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ABSTRACT. In nice environments, such as Lipschitz or chord-arc domains, it is well-
known that the solvability of the Dirichlet problem for an elliptic operator in LP, for
some finite p, is equivalent to the fact that the associated elliptic measure belongs to
the Muckenhoupt class A,. In turn, any of these conditions occurs if and only if the
gradient of every bounded null solution satisfies a Carleson measure estimate. This
has been recently extended to much rougher settings such as those of 1-sided chord-arc
domains, that is, sets which are quantitatively open and connected with a boundary
which is Ahlfors-David regular. In this paper, we work in the same environment and
consider a qualitative analog of the latter equivalence showing that one can characterize
the absolute continuity of the surface measure with respect to the elliptic measure in
terms of the finiteness almost everywhere of the truncated conical square function
for any bounded null solution. As a consequence of our main result particularized
to the Laplace operator and some previous results, we show that the boundary of
the domain is rectifiable if and only if the truncated conical square function is finite
almost everywhere for any bounded harmonic function. Also, we obtain that for two
given elliptic operators Ly and Lo, the absolute continuity of the surface measure with
respect to the elliptic measure of L; is equivalent to the same property for Lo provided
the disagreement of the coeflicients satisfy some quadratic estimate in truncated cones
for almost everywhere vertex. Finally for the case on which Lo is either the transpose
of L; or its symmetric part we show the equivalence of the corresponding absolute
continuity upon assuming that the antisymmetric part of the coefficients has some
controlled oscillation in truncated cones for almost every vertex.
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1. INTRODUCTION
A classical theorem of F. and M. Riesz [41] states that

w < H' oo < w on 9N for any simply connected

(1.1)

domain 2 C R? with a rectifiable boundary,

where w denotes the harmonic measure relative to the domain ). A quantitative ver-
sion of this result was obtained later by Lavrentiev [36] who showed that in a chord-arc
domain in the plane, harmonic measure is quantitatively absolutely continuous with re-
spect to the arc-length measure, that is, harmonic measure is an A, weight with respect
to surface measure. After these two fundamental results there has been many authors
seeking to find necessary and sufficient geometric criteria for the absolute continuity, or
its quantitative version, of harmonic measure with respect to surface measure on the
boundary of a domain in higher dimensions. In general, those can be divided into two
categories: quantitative and qualitative.

In the quantitative category it has been recently established that if @ € R*™ n > 2, is
a l-sided CAD (chord-arc domain, cf. Definition 2.4), then the following are equivalent:

(a) 0N is uniformly rectifiable,
(b) € satisfies the exterior corkscrew condition, hence it is a CAD, (1.2)
(c) we Ax(o).

Here, 0 = H"|sq denotes the surface measure and A, (o) is as mentioned above the
scale-invariant version of absolute continuity. The direction (a) implies (b) was shown
by Azzam, Hofmann, Martell, Nystrom, and Toro in [7]. That (b) implies (c¢) was
proved by David and Jerison in [17], and independently by Semmes in [42]. Also, (a)
implies (c) was proved by Hofmann and Martell in [23]. These two authors jointly with
Uriarte-Tuero [27] also established that (c) implies (a). The equivalent statements in
(1.2) reveal the close connection between the regularity of the boundary of a domain and
the good behavior of harmonic measure with respect to surface measure. In addition,
(1.2) connects several known results, including the extension of [41] on Lipschitz domain
[15], LY domain [29] and BMO; domain [30].

For divergence form elliptic operators Lu = —div(AVu) with real variable coeffi-
cients, that (b) implies (¢) (with the elliptic measure wy, in place of w) was proved by
Kenig and Pipher in [33] under some Carleson measure estimate assumption for the
matrix of coefficients A. The converse, that is, the fact that (c¢) implies (b) on a 1-sided
CAD for the Kenig-Pipher class has been recently obtained by Hofmann, Martell, May-
boroda, Toro, and Zhao in [24] (see also [25] for a previous result in a smaller class of
operators). In another direction, it was shown in [12] that for any real (not necessarily
non-symmetric) elliptic operator L, w;, € A (o) is equivalent to the so-called Carleson
measure estimates, that is, every bounded weak null solution of L satisfies Carleson
measure estimates.

On the other hand, the qualitative version of (1.2) has been also studied extensively.
In contrast with (1.1), some counterexamples have been presented to show how the



ELLIPTIC MEASURES AND SQUARE FUNCTION ESTIMATES 3

absolute continuity of harmonic measure is indeed affected by the topology/geometry of
the domain and its boundary.

e Example 1. Lavrentiev constructed in [36] a simply connected domain Q C R?
and a set £ C 09 such that E has zero arclength, but w(E) > 0.

e Example 2. Bishop and Jones in [10] found a uniformly rectifiable set E on the
plane and some subset of F with zero arc-length which carries positive harmonic
measure relative to the domain R? \ E.

e Example 3. Wu proved in [44] that there exists a topological ball  C R? and a
set B C 0f2 lying on a 2-dimensional hyperplane so that Hausdorff dimension of
E is 1 (which implies ¢(E) = 0) but w(E) > 0.

e Example 4. In [8], Azzam, Mourgoglou, and Tolsa obtained that for all n > 2,
there is a Reifenberg flat domain  C R™"*! and there is a set E C 9 such that
w(E)>0=0(FE).

Compared with (1.1), Examples 1 and 2 indicate that both the regularity of the boundary
and the connectivity of the domain seem to be necessary for absolute continuity to occur.
However, Examples 3 and 4 say that w < ¢ fails in the presence of some connectivity
assumption. Indeed, a quantitative form of path connectedness is contained in Example
4 since Reifenberg flat domains, which are sufficiently flat, are in fact NTA domains (cf.
Definition 2.4), see [34, Theorem 3.1]. Taking into consideration these, it is natural to
investigate what extra mild assumptions are necessary to obtain the absolute continuity
of harmonic measure.

It was shown by McMillan [37, Theorem 2] that for bounded simply connected domains
) CC, w< o < w on the set of cone points. Later, Bishop and Jones [10] obtained
that for any simply connected domain Q C R? and curve I' of finite length, w < o
on Q2 NTI. That result refined the conclusions in [40, p. 471] and [35, Theorem 3]
where I' was a line and a quasi-smooth curve respectively. Beyond that, in a Wiener
regular domain with large complement (cf. [1, Definition 1.5]), Akman, Azzam and
Mourgoglou [1] gave a characterization of sets of absolute continuity in terms of the
cone point condition and the rectifiable structure of elliptic measure. Let us point out
that in all of the just mentioned results, the absolute continuity happens locally. In
the case of the whole boundary, for every Lipschitz domain Dahlberg [14] proved that
harmonic measure belongs to the reverse Holder class with exponent 2 with respect to
surface measure, this, in turn, yields w < ¢ < w. This was extended to the setting
of CAD domains in [17, 42]. For general NTA domains Q2 C R™*' n > 1, Badger [9]
proved that o < w if the boundary 0f2 has finite surface measure. When (2 is a 1-sided
CAD, Akman, Badger, Hofmann and Martell established in [2] that OS2 is rectifiable if
and only if 0 < w on 92, which is also equivalent to the fact that 02 possesses exterior
corkscrew points in a qualitative way and that 0{2 can be covered o-a.e. by a countable
union of portions of boundaries of bounded chord-arc subdomains of 2. Based on a
qualitative Carleson measure condition, they also got that the same conclusions hold
for some class of elliptic operators with regular coefficients. The remarkable result in
[6] proved that, in any dimension and in the absence of any connectivity condition, any
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piece of the boundary with finite surface measure is rectifiable, provided surface measure
is absolutely continuous with respect to harmonic measure on that piece. The converse
was treated in [3] by Akman, Bortz, Hofmann, and Martell assuming that the boundary
has locally finite surface measure and satisfies some weak lower Ahlfors-David regular
condition.

