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ABSTRACT. This paper studies the regularity problem for block uniformly ellip-
tic operators in divergence form with complex bounded measurable coefficients.
We consider the case where the boundary data belongs to Lebesgue spaces with
weights in the Muckenhoupt classes. Our results generalize those of S. Mayboroda
(and those of P. Auscher and S. Stahlhut employing the first order method) who
considered the unweighted case. To obtain our main results we use the weighted
Hardy space theory associated with elliptic operators recently developed by the last
two named authors. One of the novel contributions of this paper is the use of an
“inhomogeneous” vertical square function which is shown to be controlled by the
gradient of the function to which is applied in weighted Lebesgue spaces.
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1. INTRODUCTION

The study of elliptic boundary value problems on upper half spaces and on Lipschitz
domains has a long history (see [21] for an introduction of major results for elliptic
equations in divergence form with real symmetric coefficients). Recent breakthroughs
in the field include [17, 18], where the Dirichlet and Regularity problems with real
non-symmetric coefficients were considered. The study of elliptic problems with rough
complex coefficients has been arousing great interest, particularly after the solution
of Kato’s conjecture in [4]. In this direction, the connections between the Dirichlet,
regularity and Neumann problems were studied in [24] for the block case. Some of
the tools used in the latter reference include a Calderén-Zygmund theory adapted to
singular “non-integral” operators (see [1], and also [5, 6, 7]), as well as the a Hardy
space theory adapted to elliptic operators (see [19, 20]). The reader is also referred
to the work [8] for the robust first order method to deal with more general cases.

The main purpose of the present article is to continue with this line of research
and study the regularity problem for elliptic operators with block structure, and
with data in weighted Lebesgue spaces, for Muckenhoupt weights. This is a natural
problem to consider, in view of a well-established weighted Calderén-Zygmund theory
in the series of papers [5, 6, 7] and the weighted Hardy space theory adapted to
elliptic operators recently developed in [22; 23, 25]. To state our main results, we
need to introduce some background. Some notation is taken from [1, 22, 24]. Let
A = (ajx)}r=; be an n x n matrix whose entries are L*°-valued complex coefficients
defined on R™. We assume that A satisfies the following uniform ellipticity condition:
there exist 0 < A < A < oo such that

AEZ<ReA€-€ and |AE-C| < Al

for all £,¢ € C™ and almost every x € R™. We have used the notation £ - { =
£1G A+ +&, ¢, and therefore - is the usual inner product in C", hence A(z)¢-C =
> ik @) &k (;. Associated with this matrix, consider the second order divergence
form uniformly elliptic operator L := —div(AV).

Given A and L as above we construct the block matrix

(1)

Clearly, A is uniformly elliptic in R"*! and, thus, A gives rise to the block divergence
form uniformly elliptic operator

L:= —diV%t(AV%t) == _dlvx<Avx) - 8152 = LSC - atz

Here and elsewhere the points in R"*! are written as (z,t) € R” X R so that V,; and
div,; denote respectively the full gradient and divergence, while V, and div, stand
respectively for the gradient and divergence in the first n variables, and L, = L.

With the previous definition in hand, it is easy to see that whenever f € S, one
has that u(z,t) := e VL f(z), where (z,t) € R™! is a weak solution of Lu = 0 in
R, By this we mean that u € W1’2(]RT'1) satisfies

loc

/ / A@)Vasule,t) - Vorb(z, ) dedt =0, Vi € ORI,
R+
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Also, u(-,t) — f in L*(R") as t — 07. We would like to observe that the latter
convergence combined with [3, Lemma 8.3] gives non-tangential convergence almost
everywhere of the averages of u over Whitney boxes to f (see [3, Remark 2.8] for
more details).

Given v € L
as

1 3
(1.1)  Nu(z):= sup (— // |u(z,s)|2dzds> , v €R",
(y,t)elrs(x) |D((y7 t)a ’%t)| D((y,t),kt)

where 0 < k < 1 is a fixed small constant, I'*(z) := {(y,t) € R : |z — y| < rt},
and D((y,t), xt) denotes the R"1-ball centered at (y,t) with radius xt, which is by
construction contained in R%.

2

2 (R%™) consider the L2-non-tangential maximal function N defined

Using the previous definitions, the regularity boundary value problem (R,), 1 <
p < 00, is said to be solvable for the operator L in Rfrl if, for every f € S, the
weak solution to the equation Lu = 0 (with boundary data f) given by the Poisson
semigroup u(z,t) = e VEf(z), (x,t) € R™! satisfies the non-tangential maximal
function estimate

(1.2) IV (Ve )l ey < CIV fllogen)

and u(-,t) — f in L*(R™) as t — 0T. As observed above, and since f is a nice
function, we already know that the latter convergence holds and hence one also
has non-tangential convergence almost everywhere (see [3]). This means that in the
solvability of the regularity problem what matters is the estimate (1.2), and for the
convergence to boundary data there are several alternative conditions that one can
take as part of the definition.

The solvability of (R,), 1 < p < oo, was proved by S. Mayboroda in [24]. In
particular, the result is the following:

Theorem 1.3 ([24, Thorem 4.1]). Let L be a block elliptic operator in R as above.

ng—(L)
n+q— (L)

Then for any p so that max {1, } < p < q+(L), the reqularity problem (R,) is

solvable.

The interval (¢_(L),q.(L)) represents the maximal open interval on which the
gradient of the heat semigroup {vtVe "t} is uniformly bounded on LP(R™). More
specifically:

(L) ()= int {p € (1,50)s5up VAT usaoyosnien < 0 .
t>

(1.5) ¢+ (L) :=sup {p € (1,00): su%)) IVEVeE™ || 1o (rny o @ny < oo}.
t>

Similarly, (p—(L),p+(L)) denotes the maximal open interval of p such that the heat
semigroup {e~*};-¢ is uniformly bounded on LP(R™). As we shall explain in more
detail in Section 2, these two intervals are somehow related, and for instance p_ (L) =
q—(L), see [1, 7] where these intervals were deeply studied.

The goal of this paper is to extend Theorem 1.3 to the context of weighted Lebesgue
spaces LP(w) with w being a Muckenhoupt weight. To set the stage we first give
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some definitions and basic properties of Muckenhoupt weights. For further details,
see [14, 15, 16]. Given a weight w, that is, a measurable function such that 0 < w < oo
a.e. and w € L] (R"), we say that w € A4,, 1 < p < o0, if

]{Bw(m) da:) (éw(x)l—p’ da:)p_l < 00,

[w]4, = sup (

B

and, when p = 1, we say that w € Ay if

i =

o () (o) <.

Here and below the suprema are taken over all balls B C R".
We next introduce the reverse Holder classes. We say that w € RH,, 1 < s < o0,

if
]i w(z) da:) B (ﬁ w(a:)sczx> " 0,

[w]rH, := sup (
fueie) (o wio)) <o

and, that w € RH, if

B
(W] gy, = sup <
B

Finally, we set
Aw=|J 4= |J RH.
1<p<oo 1<s<o0

We recall Muckenhoupt’s theorem which states that w € A,, 1 < p < oo, if and
only if the Hardy-Littlewood maximal function

My (x) = sup ]é ) dy,

B>z

is bounded on LP(w) = LP(wdz). In the case that p = 1, the boundedness of M
from L'(w) to L1*°(w) is equivalent to the fact that w € Aj.

It is well-known that w € A, implies that w is a doubling measure. Indeed, for
any w € A,, 1 <r < oo, we have

(1.6) w(AB) < [w]a, A""w(B), VB, VA>1.

Consequently, (R™, dw, |- |) is a space of homogeneous type.

Another important feature of Muckenhoupt classes is their openness. More pre-
cisely, the A, and RH, classes have the following self-improving property: if w € A,,
there exists € > 0 such that w € A,_., and similarly if w € RH,, then w € RH, for
some ¢ > 0. These facts motivate the following definitions:

(1.7) Ty = inf {p CwE Ap}, Sy = inf {q CwE RHq/}.

Note that, according to our definition, s, is the conjugated exponent of the one
defined in [6, Lemma 4.1]. Given 0 < py < ¢o < oo and w € A, [6, Lemma 4.1]
implies that

(18) Ww(p07q0) = {p S (PoaCIO) Twe A% N RH(%)’} = <p07nw7 ;]_0> .

w
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If pp = 0 and gy < oo it is understood that the only condition that stays is w €
RH (1) Analogously, if 0 < pg and gy = oo the only assumption is w € A%. Finally

W, (0, 00) = (0, 00).

