :=R"'"\E;={xeR": M(1p,)(x) > 1 -y},

where M is the Hardy-Littlewood maximal operator. Clearly O} is open and so is O, (see for
instance [28, Proposition 3.2]). Besides, O, C O3, and

1
(4.13) w(0)) < C———=ww(0,) < co.
1=y
Here the first inequality follows from the fact that M : L7(vdw) - L7’°°(vdw), since w € Aj and
v € A1(w) easily imply that vw € Az. The last inequality is due to the assumption [ A, F|zr(vaw) < o©.

Note now that, for all (y,?) € Rﬂ(Ej), there exists X € E such that |X — y| < . We claim that
(4.14) IB(y, BOI(y — cpa) = |B(X, BOIY — cpa) < |Ex N B(y, at)],
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Indeed, for z := y — % 2= we have that B(z, at/2) C B(%,pf) N B(y, af).

where cg, =1 - 2n,3" 3 hoa

Then, since x € E},

7|B(~)_C’ﬁt)| < |E/l N B(j,ﬁt)l < |E/l N B(y9 at)| + IB()_C’ﬁt) \ B(y’ a,t)l

< |EaN B(y,at)| + |B(x,Bt) \ B(z,at/2)| < |Ex N B(y, at)| + |B(x, B1)| <1 - 2f;n> ,

and this proves (4.14).
Next, recalling that vw € Az, (2.3) and (4.14) then imply

W(Ed N BGan) <|EA N BO, at)|>7 s Cly— cpuf = C(a)’”

vw(B(y, 51)) |B(y, B B
after choosing y := 1 — % Hence,
B (2 _ © 2 x—y\ dw(yadt
4.15) /E : ALF (x) v(x)dw(x) = / ) / g [F(y,H)"1p0,1 ( I ) (B0, t))v(x)dw(x)

2 dw(y)dt
/ /R i FFO P00

bk 2 dw(y)dt
C <a/> //{Rﬁ(E;) |F(y, HI"vw(E, N B(y, m))itw(B(y, )

(B ~// 2/ dw(y) dt
-c(2 F(y, dw(x) ——2
<0/ ) Rﬁ(E;)l 0.0 B(y,annE, V(0dw(x) tw(B(y, 1))

<C ('8> A F(x)*v(x)dw(x).
(0% E,

IA

Therefore, from our choice of y, by (4.13) and (4.15), and applying Chebychev’s inequality, we
have that

w({xeR": ALF(x) > A}) <ww({xe€ 0 : ALF(x) > A}) +ww({x € E} : ALF(x) > A})

<w(0y) + ;2 / AL F (x) v(x)dw(x)
< <ﬂ> w(0,) + <ﬁ) 12 ?{“F ()2 v(xX)dw(x).
a a A

Using the above estimate, it follows that for 0 < p < 2,

da
WA FI sy = | P A vw({x €R": A F(x) > A}) -

c\
8

( ) ( pAP vw(O/l)d—/l+ / B pAP~? ﬂ‘vf,F(x)zv(x)dw(x)d/l>
A2 Jo 5, A

dA
(I!ﬂ"FHLp<vdw> /R ALF) par? Av(x)dw(x))

B\" | e
—c() I

where C is independent of @ and 5. This completes the proof of (7).

AGF(x)
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We next prove part (ii). Fix w € RHy, 1 < § < co. As in the proof of part (i), we split the proof
into three steps. We first prove (4.11) for p =2 and 1 < s < oo, then by extrapolation we will show
itfor2/s < p<ocoand 1 < s < oo, and finally we will deal with the case s =1 and 2 < p < 0.

We start by taking p =2 and v € RHS(/)(W) with 1 < 59 < co. Proceeding as in (4.12) but using
(2.4) instead of (2.3), we obtain

d
(4.16) AL Fll 2000 = ( / / |F(y, D> vw(B(y, at)) dw(y) z>

w(B(y,1))

@\ ([ z dwoydr \*_ (a7,
<(5)" ([ Lowoormeom GE5) = (5) ™ 17l

where the implicit constant is independent of @ and 3. Let us extrapolate from this inequality. Take
an arbitrary 1 < 59 < oo and notice that (4.16) immediately yields that, for every v € RHsé(w),

(ﬂ?‘,F(x)z SO)% v(x)dw(x) < / ( (;) : ﬂEVF(x)Z So) v(x)dw(x).
R" n

Next, we apply Theorem A.1, part (b), to conclude that, for every 1 < s < oo and for every
v € RHy(w),

ALF () vix)dw(x) <C | = ALF(x) S v(x)dw(x),
R B R
where C does not depend on a or 8. From this, using that 1 < sp < oo is arbitrary we conclude

4.11)forall1 < s <coand2/s < p < 0.

Finally, we show (4.11) for all 2 < p < oo and v € RH.(w) (i.e., s = 1). Without loss of
generality, we may assume that 'g > 32 (for 1 < g < 32 we just use the fact that AL F < AF ).

Let us also assume that IIﬂﬁF lzr(vawy < oo (otherwise there is nothing to prove). Besides, since
v € RH.(w) there exists r > 1 such that r > p/2 and v € A,(w). Then we can apply part (i) and
obtain that

6+/n nT:?
4.17) ||~‘7{?V‘/?’5F||Lp(vdw) <C <\;—ﬁ) IAE FllLrwawy = CINAE FllLoaw) < o0,

where C does not depend on 3.

After these observations, for every A > 0, consider the set

0= {x eR": ASVBF(x) > /l}.

),

Assuming (4.18) momentarily and applying (4.17), we obtain (4.11) for 2 < p < co. Indeed,

*© daAa
IIﬂ?VF”Z,(vdw) = 2"/ p AP vw ({x eR": ALF(x) > 2/1}) —
0

< >? / Pl / AC N ﬁF(x)Zv(x)dw(x)—
0,

< (“)F / AOVB ()2 / : 2% odw(n)
B n 0 A

We claim that

PYE

2
v(x)dw(x).

n (07 1
@.18)  ww({xeR": ALF() > 24}) < /12<,Z>

Bl
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n
a' s
~\p
}’l
o
: (,3)

where the implicit constants are independent of @ and 3.

ﬂﬁ\fﬁ ‘

LP(vdw)

It remains to show (4.18). We may assume that O, # @, otherwise both sides in (4.18) would

vanish since A F < 3{3\/;"6 F. Using similar arguments as in the proof of [28, Proposition 3.2, part
(1], we clearly have that O, is open. Also, (4.17) and Chebychev’s inequality give us vw(O,) < oo,
which in turn yields that O; ¢ R" (since vw is a doubling measure and hence vw(R") = o). Then,
we can take a Whitney decomposition of O, (see for example [29, Chapter VI]): there exists a
family of closed cubes {Q} jen With disjoint interiors so that

419 0,=J0Q;,  diam(Q)) <d(Q;,R"\ 0p) < 4diam(Q)), and Y 1o <12"1p,
JEN JEN

where Q =3 20; jand d(Q;,R"\0,) denotes the Euclidean distance between the sets Q; and R"\ 0,.
On the other hand, since A F < ﬂw‘fﬁ F, we have that
(4.20) w({x eR": AYF(x) > 24}) =vw({x € 04 : ALF(x) > 21})
=> w({xeQ;: ALF(x) > 24}).

JEN

Fix j € N and, for every x € Q;, write

o « dw(y) dt / / , dwy)dt
ALF(x) < F(y, 0l F
w0 < (/“if) /B(x,at)| 0.0 tw (B(y,t))> B(xat)l 0.0l tw(B(y, 1))

= Gj(x) + Hj(x).

Pick x; € R" \ O, such that d(x;, Q;) < 4diam(Q;). Notice that for every x € Q; and t > £(Q,)/B
we have that B(x, af) C B(xj, 6 vnpt). Then,

dw(y)dt dw(y)dt
o< [ ot [
107 = / 0 /BW)' OB ) = S50 Jas o ow B, 1)

< ﬂ‘;fﬁF(xj) < 2%

where the last inequality holds since x; € R" \ O,. Using this, Chebychev’s inequality, and (2.4) for
w € RHy and v € RH.(w), we have

vw({x €Q;: AF(x)> 2/1}) < vw({x €Q;:Hjx) > /l})
1
< /Q ‘Hj(x)Zv(x)dw(x)

1 dw(y)dt
< 2// _ 1(0,ﬂ-'€(Qj))(f)|F(Y’ HPvw(B(, m))m

(a/ﬁ) dw(y) dt
w(B(y, 1))

(a/ﬁ) / / / )2 dw)dt
< . 1ﬁt)l .0 (B 1 ))V(x) w(x)

/ / 0, Mo DI DPvW(B(y, 327 Br) 2
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(a/ﬂ)

/ ACVBE (x)2v(x)dw(x).

Then, by (4.20) and the bounded overlap of the family {Q j} jeN,

ww({xeR": ATF(x) > 24}) < % (a> by /Q* ‘ﬂg\/ﬁﬂF(x)‘zv(x)dw(x)
JjeN J

B
<l a ; AONBE )2 Ydw(x)
s2lp) |, [AVPEe| veodwe
where the implicit constants are independent of @ and . This completes the proof of (4.18). O

4.3. Carleson measure condition. Given 0 < p < oo, we now introduce a new maximal operator
(see [28] for the case w = 1)

1

_ 5 dw(y)dt ’
@20 Crpllio) = 200 <w(3)/ </ /BM' OO B, r))) dw(x)) ’

where the supremum is taken over all balls B ¢ R" containing x¢, and rp denotes the radius of B.