Motivated by the previous work, the purpose of this article is to find characterizations
of the absolute continuity of surface measure with respect to elliptic measure for real
second order divergence form uniformly elliptic operators. Our main goal is to establish
the equivalence between the absolute continuity and the finiteness almost everywhere
of the conical square function applied to any bounded weak solution. To set the stage
let us give few definitions (see Section 2 for more definitions and notation). The conical
square function is defined as

Sou(z) = ( // » |vu(Y)|25<Y)1ndy)é L zeon,

where §(-) = dist(-,09) and the cone I',(x) with vertex at € 9Q and aperture o > 0
is given by
Co(z)={Y €eQ:|Y —z| < (1+a)d(Y)}.

Similarly, we define the truncated square function S, by integrating over the truncated
cone I'7 (x) := 'y (z) N B(z,r) for any r > 0.

Our main result is a qualitative analog of [31] and [12, Theorem 1.1]. More precisely,
condition (a) is a qualitative analog of w;, € A (o) —or equivalently o € A, (wy)—
while condition (c), or (d), or (e) is a qualitative version of the so-called Carleson measure

condition, which is in turn equivalent to some local scale-invariant L? estimate for the
truncated conical square function.

Theorem 1.3. Let Q C R"™ n > 2 be a 1-sided CAD (cf. Definition 2.4) and write
o = H"|9q. There exists ag > 0 (depending only on the 1-sided CAD constants) such
that for each fized o > v and for every real (not necessarily symmetric) elliptic operator
Lu = —div(AVu) the following statements are equivalent:

(a) 0 < wy on OS.

(b) 0 = Upso Fn, where o(Fy) = 0 and for each N > 1 there exists Cy > 1 such
that -

Cylo(F) <wp(F) < COno(F), VFCFy.

(c) 9Q = Unso Fn, where o(Fy) = 0, for each N > 1, Fy = 90Q N 0Qy for some
bounded 1-sided CAD Qnx C €, and S'u € L*(Fy,o) for every weak solution
u € W2(Q) N L2(Q) of Lu=0 in Q and for all (or for some) r > 0.

(d) Stu(x) < oo for o-a.c. x € AN for every weak solution u € W22 (Q) N L=(Q) of
Lu =0 in Q and for all (or for some) r > 0.

(e) For every weak solutionu € W,-2(Q)NL®(Q) of Lu = 0 in Q and for o-a.e. x € 09

loc
there exists r, > 0 such that Si*u(x) < oo.
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Remark 1.4. We would like to make the following observation regarding the parameter
a in the previous statement. Note first that if one of the conditions (c), (d), or (e) holds
for some o > 0, then the same condition is automatically true for all o’ < «. Thus, (a)
or (b) implies (c), (d), or (e) holds for all @ > 0. On the other hand, for the converse
implications we need to make sure that o does not get too small to prevent having empty
cones, in which case the corresponding assumption trivially holds.

When turning to the harmonic measure, we obtain the following connection between
the rectifiability of the boundary, the absolute continuity of surface measure with respect
to harmonic measure, and the square functions estimates for harmonic functions.

Theorem 1.5. Let Q C R"™ n > 2 be a 1-sided CAD and write 0 := H"|sq. There
exists oy > 0 (depending only on the 1-sided CAD constants) such that for each fixed
a > ag if we write w to denote the harmonic measure for §) then the following statements
are equivalent:

(a) 0N is rectifiable, that is, o-almost all of OS2 can be covered by a countable union of
n-dimensional (possibly rotated) Lipschitz graphs.

(b) 0 < w on 0N.

(¢) Stu(z) < oo for o-a.e. x € O for every bounded harmonic function u € VV&E(Q)
and for all (or for some) r > 0.

The equivalence of (a) and (b) was established in [2], while Theorem 1.3 readily gives
that (b) is equivalent to (c).

As an application of Theorem 1.3, we can obtain some additional results. The first
deals with perturbations (see [4, 5, 11, 12, 16, 20, 21, 22, 38, 39]) and should be compared
with its quantitative version in the 1-sided CAD setting [12, Theorem 1.3]. We note
that our next result provides also a quantitative version of the work by Fefferman in
[21] who showed that in the unit ball if the right hand side of (1.7) is an essentially
bounded function (rather than knowing that is finite almost everywhere) then one has
wr, € Axo(0) if and only if wy, € A (o).

Theorem 1.6. Let Q C R n > 2, be a 1-sided CAD and write 0 := H"|sq. There
exists ag > 0 (depending only on the 1-sided CAD constants) such that if the real (not
necessarily symmetric) elliptic operators Lou = —div(AgVu) and Liu = — div(A;Vu)
satisfy for some a > g and for some r > 0

0(Ag, A1) (X)?
dX < oo, o-a.e. x € 0S, 1.7
//rg(x) o(X)ntt (17)
where
0(Ag, A1) (X) = sup |Ap(Y) — A1 (Y)], X €,
YEB(X,5(X)/2)

then o < wy, if and only if 0 K wy,.

Our second application of Theorem 1.3 allows us to establish a connection between the
absolute continuity properties of the elliptic measures of an operator, its adjoint and/or
its symmetric part. Given Lu = —div(AVu) a real (not necessarily symmetric) elliptic
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operator, we let LT denote the transpose of L, and let L™ = % be the symmetric
part of L. These are respectively the divergence form elliptic operators with associated
matrices AT (the transpose of A) and AY™ = #. In this case, the following result is
a qualitative version of [12, Theorem 1.6].

Theorem 1.8. Let Q C R"™ n > 2, be a 1-sided CAD and write o := H"|sq. There ex-
ists ag > 0 (depending only on the 1-sided CAD constants) such that if Lu = — div(AVu)
is a real (not necessarily symmetric) elliptic operator; and we assume that (A — AT) €
Lip,,.(2) and that for some o > o and for some r > 0 one has

// |dive(A — AT)(X))?6(X)"dX < 00, o-a.e. x € 09, (1.9)
(@)

where dive stands for the column divergence, that is,

n+1

dch(A — AT)(X> == (Z 6i(ai,j - CLjJ)(X)) s X € Q,
i=1 1<j<n+1
then 0 K wy, if and only if 0 K wyt if and only if 0 K wrsym.