After these observations and definitions, we can introduce the notion of solvability
in the weighted context. More precisely, given a weight w € A,, we say that the
weighted regularity boundary value problem (R}’) is solvable for the operator L. in

R’}r“, if, for every f € S, the weak solution to the equation Lu = 0 with the boundary
data f given by the Poisson semigroup u(z,t) = e VEf(z), (z,t) € R™™ satisfies
the non-tangential maximal function estimate
(1.9) IV (Vast) |l o) < CIV o)
and u(-,t) = f in L*(R") as t — 0.

Our main result establishes the solvability of (R}):

Theorem 1.10. Let I be a block elliptic operator in R:ﬁ“ as above and let w € Ay
be such that Wy, (q-(L),q4+ (L)) # O. For every p such that

nrwq— (L Q+(L)
(]_]_1) max{rw,#@((g)} <p< T,

and for every f € S, if one sets u(x,t) = e VEf(x), (x,t) € R™H then
(1.12) IV (Ve )llrw) < CIV o)

and (R}') is solvable.

In the previous result (¢_(L),qy(L)) denotes the maximal open interval where
{V/tVe 1}~ is uniformly bounded on LP(w), or equivalently, where {/tVe ™t}
satisfies LP(w)-L9(w) off-diagonal estimates on balls.

We note that Theorem 1.10 is the natural extension of [24, Thorem 4.1] (see The-
orem 1.3 above). Indeed, if w = 1 we have r, = 1 and s,, = 1. Then, by definition,
(see [1] and Section 2 below)

(g-(L), q+(L)) = (G-(L), @4 (L)) = Wa(q-(L), g4 (L)).
Consequently, W,,(¢_(L),q+ (L)) # O, since q_(L) < 2 < q.(L). Besides,

nrwq— (L ng— (L q+<L)
max {Tun #@((2)} = Inax {L nfq,((L))}a S =q.(L),

and thus our range in Theorem 1.10 agrees with that of [24, Thorem 4.1] (see Theorem
1.3 above).

Before explaining our approach to proving Theorem 1.10, we make an observation
to clarify the hypothesis requiring that the interval W,,(¢_(L), ¢+ (L)) is not empty.

Remark 1.13. The fact that W,,(¢—(L), ¢+(L)) # © means that Ztgg > Ty Sy. This

is a compatibility condition between L and w. It appears naturally in the theory
developed in [5, 6, 7] and forces the weight to be sufficiently good, depending on how

close ¢_(L) and ¢, (L) are to each other. As it was shown in [1], ¢_(L) = p_(L) <

nz_fz while, in general, we only know that ¢, (L) > 2, actually, there are examples

showing that ¢, (L) can be found arbitrarily close to two. Thus, ngg > 1+ %,
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and if r,s, < 1+ 2, we always have that W, (q_(L),q(L)) # O, for every L as
above. Of course, this is a very restrictive condition since we would expect to have
wider classes of weights as the operator L gets “nicer”. A very illustrative example
is that of power weights of the form w,(x) := |z|*. The weight w, belongs to A,
if and only if, @« > —n. It is not hard to see that r, = max{1l,1 + a/n} and
sw = max{l,(1 + a/n)"'} (see the definitions of r, and s, in (1.7)) and hence

@) s, implies that —n(1 - q;W) <a< n(‘”—(L) —1). Note that this range

q-(L) q+(L) - (L)
of o always contains the interval [—-2% 2] and gets bigger as q_(L) decreases to one,

and/or ¢y (L) increases to infinity.

To proof Theorem 1.10 we independently consider the estimate of the weighted
norm of the non-tangential maximal function for the time derivative dye VL f, and
the one for the spatial derivatives Ve VL f. For the former we use ideas from [24,
Theorem 4.1] combined with the weighted Hardy space theory associated with elliptic
operators developed in [22, 23, 25]."

Regarding, the spatial derivatives we follow a different path, for which we need to
introduce the following “inhomogeneous” vertical square function
1
2 dt\ 2
2V Le P f(z) —> .

(1.14) Guf(z) == (/OOO p

Note that compared with the usual vertical square functions (or Littlewood-Paley-
Stein functionals), the power of ¢ does not seem to be consistent with the order
of the operator in the integral. Indeed, the power of ¢ corresponding to the usual
square function would be three instead of two. That is why we use the terminology
“inhomogeneous”. This has the effect of getting an estimate for Gy f in terms of
Vf in L%(w), rather than obtaining an estimate from L?(w) to L(w) (which is the
natural one for the usual square functions). We would like to mention that in the
case that L is the Laplace operator, this inhomogeneous square function (as well as
its relation to reverse Riesz transform estimates), was studied in [12] in the setting
of Riemannian manifolds.

As we shall see below, the estimate regarding the non-tangential maximal function
for the spatial derivatives can be inferred from the following estimate of the inhomo-
geneous vertical square function introduced in (1.14). This approach is one of the
novel contributions of this paper even in the unweighted case.

Theorem 1.15. Let w € Ay, and assume that Wy, (q—(L),q+(L)) # O. Given q so

that max {rw, %{1{(&))} < q < @4 (L) there holds

(1.16) IGuFll o) S NV Fll Loy,
for every f €S.

The plan of the paper is as follows. In Section 2 we present some preliminaries and
some auxiliary results needed in Sections 3 and 4. As for these two last sections, the

I'We note that there is an alternative and independent method developed in the forthcoming
paper [2] to deal with the regularity problem for degenerate elliptic operators which is based on
some adapted Calderén-Zygmund theory, and does not require to deal with the highly technicality
of Hardy spaces. The corresponding result in [2] gives however a more restricted range.
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former is devoted to the proof of Theorem 1.15, and the later to proving Theorem
1.10.

2. PRELIMINARIES AND AUXILIARY RESULTS

Throughout the paper the letters ¢, C, 6 or 6 will represent any harmless constant
that will not depend on any relevant parameter of the corresponding computation,
and that will may be different in both sides of an inequality. Moreover, we shall
write V = (0y,,...0;,) to denote the gradient in R™. We will typically write the
elements in R as (z,¢) with # € R” and ¢t > 0 and hence V,, = (V,0t) stands
for the gradient in R™™!. Given a ball B, we use the notation C;(B) = 4B and
C;(B) =27"'B\2/B for j > 2. If w € A, we write

1

hdw = —/ hdw, ][ hdw = —/ hdw.
jg w(B) /g C;(B) w(27Y(B)) Je, (s

We recall the notion of full off-diagonal estimates:

Definition 2.1. Let {T;};~0 be a family of sublinear operators and let 1 < p <
q < oo. We say that {T}},~¢ satisfies LP-L9 full off-diagonal estimates, denoted by
T, € F(LP(R™) — L9(R™)), if there exists a constant ¢ > 0 such that for all closed sets
E and F, all f and all £ > 0 we have

(EF)

(2.2) ITi(Lef)Lel pony S t2G e
where d(E, F) = inf{|lx —y| : x € E,y € F}.

| f1El e @ny,

Definition 2.3. Given 1 < p < ¢ < oo and any weight w € A,. We say that a
family of sublinear operators {T;}s~o satisfies LP-L? off-diagonal estimates on balls,
denoted by T; € O(LP(w) — L%(w)), if there exist 61,02 > 0 and ¢ > 0 such that for
all £ > 0 and for any ball B with radius rp,

(2.4 (f IC/}(le)!qdw); < T(%)( [ \ppau) '

and, for all j > 2,

% . 2]74 92 c4]'r2B
(2.5) ( |Tt(f10j(3))\qdw) 523911(( \/B) e—t(][ |f|Pdw> :
B t C;(B)

and

(2.6) ][ T:(f1p)|* dw q 2)91T(2TB> ( |f|pdw)
C;(B)

In the previous definition Y(s) is defined as T(s) := max{s, s~'} for s > 0. Besides
note that if ¢ = oo we would consider the corresponding L*°(R"™) = L*(w) norms,
in place of the L?(w)-norms.

For the following results we recall that (p_(L),ps (L)) (resp. (q—(L),q+(L))) de-

notes the maximal open interval on which {e7**},5¢ (resp. {VtVe }-) is uni-
formly bounded on LP(R™).

Proposition 2.7 ([1, Chapter 3]).