We also consider 1
1 B dw(y)dt\ ?
CyF(xo) = sup (/ /IF(y,t)Iz(y)> ,
B>Xxg W(B) 0 B !

which is a weighted version of the one introduced in [11] to study duality in tent spaces.
We first observe that for p = 2,

(4.22) CwF = Cy2oF.
Indeed, by (2.2) and Fubini’s theorem,

dw(y) dt :
Cy2F(x0) = F 2 2T dw >
2F(x0) Z‘;EZ(w(B)/ / /Bm' 001 B, ™
dw(y)dt
< F(y, 1) / dw )
= op <w(B>/ / OO o ™ huBr )

1 2rg / 2dw(y)dt>2
< su FQy, Hf———— = CwF(xp).
BBE) <W(2B)/o 2B| 0.0 t (o)

As for the reverse inequality, there holds

1 2dw(y)dr 2
CWF(XO)—EEE) <W(B)/0 /BIF(y,t)I ; >

I dw(y)dr \?
i F(y, 1) / d )
b (W(B)/o /B' 008 J Y B 0)

1

2rp dw (y) dt i
N 2 _ CW F .
c) Baxo <W(ZB) / / /B(x f) IFO, )l tw(B(y, 1)) (x)> 2F(xo)

The following proposition relates the norm of C,, ,, f with that of A, f. This will be crucial in
the proof of Theorem 3.1. When w = 1 this was proved in [28, Proposition 3.34] for a general pg
(see also [11, Theorem 3] for the case pp = 2 and w,v = 1).

Proposition 4.23. Let w € A.
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(@) If 0 < po, p <00, v € A(W), and F € L (R, dwdf) then

A WF | Lrwawy < NCw,po FllLrvaw)-
D) If0<pg<p<ooandveAr (w)then
Po

”Cw,poF”LI’(vdW) < ||ﬂwF”L”(vdw)-

Proof. We start proving part (a). Fix w € As and let 1 < r < oo be so that w € A,. The proof is
divided into two steps.

Step 1: We first consider a function F € LZ(RTl,dwdt) such that, for some N > 0, supp F' C
Ky :={(y,£) e R"! : y € B(0O,N), N-! <t < N}. Notice that for y € B(O,N) and ¢t > N~!,

w(B(0, N)) < w(B(y,2N)) < w(B(y,2N?t)) < [wla, 2N?)"w(B(y, 1)).
Then,

N dw(y) dt )5 ’
4.24 A Fll Lo vav) = F(y, D]} ———— d
4.24) || 12 (vaw) (/B(O,ZN) </Nl /B(x’[)mB(O’N)l (1)l w(BO.D) v(x)dw(x)

)1/2

1 _1 1
< N2 ([wla,2N?Y"") " w(BO, N)) ™2 vw(B(0, 2N))7 | Fll 2051 gy < -

We claim that it is enough to prove that there exist « > 1 and ¢, ¢y, > 0 such that for all

0<y<1landO < A< oo, we have

425)  ww({xeR": AF(x) > 24,Cpp, F(x) <ya}) < ey vw({x e R" : AF(x) > 1}).

Assuming this momentarily, it follows that

vw({x eR": A, F(x) > 2/1})

< vw({x eR": ALF(x) >24,Cy p, F(x) < y/l}) + vw({x €R": Cyp Fx) > y/l})
<cyrvw({x eR" : AYF(x) > A}) + vw({x € R" : Cyy p, F(x) > yA}).

This easily gives

”ﬂwFHZ’(VdW) < Cycw'v

ﬂgFHLP(vdw) + C%p HCW’I’OFHZ’(WIW)'

Note that, from Proposition 4.9 we know that ||[Ay Fllzr(vaw) < c(@, PIIAWFllLrvaw). Then, choosing
¥ small enough so that Cy“wc(a, p) < 1 and from the fact that ||A,, Fllzrqy) < o0, we conclude
that

||ﬂwF”LP(vdW) < HCW,POF|

LP(vdw)*

Therefore, in order to complete the proof it just remains to show (4.25). We argue as in [11].
Consider O, := {x € R" : AYF(x) > A}, and note that (4.10) and (4.24) yield that vw(0,) < oo,
for all 4 > 0 and as before O, € R". Without loss of generality we can also suppose that O, # 0
(otherwise both terms in (4.25) vanish, since ALF > A, F for & > 1, and then the claim is trivial).
Note finally that O, is open (see for instance [28, Proposition 3.2]). We can then take a Whitney
decomposition of O, (cf. [29, Chapter VI]): there exists a family of closed cubes {Q;}jen With
disjoint interiors satisfying (4.19). In particular, for each j € N we can pick x; € R" \ O, such that
d(x;j, Q;) < 4diam(Q;). Furthermore, note again that A} F > A, F for @ > 1. Then

vw({x € R" : ALF(x) > 24,Cyp, F(x) < yA})
=ww({x€ 01: ALF(x) >24,Cyp,F(x) <ya})

=> w({xe Q) : AF(x) > 24,Cpp, F(x) < yA}).
jeN
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Thus, to show (4.25), it is enough to prove, for each j € N,
w({x € Qj: ALF(x) > 24,Cpp F(x) < yA}) < ¥y vw(Q)).

Finally note that since v € A (w), (cf. (2.4)), the above inequality follows at once if we show, for
each j e N,

(4.26) w({x e Qj: AWF(x) > 24, Cpp F(x) < yA}) < cy"w(Q)).

Then, let us fix j € N and obtain (4.26). There is nothing to prove if the set on its left-hand
side is empty. Thus, we assume that there exists x; € {x €Q;: AyF(x)>24,Cy p F(x) < y/l}.
Let B; be the ball such that Q; C Bﬁ with radius rg; = diam(Q;)/2. Then, d(x;, Q;) < 8rp; and
Qj C B(Xj, IOFBJ.).

We now write

FQx,1) = Fij(60) + F2,j(x,0) 1= FOG0) L o) (1) + F( 1) (0,15 (-
Then, A, F(x) < AF1 j(x) + AyF2j(x). Now, fort > rp;, x € Q;, and @ > 11, we have that
B(x, 1) C B(xj,at). Hence,

00 dw(y)dl‘
427) A Fy; 2=/ / FO.0P
@ A= OO B,

dw(y)d;
F 2 g 2 /12
/ A,——;kml 0 D) tw(B(y, 1)) =AF(x;)" <%,

where the last inequality holds since x; € R" \ O,. On the other hand, by our choice of X; € Q; C
B; C 2B;, it follows that

1
(4.28) wQ2B) zB.lﬂsz’j(x)lp dw(x)

2rs; dwidt \
2 ¥ )P0 0
W(ZB)/ (/ /Bm)l .01 B0, t))> dw(x) < Cyy py F(X)PO < ().

Using (4.27), Chebychev’s inequality, and (4.28) we conclude (4.26):

w({x € Q;: ApF(x) > 24,Cy p F(x) < y/l}) <w(xe Q;j: Ay Fj(x) > A})
T / | A F2,j(0)I dw(x) < y"w(2B)) < cy”w(Q)).

This completes the proof of Step 1.

Step 2: Take F € L]OC(R’“rl dwdt) and define, for every N > 1, Fy = Flg,. Then, since
Fy € L>(R™!, dwdt) and supp F C Ky, we can apply Step 1 and obtain that

AW ENrwaw) S NICw,po FNllLrawy < NICw,po FllLr(vaw)s

where the implicit constant is uniform in N. Finally since |Fy| / |F| in R’}r” (that is, |[Fy| is an
increasing sequence which converges to |F|), the monotone convergence theorem yields the desired
estimate. This finishes the proof of (a).

We next turn to the proof of (b). For every xo € R” and any ball B ¢ R" such that xo € B, we

have
1

> dw(y)dt g ! o
<][ ( / /B (ml O, 0l (B, t))> dw(x)) < ( BIﬂWF(x)ll’ dw(x)) < My (AL F)(x0),
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1
where for any function h, M} h(x) := MW(IhIPU)(x)% and MY is defined in (2.6). Taking the
supremum over all balls containing xo, we conclude that C,, ,, F(xp) < M;,VO (A, F)(xp). Moreover,
since p > po and v € A » (w), it follows from Remark 2.5 that M;,VO is bounded on L”(vdw). Thus
Po

we conclude that
”Cw poF”LP(vdw) < ”M (\ﬂ F)HLI’(vdw) < ”\?[WF”LP(VdW)

This completes the proof. ]

5. PROOFS OF THE MAIN RESULTS

In this section we prove Theorems 3.1-3.5. To this aim we first establish in Section 5.1 the
boundedness of QH and SH on LP(w). In Section 5.2 we study the boundedness of QH on L?(vdw)
with the help of the operator C,, , introduced in (4.21). This and Theorem 3.3 easily yield the
desired estimates in Theorem 3.1. In Section 5.3 we see that Theorem 3.2 follows at once from
Theorems 3.1 and 3.5. Finally the proofs of Theorems 3.3 and 3.5 are given in Sections 5.4 and 5.5,
respectively. We note that we improve some of the results in [10, 30] by considering wider families
of conical square functions, allowing estimates on L”(vdw) (in place of on L”(w)) and also enlarging
considerably the ranges of the estimates. For instance, [10, 30] establish that Sﬁ is bounded on
LP(w) for p € (n s L 1) Here we obtain that it is bounded on LP(vdw) for all p_(L,,) < p < o0
and every v € A . (w). Note that, in particular, we can take v = 1 and in that case we get

boundedness in the range (p-(L,,), o) which is clearly bigger as p_(L,,) < n%r—”l < n% < co. We
finally observe that it was shown in [5] that the ranges for the boundedness of some conical square

functions associated with the heat-semigroup are sharp, hence our ranges in that case are also sharp.

In what follows, unless otherwise specified, L,, is a degenerate elliptic operator as in (2.10) with
fixed w € A;. In the context of Theorems 3.1 and 3.2, the considered conical square functions are
sublinear operators a priori defined in L?(w). When we say that any of them is bounded on L”(vdw)
we mean that it satisfies estimates on L”(vdw) for any function in L’(R") (or in L*(w) N LP(vdw))
where L°(R") stands for the space of essentially bounded functions with compact support. It is
standard to see that since L"(R") in dense in L”(vdw), one can uniquely extend the conical square
function to a bounded operator on L”(vdw). We will skip this standard argument below.