The paper is organized as follows. In Section 2, we present some preliminaries, defini-
tions, and some background results that will be used throughout the paper. Section 3 is
devoted to showing Theorem 1.3. Finally, in Section 4, applying Theorem 1.3 (a) < (d),
we obtain a more general perturbation result about the absolute continuity of surface
measure with respect to elliptic measure and then prove Theorems 1.6 and 1.8.

2. PRELIMINARIES

2.1. Notation and conventions.
e Our ambient space is R**1, n > 2.

e We use the letters ¢, C' to denote harmless positive constants, not necessarily the same
at each occurrence, which depend only on dimension and the constants appearing in
the hypotheses of the theorems (which we refer to as the “allowable parameters”). We
shall also sometimes write a < b and a ~ b to mean, respectively, that a < Cb and
0 < ¢ <a/b< C, where the constants ¢ and C are as above, unless explicitly noted
to the contrary. Moreover, if ¢ and C' depend on some given parameter 7, which is
somehow relevant, we write a <, b and a =, b. At times, we shall designate by M
a particular constant whose value will remain unchanged throughout the proof of a
given lemma or proposition, but which may have a different value during the proof of
a different lemma or proposition.

e Given F C R™" we write diam(E) = sup, ,p [z — y| to denote its diameter.

e Given a domain (i.e., open and connected) Q C R™! we shall use lower case letters
x,vy, z, etc., to denote points on 0f2, and capital letters X, Y, Z, etc., to denote generic
points in R™! (especially those in Q).
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e The open (n+ 1)-dimensional Euclidean ball of radius r will be denoted B(z,r) when
the center x lies on 99, or B(X,r) when the center X € R"™\9Q. A “surface ball” is
denoted A(z,r) := B(x,r)N0S2, and unless otherwise specified it is implicitly assumed
that x € 9€2. Also if 02 is bounded, we typically assume that 0 < r < diam(09), so
that A = 09 if diam(09Q2) < r < diam(09?).

e Given a Euclidean ball B or surface ball A, its radius will be denoted rp or ra
respectively.

e Given a Euclidean ball B = B(X,r) or a surface ball A = A(x,r), its concentric
dilate by a factor of k > 0 will be denoted by kB = B(X, kr) or kA = A(z, kr).

e For X € R" we set §(X) := dist(X, 99).

e We let ‘H" denote the n-dimensional Hausdorff measure, and let o := H"|sq denote
the surface measure on 0.

e For a Borel set A C R™*!, we let int(A) denote the interior of A, and A denote the
closure of A. If A C 09, int(A) will denote the relative interior, i.e., the largest

relatively open set in 92 contained in A. Thus, for A C 0f), the boundary is then
well defined by 0A := A\ int(A).

e For a Borel set A C 09 with 0 < 0(A) < oo, we write f, fdo :=o(A)™" [, fdo.

e We shall use the letter I (and sometimes .J) to denote a closed (n + 1)-dimensional
Euclidean cube with sides parallel to the coordinate axes, and we let () denote the
side length of I. We use Q to denote a dyadic “cube” on 0f). The latter exist, given
that 0 is Ahlfors-David regular (see [18], [13], and enjoy certain properties which we
enumerate in Lemma 2.5 below).

2.2. Some definitions.

Definition 2.1 (Ahlfors-David regular). We say that a closed set £ C R""! is n-
dimensional Ahlfors-David regular (or simply ADR) if there is some uniform constant
C > 1 such that

C " <H"(EN B(z,r)) < Cr", Ve e E, re (0,2 diam(F)).

Definition 2.2 (Corkscrew condition). We say that an open set 2 C R™*! satisfies the
Corkscrew condition if for some uniform constant ¢ € (0,1), and for every surface ball
A = A(z,r)withz € 0Q and 0 < r < diam(0f), there is a ball B(Xa, cr) C B(z,r)NS.
The point XA € 2 is called a “Corkscrew point” relative to A. We note that we may
allow r < C diam(992) for any fixed C, simply by adjusting the constant c.

Definition 2.3 (Harnack Chain condition). We say that an open set 2 satisfies the
Harnack Chain condition if there is a uniform constant C' such that for every p > 0,
A > 1, and every pair of points X, X’ € Q with min{d(X),5(X’)} > pand | X —X'| < Ap,
there is a chain of open balls By,...,By C 2, N < C(A), with X € By, X’ € By,
By N By # @, C~tdiam(By) < dist(By, 09) < C'diam(By). Such a sequence is called
a “Harnack Chain”.
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We remark that the Corkscrew condition is a quantitative, scale invariant version of
openness, and the Harnack Chain condition is a scale invariant version of path connect-
edness.

Definition 2.4 (1-sided NTA domains, 1-sided CAD, NTA domains, CAD). We say that
(Yis a 1-sided NTA (non-tangentially accessible) domain if € satisfies both the Corkscrew
and Harnack Chain conditions. Furthermore, we say that €2 is an NTA domain if it is a
I-sided NTA domain and if, in addition, R"*! \ Q satisfies the Corkscrew condition. If
a 1-sided NTA domain, or an NTA domain, has an ADR boundary, then it is called a
1-sided CAD (chord-arc domain) or a CAD, respectively.

2.3. Dyadic grids and sawtooths. We give a lemma concerning the existence of a
“dyadic grid”, which was proved in [18, 19, 13].

Lemma 2.5. Suppose that E C R™ is an n-dimensional ADR set. Then there exist
constants ag > 0, v > 0, and Cy < 1 depending only on n and the ADR constant such
that, for each k € Z, there is a collection of Borel sets (cubes)

D, ={Qy CE:jeJ}
where Jy denotes some (possibly finite) index set depending on k, satisfying:

(a) E =1, Q% for each k € Z.

A few remarks are in order concerning this lemma.

e In the setting of a general space of homogeneous type, this lemma has been
proved by Christ [13], with the dyadic parameter 1/2 replaced by some constant
d € (0,1). In fact, one may always take 6 = 1/2 (cf. [28, Proof of Proposition
2.12]). In the presence of the Ahlfors-David property, the result already appears
in [18, 19].

e For our purposes, we may ignore those k € Z such that 2% > diam(E), in the
case that the latter is finite.

o We shall denote by D(E) the collection of all relevant Q¥, i.e.,

D(E) := | Dy,

where, if diam(F) is finite, the union runs over those k such that 27% < diam(F).

e For a dyadic cube Q € Dy, we shall set £(Q) = 27%, and we shall refer to this
quantity as the “length” of Q. Evidently, ¢(Q) ~ diam(Q). We set k(Q) = k to
be the dyadic generation to which @ belongs if Q € Dy; thus, £(Q) = 27*@),
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e Properties (d) and (e) imply that for each cube ) € Dy, there is a point zg € E,
a Euclidean ball B(xg,rq) and a surface ball A(zg,rq) := B(zg,rg) N E such
that c/(Q) < rg < ¢(Q), for some uniform constant ¢ > 0, and

A(l’Q, 27“@) cQcC A(ﬁQ,CTQ), (26)
for some uniform constant C > 1. We shall write
Bg = B(zg,10), Ao :=A(zg,7q), Ag:=A(zg,Crq), (2.7)

and we shall refer to the point z¢ as the “center” of Q.

e Let Q C R™! be an open set satisfying the corkscrew condition and such that
08 is ADR. Given @ € D(01), we define the “corkscrew point relative to Q" as
Xq := Xa,- We note that

§(Xg) ~ dist(Xg, Q) ~ diam(Q).