3=
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(i) If p—(L) <p < q < ps+(L), then {(tL)"e "} € F(LP — L9) for every m € N.
(i3) If ¢_(L) < p < q < q4 (L), then {N/tV(tL)™e * },no € F(LP — L9) for every
m € N. In addition, we have p_(L) = q_(L) and (g_(L))* < p;(L).
(12i) p—(L), q+(L) < (q+(L))" < p+(L), and q4(L) > 2.
() p_(L) =1 and ps(L) =00 ifn =1,2; ¢4 (L) =0 ifn=1; and p_(L) < HQ—J:LQ,
p+(L) > ;25 ifn > 3.

Proposition 2.8 ([7, Proposition 5.9]). Let w € Ay

(1) Assume Wy(p—(L),ps(L)) # O. There exists a maximal open interval de-
noted by (p—(L),p4 (L)) containing Wy, (p—(L),p+(L)) such that if p_(L) < p <
q < p(L), then {(tL)"e "}1so € O(LP(w) — LY(w)) and is a bounded set in
L(LP(w)).

(17) Assume Wy, (q—(L),q+ (L)) # O. There exists a mazimal open interval denoted by
(@ (L), (L)) containing Wa(q_(L), g4 (L)) such that if (L) < p < q < 3, (L),
then {\/tV (tL)"e '} 1w € O(LP(w) — Li(w)) and is a bounded set in L(LP(w)).

(it1) P_(L) = 4-(L) and (@ (L))}, < P (L).

In the above proposition (¢.(L))* and (g; (L)) are defined as follows: for all
0<q< oo,

_4nTw > an_ >
29 (ah=4mer T and (g =g Do
00, otherwise, oo,  otherwise.

The following result, which appears in a more general way in [25, Proposition 4.1],
and it is a weighted version of [23, (5.12)] (see also [19]), contains some off-diagonal
estimates for the family {7; }s:>0 := {(e‘tQL — e‘<t2+52)L)M}S7t>O, where M € N.

Proposition 2.10. Let w € As, Wy(p—(L),p+(L)) # O, p € (p—(L),p+(L)), and
let 0 < t,s < oo. Given M € N, for all sets Ey, By C R" and f € LP(w) such that
supp(f) C Ey, we have that {T; s} im0 = {(e 7 Tw — e=C+L)MY o satisfies the
following L?(w)-L*(w) off-diagonal estimates:

52 M (E1E2)
(2.11) Tl < () @ 11
In particular,
82 M
(2.12) I7eefllori S (%) I ancn

We introduced before the Hardy-Littlewood maximal function and here we present
some weighted maximal version which will be used throughout the paper. Given
w € Ay and 0 < g < oo we set

(2.13) M f(x —sup< |f(y |qdw), 1<g< .

B>z

Since w € A, implies that w is a doubling measure (see (1.6)) then My is bounded
on LP(w) for every ¢ < p < oo and is bounded from L?(w) to L% (w).
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The following result contains a Calderén-Zygmund decomposition where the func-
tion is split according to the level sets of its gradient and to its norm in weighted
Lebesgue spaces.

Lemma 2.14 ([5, Lemma 6.6], [6, Proposition 9.1]). Letn > 1, w € Ay, p 1= wdx,
and 1, < po < o0 (with the possibility of taking po = 1 if r,, = 1). Assume that
h €S8, and let « > 0. Then, one can find a collection of balls {B;}ien (with radii

rp,), smooth functions b;, and a function g € L}, (w) such that

h:g—ksz-, in LP(w),

ieN
and the following properties hold
(2.15) \Vyg(x)| < Ca, for p-a.e. z,
(2.16) suppb; C B; and / |Vb;(x)|PPw(x)de < CaPw(B;),
B;
(2.17) S wB) < [ 19h@) (@)
’ o= oo !

iEN R

(2.18) > 15 <N,
1€N

where C' and N depend only on the dimension, the doubling constant of u, and py.
In addition, for 1 < q < (po)k, where (po)k is defined in (2.9), we have

w? w

(2.19) (]é | ]bi(:r;)|qdw>; < arp,.

The estimates contained in the following auxiliary result follows easily from Holder’s
inequality along with the definitions of the A, and RH; classes:

Lemma 2.20. For every 0 < p < g < oo, every ball B C R™ and every j > 1, there

hold
(£ orw) s (f era)’ vwea
C;(B) C;(B) P

where the implicit constants are independent of j.

and

hSASY

We also need the following off-diagonal estimate on Sobolev spaces, which can be
proved as [1, (4.6)]. Nevertheless, we include the proof for the sake of completeness.
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Proposition 2.21. Let w € Ay. Given p, q¢ with max{r,,q- (L)} <p < q < q.(L),
r€eR™ s>0, A\>1, and H defined in R’}rﬂ there hold

1 0o 1

(J[ Ve H(., s>|qu> TSty e (][ V(- s>|pd7~U> g
B(z,)\s) B(z,27+1)s)

j=1
whenever VH(-,s) € LP(w) and

(1, o)} s Soe(f et o).
B(z,)\s) =1 B(z,27+1)s)

whenever H(-,s) € LP(w).

=

Proof. Tt is straightforward to see that it suffices to prove the first estimate. Indeed
assuming that, we can write ¢t = s/v/2 and H(-,t) = e‘tQLH(-, V/2t) to easily get

1 1
(][ (Ve P H( ,s>rqd“’) - (][ Ve "LH( ’quw) |
B(z,\s) B(z,\V/2t)

o'} 1
< e~ 2N Z e~ (][ |VIC-VI( ,t)|pdw) !
=1 B(x,20+12/2t)
o0 ) 52 ;
= 2N Z e ¥ <][ Ve zLH(- ,s)]pdw) :
=1 B(z,27t1)s)

In order to prove the first estimate, fix (z,s) € RY"! and define B := B(z, \s).
Writing H,(-) := H(-,s), by the conservation property (e **1 =1, s > 0) we have
that

Ve *VH(-,s) = Ve * L (H, — (H,)p),
where (Hy)ap := §,5 H(-, s)dw. Consequently, applying the LP(w)-L?(w) off-diagonal
estimates on balls satisfied by /7Ve %,

1

(][ IVe‘SQLHc,s)W)q
B(z,\s)

' —c4i N2 .
sy ([ i i)
=1 S B(z,29+1)s)

B 67043' % 4
<e eA? Z S ((][ |H, — (Hs)21+1B|pdw> + [(Hs )15 — (HS)QZB‘)

2B =2

22 €_C4j ]
Sy ;(f
=2

i>1 2B

|H5 — (H5)21+1B|pdw)

Hence, by Poincaré inequality, which holds since p > r,, and thus w € A,, we conclude
that

—edd T

é :
Ve L ,s>|‘1dw) S (
(]i(w,)\s) Z s lz:;

][ |H5 - (Hs)2l+1B|pdw> ’
i>1 2B
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5 —cA\? Z —c4I Z 2l+1 (][ |VH5|pdw) P
j>1 2B
<e NN et (][ |VHS|pdw) E.
lzzl 2l+1 B
This finishes the proof. 0

3. PROOF OF THEOREM 1.15

In this section, we shall prove Theorem 1.15, which establishes weighted norm
estimates for Gy (defined in (1.14)). To this end, we introduce two results that will
be used in that proof.

Theorem 3.1 ([5, Theorem 6.2]). Let w € Ay, be such that W, (p—(L),p+(L)) # O.

. NTw L ~
Given p, max {Tw, #p((g)} < p < py(L), there holds

1
(3.2) 1L fllLrw) S IV Fllzeww).

for every f € S.

Note that recalling (1.8), and using Propositions 2.7 and 2.8, it is not difficult
to see that the range where (3.2) holds contains W,,(p_(L),p+(L)) and hence also

Wu(q-(L), q+(L)).

The following result deals with some vertical square functions. It can be proved
with an argument similar to that of [5, Theorem 7.2], or also combining [13, Proof of
Proposition 10.1] and [22, Theorem 1.12]). Further details are left to the interested
reader.