5.1. Boundedness of Gf;" and S’ on L”(w). We recall that G’ = Gy (cf. (2.18)) and Sfy* =
STy (cf. (2.16)).

Proposition 5.1. The conical square functions Qﬁ“’ and Sﬁw are bounded on LP(w) for all p_(L,,) <
p < oo,

Proof. Note first that it is trivial to see that Sﬁ”’ f< %Qﬁw f, hence it is enough to establish the L”(w)
boundedness for gﬁw. We split the proof into three cases: p =2,2 < p < oo, and p_(L,) < p < 2.
Case 1: p = 2. Recall that the vertical square function

- o 2\
i F0) 1= < | et o) f)

is bounded on L*(w) (see [14]). Then, applying Fubini’s theorem, it follows that, for every f €
L2(w),

168 fllzo = (// /B(xt)

dwoydr ))5
tw(B(y, 1))

9y 0|
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_fn, dw)dt \* | 1,
(// e ] /BM zw(B@r))) = e s

Case 2: p > 2. Fix f € L7(R") and let F(y,t) := 1V, te" Lv £(y) so that A, F = Q " f (recall the
definition of A,, in (4.8)). Moreover, for every xg € R", denote

~ 1 rB s d d %
Cuuf (x0) 1= CuF(x0) = sup <w(3) /0 /B 19,¢”" wa(y)F“f“) .

B>Xx

Then, Proposition 4.23, part (a), for v = 1, and (4.22) imply that

lGt ||, =1l < [CoF gy = ICFlrn = ICu fllr
Consequently, it suffices to prove that
(5.2) ICw fllLran < IMS Fllron,

where MY f .= (M"|f Iz)%, since MY is bounded on L?(w) for p > 2 (see Remark 2.5).

In order to prove (5.2), take B a ball in R" with radius rp and split f into its local and its global
part: f = fioc + feolob := flap+ flrm\4p. Then, applying the boundedness of gﬁ"’ on L*(w), we obtain

i dtdwy)\'"? 12
(53) ( B / / V06 PE foc )P w(y) (W(B) / " ﬁoc(y)lzdw(y)>

1/2 1/2
<< 5 |floc<y)| dw(y)) <][ If(y)lzdw(y)> < inf M5 f(0).

As for the global part, since by Lemma 4.7 we have that ViVye v, tL,e™ v € O(L*(w) — L*(w)),
then

S W 2wy

L2(w)

LP(w)

dt dw(y)
oy (W(B) / / 195067 ftob ) Wy)
? dr\ V2
SZ(/ ][ Vyse™ 0 (f 1Cj(B))(}’)|2dw(y)>
j>2 O JB p
' i 1/2
o [ p(ra) R SO
<IZ>;2J (/ T( : > e 2]_HBIf(y)I dw(y)-
j 200 iR 1/2
<IZ>;2191 (/ <2Jtr3> e =7 ‘f) 1nfM f(x)

< inf My f(x).
xeB

Hence by (5.3) and (5.4), we conclude that, for every xp € R" and every ball B ¢ R" such that

Xo € B,
1 / / Y. L1 L. A R
N A AL < MY f(x0).

Now taking the supremum over all balls B 3 x(, we have that fw f(x0) S MY f(xo) for all xo € R"
and hence (5.2) follows.

Case 3: p_(L,) < p < 2. Since Qﬁ‘ is bounded on L7(w) for 2 < g < oo, by the Marcinkiewicz
interpolation theorem, it is enough to prove that gﬁw maps continuously L”(w) into LP*(w) for all
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p-(Ly) < p < 2. That is, we wish to show that for all 4 > 0 and f € L?’(R"),

(5.5) w<{x eR": G f(x) > /1}) < % | ),

To this end, fix p_(Ly,) < p < 2, f € L7(R"), and 4 > 0. Here we need to adapt the argument
in [5, p. 5480] and proceed as in [1, p. 61] (notice that, as it was already observed in the latter,
[1, Theorem 1.1] does not apply due to the nature of the conical square function). For starters we
need a Calderén-Zygmund decomposition for f adapted to the LP(w) norm. This is quite standard,
but we need some extra features, hence we sketch the argument. First, using the notation in (2.6)
consider the level set E; = {x € R" : M¥(|f|”)(x)"/? > A}. Since this is clearly open, we can
dyadically divide the standard Whitney cubes, as constructed in [29, Chapter VI], to find a pairwise
disjoint family of dyadic cubes {Q;}ien such that E; = U;enQ;; the family {4B;};en has bounded
overlap, where B; = B(xg,, Vnf(Q;)); and Bf N (R" \ E,) # 0 where B} = C,B; with C,, > 8 a large
enough constant depending only n. We can then write f = g + >, b; with

(5.6)  g:=flamg, + <][Q f(x) dw(x)> lp, and b= < f- ][Q f(x) dw(x)> 1o,
i=1 i i

We claim that the following properties hold:

(5.7) llgllzeow) < CA,
(5.8) suppb; C Q; C B; and / 1b;(X)|Pdw(x) < CAPw(B;),
B
(5.9 f: w(B;) < ¢ LfOIPdw(x)
i=1 AP e ,
(5.10) 1yp, < N,

i=1
where C and N depend only on the dimension, p and w. To show (5.7) we combine Lebesgue’s
differentiation theorem for the doubling measure w and the fact that

5.11) ‘ ][ £ dw(x)

s <][ If(x)l”dw(x)> singW(|f|P)% <A,
B; ,-

where the last estimate uses that B N (R" \ E;) # 0. Analogously,

(][ B dw(x))" < (][ LGP dw(x))” < (f FCOP dw(x)) <1
B; B; B?

and this gives (5.8). To obtain (5.9) we use that w is a doubling measure (cf. (2.2)), that the cubes
{Q;}; are pairwise disjoint, and the weak-type (1, 1) inequality for A":
(o) (o) 1
Zl w(B;) 21 w@) =w(E) S /R I dw().
Finally (5.10) follows from the construction of the Whitney cubes.

Next, in order to justify the following computations we show that g and b; belong to L?(w). Note
first that by (5.11) and the weak-type (1, 1) inequality for M" we obtain

P

1 B P
181260 < 11200 + AWED? < 11|20 + 22111y < o0,
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since f € L(R"). Analogously,
1
1Dill 20wy < 120wy + AW(Qi)? < o0.

To continue, for each i € N, denote by r; the radius of B; and consider the operator A,, =
I1—-(I- e’ LM where M € N will be determined later. Then,

G < Glra+ Gl <Z A,ibi> cal (Z (1) b)
i=1

i=1

Therefore, for all A > 0,

w({x eR": Qﬁwf(x) > ﬂ}) < w({x eR": Qﬁ”’g(x) > ;})
+w<{x eR": G (f:A,,,bi> (x) > g})
i=1
+w({x eR": gL (Z (I—e"'LW>Mbl-> () > ;})
i=1

=:I+1I+1II

We estimate each term in turn. Using the L*(w) boundedness of gﬁw and properties (5.6)—(5.9),
it follows that

Is /R s < /R 8P < o /R A dwo.

To estimate term /1, we take 0 < ¢ € L*(w) with ||| 12wy = 1, and obtain that

1
[ [} . 2 %
Abilydw < w2/ B;) ][ A, bil>dw <][ |w|2dw) .
/n Z 4 ZZI ey 20+1B;

i=1 j=
Besides, observe that A,, = Z,ivi 1 Ck, Me"f2 kLv satisfies O(LP(w) — L*(w)) by Lemma 4.7. This and
properties (5.8)—(5.10) yield

s ; A.b;

00 00 1
<SS 2 (2)) e (2!“3)(7[ Ib; |”dw> inf M3y

i=1 J:1

<AZZ€ /M Y()dw(y)

i=1 j=1

<4 / MZY()dw(y)
U;B;

< (UB) (W7, 5 A Ll

w) ~

where in the last step above we have used Kolmogorov’s inequality along with the fact that M" is
of weak type (1, 1) (with respect to w). Taking the supremum over all ¢ as above and using again
that Qﬁ‘ is bounded on L?(w) we obtain

ZAr,b

1
S T

L2(w)
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Next we estimate /11. Applying Chebychev’s inequality and (5.9), we have that

(5.12) IIISW<OSBi>+w<{xeR"\USB Ghe <§:( e—r?Lw)Mb,.>(x)>§}>

i=1 i=1

— . i L, . _ —ran .
< izz;w(Bl)+ 2z /R"\U?LSB,- Gy (;( e ) bl> (x)
. 2
. Gi (Z (1 —eh L“) bi) (x)

i=1

2
dw(x)

dw(x).