We next introduce the notation of “Carleson region” and “discretized sawtooth” from
23, Section 3]. Given a dyadic cube @) € D(E), the “discretized Carleson region” Dg
relative to () is defined by

Do :={Q e D(E): Q C Q}.

Let F = {Q;} C D(E) be a pairwise family of disjoint cubes. The “global discretized
sawtooth” relative to F is the collection of cubes @) € D(E) that are not contained in
any ); € F, that is,

Dr :=D(E)\ | Dq,
Qj EF
For a given cube ) € D(F), we define the “local discretized sawtooth” relative to F is
the collection of cubes in D that are not contained in any @); € F of, equivalently,

Drq :=Dg\ |J Do, =DrNDq.
Q,;eF

We also introduce the “geometric” Carleson regions and sawtooths. In the sequel,
Q C R n>2 isa l-sided CAD. Given Q € D := D(d9) we want to define some
associated regions which inherit the good properties of Q. Let W = W(Q) denote
a collection of (closed) dyadic Whitney cubes of €2, so that the cubes in W form a
covering of {2 with non-overlapping interiors, which satisfy

4diam(]) < dist(47,00) < dist(/,00) < 40diam(I), VI e W,
and also
(1/4)diam(/;) < diam(/y) < 4diam(/;), whenever I; and I touch.

Let X (I) be the center of I and ¢(I) denote the sidelength of I.

Given 0 < A < 1 and I € W, we write I* = (1 + \)[ for the “fattening” of I. By
taking A\ small enough, we can arrange matters, so that for any I, J € W,

dist(I*, J*) =~ dist(I, J),
int([*) Nint(J*) # O <= 09I NIJ # .
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(The fattening thus ensures overlap of I* and J* for any pair I, J € W whose boundaries
touch, so that the Harnack chain property then holds locally, with constants depending
upon A, in I* N J*.) By choosing A sufficiently small, say 0 < A < Ao, we may also
suppose that there is a 7 € (1/2,1) such that for distinct I, J € W, we have that
7J N I* = @. In what follows we will need to work with the dilations I** = (1 4 2\)[
or I"** = (1+4\)I, and in order to ensure that the same properties hold we further
assume that 0 < A < A\g/4.

Given 9 € N, for every cube () € D we set
W ={TeW:27Q) < ((I) <2°4(Q), and dist(I,Q) < 2"((Q)} . (2.8)

We will choose ¥ > ¢, with ¥ large enough depending on the constants of the corkscrew
condition (cf. Definition 2.2) and in the dyadic cube construction (cf. Lemma 2.5), so
that Xqo € I for some I € Wg, and for each dyadic child @’ of @, the respective
corkscrew points X € I7 for some IV € Wg. Moreover, we may always find an [ € Wg
with the slightly more precise property that £(Q)/2 < ¢(I) < ¢(Q) and

0(Q2)
((Q1)

For each I € W), we form a Harnack chain from the center X(I) to the corkscrew

point X¢ and call it H(I). We now let Wg’* denote the collection of all Whitney cubes
which meet at least one ball in the Harnack chain H([) with I € Wy, that is,

Wg’* = {J € W there exists I € Wy such that H(I) N J # O}.

We also define
vp= U a+nr= J I
rewy” rewy”

WE, WY, #@,  whenever 1 < <2, and dist(Qy, Q2) < 1000£(Q5).

By construction, we then have that
W5 CWyCW and Xq€eU), Xqi€Up,
for each child @7 of Q. It is also clear that there is a uniform constant £* (depending
only on the 1-sided CAD constants and ©J) such that
27K 0(Q) < 0(1) < 2K0(Q), YIeWw),
X(I) =g Xo, VIeEWS,
dist(1,Q) < 2"0(Q), YIeWy".

Here, X (1) —u X means that the interior of Ug contains all balls in Harnack Chain
(in §2) connecting X (1) to X, and moreover, for any point Z contained in any ball in the
Harnack Chain, we have dist(Z,0Q) ~ dist(Z, Q2 \ Ug)) with uniform control of implicit
constants. The constant £* and the implicit constants in the condition X (1) —uy Xo,
depend on at most allowable parameter, on A\, and on 9. Moreover, given I € YV we have
that I € Wg’j*, where Q7 € D(0N) satisfies ¢(Q;) = ¢(I), and contains any fixed y € 0
such that dist(7,09Q) = dist(I,y). The reader is referred to [23] for full details. We note
however that in that reference the parameter 9 is fixed. Here we need to allow ¥ to
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depend on the aperture of the cones and hence it is convenient to include the superindex

9.
For a given ) € D, the “Carleson box” relative to () is defined by

mt( U UQ,).
QIEDQ

For a given family F = {Q;} of pairwise disjoint cubes and a given Q € D(0f2), we
define the “local sawtooth region” relative to F by

Q7 _1nt< U Ug’;/>:int( U I*),

Q'eDr,@ IGW“?

where W}’;’Q UQ,GD *. Analogously, we can slightly fatten the Whitney boxes

and use I** to define neW fattened Whitney regions and sawtooth domains. More pre-
cisely, for every @) € D(092),

1nt< U UQ,> Q?g:kQ ::int( U Ugf‘), Ug’* = U I,

Q'ebg Q'eDr q rewy”

Similarly, we can define Tg’**, Ql;’g and US’** by using I*** in place of I**. For later
use, we recall that [23, Proposition 6.1]:

Q\( U Q]) C 90N oY, CQ\( U int(Qj)>. (2.9)

QjEF QjEF

Following [23], one can easily see that there exist constants 0 < k1 < 1 and ko >
max{2C,4/c} (with C the constant in (2.6), and ¢ such that ¢/(Q) < rg), depending
only on the allowable parameters and on ¢, so that

R . 1 -
0, * G, %% G, %% . *
mBeNQC Ty CTy" CTp™ CTE™ CroBeNQ =i 5By NG, (2.10)
where By is defined as in (2.7).

2.4. PDE estimates. Now we recall several facts concerning the elliptic measures and
the Green functions. For our first results we will only assume that Q C R**!, n > 2, is
an open set, not necessarily connected, with 0€2 being ADR. Later we will focus on the
case where () is a 1-sided CAD.