Lemma 3.3. Let w € Ay be such that Wy, (q—(L),q+(L)) # . Ifg_(L) < p < q4+(L)
then for all f € LP(R™) we have
. 2 !
(/ t*V Le™ Lf|2@)
0 t

We next define some auxiliary square functions that will be also useful in the proof
of Theorem 1.15. In particular, consider

o =([" VI >|2‘j§f?)

and, for m =1, 2,

o) 9 dy d %
(5.4 St = ([ [ 10Dt )

+
L (w)

Sl zrw)

Lr(w)

> op pdt) 2
H(/ |t2V\/Ze_th|27)
0
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3.1. Proof of Theorem 1.15. First of all fix f € S and consider T} := Ve~ ** and
F(y,t) == t*Lf(y), for (y,t) € R}t Then, fix (z,t) € R}, and note that for
B := B(z,t) and by the second estimate in Proposition 2.21 with w =1 and A = 1,
we have that, for all 2 < gy < ¢4 (L),

1
(][ T2 F(y, 1) |q0dy> <S> e (][ Ith/zF(y,t)lzdy)
B(w,t) (z,27%11)

7>1

Besides note that for any constant ¢ > 0, F(y, ct) = ¢*F(y,t). Hence, we can apply
[26, Proposition 4.2, (b)] to obtain that, for all 0 < ¢ < ‘”(L)

1Gu SN oy S 1Gn(VEN gy

Moreover, by [26, Proposition 4.16, (a)] and [26, Proposition 4.5, (b)], we have that,
forall 0 < ¢ < (p+(f))

(3-5) HGH(‘/Ef HLq(w) N HSLH(\/Zf)HLq (w) ~ HS?H(\/_f HLq

Thus, since quL) < (p:(f))*, we obtain that, for all 0 < ¢ < q*g—ff),

(3'6> HéHfHLq(w) 5 HSZH(\/EJC) HLq(w)'

Next, note that A := v/Lf is in the Hardy space quL*% (w) (see [25]) for any
P

p € Wyu(q-(L),q. (L)), since, by Theorem 3.1, h € LP(w), and ||VL_%h||Lq(w) =
|V fllLs@w) < 0o. Therefore, by [25, Proposition 9.1] we obtain that, for all

nry +p-(L) S

it holds that

3.7 [|Seu (VL) = |ISo.uhll o) S NVL 2R poqwy = IV | Lacw)

HLq(w)
This, together with (3.6), allows us to conclude, for all max {TW nﬁrwfq ((LL))} <¢<
qJ;—LL)v (recall that ¢ (L) =p_(L) and ¢ (L) < p, (L)),

1Gufllzow) S NV fllzo)-

To finish the proof, note that in view of Lemma 3.3 and Theorem 3.1, we can improve
the upper bound of the interval where the above inequality holds up to ¢, (L) (assum-
ing that ¢, (L)/sw < @+ (L), otherwise there is nothing to prove). Indeed, we just need
to observe that for ¢ such that ¢ (L)/s, < ¢ < ¢+(L), we have that ¢ falls within
the scope of those results. This follows since we assume that W,,(¢_(L), ¢, (L)) # O,
and by definition, it holds that W, (q_ (L), q+(L)) € Wyw(p—(L),p+(L)). Then, we
have that W,,(p_(L),p+(L)) # O and

nryp— (L) N B N
max {rw, m} < max {ry,p_ (L)} = max{r,,q_(L)}
Q+(L) ~

<q < (L) <pi(L).

< max {7y, "yq— (L)} = rypg_(L) <

w

This completes the prof. ([l
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Remark 3.8. The result given by Theorem 1.15 is, as far as we know, new even in
the unweighted case, that is, when w = 1. In that scenario it says that for every q
such that max {1 ng—(L) } <g<qi(L)and f € S, there holds

" ntq- (L)
1Gu Sl Laqeny SNV fllzoqen).
The condition W,,(q—(L), ¢+ (L)) # @ always holds when w = 1, since ¢_(L) < 2 <
Q-l—(L)v and7 by deﬁnitiona (Q—(L)a Q+<L)) = Ww(Q—(L)a (]+(L>>

4. PROOF OF THEOREM 1.10

In this section we prove Theorem 1.10. Given f € S we set u(z,t) := e VL f(x),
for each (z,t) € R7™. Tt is well-known that u(-,t) € L*(R") uniformly in ¢t > 0
since the Poisson semigroup is uniformly bounded on L?*(R™) (this latter fact can be
seen directly from the subordination formula (4.24) below along with the uniform L>-
boundedness of the heat semigroup, see Section 2). This and Caccioppoli’s inequality
readily imply that u € W,"?(R"™) and also Lu = 0 in the weak sense. Using standard

holomorphic functional calculus techniques one can also see that u(-,t) — f in L*(R™)
as t — 07. Thus we are left with showing (1.12) and to this end, it suffices to

individually bound the operators N(@te_tﬁf) and N(Ve‘tﬁf)'

We first deal with A (9, *VEf). In the unweighted case, in [24], the estimate of
this operator relies on the characterization of Hardy spaces associated with L via
the non-tangential maximal function associated with the Poisson semigroup and the
Riesz transform (characterization established in [19, 20]). Recently, the weighted
Hardy spaces have been carefully studied in [10, 11, 23, 25], including various charac-
terization of weighted Hardy spaces via molecules, square functions, non-tangential
maximal functions, Riesz transform etc. This weighted Hardy space theory enables
us to treat the weighted estimate of V(9 *VE f) by following the path laid down in
[24]. More precisely we obtain the following result whose proof is given in Section
4.1:

Proposition 4.1. Let w € Ay be such that Wy, (p—(L),p+ (L)) # O, and let p be

chosen so that max {rw, %} <p< p:—ff). Then, for any f € S,

(4.2) IN @™ Pl Loy S IV Fll Lo

Regarding the spatial derivatives, the following result establish the desired bound
for N'(Ve VL f):

Proposition 4.3. Let w € Ay be such that Wy (q_(L),q. (L)) # @. Then, for

max {7, %} <p< qJ;—EUL) and f € S, there holds

(4.4) V(Y e ) lrwy S IV F o

The proof of this result is in Section 4.2. Our method differs from the one in [24]
and it is of independent interest. More precisely, when w = 1, our proof provides
an alternative approach (correcting some flaw) to [24, Proof of Theorem 4.1, Steps
[I-VIII], in which matters can be essentially reduced to estimate the inhomogeneous

vertical square function Gy (see Theorem 1.15) along with some similar “homoge-
neous” conical square function estimates proved in [26] (see (3.5) and (3.7)).
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4.1. Proof of Proposition 4.1. We first introduce the non-tangential maximal
function with respect to the Poisson semigroup defined by

(4.5) Ne(g)(x) := sup (é(m) Ietﬁg(2)|2d2> ;) z € R™

t>0

The weighted norm inequalities for Np can be found in [23, Proposition 7.1 (b)] and
[26, Theorem 3.7]:

Lemma 4.6. Given w € Ay, such that Wy, (p—(L),p+(L)) # O, then Np is bounded
on LP(w) for all p € W, (p—(L), (p+(L))*).

We are now ready to prove Proposition 4.1. First, it was shown in [24, (4.25)] that

(4.7) N@e V) (z) S No(VLf)(z), VreR™
Then by Lemma 4.6, we have, for p € W, (p_(L), (p+(L))*),
(4.8) Ve (VLA vy S IV | oogu)-

Besides, [25, Theorem 1.1] shows that for any p, ¢ € W, (p— (L), p4+ (L)), the weighted
Lebesgue space LP(w) and the Hardy space Hg_ (w) (see the definition in [25]) are
isomorphic with equivalent norms. This and Lemma 4.6 readily give that for any
fixed qc Ww(p—(L)7p+(L))a

(4.9) Ne @ Hg, (w) = LP(w), Vp € Wy(p—(L),p(L)).
Furthermore, by [23, Theorems 3.9 and 3.11] we also have that
(4.10) Np : Hg, (w) — L' (w).

Hence, in view of the interpolation result [25, Theorem 5.1}, by (4.9) and (4.10), we
get

L
No: Hb, (w) = D(w), 1<p< P2
and thus
py(L
(4.11) N (VI oy S IVESllg, ) 1 <P < +s( :

Next, from the weighted Hardy space Riesz transform characterization (see [25,

Propositions 9.1]), it follows that, for all f € S,

w/\— L L
(4.12) ||\/Zf||H§H7q(w)5||Vf||Lp<w>, max{rw,M} p+(L)

= < p<< ——.
nry, + p— (L) b Sw

Finally, combining (4.7), (4.11), and (4.12), we obtain that, for max {rw, %} <
p+(L)

pP<=

IN @™ ) ) S INe (VN ) S IV g,y S IV o).

for all f € S. This completes the proof. O
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4.2. Proof of Proposition 4.3. We split the proof into two steps. In Step 1 we
obtain (4.4) for all max{r,,¢_ (L)} < p < q+( ; and, in Step 2 we show that the same
estimate holds in a bigger range, namely for all max {rw, %{1(())} <p< q+fy )

The following claims are common to both steps, so we start by proving them.