< L [ rpdw + /
/l Rn Rn\U;’Z

It remains to estimate the last integral above. Denote h; = (I —e™i LW)M b;. Then, applying Fubini’s

theorem,

(5.13) /
RO\, 5B

2
dw(x)

Gy (Z m) (x)
i=1

2 [Se]
dw(y)dt
B(y, 5Bj | —————
W( oy ) tw(B(. 1)

® dw(y)dt
B(y,n) \ 531‘) —
< U] (B, 1)

> 2
> L (16 B hi(y)
"=

s 2
-2L,,
> Tpnas 0t Vy e i) w
0 IR img

= fipe + Iglob-

Recall that the collection {4B;};en has finite overlap. Besides, given y € 4B;, if there exists
x € B(y,1) \ U, 5B;, then t > r;. Hence

d d
S [ fotretnol (o o) 2325

Since Vi Vye'Lv, ¢ L, e7' v belong to O(LF(w) — L2(w)), by Lemma 4.5 , we can find y; < 7y s0
that (4.6) holds simultaneously for both (with @ = y; and 8 = y,). This, the L”(w) boundedness of
the heat semigroup and (5.8) allow us to obtain that there is y; > 0 such that for every ¢ > r;,

(7[ V36 (il )0) dw(y)) s(&) (f |hi<y>|f’dw<y>>
4B; t 4B;

) (f moran) < ()"
—r LM

Using a similar argument and expanding (I — e~"i1v)M it follows that

dw(y) dt

tVy ey )'

1
2 2 2
(7[ V306 (il an )| dw(y))
4B;

1
w(2/*1B;) L ) !
<) 1V, e L (e s, ‘d
5 (w(4B> Mf‘ wee 7 (hileys)) )| dw(y)

1

2
< Z 21 (7[ ‘tVy,te_tZLw((hilcj(Bi))lszB")(y)‘ dW(y))
/+lBl.

Jj=2
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1

i(n4+y2 ri\ " ) ?
s 2 (3) (fc . |hl<y)|ﬂdw(y)>

=2

1
M P
. i\7Y
S ) L (e roran)
C;(B))

=2 k=1

1
< Z j(n+y2+61+62) (%)y' ey <][ |bi(y)|de()’)> !
22 Bi
s

t

where in the fourth inequality we have used that the term k = 0 vanishes since b; is supported in B;
and the integral takes place in C;(B;) with j > 2. Therefore,

= o\ 20 dt -
(5.14) foe £ 2 W(4B)) / (%) 17 <A wB) s A7 / [F P dw(x).
i=1 i i=1 R?

We turn now to estimating Igjop. We claim that for every i > 1 and j > 2, if M is chosen large
enough,

1

® dr\’ .
(5.15) Iij = / ][ ‘tVy,,e_’szh,-(y)\zdw(y) et < 2_1(2M_91)/1.
0 JCjB !

Assuming this momentarily, take 0 < ¥ € Lz(RTl, @) with ||P|| L2(RI ity = 1 and write lfIV’(y) =

fom Y(y, t)z% Then, taking M > n + 6/2, using Kolmogorov’s inequality and that M" is of weak
type-(1, 1) we conclude that

dw(y) dt

> Tpnas ()i Vy e Lo py(y) "P(y, )
* =l

1

d d
Lo ([ f, ver0t)

i=1 j>2

<2y pjCn2me Z w(B,) inf (MW‘I’(x))

j=1 i=1

<2 / ) (M) e
UiBi

1
2 —2u s
s(UB)" < 2751l
i

where last estimate follows from (5.9). Taking the sup over all functions ¥ as above yields

1
(Zgion) > (/ / > <saAl” 2IIfIILp(w)

Plugging this and (5.14) into (5 13) and the latter into (5.12), we see that 111 < A7 || f||7 Lr(w)- This
eventually finishes the proof of (5.5).

2 aw(y) dt
t

\4B,-(Y)ny,t€_t2L”’hi(y)‘

To complete the proof of Case 3 we need to show (5.15). Note first that

s [ 4 mettnofanT s [ |Prettno e =
Cj(B) C;(Bi)
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We estimate the first term /;; by using functional calculus, where the notation is taken from [1] and
[8, Section 7]. As usual write ¢ € [0, 7/2) for the sup of |arg({Lf, f)2(,))| over all f in the domain

of L,. Let 0 < ¥ < 6 <v < u < x/2 and note that, for a fixed t > 0, ¢(z, 1) := e’tzz(l - e”fzz)M is
holomorphic in the open sector £, = {z € C\{0} : |arg(z)| < p} and satisfies |¢(z, )] < Iz (1+]z)~>M
(with implicit constant depending on ¢ > 0, r;, u, and M) for every z € X,. Hence we can write

¢(Lyy, 1) = / ez, t)dz,  where 1(z,1) = / e, dd.
I

Y
Here I' = 92z _ with positive orientation (although orientation is irrelevant for our computations)

and y = R, e/$18"M@)v Tt is not difficult to see that for every z € T,
oM

1
(|Z| + t2)M+1 '
where the implicit constant is independent of ¢ and r;. This, the fact that \/EVye‘ZLw € O(LP(w) —
L*(w)) (see [14, Corollary 7.4]), and (5.8) imply

3 ) 4 ey
]/ 19,6 (L, Dbi|*dw | < / ][ | VaVye | “dw | ——————1dz
Ci(B) r \Jc;s) |22 (Jz] + £2)M+1

1 . 0 .
. o0 Jy. 2 cair? 2M
< 2/% |bi|P dw ' / T 2'ni e tsl/zrliﬁ
B; 0 Vs (s + )M+ g

& J . 2 c4-’r.2 2M
< 2j9'/l/ T 2ri Paare tsl/zriié_
o \\s G+ B

. . . 4ir? ; .
Hence, after changing the variables s and ¢ into SQ and 2/r;t respectively,

¢S] [ oo 0, 4l 2M 2
L < 22]‘91/12/ / (2N M ds) e
e o \Jo Vs (s+)M+ g | ¢

2
‘ °° « ot 1 ds\ dt : 0 dt
z2—2,(2M—(9.)/12/ (/ ‘Y’(s)eze‘“zf — S) 7 _ 2—2](2M—61)/12/ @(t)27.
0 0

: SR

Choosing M so that2M +1 -6, > 0,ifr > 1,

1
r1t ds V1 ¢ 1 ds oo t 1 ds 1
®(t)$/ S2<M+l)+/ +/ shes = — < .
0 S@z K s % S92 St2M+2 Ky 1 St2M+2 s t2M—92

Similarly, for 0 < ¢ < 1,

1 o
1 ¢ ds 2t ds
O(1) S/ - — g2 M+ 22 +/ sPremes S gMA2TE <y
0 1

§72 8 N N N

(5.16) n(z, 1)l <

Consequently, if 2M — 6, > 0,
This and an analogous estimate for /;;> complete the proof of (5.15). In fact, the formal argument
for I;;» is the same as the one for /;;, but taking ¢(z, 1) := t2ze"22(1 - e"fzz)M . Consequently, we
have that |n(z,?)| < % in place of (5.16), and we use e v € O(LP(w) — L%(w)) instead of
\/EVye‘ZLW € O(LP(w) — L*(w)). We leave the details to the interested reader.

O
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5.2. Proof of Theorem 3.1. Assuming momentarily that gHw is bounded on L?(vdw). Then, (3.4)

and Theorem 3.3 part (a) take care of the boundedness of Sm e ,anH, QZWH when m > 1, and

also that of GH”. Thus we only need to consider the boundedness of QIL{W, which will follow from
Proposition 4.23, part (a) and the following auxiliary result:

Proposition 5.17. If we set

L _ L / ( /FB /
Cry /(0 i}gg <W(B) B \Jo JBwp

then, for every p_(L,) < po <2 and f € L (R") there holds
(5.18) Chvf(x) s My f(x),  VxeR"

0]
2 dw(y)dt \ 2 "
Z‘Vy,,e_ﬂL“’f(y)‘ WO)I) dw(x)) ,

w(B(y,1))

Eventually, ﬁ”’ [ is bounded on LP(vdw) for every v € Ao(w) and p € W} (p-(L,), o).

Assuming this result momentarily, Theorem 3.1 follows immediately in view of Theorem 3.3.

Proof of Proposition 5.17. Fix p_(L,) < po < 2 and xp € R". Take an arbitrary ball B 3 xp with
radius rp and split f € L (R") into its local and its global part: f = fioc + falob := flgp + f1rm\gp-

In order to estimate fioc, note that by Proposition 5.1, gﬁw is bounded on LP°(w). Then

(w(B) / </ /m )

1 L
< (w(B) QH Sioc(x)P° dw(x)) < <w(B) s | fioe ()7 dw(x))

1

< (W(gB) / GOl dw<x>> " M Fxo).

As for fg1op, note first that by Lemma 4.7, { \/;Vye‘tLW}DO, {tLe )00 € O(LPO(w) — L*(w)). Use
this, Holder’s inequality for 2/pg and argue as in the proof of (4.22). Then,

1 " e 2 dw(y)dr \ * "
G L L, et s 55055 "””)

tw(B(y, 1))

< Z (/ ][ ‘tVy eI (f 1c,(23))()’)’ *dwQ) dt)

_erL, 2 dw(y)dt "0
19,06 fioo)| o t))) dw(x))

Jjz2
1
- j 20 i 2 2
) . 2]+l 2 B 4r
<Z </ (7[ If(y)lp"dw(y))]offelT(rB) o ﬂBdt)
2/+2B t t
Jjz2
ds\ 2
< M, fxo) 3 2 ( I 2926—“”) < M3, fxo).
]>2 2i s

L

Collecting the estimates obtained for fio. and for fgop We can conclude that
Ly g |? AW dt "0 ,
19,06 ) ) <M

(W(B) / (/ /B(x D) w(B(y, 1))

Taking the sup over all balls B such that xy € B, we get (5.18).
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To complete the proof we need to show the boundedness of Qﬁ‘“. To this end, take F(y,f) :=
AT *Lu, f(»), so that g " f(x) = A, F(x) and Cﬁg’ f(x) = Cy p, F(x). Thus, (5.18) and Proposition
4.23, part (a), imply that for every p_(L,) < po <2,0 < p < o0, v € Axs(W)

(5.19) |\t 1 < s Ve LOR),

Lp(vdw) Lp(vdw) & HM;’Vof HL"(vdw)’

Note that the fact that f € L°(R") guarantees that 1V, e~ "Ly fOo) el
is bounded on L*(w) uniformly in ¢.