Let Lu = — div(AVu) be a variable coefficient second order divergence form operator
with A(X) = (a;;(X ))fj:ll being a real (not necessarily symmetric) matrix with a;; €
L>(Q) for 1 <i,57 < n+1, and A uniformly elliptic, that is, there exists A > 1 such

that
AP SAX)E-E JAX)E-nl < AEllnl, VEneR™ and ae. X € Q.

In what follows we will only be working with this kind of operators, we will refer
to them as “elliptic operators” for the sake of simplicity. We write L' to denote the
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transpose of L, or, in other words, LTu = —div(A"Vu) with AT being the transpose
matrix of A.

We say that a function u € W,2(Q) is a weak solution of Lu = 0 in Q, or that Lu = 0
in the weak sense, if

[ AV vorx) <0, voecm@),

Here and elsewhere C'2°(€2) stands for the set of compactly supported smooth functions
with all derivatives of all orders being continuous.

Associated with the operators L and LT, one can respectively construct the elliptic
measures {w} }xeo and {wyr } xeq, and the Green functions G, and G+ (see [26] for full
details). We next present some definitions and properties that will be used throughout
this paper.

The following lemmas can be found in [26].

Lemma 2.11. Suppose that Q C R™™, n > 2, is an open set such that OQ is ADR.
Given an elliptic operator L, there exist C' > 1 (depending only on dimension and on

the ellipticity of L) and cy > 0 (depending on the above parameters and on 6 € (0,1))
such that G, the Green function associated with L, satisfies

GL(X)Y) <CIX -Y['™ (2.12)

ol X =Y[T" < GL(X,Y), if [X = Y] <05(X),0€(0,1); (2.13)
Gr(-,Y) € C(Q\{Y}) and GL(-,Y)|oa =0,VY € Q; (2.14)
GL(X,Y)>0, VX, Y €QX#£Y; (2.15)

G X,Y)=G~(V,X), VX,Y€Q X #Y; (2.16)

Moreover, Gp(-,Y) € W2(Q\ {Y}) for every Y € Q, and satisfies LG (-,Y) = 0y in

loc
the weak sense in €, that is,

/ AX)VxGL(X,Y) - VB(X)dX = DY), V& e C=(Q), (2.17)
Q
Finally, the following Riesz formula holds
/ AT(Y)VyGrr (Y, X)-VO(Y)dY = &(X) —/ ddwy' (2.18)
Q o0

for a.e. X € Q and for every ® € C(R™*1).

Lemma 2.19. Suppose that Q@ C R"™ n > 2, is a 1-sided CAD. Let L be an elliptic
operator. There exists a constant C' (depending only on the dimension, the 1-sided CAD
constants and the ellipticity of L) such that for every ball By := B(xo,10) with x¢ € 02
and 0 < ry < diam(992), and Ay = By N 0 we have the following properties:

(a) There holds
wz(Ao) > 1/0, VY e QN B(Q?o, 0_17’0). (220)
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(b) If B = B(z,r) with x € 09 is such that 2B C By, then for any X € Q\ By,

C ' (A) <" 'GL(X, Xa) < Cwif(A). (2.21)
(b) If X € Q\4By, then we have
Wi (2A0) < Cwi (Ay). (2.22)

3. PROOF OF THEOREM 1.3

The goal of this section is to prove Theorem 1.3. We start with the following obser-
vation which will be used throughout the paper:

Remark 3.1. For every a > 0, 0 <r <71’, and w € R, if FF C 010 is a bounded set and
v e L2 .(Q), then

loc

sup // W(Y)25(Y)7dY < oo, (3.2)

e€F JITy (2)\I'g (2)
To see this we first note that since F' is bounded we can find R large enough so that
F C B(0,R). Then, if x € F one readily sees that

" (2)\I".(z) € B(0,r + R) N {Y cQ: % <5(Y) < 7"} — K.
!

Note that K C € is a compact set. Then, since v € L2 (Q), we conclude that

loc

||

1

sup// lv(Y)|?6(Y)"dY < max {r/, + &} // w(Y)|PdY < oco.  (3.3)
2€F JJTY (2)\I's (2) r K

We can now proceed to prove Theorem 1.3. We first note that it is immediate to see
that (b) = (a), (¢) = (d), and (d) = (e). Moreover, (3.2) yields easily (e) = (d).
Thus, it suffices to prove the following implications:

(a) = (c), (a) = (b), and (d) = (a).

3.1. Proof of (a) = (c). Assume that ¢ < wy. Fix and arbitrary )y € Dy, where
ko € Z is taken so that 275 = £(Qy) < diam(9) /My, where M is large enough and will
be chosen later. From the construction of T, 50 one can easily see that TSO C %BZQO =
koBg,, see (2.10). Let X := Xyag, be an interior corkscrew point relative to MoAg,
so that X, ¢ 4By, provided that My is taken large enough depending on the allowable
parameters. Since 99 is ADR, (2.20) and Harnack’s inequality give that w;°(Qq) > Cy !,
where Cy > 1 depends on 1-sided CAD constants and My. We now normalize the elliptic
measure and the Green function as follows

W = CoU(Q@WfO and Q() = OoO(Qo)GL(Xo, ) (34)
The hypothesis ¢ < wy, implies that ¢ < w. Note that 1 < % < (Cy. Let N > Cy and

let ) = {Q;} © Dg,\{Qo}, respectively, Fy, := {Q;} € Dg,\{Qo}, be the collection
of descendants of @)y which are maximal (and therefore pairwise disjoint) with respect
to the property that

w(Q;)

w(Q;)
= a(Qy)

o(@Q) N’

respectively > N. (3.5)
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Write Fy = Fx U Fy and note that Fy, N Fy = @. By maximality, one has

1 _w@)
—< <N Dr, Q- 3.6
N_ O'(Q) — ) VQE fN?QO ( )
Write for every N > Cj,
Exy:=|J Q@ EY=ELUEy, Ey:=Q\E}, (3.7)
QeFi
and
Qoz(ﬂ E?V)u(UEN> ::E0U<U EN). (3.8)
N>Cy N>Cy N>C)y

We claim that for every N > Cj
Efi={r€Qy: Mgovwa(m) >N} and Ey={r€Qo: Mgoﬁw(x) >N}, (3.9)
where given two non-negative Borel measures p and v we set
v(Q)
M3 v(z):= sup .
2 (7) 2€QeDg, M(Q)

To see the first equality in (3.9), let € EJ;. Then, there exists Q; € Fy C Dg, so that
Q; 2 x. Thus, by (3.5)

o(Q;)
w(@;)
On the other hand, if Mg ,o(z) > N, there exists Q € Dy, so that ¢(Q)/w(Q) > N.
By the maximality of F5; we therefore conclude that Q@ C Q; for some Q; € Fy.. Hence,
r € EY; as desired. This completes the proof of the first equality in (3.9) and the second
one follows using the same argument interchanging the roles of w and o.