Claim 4.13. Under the hypothesis of Proposition 4.3, for any max{r,,q (L)} <
qo < q+(L)/Sw, there holds

1 1

2 2 —edl 0

(f wertspa) <o ([ wsarman)”

B(z,t) I>1 B(z,2!+1¢)
2

where S,/ 5 could be equal to e~ 1L or the identity.

Claim 4.14. Under the hypothesis of Proposition 4.3, for any max{r,,q (L)} <
qo < q+(L)/$w, there holds

f o ef2L>f<z>\2dz)  du

1
4
/ ! (
0 B(x,t) u

=

< —c2! ][ é 04 )qo
> oy G

>1

Claim 4.15. Under the hypothesis of Proposition 4.3, there holds

[T (f |v<eiL—et2L>f<z>r2dz) L [Cuera VinwD,
1 B(w,t) 1 u

u
1

N

where

i, [imo ot

In order to prove these claims, fix pg and ¢ such that ¢ (L) < py < 2, rypo <
4+ (L) /8w, and max{qo, rupo} < ¢ < q+(L) /5.

Proof of Clatm 4.13. First, apply the second estimate in Proposition 2.21 with w = 1,
A=1,s=tqg=2,p=p, and H(z,t) = f(z) for all (z,¢) € R, Then

(4.16) (][ |Ve_t2L )| dz) < Z B (][ |Ve_t;Lf(z)|p°dZ> "
B(z,t) (z,20+1¢)

7>1

Besides, note that since w € A, by Lemma 2.20, we have
P0

(4.17) (][ Ve 7t f(z)|p°dz> "< (][ Ve 7t f(z)|qdw) "
B(z,2i+1t) B(z,29t1t)

Also, since max{r,, ¢— (L)} < qo < ¢ < q+(L)/sw < @+(L), again by Proposition 2.21
(we use the first or the second estimate depending on whether S, /v3 18 the identity
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+2

or e~ 1L respectively) with A = 2/t1v/2 and s = t/1/2, we obtain

(][ | |Ve-fo<z>|qdw) Sty e (][ N |vst/ﬁf<z>|q°dw)
B(z,2i+1¢) (z,29+i+2¢)

i>1
This, (4.16) and (4.17) imply

(f wers |dz) STt (f L wsasemi)
B(z,t) (z,29+i+2¢)

7>1 i>1
1
0
s (f L wsarema)”
lzzl B(z,2!111) e
which gives the desired estimate. 0

Proof of Clatm 4.14. We proceed as in Claim 4.13. First apply the second estimate
in Proposition 2.21 with w =1, A = /2, s = t/\/ﬁ, q = 2, and p = py. Next, apply
Lemma 2.20; and finally, apply the first estimate in Proposition 2.21, with A = 2772,
and s = t/2, to obtain for every 0 < u < 1/4

t2 2

(4.18) (]i » V(e ek — e L) f(z)|2dz)
= (f, et G e )

1

i 2 (22 t2 PO

<y e <J[ g VE T (% ’3>L—e2L>f<z>|p°dz> )
B(x,27t1t

SIS

i>1
1
2 2 a
Sy e <][ Ve S (F5)E e—fL)f(z)wdw) q
i>1 B(x,2i+1t)
2 2 L
i _ (= _tZ 2
ST T (e o)
i>1 i>1 (z,27%7+20)

Moreover, for 0 < u < 1/4,

+2

1 1\,2 t" i
(4.19) ‘V(e_(@_i)t F_em2h)f(2)| < /
-
t\/g 2 > 2 % 1
§/ |V Le™® Lf(z)}% N (/ |s*VLe " f(2) 2%) (logu™)2
73 3

where GHJ is defined as

(4.20) Guof(z) := (%Oo ‘SQVLe*ssz(Z) 2%)
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1

Therefore, by (4.18) and (4.19),
1

(4.21) (ﬁ(“)w(e L. e_tQL)f(z)|2dz)

i 1 1d ~

<§ E —e2d %(logu 1)2—u |G f(2)]|%dw "

u "

§>1 i>1 B(x,29+1+2¢)
1

<> e ( ][ |Gy f<z)yq0dw)
(x,21+1¢)

>1

This completes the proof of the present claim. O

Proof of Claim 4.15. First, note that for 1/4 < u < oo,

V(e ek — e PE) £(2)] < / tﬁ\asve—ﬂf(z)}ds

2Vu

< %(/\[|SV8\/_€82L\/_]C( )2d8>

Thus,
1
& 1 t2 2 2 d
/ e “u? (][ V(e mk — et L)f(z)\2d2> &
% B(z,t) u
%
SJ/ ue” (/ / |8VS\/_6_52L\/_f( )’2diff) du
i B(z,2y/us) u
— [T uer e VD@
which is the desired estimate. ([l

Once we have proved the claims, we can start discussing the two cases into which
we split the proof of Proposition 4.3.

Step 1: max{r,,¢_ (L)} <p< qJ;EUL)'

First of all, note that proceeding similarly as in [24, (4.25)] one can show that for
every fixed x € R"

(4.22)  N(Ve™Ef)(z) < sup (][ \Vetﬁf(z)|2dz)2
B(x,t)

t>0
1

< sup (][ |Ve-t2Lf<z>|2dz)
t>0 B(z,t)
o (][ V(e — e‘t2L>f(z)|2dZ>
t>0 B(z,t)

=I+1I.
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qufUL), we can choose do SO that max{rwaa\f (L)} <

Since max{r,,q- (L)} < p <
Go <p< q+( ). Hence by Claim 4.13 with S; equal to the identity, we obtain

1

(4.23) ISsup) e (][ ety |Vf(z)|q0dw> " S M (V)(x).

>0 737

On the other hand, note that applying the following subordination formula:

< d
(4.24) eI = c/ bt it p 2
0 u
and Minkowski’s integral inequality, we have
1 L
4 2 u
(4.25) II < sup/ uz (][ V(e ml — e_tQL)f(z)|2dz) —
t>0 Jo B(x,t) u
o0 1 2 2 % du
+ sup/ e "u? <][ V(eTml —e "V f(2)?dz )| — =: 11, + I1,.
t>0 J1 B(x,t) u

In order to estimate I, we apply Claim 4.14:

1

(4.26) II; < sup Z e (][ ]émf(z)]qodw) "
I B(z,2!+1¢)

t>0 >1

1

Ssup Y e (][ | |6Hf(2)|q°dw) v < M (Guf)(x),
(z,2041¢

t>0 I>1

where Gy is the inhomogeneous vertical square function defined in (1.14). On the
other hand, for 1/4 < u < oo, one can see that

V(e 58 — e P0Y f(2)] < / |0, Ve "L f(2)|ds

- -

2a

d 1
}SVS\/_G 2L\/_f( ) ? S) <logu%>2.
Next, applying Claim 4.15 we get

I, < ue’“Gz\F (VLf)(z )

MH\,

This, (4.22), (4.23), (4.25), and (4.26) imply that, for max {r,,q_ (L)} < ¢ < p,
(4.27)

N(Ve V) (a) < M3 (T1)(e) + M (G (o) + [ ue  GR VD@

1

4
Consequently, for all max {r,,q-(L)} < p < %=, by the boundedness of My on

LP(w), recall that p/qy > 1, and change of angles (see [22, Proposition 3.2]), we
conclude that

IV (Ve )]l oy
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~ . 0 du
S WMV Dllri) + 1M Gl i + [ e GV DIy

4
SNV Fllera) + Gl o) + 1Gu(VIF) || o)
S IV e w)

where the last inequality follows from Theorem 1.15, (3.5), and (3.7). This completes
the proof of Step 1.

. nrwq— (L) q ( )
Step 2: max{rw, P (L)} <p< i
We start by observing that Step 1 leads to

(28)  N(Ve ™) M) > Liw), max{r,.i- () < < T

w

where VV1 q { fes:vfe Ly )}, with the closure taken with respect to the
seminorm f —> |V fllLa@w)- With this in hand, by interpolation (see [9]), we can

T:;?fé(%} <p< ‘”( ) provided that for every p and

ro > Ty such that ¢ (L) < p < q+(L)/Sw, rwq_(L) < roq—(L) < q+(L)/sy, and

nrop
> nro+p [

conclude (4.4) for all max {rw,

we show that

¢ := max {ro
(4.29) N (Ve VY Wha(y) — L3 (w).