Next, fix v € Ao(w) and p € W) (p-(Ly), 00). In particular, we can find pg such that p_(L,,) <
po < min{p, 2} (close enough to p_(Ly)) such that v € A (w). Therefore, M} is bounded on
PO

LP(vdw). This and (5.19) yield

gt s

. _42
(R™1, dwdt), since 1V, e~ v

loc

< , Y fe L RY.
Lo (viw) ”f”LP(vdw) f c ( )

The proof is then complete. O

5.3. Proof of Theorem 3.2. The desired estimates follow very easily from Theorem 3.5 and The-
orem 3.1. To prove (a) we just use Theorem 3.5 part (b) and Theorem 3.1 part (a). To obtain (),
we only need to invoke Theorem 3.5 parts (a), (¢), (d) and Theorem 3.1 (note that Theorem 3.5 part
(c) and Theorem 3.1 part (b) are used for the case K = 0). Details are left to the interested reader.

5.4. Proof of Theorem 3.3. We first note that part (a) is trivial. To prove (b) and (¢) we fix
O<p<ooandv e Ax(w). Plckr>max{ ,t(w)tsothatve A,(w)and 0 < p <2r. If [x —y| < ¢,
then B(x,t) C B(y,2t) and B(y,t) C B(x, 2t) Since w is a doubling measure, one has

w(B(x,1)) _ w(B(y,21)) wB(,n) _ w(B(x,20)

(5-20) w(B(y, 1)) = w(B(y, 1)) =C and w(B(x,27t1)) = w(B(x,2/*11)) ~

<1, forall j > 0.

We now prove (c). Let m € N and note that

(5.21) (zsz)’"“e—szw:2m+1A%B%’m, with A, :=tL,e”™™ and By, = (tL,)" e v

Using (5.20), the fact that A, € O(L*(w) — L*(w)), and Proposition 4.9, which can be applied by the
choice of r, we obtain

o (L[
R” B(x,t)
> (LUL
< §7 i+ et / ( / ” ][
s Z ¢ < R” 0 B(x,2/*11)

j=1

2 27

2 dw(y)dr \° ’
ABy O IW(B@’I))) v(x)dw(x))

2

Ap ( (B 2 ol ) Lcx, t))) (Y)‘2 D) dt) (x)dw(x)> F

2

2d d ’
Be o %) v(x)dw(x))

1

—c4i 2 dw(y)dt ) 4 '
sD e (/R (/ /B@cw vz BEnd O ) ) Wm)

j=1

< Z e—c4j SLM
j21

m.H LP(vdw)

< | Star

Ll’(vdw),



CONICAL SQUARE FUNCTIONS FOR DEGENERATE ELLIPTIC OPERATORS 27

Note that in the fourth estimate we have changed the variable ¢ into V2t and used that w(B(y,1)) <
w(B(x,2/731)) < w(B(x, 2/ V21)) whenever y € B(x,2/*! v21). Collecting (5.21) and (5.22) we
conclude as desired (c¢).

We finally prove part (b). Take m € N and note that elementary computations show

I fO) < G fO) + 2mShn f0) + 280 L f(6), yeR™

Thus (b) will follow from (c) once we control the term involving G,Ln‘j’H f. To that end we proceed as
before and observe that

(Vy(PLy)"e " = 2" 34 By . with A= ViVye ™™ and By o= (L) e D
2 2
We can now repeat the computations in (5.22), since again A; € O(L%(w) — L3(w)), to conclude that

H me

This, together with the previous considerations, allows us to complete the proof of (b) and thus that
of Theorem 3.3.

LP(vdw) ‘ ‘ ’”’Hf‘ ’ LP(vdw)

5.5. Proof of Theorem 3.5. Recall that w € A; has been fixed already. If w € A} we set7 := 1.
Otherwise, let 7 be so that r,, < 7 < 2 (eventually 7 will be chosen very close to r,,) . Note that in
any scenario we have w € A;.

The proof of part (a) is trivial. We start proving part (b). We need to show that for every K € N

52 %], = S

for all v € Ao(w) and p € WY (0, (p4(L,))5"), that is, for all 0 < p < (py(L,)5* and v €
RH((p+(Lw))’(:* Ipy (w). By Theorem A.1 parts (b) and (c) one can see that it suffices to prove such
estimate for some fixed p in the same range and all v in the corresponding reverse Holder class. In

LP(vdw)

particular, as (p+(LW))vI§’* > 2, we can take p = 2 and hence we need to obtain that
L,
(524) H KPf Lz(vdw) H KH Lz(vdw)’ v Ve RH((I’-#(va)){g’*/Z)' (W)

Fix then v € RH (. 1.,k 12y (w) (notice that if (p+(LW))5’* = oo the condition on the weight v
becomes v € A (w)) and set

Bt,K = (Z‘ZLW)K e_tsz,
and recall the subordination formula (2.15). This and Minkowski’s inequality imply

1

Ly 27 K o2y, dul’ dw(y)d :
[ster] ..., < ( I G A e O v(x)dw(x))
2
u,k 2 \K,-CL, dw(y)dt
<f e (/ " (L1000 WW(’”)
o S 2 dw(y)di ' du
s/o ° (/ /o /Bw) Bty kf0) w(B(, 1) ”(x)dw(x)> u
gy . 2 dw(y)di : du
+/{ < (/ n/o /B(x,t) Bﬁ’Kf(Y)‘ w(B(y, 1) V(X)dW(X)> u

= I+1I
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To estimate 11 we let F(y,t) := B;xf(y) and pick 7 > 1,(w) > 1 so that v € Ax(w). Hence,
changing the variable ¢ into 2 y/ut, applying the fact that w(B(y, 1)) < w(B(y, 2 Vut)) when u > 1/4,
and Proposition 4.9, we have

[ee) (o8]
1 du
I < e k2 F — < e
! L2(vdw) U !

In order to estimate / we start by distinguishing two cases. If nr,, > (2K+1)p,(L,,), the condition

1 1 +(Ly)nry L : :
v € RH, (1 yk+ 2y () implies that 0 < s,(w) < 5 (nrwf’ (2( e Jr)f)rm - Therefore, it is possible to pick

&1 > 0 small enough, 7 € (r,,,2) close enoughto r, (¥ =1if w e A;) and 2 < g < p.(L,,) so that

AN

du
F ||L2(vdw) H KHf

L2(vdw)’

qgnr

0 <sM) < T enmr- @K+ 1D)3)

Besides, there also exists &, > 0 so that

- gnr
15 Axepnr-K+1)q)

Take &) := min{e;, &2} and s := 2(“80)(”3”22“1)61)
q

7 <s<00, 1 <s,(w) < s < oo,and hence v € RHy(w). Also,

1 7n 7Tn rn 1 rui 1
5.25 K+-+ 01" K-~ _M_k_ ) so.
(5.25) 2 4 25 80<2q 2) >80(2p+(Lw) 2) g

In the other case, nr,, < (2K + 1)p;(L,) and then (p+(Lw))V’§’>k = oo. Recall then that our
assumption on v is simply v € A, (w). Fix now s > s,(w) so that v € RHy(w). If w ¢ A we pick
7 € (ry,2) (close enough to r,,) in such a way that 1 — ’“ < p*(L”) ,and if w € A| we just take 7 = 1.

25p+(Ly)
D+ (Ly)+2s2 M

Then our choices guarantee that 2 < g < p,(L,,),

Let g satisfy max {2, } < g < min{ p+(LW), 2s} w1th the understanding that ¢ = 2s if

p+(L,,) = co. All these choices guarantee that 2 < g < p+(LW), 7 <s5<00,1<5,(w)<s<oo,and
therefore v € RHy (w). Moreover, note that from the lower bound for ¢ involving s, we have that if
p+(Ly) <

K+1+?n ?n>K+1 rwh
2 4s 2’6] 2 2p+(LW) -
Additionally, if p, (L) = oo, then K + 5 + AL =K + > 0.

_ Putting all the possible cases together we have been able to find g and s such that 2 < ¢ < p.(L,),
4 < s <oo,veRHy(w), and

1 7¥n T7Tn
5.26 K+-+0 I,
(5.26) 2 4 27

We can now proceed to estimate /. We first apply Holder’s inequality and (5.20)

(5.27) 1g/4u’<+% (/ /Oo(/ B
0 nJo B(x,1)

=: /4 uk+s ( T (u, x)* v(x)dw(x)> ’ @
0 R~ u

Besides, note that since 1 < g < § < oo, then for @ := 2+/u € (0,1] and ¢q := g, we can apply

Proposition A.2 to conclude that

1

7 dwy) \i dt *du
1o W(B(y,t)) tv(x)dw(x)) =

t
Ty K

(5.28) T (u, x)2v(x)dw(x)
Rﬂ
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QN

_ [T q dw(y) dt
_/0 /n /B(x,Z\/ﬁzi/E) ’Bz%,Kf()’)‘ W(B(y;}\/ﬁzi/ﬁ» v(x)dw(x)T

SRS

u%—” // /B( B Kf(y)‘ (?W@),)) %V(x)dw(x)
X,5= y,m

tn_n g w)dy %ﬂ
<u / n / ( /B Bl G t))> e

_Tn
q

:’\=>

= u T (x) v(x)dw(x),

Rn

where in the last inequality we have changed the variable # into 2 Vut. By Lemma 4.7, e7'b» €
O(L*(w) — Li(w)). Applying this, (5.20) and Proposition 4.9, we get

: *© 2 q % 3
( T V(X)dW(X)) s / / (J[ B dW(Y)> g\/(x)dw(x)
. "J0 B(x,1) 2 "
Bt 2 dw(y)dt 3
< 2](91+02) ¢4 (/ / ][ B, . >
lz>1: n B(x,27*11) \/in(y)‘ P v(x)dw(x)

e 2 dw(y)dt 3
s Z (/n/ /B(xzm N B”Kf(x)‘ tw(B(y,t))v(x)dW(x)>

]>1

< ||Skus

L2(vdw)

Notice that in the third estimate we have changed the variable ¢ into V2t and used that w(B(y,1)) <
w(B(x, 27731)) < w(B(x, 2/*1 v/21)). This, (5.27), and (5.28) yield,

4
M’“z*’%‘%@ < HS%VH
L2(vdw) Jq u >

where in the last inequality we have used (5.26). This completes the proof of part (b).