Once we have shown (3.9), we clearly see that {EY}n, {Ey}y, and {E%}y are de-
creasing sequences of sets. This, together with the fact that w(E%) < w(Qg) < oo and
o(E%) < 0(Qy) < oo, implies that

w( N Ef,) :N@%OW(E;), g( N E]j\t,) leiEgoa(Ef;). (3.10)

N>Cy N>Cy

> N.

Mgmwa(:c) >

Our next goal is to show that o(Ey) = 0. To see this we note that by (3.5)
1 1 1
+y _ +
wER) = Y, w@Q <+ D, 0(Q) = o(BY) < 0(Q)
QEFy; QEF,
and, by (3.10)
+) _ +y
w( ﬂ EN) = ]\}gnoow(EN) = 0.
N>Cy
Use this, the fact that ¢ < w, and (3.10) to derive

Oza( N Ejg) = lim o(EY). (3.11)

N>Cy
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On the other hand, (3.5) yields

1 1
o(Ey)= > dw Ey) < 5w(Qo).
QeFy QeFy
and (3.10) implies
0( N EJ;) = lim o(Ey) =0. (3.12)

N>Cy
All these, together with (3.10) and the fact that {E%}x is a decreasing sequence of sets
with o(ES) < 0(Qo) < oo, give

o(Ey) = hm o(EY) < hm o(EY) + A}lm o(Ey) =0, (3.13)

—00

hence o(Ep) = 0.
Next, by (2.9) and [23, Proposition 6.3], we have

Ex C Fy :=00nN aQ]_—N Qo and 0(FN\EN> =0. (3.14)

Note that [23, Lemma 3.61] yields that Q% is a bounded 1-sided CAD for any 9 > ¥.
Now we are going to bound the square function in L?(Fy, o). Let u € W,22(Q) N L>® ()

loc

be a weak solution of Lu = 0 in Q. Let ¢ > 9y and note that by (2.10), we see that
2Bg C Bp,. Recalling (3.4) and the fact Xy ¢ 4Bf , we use (2.21), (2.22), (3.6),
Harnack’s inequality, and the fact that 0€2 is ADR to conclude that
gXx)  w@)
0(X)  a(Q)
for all X € I* with I Wg’* and Q € Dr, q,. This and the definition of Q% yield

//m [Ve(V)Fo()ay Sy // [Vu(Y)[PG(Y)dY. (3.16)

For every M > 1, we set Fn s to be the family of max1mal cubes of the collection Fy
augmented by adding all the cubes @ € Dg, such that £(Q) < 27M/(Qp). This means
that Q@ € D, ,, . if and only if Q@ € Dr, g, and £(Q) > 27¢(Qy). Observe that
Dry 1,00 € Dry 000 for all M < M’ and hence Qg_-N’M’QO C Qg_-NyM“QO C Q% g, This,
together with the monotone convergence theorem, gives

// Vu(Y)PG(Y)dY = Jim //m IVu(Y)2PG(Y)dY. (3.17)

N,M:Q0

Invoking [12, Proposmon 3.58], one has
J[ 1vumramay Sy otqn) =2, o
Y

where the implicit constants are independent of M. Consequently, combining (3.16),
(3.17) and (3.18), we deduce that

//m Vu(Y)25(V)dY < Cy. (3.19)

FN:Qo
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To continue, we recall the dyadic square function defined in [27, Section 2.3]:

/2

SQO (//Fﬂ . IVu(Y)[25(Y) ”dY) , where Fgo(x) = U Ug.

Z‘GQEDQO

Note that if @ € Dy, is so that Q@ N Ey # O, then necessarily Q) € Dx, g,, otherwise,
Q C Q € Fy, hence Q C Qp\En. In view of (3.19), we have

/EN Squule /EN // |Vu (V)[PS(Y) 7 dY do(x)

s X e QmEN>//W\Vu 26(1)
s@em%%//wm 250 )y
//FNQ Vu(Y)[25(Y)dY < Cy. (3.20)

where we have used that the family {UQ}QGD has bounded overlap. This along with the
last condition in (3.14) yields

Sg,u € L*(Fy,0), Vo > d. (3.21)

We next claim that fixed o > 0, we can find ¥ sufficiently large depending on « such
that for any ry < 27%0,

Shou(x) < Sgou(x), x € Qo. (3.22)
It suffices to show I'?(z) C T'), () for any x € Qo. Indeed, let Y € T'?(x). Pick I € W
so that Y € I, and hence, (1) ~6(Y) < |Y — x| < 1o < 27% = {(Qy). Pick Q; € Dy,
such that = € Qr and £(Q;) = () < £(Qo). Thus, one has
dist(I,Q) <|Y —z| < (1+ a)d(Y) < C(1+ a)l(I) = C(1 + a)l(Qy).
Recalling (2.8), if we take ¥ > 0, large enough so that
2" > C(1+a), (3.23)

then Y € I € WY, C ng* The latter gives that Y € U C 'y (x) and consequently
(3.22) holds. We should mention that the dependence of ¥ on « implies that all the
sawtooth regions Qg:N,QO above as well as all the implicit constants depend on «.

To complete the proof we note that, it follows from (3.21) and (3.22) that S°u €
L?*(Fy,o). This together with Remark 3.1 easily yields

S'u € L*(Fy,0), forany r > 0. (3.24)

We note that the previous argument has been carried out for an arbitrary ¢y € Dy,.
Hence, using (3.7), (3.8), and (3.14) with Q; € Dy,, we conclude, with the induced
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notation, that

m= Ja=(U=)U(U U

QrEDy, QrEDx, Qr€Dry N>Co

- ( U Eg;) U( J U F]’f,) — Ry (UF}{}) (3.25)
Qi €Dy, QreDy, N>Co k,N
where o(Fp) = 0 and F¥ = 002N Qs q, where each Qz. o C Qs a bounded 1-sided

CAD . Combining (3.25) and (3.24) with F% in place of Fy, the proof of (a) = (c) is
complete. 0

3.2. Proof of (a) = (b). We use an argument suggested by the anonymous referee.
Fix Xy € Q and write w := wfo. Our assumption o < wy, implies that there exists a
non-negative w-measurable function h = do/dw € Li (w) (we are implicitly assuming
that h is a fixed element of the equivalence class of functions which agree with do/dw

w-a.e., hence we may assume that h is defined everywhere in 092). Set
Fo=F)UF>*:={xco:h(z)=0}U{x€dQ: h(r)= oo}
and
Fy ={r€dQ:N"'<h(z) <N}, NeEN.
Clearly, 92 = [Jyso Fn- Since h € Lj, (wr) we have that w(£5°) = 0, hence o (F5°) = 0.
Also -
o(FY) :/ hdw = 0.
Fy

Hence o(Fy) = 0. On the other hand, if ' C Fy, N € N we clearly have

L(F) < o(F) = /thw < Nw(F).