In order to prove (4.29) fix f € S, and fix p and ry satisfying the above restrictions.
Furthermore, fix ¢o and p; so that ¢_(L) < g2 < 2, roga < q+( , and max{p, roqe} <
p1 < q+(L)/sy. Note that in particular

(4.30) w e Am N RH( )/, and p; > q.
pP1

a2

Moreover, note by Claim 4.13 with S; = e_§L, and Claims 4.14 and 4.15, we obtain
that, for any qo such that max{r,,q-(L)} < ¢ < max{ro,p} < ¢+(L)/s, and any
function h € L*(R"),

1

(4.31) N(Ve VER)(z Z ' sup (][ ]VetQLh(z)POdw) "
B(z,2!+2¢)

>1 t>0

1

~ a0 o d
+> e sup ( ][ \GH,th(z)wodw) "4 / e GRY (VLh)(2) =
B(w,21+2¢) L u

=1 t>0
= e O h(x) + Y e P 0y h(x) + Osh().

1>1 1>1

Next we observe that to obtain (4.29) it suffices to prove for every o > 0 that

@3)  w({reR NV > a)) < ai IV f () fidw.

In order to obtain this inequality, fix v > 0 and consider the Calderén-Zygmund
decomposition for the function f at height « given by Lemma 2.14 with py = g. Let
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{Bi;}i be the corresponding collection of balls, and define, for M € N arbitrarily large,

M

—rZ I\NM . —kr2 L

B, = —e 57", Ay =1-B,, = E Cre 5",
k=1

Hence,

(4.33) F=0+> A bi+Y Boobi=g+b+» bi=g+b+b.
and then

(4.34)

w({z e R": N(Ve_t‘/ff)(:v) >a}) <w({zeR" :N(Ve_tﬁg)(:ﬁ) > a/5})
+w({z eR": ./\/’(Ve_t\/z~) (z)er/5})

+ Z w({z e R": CZ@‘CQle,lg(x) > a/5})

m=1 >1

+w({z eR": 05333(90) > a/5})

2
= I+II+ Y IIL,+1IV.

m=1

Before starting with the estimate of the above terms, we make a couple of obser-
vations for later use. First, take 1 < q < oo and h € L% (w) such that 1Al oy = 1
and recall the definition of M" in (2.13). Then, using a Kolmogorov type inequality
(see [16, Exercise 2.1.5]), the fact that M" is bounded from L'(w) to L*°(w) since
w € Ay and hence it gives rise to a doubling measure, and (2.17), we have that

(4.35) (Z/B MR () w(a)dr) ' 5 ( M) (@) w(e)dr)’

ieN UienBi
1 _
S WU By S 27 [ 19F@ (@)

Second, note that for p, := max{rg, p}, we have that ¢y < p. Assuming momentarily
that pa < ()%, by (2.19), we get that

1

(4.36) (ﬁ | ]bi(x)|p2dw) ? < o,

In order to see that py < (q)f, we first consider the case py = ro. Then, ¢ =
max {ro, n%(fﬁ} = rg, and thus py =19 < (ro)%, = (¢)%,. On the other had, if p, = p,

we may assume that nr, > ¢ —otherwise we trivially have p = ps < (q)} = oc.
Besides,

1 1 1 D 1 1 1 1
< 7’L’l“0+p_

Q)i q nry nrop nr, P Nnrg Ny
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Now, we are ready to estimate the terms in (4.34). In order to estimate Z, first
recall that ¢ < p; and max{r,,q_(L)} < p1 < ¢4+(L)/s, (see (4.30)). Then, by
Chebyshev’s inequality, (4.28) and Lemma 2.14, we get

(4.37) IS5 —/ Ve Vg Vdw < —/ |Vg|Ptdw < —/ |V f|%dw.

Next we estimate ZZ. Consider p, defined as in (4.36) and apply Chebyshev’s
inequality and (4.28) (recall that max{r,,¢_ (L)} < p2» < p1 < q+(L)/sy ). Thus

1 ~ 1 ~
(4.38) ITS— [ N(Ve™VEn)?dw S — [ |Vb[™2dw.
o2 oP2 R®

]Rn

We claim that
- P2 _
(4.39) / Viledw < © / IV flidw.
n Rn
Indeed, by the definition of A

B,

M
IVb[Pdw < / ‘v ( > Ck,Me—mgiLbi)
R™ R™

€N k=1

s, (3T

k=1 ieN

p2

dw

kL bi P2
Virp, Ve ¥5: — )| Ihldw ) .
B;

Besides, using that {\ﬁVe_tL}DO satisfies LP?(w)-LP?(w) off-diagonal estimates on
balls; and by (1.6) and (4.36), we have

2 b;
/ Vkrp, Ve Bt (—Z)‘ |7 dw

. b \ |2 \#s
< Zw(?“Bi) <][ VeikrB < ) dw) ’ (][ ]h]p2dw)
- Ci(Bi) "'B; C;j(Bi)

Jj=1
j bi(z) P2 oy .
N ZG‘C4 w(B;) (]{9 % dw) zlgé M (|hlP2) ()7

7>1

So [ M an

to\""

Hence, by (4.35) with q = ps, we have

Vb dw < o (/ Mo \h\p2)”2dw) < —/ IV £ () duw.
R~ ||h|| oy, =1
Consequently, (4.39) holds. In view of (4.38), that implies

1 _
(4.40) 17 < — |V f(z)|%dw.
af R™

We continue by estimating ZV. To this end, write b = ) . b; so that b=b —E, and
note that
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IV <w({z € R" : CO3b(z) > a/10})
+w({zeR": CO3b(x) > a/10)} = IV, + IV,.

In order to estimate ZV; apply Chebyshev’s inequality, Minkowski’s integral inequal-
ity, change of angles ([22, Proposition 3.2]), (3.5), and (3.7), to get

1 oo Cew m du
IVl ~ Oz_‘?([ € ||G2Hf(\/_b ||Lq(w >

1 G 1 .
< NG (VIR [Fr) S = I8,

~Y

Besides, note that by (2.16) and (2.17)
ACED Sy IR SRy MAa
Hence,
1
AR S |Vf|qdw

As for the estimate of 7V, apply again Chebyshev s inequality, Minkowski’s integral
inequality, change of angles, (3.5), and (3.7), to get

1 OO —cu u T du "
s L[ Hcaﬂmwm(w);)

—|lGu (VED)||2 < VB )

N LP2 ) ~

oP1

Thus, by (4.39),
1 ~
Oéq Rn

Collecting the estimates for 7V, and ZV5 we conclude that
1

(4.41) v < —/ IV f .

It remains to estimate ZZZ,,, for m = 1,2. Note that by (1.6) and (2.17),
(4.42)

II7T,, <w ( U 1632-) +w <{x €R"\U;16B,: CY_ e 0, b(x) > a/5})

>1
-~ e? o
<—/ IV f|Tdw + > " w ({x € R"\ U;168; : O,,b(z) > W})
>1
_—/ ]Vf\qdw—i-ZIIIml
>1

Applying Chebyshev’s inequality, duality, and Holder’s inequality, it follows that

—c2t

(443) TIT,, < / 19,612 dw
ab? R”\UilﬁBi
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—c2t

1
¢ -~ P2 P2
S .| P2 )

i >4

—c2! p2
€ i
o <|Ih|| ZZIJJ ”hlcj(Bi)”Lp’z(w) '

P2( ) i j>4

Claim 4.44. There exist ©, My > 1 such that for every 2 M > max{©, My}
19, < 02 (201 B;) 2 27 ICM=0) 1 9,

Assuming this momentarily, in view of (4.43), for 2M > max{© + nr,, My}, and
by (4.35) with q = pe we get, for m = 1, 2,

e 1
IIImlge_CQl( /Mw (|h[P2)?5 d ) e~ /|Vf|qdw

Therefore, by (4.42), for m = 1,2,

IIT, S e —et 1 / IV f|Tdw < _/ IV f|9dw.