Let us continue by showing parts (c) and (d). We need the following auxiliary result in the spirit
of [5, Lemma 3.5] whose proof is given below:

I's HSéWHf

L2(vaw)

Lemma 5.29. For every K € N, f € L*(w) and almost every x € R", there holds

2 dw(y)dt \?
0 e (f] )
(5.30) Grpf(0) < s tw(B(y, 1))
lx—y|<2t
av
—

tw(B(y,1))
2L K( VL, _ —12L )f(y)‘ dw(y)dt >é’ K € Ny,

LK 1)

2
1V, PLK e ()

2 K, ~t\L, _ -2L,
(PLy) (e et (y)’ tw(B(y, 1))

Moreover, setting

Gﬁpf(x) = <//
[x—y|<2t

2 dw(y)dt ) 2
w(B(y, 1))
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the following estimate holds:

L,
(5.31) H L

s HS?:-],H]C
for all K € Ny, v € Ae(W), and p € WY (0, (p+(L,)E).

LP(vdw) LP(vdw)

Assuming this lemma momentarily and applying Proposition 4.9 to the first two terms in the
right-hand side of (5.30), we conclude, for all K € Ny, v € Ac(w), and p € W (0, (p+ (LW))E’*),

532 ket] o, < KSR 0, O

For K € N, we just apply parts (») and (c¢) of Theorem 3.3 and (d) follows at once. For K = 0, we
use part (a) of Theorem 3.3 to obtain

16511y < 67

and this shows part (c).

L
SginS

+ H .
LP(vdw) LP(vdw)

S5

+ s
LP(vdw) LP(vdw) ‘ ‘ LP(vdw) LP(vdw)

Proof of Lemma 5.29. For a fixed K € Ny, we start proving (5.31). Much as before, it suffices
to obtain (5.31) for p = 2 and for every v € RH, (. k=, (W). Fixing such a weight, by the
subordination formula (2.15) and Minkowski’s inequality, we get

LH/'
|5k

1

L2 (vdw)
’ aw0y) dt v(x)dw(x)) ' @
u

<f e (/ y /m . ow(B(. 1)

1
3 d ® d
::/ e u2F(u)</ M;F(M)u+/ e_“u%F(u)—u = 1+1I
0 0 u : u

We start dealing with 1. We proceed as in the proof of the corresponding estimate of / for SII‘{:”'I,
Recall that after considering some cases we ended up finding ¢ and s such that 2 < ¢ < p.(Ly),

4 < s <oo,veRHy(w), and

(Ly) (e il _e_,sz>f(y)

1 7¥n 7n

5.33 6:=K+—-+—-—=>0.
(5.33) 2 4 27
For later use choose 8 so that 0 < 8 < min{4 6, 1}. Then, forevery 0 <a < 1
1 _
(5.34) / o149 / 14t %a"—l.
a t a t l

Vu

Fix now 0 < u < 1 , and note that
dr

2
‘ <e_5tuLw _ Lw)f‘ < / " |r2Lwe—r2wa 7

We set Hg(y, r) := (rsz)K“e" Lv £(y). Using the above estimate and applying Minkowski’s and
Holder’s inequalities, it follows that

e (LI (1
" J0 t B(x,20)
-1 g L (K dw(y) dr 2
1 H _dw(y) 7d p
(// / /B(xzt)l k1)l <r) WBO.D) T tv(x) w(x)>

d,e " Lv fdr

1

(PL)KP L f (y)‘ZdW(Y)> o

2
d
w(B(y, 1)) r> {V(x)dw(x)
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1

_% 0 r ) \4K dW(y) dr
Su (//o /ZWr/B(x,z,) |Hg (y, 1)l (;) B0 tv(x)dw(x)>

By (5.20), applying Holder’s inequality to the integral in y, and changing the variable ¢ into rt, we
obtain

(5.35) F(u) < ut </ /oo /r <][ \Hk(y, r)|5dw(y)>
nJ0o 2 \ur B(x,21)
~dw(y) \7/e\*Kdrdr 2
</ / / 2 ur </B(x2t) Hg .t (B(y,t))) (;) r2 v(x)dw(x)>
ut 7 dwG) \i didr
</n/ / </B(x,2r,) |Hk (y, r)lqw(B(y, rt))> i v(x)dw(x))

2
l

1
2

RIS

(i) Hdrdr v(x)dw(x))

2/\
.M

2/\

Tu 4( H(x u) v(x)dw(x)>
Rn

Note that 1< % < s < oo and recall that w € Az, with 7 fixed before. Then, for « := ¢ € (0, 1) and

q:= 2, we can apply Proposition A.2 and (2.2) to obtain

(5.36)

5 Lo i A\
2 4K
- H(x, u)“v(x)dw(x) < /2 . /0 / ) ( /B o |Hg (v, r)|qw(B(y, 2”))) v(x)dw(x) dt

Lo 2rn +1 dt B dw(y) o
H d ar
( ) / /’1 (/B(er)l x0; )l w(B(y, ))) v(x)dw(x) ,

<u? K(x)zv(xmw(x),

U

where we have used (5.34) and where

~ e dw(y) var\’
H = H g — | .
K (/0 </B<x,zr)' K01 (B(y,r>>> r)

~ 2
Using that e~"I» € O(L*(w) — Li(w)) by Lemma 4.7, and since Hg(y, r) = 2K+*le= 21w Hy (y, %),
it follows from (5.20) and Proposition 4.9 that

1

< ) FIK(X)ZV(WW(X))Z ) ;e_C4 </ / ]éuwm %)\Zdw(y L (x))l
<jz>l: - (// /B“’”% Hivr )‘2rdv<v1;y(id’;)v(x)dW(x>)i
s < / S () v(x)dW(x)>z
J=1
< ks
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Note that in the second estimate we have changed the variable r into V2r and used that w(B(y, r)) <
w(B(x, 27*4r)) < w(B(x, 2/*2 V2r)). This, (5.35), and (5.36) give

2 || oL,
Fu)su* ‘SKH,Hf

L2(vdw)’

which in turn yields

1 1
i du i 7du L I
L e S e Y
/0 ( ) u (/0 " ) K+1,Hf L2(vdw) K+1,Hf [2(vdw)
since 6 > 0.
To estimate 11, we fix zlt < u < oo and observe that
2 l ! 2 dr
(75l — ey f ‘ dre " fdr| / ‘ PLye” M f|—.
7% r
2u

SetTp g = (rsz)K“e_’ Lw and pick 7 > 1,(w) > 1 so that v € A7(w). Then, applying Minkowski’s
integral inequality, Holder’s inequality, Fubini’s Theorem, and Proposition 4.9, we have

o t 1 2
) K 2 dW(y) 2dr dt
ros( [ [ ( /{ (f G A ) r) Yo

2 K 2 dw(y) dr ’

( L[ / /B e T S drv(x)dw(x))
2 ur dw(y)dt dr :

2L)5T 2 0 f )| dw
(/ / / /B<Xz,>‘(t Tl O iy 2 O

N dW(Y) dr
(// / /B(MW)\TVsz(y)} w(BO.1) dtﬁV(X)dw(x)

1

2 dW(y)d 2
T, d
</ / /g(mﬁn‘ ~xfO) rw(B(y,r)) = W(x)>

Kebein? - 2 dwdr >5
</"/ /B(xr)‘ " Kf(y)‘ (B(y )) (X) W(X)

_ K+I nrr L
=u Sgnf

D=

L2(vdw)

Hence,

R R A N T
1 u 1
4

i

L,
SK +1,H

LP(vdw) H LP(vdw)

This completes the proof of (5.31).

We finally show (5.30). The proof of this inequality follows the lines of that of [5, Lemma 3.5].
If K = 0take f € L’(w), and fy := f. If K > 1, we assume that f is in the domain of LK (we
explain at the end of the proof how to pass to general functions in L2(w)), and define fx := LK f.
Besides, consider uy := LKe ' VEv f = ¢~ Vv f and vk := Lfge‘tzLWf = ¢~"'Lw f¢.. Notice that

1V, (K ug) = 2K Kvge + 2K K (ug — v)e + 251V, uk)
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with & = (0,...,0, 1). The first and second terms give the first and third terms on the right hand side
of (5.30), respectively. Then we need to control the third term which in turn is controlled by

3 S o (Xx—Y t4K+1dw(y)dt
I(x) := / IVysu (3, O ( t ) w(B(y,1)

where ¢ is a smooth function such that 0 < ¢ < 1, ¢ = 1 on B(0, 1) and ¢ = 0 in R" \ B(0, 2). Write
(X, 1) = fRn @ (%) w(z) dz and note that since w € A, (and hence is doubling), we have

B(x,t Lt B(x, 2t
(5.37) WBED) | and < pulnt)  wBOL2D)
w(B(y, 1)) w(B(x,1) — w(B(x,1))
whenever |x —y| < 2t. For 0 < r < R/10 < oo, take ¥,.p(t) = {(t/r)(1 — {(t/R)), where {(¢) is a
smooth function that satisfies: {(f) = 0if r < 1/2 and {(r) = 1 if ¢+ > 2. Using all this and the

monotone convergence theorem, it suffices to estimate
AR dw(y) dt
. = \Y NPe? _
La) = [ [ 9, < )w,R< o
Let B be the (n + 1) X (n + 1) block matrix with A being one block and 1 the other one, i.e.,

B = ( g (1) ) Since the matrix B is uniformly elliptic, I, g(x) < C(1)Re I, r(x) with

4K+ld d
Iy Rr(x) = // B)Vy g (y,1) - Vyug(y, 1) s ( )‘ﬁrR( )tiw(y)t‘

QDW(-X’ t)
Next, we write
4K+1d d
Trn(x) = / / BOV,ux(y.1) - Vg — v 1) & < )wr,& )W

Z4K+1d ( )dl
/ / BOIV,y stk (v, 1) - Vy vk (3, ) ( )wm()%(f:ty)
= I} p(x) + T7R(x0).