This completes the proof. 0]

Remark 3.26. Using the proof of (a) = (c) one can provide an alternative approach
to see that (a) = (b). For that we borrow some ideas from [43] and address some
small inaccuracies that do not affect their conclusion. As before we fix an arbitrary
cube (Qp € Dy, and an integer N > Cj. Recall that the family Fy of stopping cubes
is constructed in (3.5) and EY = Ej; U Ey defined in (3.7). As we have shown that
{Ei N, {Ex}n, and {ES }n are decreasing sequence of sets it is easy to see that

Na=(Neuns) 827

By (3.11), (3.12) we conclude that this set has null o-measure. Recalling our assumption
0 < w we set h = do/dw and

Lo := {x € Qo : ][ |h(y) — h(z)| dw(y) — 0,Dg, 3 Q. \, {x}} ) (3.28)

T



18 MINGMING CAO, JOSE MARIA MARTELL, AND ANDREA OLIVO

By the Lebesgue differentiation theorem for dyadic cubes it follows that w(Qo\Lg) = 0
hence 0(Qo\Lo) = 0 Then we can write

o= U w\e)U( N ) U@z = U o\ e2)) U,

N>Cy N>C)y N>C)y
with 0(/158) = 0. We claim that for any z € Ly \ EY the following holds:
L _o@

N w(@)
Otherwise, by the maximality of Fy or Fy, one has Q C Q; for some Q; € Fy U Fy.
Hence z € EY, by (3.7) which is a contradiction. Using (3.28) and (3.29) we then obtain

that N™' < h(z) < N for all x € Ly \ EY. Thus, for every F C Lo\ E% we conclude
that

<N, VQ € Dg,, Q> z. (3.29)

L(F) < o(F) = /thw < Nw(F).

To complete the proof we repeat this argument with any @ € Dy, to readily get (b)
using that 002 = UQkEDkO Q-

3.3. Proof of (d) = (a). Given Qo € D and for any n € (0,1), we define the modified
dyadic square function

/2
Spou(x (// IVu(Y)5(Y)L- wy) :
19071(3:

where the modified non-tangential cone I' OO’ (x) is given by

o, L 0] 9 9
To(z) = U U U s = U Uy
LEGQGDQO Q/G]D)Q
LQN>n3(Q)

Here we recall that ¥y depends on the 1-sided CAD constants (see Section 2.3).

The following auxiliary result, whose proof is postponed to Appendix A, extends [12
Lemma 3.10] (see also [31, 32]).

Y

Lemma 3.30. There exist 0 < n < 1 (depending only on dimension, the 1-sided CAD
constants and the ellipticity of L) such that for every Qo € D, and for every Borel set

O # F C Qg satisfying waO(F) = 0, there exists a Borel set S C Qg such that the
bounded weak solution u(X) = wX(S) satisfies

Sg%’"u(x) = 00, Ve F.

Assume that (d) holds. In order to prove that 0 < wy, on Jf2, by Lemma 2.5 (a), it
suffices to show that for any given @)y € D,

FCQo wi(F)=0 = o(F)=0. (3.31)
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Consider then F' C @)y with wy(F) = 0. By the mutually absolute continuity between

elliptic measures, one has waO (F) = 0. Lemma 3.30 applied to F' yields that there
exists a Borel set S C Qg such that u(X) = w(9), X € Q, satisfies

Setu(z) =00,  Vw€F. (3.32)
To continue, we claim that there exist oy > 0 and r > 0 such that
Toy™(@) CTh(x), Vo € Qpand Ya > ag. (3.33)

Indeed, let Y € T';"(z). By definition, there exist Q € Dg, and Q' € Dg with £(Q’") >
n30(Q) such that Y € US‘? and z € Q. Then Y € I* for some I € Wg9’*, and hence,

5(Y) = U(I) = 6Q) < Q) < *U(Q). (3.34)
This further implies that
Y — x| < diam(I*) + dist(I, z) < diam(I*) + dist(I, Q") + diam(Q)
< 2VUQ) + Q) SUQ), (335)
where k* depends on the 1-sided CAD constants (see Section 2.3). Combining (3.34)
with (3.35), we get
Y — 2| <Cl(Qo) =:7r/2 and |Y —2| < (14+C1,)0(Y) =:(1+ ap)d(Y),
where C; depends only on the allowable parameters, and C;, depends only on the

allowable parameters and also on 1. Eventually, this justifies (3.33).

Combining (3.32), (3.33), and (d), we readily see that o(F) = 0 and (3.31) follows.
This completes the proof of (d) = (a) and hence that of Theorem 1.3. O

4. PROOF OF THEOREMS 1.6 AND 1.8

In order to prove Theorems 1.6 and 1.8, we will make use of Theorem 1.3 and show that
the truncated square function is finite o-a.e. for every bounded weak solution. Indeed,
we are going to show the following more general result, which is a qualitative version of
[12, Theorem 4.13].

Theorem 4.1. Let Q C R"™ n > 2, be a 1-sided CAD. There exists ag > 0 (de-
pending only on the 1-sided CAD constants) such that if Lou = —div(AoVu) and
Liu = —div(A;Vu) are real (not necessarily symmetric) elliptic operators such that
Ay — Ay = A+ D, where A, D € L>®(Q) are real matrices satisfying the following con-
ditions:

(i) there exist oy > ap and ry > 0 such that
// a(X)*0(X) "X < oo, o-a.e. x € 01, (4.2)
o) (@)

where

a(X) = sup |AY)], X e

YEB(X,6(X)/2)
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(17) D € Lip,,.(S2) is antisymmetric and there exist ag > g and ro > 0 such that
// |dive D(X)|?6(X)' "dX < 00, o-a.e. v € 0% (4.3)
e (x)

then o < wr, if and only if 0 K wy,.

Proof. By symmetry, it suffices to assume that ¢ < wr, and prove ¢ < wy,. Let
u € W22 (Q) N L®(Q) be a weak solution of Lyu = 0 in Q and |Ju|| =) = 1. Applying
Theorem 1.3 (d) = (a) to u, we are reduced to showing that for some r > 0,

Spou(r) < oo, for o-a.e. x € 092,

where « is given in Theorem 1.3. Proceeding as in Section 3.1 and invoking (3.22), it
suffices to see that for every fixed @y € Dy, and for some fixed large ¥ (which depends
on ap and hence solely on the 1-sided CAD constants) one has

=|J Ex, 0(E)=0 and S)ueLl*(Ey,.0), YN >1. (4.4)

N>0

Fix then @y € Dy,, where kj is given in the beginning of Section 3.1. We use the
normalization in (3.4) with L = Ly:

w = Cga(Qo)waO and  G(-) := Cyo(Qo)Gr,(Xo, ). (4.5)

Much as in (3.5), we introduce the families for each N > Cy we let Fy = {Q,} C
Do, \{Qo}, respectively, Fy = {Q;} C Dg,\{Qo}, be the collection of descendants of
Qo which are maximal (and therefore pairwise disjoint) with respect to the property
that

w(@;) . w(@;)
<5 respectively ——= > N. (4.6)
o (@) o(Q;)
Write Fy = Fy U Fy and note that Fi, N Fy = @. By maximality, one has
1 _w(@)
— < <N D . 4.
N — U(Q) <N, VQe FN Qo ( 7)
Write for every N > Cj,
U@ EY=E{UEy,  Ev:=Q\E} (4.8)
QeFi