>1

By the above inequality, (4.34), (4.37),(4.40), and (4.41), we get (4.32). This leads
to (4.29) what in turn, as we have already observed, finishes the proof modulo Claim
4.44. [

Proof of Clatm /.44, m = 1. Note that

1 1
—~ w0\ P2 1)
Ifl < (/ ( sup (][ ‘Vet%bi}qodw) 0) dw> ’
CJ(Bl) 0<t<2j*l*3r3i B($,2l+2t)
g~ % P2 é
+ (/ ( sup (][ |Ve_t Lb, ‘qodw) ) dw)
CJ(BZ) t22j_l_3TBi B(x,2l+2t)

= Q:l + Q:Q.

In order to estimate €;, we use functional calculus. Take ¢(z,t) = e ©*(1 —
¢ "B:*)M then ¢(z, t) is holomorphic in the open sector ¥, = {z € C\{0} : Jarg(z)| <
p} and satisfies |¢(z, )] < |2|M (1 + |2]) 72 (with implicit constant depending on p,
t >0, rg,, and M) for every z € £,. We can check that for every z € I' = 825_9,

2M

r
|77( ) )| ~ (|Z| +t2)M+1

Now fix z € Cj(B;), j > 4,and 0 < t < 27'3rp., then B(x,2'72t) C 27+2B;\ 2771 B,.
This and Minkowski’s integral inequality imply

1
(f wessipra)” = (
B(z,2!+2¢)

1
][ V(L t)bi|q°dw> B
B(z,2!+2t)

2M

1
q TR,
,S/(][ !zéVeZLbi|q°dw> ' Db |dz|
r B(z,2!+2t) |Z|§(|Z| + t2)M+1
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1
S/(][ |12j+23i\21713i25V672Lbi
r B(z,2!12¢)
2M

.
S /Mzzlé(12f+231\2f—18i25Ve_szz‘)(fE)Ls|dZ|-
r ‘Z|M+§

2M

ooy
dw) % Bi _|dz|
3

Applying again Minkowski’s integral inequality, and recalling that Mg’ is bounded
on LP?(w) since gy < p2, we get

2M

1
P2 o
€1 5 / (/ M;‘(’)(12j+23i\2j13iz§V6ZLbi)mdw) f;+§|d2|
r \Jc;(By) 2|2

1
L oM
1 _ D P2 TB-
5/(/ ‘22V6 szi‘ 2dw) v =|dz|.
r \Jait2p)\2i-15, |2[M T2

Observe that 2/72B; \ 227! B; = U}_,Cj;_2(B;). Then by the fact that 23Ve L ¢

,,,2
O(LP?(w) — LP*(w)), (4.36), and changing the variable s into 4:23:'7
) ‘ % fe'e) ] 92 4j7‘2 . 2M
€1 < w(2j+lBi)E2]91 ][ |b,|p2dw / T 2 7;B¢ e~ ¢ sBz ST’BiS @
~ B, 0 s2 5M+§ S

S Oéw(2j+lBi)%2—j(2M+1—91) /OO T(S)02€_CSQS2M+1@
0 S

< aw(2j+lBi)%2—j(2M+1—01)

Y

provided 2M + 1 > 6,.
We continue by estimating €;. To this end, first change the variable ¢ into

3
tvM+1 =: t0y. Next, for any v € C;(B;), j > 4, and ¢t > 23_131.7 note that

370,
B; C B(zp,,002't) =: B! C B(z,0,2"5t) (x5, denotes the center of B;). Then,

P2 1
q0 P2
¢2§</ ( sup ][ |V€_t2L7Z,rB.(1Bl.bi)‘qodw) dw)
Cj(Bi) \ . 2 3rp, J B(afu2+21) o
= 2lgy,
P2 1
q90 P2
,S(/ ( sup w(B(x,QMQHQt))_I/ ‘Ve_tZLﬁvrB,(1Bz_bi)|qodw) dw) ,
C;(Bs) 21=3rp, n ' '
= 2loy,

M
2 —(t>+r% )L
where Ty, = <e 2L _ o=(P4rE,) > .
3

In the above setting, first recall that max{r,,q-(L)} < qo < p2 < q+(L)/Sw,
consequently tVe L is bounded on L% (w). Besides, applying the L% (w)-L%(w)
off-diagonal estimates that 7y, satisfies (see (2.11)), and (1.6) to obtain

(4.45) ( / Ve b, 0, (1p:) |q°dw) "

5 217"51_1 (/R ‘7;77’Bi (1bei)|q0dw> a0
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1 bz o %
SEDIUCNEIEI NN 9 CPES |

N2>1

1 N TQB M b |9 %
< 2% (Bhw Z e | = | dw
N>1 i i
2 M
1 TR,
5 2l9w(Bi)q0a< tgz) ’

where in the last inequality we have used (4.36) since ¢g < py. Consequently,

@2 ,S 2’9(1(/
C.

J

r2 M~ p2 é )
( sup (i) > dw) gaw(2j+lBi>527j2M21(2M+9)’
(B \ 270, \ T

O

where in the first inequality, we have used that w(B(x, 0,,2"2t))tw(B;) < C, since
B; C B(z,0),2!75t) and by (1.6).

Collecting the estimates obtained for €; and €,, we conclude that, for M € N such
that 2M + 1 > 05,

(4.46) 1% < aw<2j+1BZ,)%2*j(2M791)2l(2M+0)'
This completes the proof of Claim 4.44 for m = 1. 0

Proof of Claim 4.44, m = 2. Splitting the supremum in ¢, we have

P2 1
q

;) Y o a0 P2
IEIN sup Gu (B, b)) dw ) dw
’ Cj(B;) 0<t<2i~1=3rp, B(w,21+2¢) @

P2 1
+ (/ sup <][ GHJS (Brgbi)qodw) %0 dw) P2
Cj(Bi) t>21-1=3rp, B(z,21+2t) i

=: Dij + Déj.

Estimate for Dij : We claim that, for some fixed constants 51 > 0, 52 > 0, and for
M large enough the following holds

(4.47) DV < aw(2H1 B;)p 273 (2M-01-262)
To show this, first note that as before, for 0 < t < 2073y and x € C;(B;), we have

that B(z,272¢) C 2772B; \ 27! B;. Next recall that MY is bounded on L?*(w) since
qo < po. Hence,

1
.. ~ ~ P2
Di] S (/ MZ:) (12j+2Bi\2j—1BiGHbi)md’LU)
Cj(Bi)

1

< w(2j+1Bi)é (][ }éH/l;i|p2dw> "
2j+2Bi\2jlei
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Now, note that since py < ¢4 (L)/s,, we can take max{2,p2} < ¢ < ¢+ (L) so that
we RH (i)/. Hence by Lemma 2.20 and Minkowski’s integral inequality, we have
P2

2 1
- ) 1 o0 ~ adr\ 2
(4.48) DY < w(27HB;)r ( / (][ |7’VTL6_T2Lbi|qu) l)
0 2i+2B;\2i-1B; r

In order to estimate the integral in x, we use functional calculus with the same choice
of ¢ as in the estimate of €;. Then

(4.49) <][ ’rVTLe_TQLBi‘qu) '
2j+231\2j_1Bi
1
| a r2raM d
< / (][ |22VzLeZLbi|qd:c) - Bi | Z|
r \J2i+2B,\2i-1B; |22 (2] + r2)M+1 ||
Split the integral in x as follows
(4.50) <][ ‘Z%VZLG_ZLbi‘quZ)
2j+2Bi\2jlei

7j—3
< Z <][ |2§VzLeéL(lcl(Bi)engi)‘qda:>
=1 Jt2B;\291B;

2

Q=

Q|

1
z zZ q
+ Z <][ ‘zi’VzLeZL(lcl(Bi)e2Lbi)|qdaj> =: A+ B.
1>j—2 WPT2B\2I1B;

Note now that since j > 4, for 1 <1 < j—3 we have that d(27"2B;\ 2771 B;, Cy(B;)) >
29=2pp > 2%rp . Then, in that case, first applying the fact that /7V7Le ™F
satisfies L% (R™)- L1(R") off-diagonal estimates and split the exponential term (recall
that [ < j — 3). Next apply Lemma 2.20 since w € Ar (see (4.30)) to get

a2

73

1
. q
A< |21 B > (/ \Z%VzLeEL(1CZ(Bi)e§Lbi)\qu>
=1 2j+2Bi\2j71Bi
. 1 i3 é 4'“?31 n,l 1
SRB Y ([ fetnina) et
=1 Ci(B;)
j_3 L 4jr2 4l7'2
. z P _ By _ . Bi _mnc1l 1
5|2J+lBi|‘iZ|2’+lBi|q;(][ Ie‘ﬁwldw) TR O [ E ),
=1 Ci(Bs)