In the last integral, distribute the product ¢y, g on each gradient term and use Young’s inequality
with € to obtain a bound

72401 < elyg(x) + ClIBIR e / 9, vk O dt
le—yl<21 (X, 1)
Using that
RV vk (3, 0) = 1V, (K vk (0, 1) = 2K K vk (v, e,
and (5.37) we can obtain

. 2K 2 dw(y)dt
21 < s+ QBRE'K [ PP S
5 dw(y)dt

2 -1 2K
e[| ol JERE

To estimate 7! R WE first observe that w™ d1Vy ; (w(y)B(y)Vy gy, t)) = 0 in the weak sense in
R™*! with respect to the inner product in L2(R"*!, dw df). This and Leibniz’s rule give
4K+1

I)p(x) = - / / BO)Vyug(y,1) - Vy, { o <¥) )ﬁ%’R(t)‘pw(x’ t)} (ux —vr)(y, t) dw(y) dt.

To estimate this we first observe that easy calculations lead to

S X=Y\ o AK+1
Vi { 14 (T) V() o (X, z)}

F@,1) =
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gfm¢““”¢(x_’) {wu«nMV¢)(x;y)\+w”«o¢( )+ sl ()

(X, 1) t
) 101 (@ (x, 1)) }
ow(x, 1) '
Note that [} z(1)] < ! uniformly in r and R. Also, using (5.37) and the properties of ¢ it follows
that |0,(p,(x, 1)) < t‘lgow(x, 7). These and the way that ¢ and ¢,z have been chosen easily lead to
4K
rons TG (7 0 (),

where ® = ¢ +|V¢] is a bounded function supported in B(0, 2). We can use this, Young’s inequality
with € > 0, and (5.37) to estimate 7! rR(X):

AR bl

o) (52)| + rvnre (=

7, (0l
i A dw(y) dt
// ¥,k 0l () w0} {CllBl 10 () ik - vior. 01} s
2 -1 2K _ ZM
< el g(x) + C||B|l5€ /A—y|<2t }t (ug —v)Q, t)} w(B(, 1)’

Collecting the estimates that we have obtained and recalling the definitions of ug, vk, we conclude

- _p 2 dw(y)dt
I, 2el, C|B|*.e 'K / 2L Ke e S
a1 < 2eloa) + CIBEK [ | Lfe o] a0
2 2 d d
L B e O e
xX—y|<it 2
_ _ 2 2 dw(y)dt
C B go 1// sz K tVL,, _ t°L,, ,
rapie! | fenoe e f)| B

where all the constants are uniform in r, R, and x. Recalling that I, g(x) < C(1)Re I, g(x) we
can hide the first term in the right-hand side of the previous estimate (which is finite thanks to the
different cut-off functions) by choosing € small enough. Letting then r N, 0 and R 7 oo, one
derives (5.30) for functions f € L?>(w) when K = 0 and for functions f is in the domain of Lﬁ when
K>1

To complete the proof we explain how to extend (5.30) to arbitrary functions in L*(w). Let us
fix K > 1 and write 7~ to denote the sublinear operator defined from the right-hand side of the
inequality (5.30). Note that combining Proposition 4.9, (5.31), Theorem 3.3, and the trivial case
p = 2 of Proposition 5.1 we conclude that for all f € L*(w)

(5.38) 1T Fll2 S 1GH Fll2an < 1F200-

We fix f € L*(w) and our goal is to show that Qfgfp f(x) £ 7 f(x) for almost every x € R". To
that end, we use that the domain of Lv’g is dense in L*(w) and find a sequence {f;}; contained in
the domain of LX such that fi— fin L*(w) as j — co. Without loss of generality we may also
assume that 7(f — f;))(x) — O for a.e. x € R" as j — oo. Indeed, from (5.38) we know that
T(f-f)—0in L*(w) as j — oo and therefore, passing to a subsequence, the convergence occurs
almost everywhere. On the other hand, 1V, ,(t VL, )*Ke™t VLy js uniformly bounded on L*(w) and it
follows from (5.20) that for every N, j > 1 and every x € R”

N
Vs L, 2K —t\/ﬁ 2 dW(Y)dt )
( /N ) /| Wt VLR P SRS

_ logN . KN v Q) |
S caen ﬂlle<w>+( /I VL ) IW(BM)
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log N
s mﬂf = fillizawy + T fi(x)
log N
S B N~ e + T = )@ + T 100,

where in the second inequality we have used (5.30) for f;, which by construction is in the domain
of LK. Next, we first let j — co and then N — oo to conclude as desired that (5.30) holds for
f € L*(w). The proof of Lemma 5.29 is now complete. O

6. UNWEIGHTED BOUNDEDNESS FOR SQUARE FUNCTIONS

In this section we prove unweighted estimates, that is, on L”(R"), for the conical square functions
associated with the heat or Poisson semigroups associated with L,,. These will be obtained as a con-
sequence of their weighted boundedness on L”(vdw) by simply taking v = w™! on Theorems 3.1 and
3.2. In order to check that the corresponding result can be applied we will need to make additional
assumptions on w € A,. In particular, we are interested in specific examples of power weights |x|%,
—n < a < n, and their associated family of degenerate operators Ljye = —[x|™* div(|x[* A V).

Before stating our results we need to recall some definitions. Given w € A, the “critical”
exponents r,, and s,, were defined in (2.7). By “self-improving” properties of the A, and RH;
classes it follows that if w € A, with r > 1 then r,, < r and, analogously, if w € RH, with g > 1
then s, < q.

We also note that as observed above there is a “duality” relationship between the weighted and
unweighted A, and RH; conditions: v = wl e Ap(w) if and only if w € RH)y and v = =wl e
RHy (w) if and only if w € A;. We also recall that 2%, = 2’” » if 2 < nr, and 2, = co otherwise.

We start considering the conical square functions ass001ated with the heat semigroup.

Corollary 6.1. Let L,, be a degenerate elliptic operator with w € Ay. If p > (2)) sy, then the
conical square functions S yform € N, and G- my and Gt mu Jor m € No, are all bounded on
LP(R™). In particular, this is the case in the following situations:

(a) Ifn+2 <p<ocoandw € Ay ﬂRH(],(M))
2

> nr+2

(b) If1 <r<2 2 <p<ooandw € A, ORH(p(WZ))

2nr

Hence, all the previous square functions are bounded on L*R") ifwe A, NRH trel forl <r<2.

Proof. Fix p > (2}) s,, and note that by (2.13) we have p > (2}) > p_(L,). Also, s,, < p/(2;,) <
p/p-(L,) and hence w € RH ( ) or, equivalently, v := w™! € A - (w) These facts imply that

P (L

p—(Lw)

p € WY(p-(Ly), ), and then, Theorem 3.1 gives immediately the boundedness on LP(vdw) =
LP(R") of all the conical square functions in the statement.

To see that the situation in () falls within the conditions stated above, we first consider the

case n = 2. Our current assumptions give r,, = 1 and w € RH ( p(n+2))/ = RH,, hence 2}, = oo
2n

> 3, using again that r,, = 1 it follows that
) implies that p > (2;)) s.

and p > s, as desired. On the other hand, if n >
(27) =Q@2n/(n-2)) =2n/(n+2). Inturn, w € RH(

p(n+2)
2n

We now examine the conditions in (b). Note that in that case since w € A, withr > 1, thenr,, < r.
This implies that (2})" < 2nr Then, the assumptions on p and w easily yield that p > 25 sw.

nr+2

Concerning the estimates on L*(R") we just need to combine (a) and (b) with p = 2. O



36 LI CHEN, JOSE MARIA MARTELL, AND CRUZ PRISUELOS-ARRIBAS

Next, we consider the conical square functions associated with the Poisson semigroup. Let us
make some comments first. Given w € A, 1 < g < 00, and K > 1 set

qnrw
(62) qlmf’* = nry, — K(,]
SR if Kgq > nr,.

s if Kg <nry,

When K = 1 we write g := ¢g*. Notice that according to the notation introduced above 2, = 2*
and also (p+(Lw))K’* = (p+(LW))va+1’* for every K € Ny (cf. (2.14)). On the other hand, it is easy

K+lx - (qﬁ’*)* = (qv’;)i* for every K € N.

w

to see that g,
It might be convenient to observe that

-1
g [(LEY
v q nry, ’

where r* = max{r, 0}. Usmg this, it is easy to see that gK*1* > gK-* for every K € N. Moreover,

if K € N is fixed, then g&* is an increasing function of g. Hence, since p,(L,) > 27, = 2% (see
(2.13)), it follows that for all K € N, one has (p+(Ly,)X* > (p4(Ly));, > 25, where, as defined
above,

2nr,, .
e * —wif 4 <nn,
(6.3) 2= (28) =20 = {Zo 4 e nrw
> nry,.

In the following result we present some LP(R") estimates for the conical square functions asso-
ciated with the Poisson semigroup. As seen from Theorem 3.2, these square functions are “better”
as the parameter K increases —since ‘W' (p_(L,,), (p+(Lw))§’*) c WY(p-(Ly), (p+(LW))5+1’*), for
all K € Ny. To simplify the statements we will compute the conditions that arise from the case
K =0, and, in particular, all the square functions in Theorem 3.2 will be bounded under the same
conditions. Having said that, if one targets a particular square functions with a given parameter K,
the following result and its proof can be sharpened to provide both better ranges of p’s where the
LP(R™)-boundedness happens and also bigger classes of weights, see Remark 6.5 below.