Now, since e"2L € O(LP2(w) — LP*(w)) and by (4.36)

1 2+1
z P1 0.
(][ ]e_2Lbi\p1dw> 52”11(( )( |, \mdw)
Ci(B)) 2|2

Ol 02
S arp, 2191T( ') .
2|2
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Hence,
j*3 +1 0~2 47 12 alp2
4 1 5 27 rp, 1 _ Y"By _ fTBy ned1 1
QLSOW’BJQJHBJ q22191’r(f11) ’2H—1Bi‘q2€ CTRET ¢ TR ’Z| 2\q q)'
zZlz
=1

If we now consider [ > j — 2, in this case, we do not have distance between
2012B;\ 2771 B; and Cy(B;), but we do have it between Cy(B;) and B;. Indeed, since
| > j—2 > 2 (recall that j > 4), we have that d(C)(B;), B;) > 2"trg, > 27 3rpg..
Hence, proceeding as in the above computation, we obtain

BS |2j+lBZ‘|_i Z (/2j+2B.\2j—1B, |Z;VZLQ_ZL(ICL(Bi)e_SLbi)|qdy>

Q=

1>j—2
< ’2]’+1Bi|_% Z (/ ‘e;Lbi@)‘quy) ‘12|Z‘—%(é—%)

I1>j—2 Ci(By)

1

SRBE Y @) (f 5 i)

1>j-2 /(Bs

~ n l+1 é; 4lr2/_ 1 "

< |2j+lBZ,|—§ Z 2191(2l7’Bi)QQT(2| ’iBi) e~ ﬁ(][ |bi’p2dw) P2|Z|f§(é*§)

1>5—2 Z|2 B;

- 0. n 2l+1 . 9; — ﬁ _ 4jT2Bi _nc1 1
< arp, |21 By Z 2191(217“31.)‘121"( |Z|EBI) R P A€ 2l
1>j—2

Thus, from the estimates of 2 and B, in view of (4.48), (4.49), and (4.50), we have
(4.51)

DY Sarg, |27 B Tiw(2 By Y 2 (2, )

>1

[( [ 20 \* b S gy [ (e
: e e |z| 2ta2a :
o \Jr \ |z (Iz[ )M+ |z )

Doing the change of variables s into 47r% /s, we obtain
(4.52)

0o 2l+1rB- 02 4l7'123i 4jr?3i _nedl 1y 1 TQT%M ds
S (L P [ Y S S
0 52 (s +r2)MH s

i

B R N AN - 2,.2M

. a2 Q) 2's _edst 2 p(L_1yyg rrg. ds

5 (2JTB¢) ( / T( ) e Ca e Sn(QQ q) i —
0

2 (4j7‘?3i/32 + r2)M+1 g
Besides, changing the variable r into 277, r, we have

(4.53)

/OO /OOT % stn(éfé)ﬂe*cge_cif7‘2 Ty ds 2@ :
0 0 27 (473, /s +r2)M+t s )
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~ l92
< 9—i2M /OO 4 /OO +(2s)” D oo g\ 2\ 2
T —_— - - .
~ 0 0 27 (1/s% 4 r2)M+1 s r
In order to bound the above integral, take M = %(52 + 51 + q% +1) and M > 2 so
that 20 +n(L — 1) — 20 — , — 1 > 0. Then,

! 4 * 2ls z n(L—1)41 2 _aals? 1 ds\ 2 dr 2
P
0 0 27 (1/s% 4 r2)M+1 g r
U 2 3
< - 1(2M~03) 0§ (20 +05) /1T4 /132M+3+n(q12—;)—2M_92§ dr\ 2
~ 0 0 S r
! > OM43n(L—L)_2NT+6; 2ds\? dr 2
([ Aoy )

< 9—l(2M—02)j(2M+02)

And, since = (572 4 72) M1 = (572 4 92) "Mt (572 4 p2)=2 < G2(M-1)p—d
00 0o l 05 2 1
/ r / T E 25"($_%)+1e*052@_0if32 1 @ ﬂ :
1 0 2 (1/s2 +r2)M+1 5 |
o o 2l Z 11 12 2d %
< / 7"74 / T —S $2M+n(6_5)_167652676447§_8 _7‘
A\ 0 29 s ) r

< 2—1(21\7—9})2]'(21\71%2)‘

Hence, by our choice of M and M

i j L j(2M41+2 —2M 6, —1(2M —f2—6,— 2
DY < aw(27M B;)r22 JEMALE, 2) E 27! 2=1=3)
>1

< ()éw(2j+1Bi>é2*j(2M*9~1729}).

Estimate for D;j : We claim that, for some fixed constant 0 > 0 and for M large
enough the following holds

(4.54) DY < ol (21135 +9) Ozw(QjHBi)%T?jM

For any ¢t > 277173y and f € L*(R"), we have that

Guusto) = ([ porertsrtt) s ([ porsetsord )
T 2j—l—4,,,Bi

2

Take ¢; such that ¢ < ¢1 < ¢4 (L), and recall that ¢y < ps. Consequently, we get
that w € RH, ,\v C RH ﬂ)/ and w € RH, v+ C RH,, \. Hence, by Lemma

p2

P2 P2 0
2.20 we have that M’ h < M h and the third inequality below. Next, we use the
boundedness of M, on L% (R"), since ¢; > ¢, and Minkowski’s integral inequality to
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obtain
(4.55)
1% ps R s
DQJ S ( Mqo (GH72j—l—3TBi ( b; ))Pzdw)
C;(Bi)

1

,S </ Mq(éHQj*l*?’rB. (gz ))p2dw>
C;(Bi) ’
s w(?j—HBi)% (][ Mq(éngflfSTB. (32 ))qldl,’) "
C;(Bi) '

. 1 1 o0 ~ od Fl a1
5w(27+1Bi)p12|27+1Bi| o (/ (/ |7“VrLe_T2Lb,~|2—T) dx)
n 2 r

j—1—4
’I’Bl.

2 1
o BB ( [, ([ e T, ap ) )
T i n I’ i i ’["

Onr

1

where in the last inequality we have changed the variable r into r8,; := rvM + 1,
'—l—4,',. ) .

used that B; C B(xp,,0y2r) = B!, for r > = g and j > 4 (rp, denotes the

(e L — e_(TQMQBi)L)M.

center of B;), and we recall that 77"77"B¢ =
By the L%(R")-L% (R"™) off-diagonal estimates of 7V72Le™" ¢, and (2.12) (with
w =1 and p = ¢2), (recall the choice of g5 in (4.30) and that 2 < ¢; < ¢4 (L))

(/ ‘rVrLe_TQL'ﬁ,rBi (1Bl,b¢)|q1d:):) "
1
S2rghe qqu)(/ }7;77«31_@_7'2L(1B;bi)‘%dx) ’
_ 7“2. M (i1 2 é
5217’33(%) r (qz q1)</n ‘6 2L(1B§bi)|@dx> .
Since w € Ap (see (4.30)), by Lemma 2.20, and the LP?>(w)-LP*(w) off-diagonal
a2

estimates on balls satisfied by e~7%, we have that

1 1
2 1 -2
(/ |€2L(lB£bi)’q2dl‘) " S Z ’2N+1B£‘012 (][C ) ‘62L(1bei)|Q2d£L’) ”
n N .

N2>1

1 2
<D :|2N+1B§|q2<][ e” T H(1pb;) pldw)
oN<B£>‘ o |

N>1

1
<21 (f e aw)”
B

< arp,2%| B!,

1
p1
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2i—l=4p

where in the last inequality we have used that for r > —g——and j >4, B; C Bl
Plugging this into (4.55) leads to

0

_ 0o 2\ 2M 1
g [(frn 4 a1 _1 B, 2n dr
DY <2 aw (@1 By 2y Tar ([, (2] e —
2 g \ 12 r
Onr

524%%?”0aw@ﬂ430%2ﬂ”{

provided 2M > qﬂl.

Gather (4.47) and (4.54), then for M € N such that 2M > max{20, + 6; + 2 +
n/qn/q},

17 < ngoéw(2j+1Bi)5273'(2M72527671).

This completes the proof of Claim 4.44 in the case m = 2. ([l
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