Corollary 6.4. Let L,, be a degenerate elliptic operator with w € Ay. If (2,) sy

the conical square functions S pfor K € N, and Q and G%’P for K € Ny, are all bounded on
LP(R™). In particular, this is the case in the following sztuations:

(a) Ifn+2 <p<ooforn<dorif2 <p<nzf"4f0rn>4,andw€A1 ﬁRH(w)f.

n+2

2nr 2nr 2n
D)y If1 <r=<2 25 <p<ofornr <4dor 25 < p < Zofornr >4 andw €

A N RH( p(nr+2))

2nr
Hence, all the previous square functions are bounded on L*(R") if w € A, N RH 1prn for 1 <r <
min {2, 1+ %}
Remark 6.5. Let us mention that in the scenario (b) when nr > 4 it could happen that there is
no value of p satisfying the required conditions unless r is sufficiently close to 1 depending on

dimension. This happens because in the previous result we allow small values of K. Indeed, if we
just fix K € N, the same argument, with appropriate changes, will give the range 25) sy <p <

2(K+1),%
Z”T In particular, in (a) we will have 2” <p<ocoforn<4(K+1) and 5<p< % if
n>4K+1). Analogously, in the context of (b) we would obtain 2’1’2 <p<o for nr<4(K+1)or
2nr

prs, Bl LS m for nr > 4(K + 1). In particular, taking K > max{” 3.0} the latter range will
be non-empty regardless of r. Further details and the precise statements are left to the interested
reader.
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Proof. Using the ideas in the proof of Corollary 6.1 and the previous comments we need to see that
if wesetv:=w!thenp e WY (p-(Ly), (p+(Ly));,). This amounts to checking that p_(L,,) < p <
(p+(Ly));, and also that

wl e A L (W) N RH (p+<Lw>>; (w) & weApwy NRH, , .
( ) r (P—(Lw)>
Let us observe that in the proof of Corollary 6.1 we took care on the lower bound for p and the
membership of w to a reverse Holder class by assuming that p > (27)" s,,. Now we need to look
at the upper bound and the membership to a Muckenhoupt class. That is, we need to see that our
assumption p < 27"/r, guarantees that p < (p4(L,));, and that w € A,, @, . But, this follows at
P

once from the estimates p < 2.7 /r, < (p+(Ly))y, /1w < (p+(Lyy))y,..

Much as before, we now see that the situations described in (a) and (b) give the desired restric-
tions on p depending on s,, and r,,. We start with (a). We showed in the proof of Corollary 6.1
that p > 2n/(n+2)and w € A N RH ( p(m)), imply that p > (2,)" s,,. On the other hand, taking

2n

into account that r,, = 1 in the present scenario, we see that the upper bound assumed in p can be
rewritten as p < 27° as desired.

Turning our attention to the scenario in (), and looking again at the proof of Corollary 6.1, we
know thatif 1 < r <2, 2. < p<ocoandw € A, N RH(WHZ)) then p > (27) s,,. Again, since

nr+2 —
2nr
w € A, with r > 1 it follows that r,, < r. Note that if nr < 4 then nr,, < nr < 4 and hence 2;; = oo
in which case we can take p as larger as we wish. On the other hand, if nr > 4 then one can easily

see that p < 2n/(nr —4) < 2} /r,, as desired.

Concerning the estimates on L*(R") we just need to combine (a) and (b) with p = 2. O

Finally, we consider the case of power weights. Define now w,(x) := |x|*, @ > —n; this restriction
guarantees that w,, is locally integrable. We can exactly determine the Muckenhoupt A, and reverse
Holder RH, classes of these weights in terms of a: if —n < @ < 0, then w, € Aj; for 1 < p < oo,
Wq € Apif —n < @ < n(p — 1). Furthermore, if 0 < & < 00, w, € RHw; for 1 < g < 00, w, € RH,,
if -n/q < @ < o. Hence, we easily see that

.
(6.6) T, =max{1,1+g} and Sw(,=max{1, (1+g) }
n

n

Using all these and Corollaries 6.1 and 6.4 we obtain the following result whose proof is left to the
interested reader.

Corollary 6.7. Let A be an n X n complex-valued matrix that satisfies the uniform ellipticity condi-
tion (1.1) and consider L,,, = —w;l diviw, A V) with —n < @ < n.

(a) For —@ < a < n, all the square functions in Theorem 3.1 (the ones associated with the heat

semlgroup ) are bounded on L*(R");

(b) For —=5 < a <min{n,4}, all the square functions in Theorem 3.2 (the ones associated with
the Pozsson semigroup) are bounded on L*(R™).

APPENDIX A. EXTRAPOLATION ON WEIGHTED MEASURE SPACES

In this section we present some extrapolation results where the underlying measure space is
(R",w) with w € A,,. The statements and proofs are quite similar to the euclidean setting with the
Lebesgue measure. As in [13], we write the extrapolation theorem in terms of pairs of functions.
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To set the stage consider ¥ a family of pairs (f, g) of non-negative, measurable functions that are
not identically zero. Given such a family ¥, 0 < p < o0, and a weight v € A, (w), when we write

[ F0P v < Cuy [ s vn, ()€

we mean that this inequality holds for all pairs (f, g) € ¥ and that the constant C,,,, , depends only
on p, the A (w) constant of v (and the A character of w which is ultimately fixed). Note that
in [13] such inequalities appear both in the hypotheses and in the conclusion of the extrapolation
results and hold for all pairs (f, g) € ¥ for which the left hand sides are finite. Here we do not make
such assumptions and, in particular, we do have that the infiniteness of the left-hand side will imply
that of the right-hand one. This formulation is more convenient for our purposes and, as pointed out
in [28, Section 3.1], it follows from the formulation where the inequalities hold for pairs for which
the left hand sides are finite.

The following result for w = 1 can be found in [13, Chapter 2] and [28, Section 3.1]. The
proof can be easily obtained by adapting the arguments there replacing everywhere the Lebesgue
measure by the measure w and the Hardy-Littlewood maximal function by its “weighted” version
MY introduced in (2.6). Further details are left to the interested reader.

Theorem A.1. Let ¥ be a given family of pairs (f,g) of non-negative and not identically zero
measurable functions.

(a) Suppose that for some fixed exponent py, 1 < pg < oo, and every weight v € A, (w),
JOPv(x)dw(x) < Cy,pg / g v(x)dw(x), V(f,9)eT.
R" R"

Then, for all 1 < p < oo, and for all v € A,(w),

/ FPv(x)dw(x) < Cyyp / 80P v(x)dw(x), V(f.8) eT.
R’l R’l

(b) Suppose that for some fixed exponent qo, 1 < qo < oo, and every weight v € RHy (w),

; f () v(X)dw(x) < Civ.qo /R g(X)i v(x)dw(x), V(f.e)ef.

Then, for all 1 < g < oo and for all v € RH,(w),

3 £ v(@X)dW(x) < Cprang / ()T v(Xdw(x), Y (f.g) € F.

n

(c) Suppose that for some fixed exponent ry, 0 < ry < oo, and every weight v € Ac(W),

FOv(x)dw(x) < Cyy g / g(x)"° v(x)dw(x), V(f,e) eF.
R~ R~
Then, for all 0 < r < oo and for all v e A (W),

; F) v(x)dw(x) < Cy s / g(x0)" v(x)dw(x), V(f.e)ef.

The following result is a version of [28, Proposition 3.30] in our current setting.

Proposition A.2. Letw € A, andv € RHy(w) with 1 <r,s < co. Foreveryl <g<s, 0<a <1
and t > 0, there holds

dw(y) :
A3 oy wO) )
( ) R (/B(x,(zt) | (y’ t)l W(B(y’ CL’[))) V(x) W(X)

9 ([, mostas)
Sa o\ e |h(y, 1)| WBO.1) v(x)dw(x).
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Proof. We fixt> 0,0 < a <1 and set

o _ dw(y)
¢ (x’ t) o /B(x,m‘) Ih(y’ t)| W(B(y, a't)) '

For simplicity, G(x, ) := G'(x,1). Then, for any 1 < 59 < coand vy € RHsa(w), we have

(A4) / G (x, Hvo(x)dw(x) = / lh(y, 1) de(y)
R” R" w(B(y, ar))

w(B(, m))) W dw(y)
w(B(y, 1)) w(B(y, at))

= w(B(y, at)) ! dw(y)
_ / n /B o) ( W(B(y’t))> ()

nr(slo—l)/ / dW()’)
Sa oo lh(y, D) wBO.1) t))vo(x)dw(x)

_ o (%71) / G(x, Hvo(x)dw(x).

< g |h(y, Dl vow(B(y, t))(

Note that the two inequalities follow from (2.4) and (2.2), respectively, and the second equality is
obtained by using Fubini’s theorem. Let us observe that (A.4) is the desired estimate when g = 1.

To prove the case ¢ > 1 we next extrapolate from (A.4). Consider ¥ the family of pairs
(f, g) — (Ga(.’ l’)SO, anr(l—so) G(’ t)SO) ,

and notice that (A.4) immediately gives that, for every vy € RHS{) (w), 1 <59 < 00,

A F)vo(x) dw(x) < C /R () vo(x) dw(x),

where C does not depend on « or t. Next, apply Theorem A.1, part (), to conclude that, for every
1 < 5 < oo and for every v € RHy(w),

n

/ G(x, 1) 3 v(x) dw(x) < Ca"" (=7) / G(x,1)5 v(x) dw(x),

where C does not depend on « or ¢ and where 1 < sg < oo is arbitrary. From this, given v € RHy (w),
1 < g < s < 00, we can conclude (A.3) by taking sg = s/gq. O
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