Set

SR U vg)m,

xEQEDQO

where for every () € Dg, we write

VY = //0 a(X)Qé(X)‘”‘ldXJr//ﬁ | dive D(X)[?6(X) "dX.
UQ’* UQ’*
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We claim that there exist ag > 0 and 7 > 0 such that

g, (@)= |J U clg), zeon (4.9)

xEQEDQO

Indeed, let Y € Fg’;‘ (x). Then, there exists Q € Dg, with @ > z and I € Wg’* such that
Y € I'**. Using these, one has

Y — x| < diam (™) 4 dist(/, Q) + diam(Q) Sy (Q) =~y ¢(I) ~6(Y),
which implies
YV — 2| < C18(Y) = (1 +@)d(Y) and |V — x| < Col(Qp) = Cy27 %0 =: 7,

where both € and C5 depend only on the allowable parameters —note that they depend
on 9, hence on the 1-sided CAD constants. Thus, (4.9) holds for the choice of ay and T,
and as a result

Soe7" //FM - 1dX+// | dive D(X)|26(X) "dX

< // - a(X)*0(X) "t dX + // B | dive D(X)|?6(X)'"dX
il ) rx{nrzl ()

< 00, foro-a.e. x € Qy, (4.10)

where we have used that the fact that the family {US’*}QGD has bounded overlap, that
aq, g > ap and the last estimate follows from (4.2), (4.3) together with Remark 3.1.

Given N > Cj (Cy is the constant that appeared in Section 3.1), let Fn C Dg, be the
collection of maximal cubes (with respect to the inclusion) @); € Dg, such that

> >N (4.11)
QjCQEDQO
Observe that
S (x) <N, VYze@o\ |J Qs (4.12)
Q;eFN

Otherwise, there exists a cube ), > x such that ZQ CQeDg 75 > N2, hence x € Q, C
B 0

Q; for some @); € F ~, which is a contradiction.
We next set

= EV= ) ( U Qj). (4.13)

N>Cy N>Cy ng}‘N
Let x € ENJrl Then there exists Q, € Fy1 such that z € Q,. By (4.11), one has

> > (N+1)? >N

Qux CQGDQO
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Therefore, the maximality of the cubes in F, ~ gives that @, C @', for some @/, € F N
with x € Q/, C EN This shows that {E }n is a decreasing sequence of sets, and since
E C Qo for every N we conclude that

w(Ey) = lim w(EY),  o(Ey) = lim o(EY).

N—o0 N—oo

Note that for every N > Cy, if z € Ej there exists QN € Fy such that QY 5 z. By the
definition of Fy, we have

So Y '@)?= > = D> >N
z€QEDq, QY CQeDg,

and, therefore,

o(By) = lim o(E%) < lim o({z € Qo So1"(@) > N})
=o({r € Qo : Sg,Y’(v) = c}) =0, (4.14)
by (4.10).

To proceed, let ]/-:N be the collection of maximal, hence pairwise disjoint, cubes in
Fn U Fy. Note that Dz C Dzy g, NDz, - This along with (4.7) yields

1 _w@)

N = 5(Q

<N, VQeDs (4.15)

Fn,Qo”

We next set

By () B= N ( U Q]) (4.16)

N>Cp N>Cy Q G-FN

Note that ]—"N C Fn U.7:N and also that if Q € .7:N U]:N then there exists Q' € ]-"NU]:N
so that Q C Q. This shows that ES = E% U EY, where EY and EY are defined in (4.8)

and (4.13) respectively. As we showed that {EX} v and {ER,} ~ are decreasing sequence
of sets, then so is {E%}y. This together with the fact that ES C Qp lead to

o(Eo) = lim o(EY) < lim o(EY) + lim o(ES) =0,

N—oo N—oo

as shown in (3.13) and (4.14), hence o(Ey) = 0.

Next we write
= FyuU ( U EN) = Eo U ( U (QO\E?V)). (4.17)
N>Cy N>Cy

Therefore, to get (4.4), we are left with proving
Stue L (Ey,0), YN > Cp. (4.18)
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With this goal in mind, we apply (4.15), (4.17) and proceed as in the proof of (3.20)
and (3.16), to conclude that

/]@ Sg,u(@ //m IVul?§ dY < // |Vul’G dY. (4.19)
N N:Qo Fn Qo

As in Section 3.1, for every M > 1, we consider the pairwise disjoint collection F NM

that is the family of maximal cubes of the collection F ~ augmented by adding all the
cubes @ € Dy, such that £(Q) < 27M¢(Qp). In particular, Q € Dz, .,.0, if and only if

Q € Dz, o, and £(Q) > 27M4(Qo). Moreover, Dz o C Dz o forall M < M,
) 9 9
and hence (2 Froar, 2 © C Q% o aari@o C Q% FQ0 Then the monotone convergence theorem

implies

// |Vul?’G dY = lim // IVul*’G dY =: lim Ju. (4.20)
9. M—o0 QY. M—oo

FN>Qo FN,M>Qo

To continue with the proof, we are going to follow [12, Proof of Proposition 4.18]. Let
U € C®(R"™) be the smooth cut-off function associated with the sawtooth domain

ng_ o (see [12, Lemma 3.61] or [25, Lemma 4.44]) and note that since ¥ 2> 1 in
N,M>

Q% we have
N,M

I S T = / |Vul?GU? dY. (4.21)
Q
Note that Jy < oo because supp ¥ C Q?__* 0 © Q and u € W,22(Q). A careful
N,M <0

examination of [12, Proof of Proposition 4.18] gives

1
2

NEY S,N U(QO) + jf\z //;19,* C;(())(()) X

FN,M->Q0

N|=

[N

+ j]é[U(Qo)% -+ U(Qo) //Qﬂ,* ‘ diVC D(X)P(S(X)dX

FN,M-Qo

In turn, applying Young’s inequality and hiding, we readily get

T <n o(Qo) // dX‘i‘//Qﬂ | dive D(X)[*6(X)dX, (4.22)

FN:Qo

where the implicit constant is mdependent of M. Collecting (4.19), (4.20), (4.21), and
(4.22), we obtain

/@ ) So,u(@)?do(z) < 0(Qo) + //Q N ‘;(g()zdx + // ydch (X)[?5(X)dX
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#(Qu) + ( // // dive DIX)PB(X)aX )

QGID)

7(Qo) + Z VQU(Q), (4.23)

QeD =

FN:Qo

where we used that o(Q) ~ ¢(Q)" ~ 6(X)" for every X € Ug’*. On the other hand,

@) = [ mda(z)

OJ:EQEDA
</ e > abe@nq). (2
ExN QjE}A—NQGDfN,QO

As observed above E C EY, hence, (4.12) leads to

QE]D)fN Qo

So,Y’ (2)*do(z) < N20(Qy). (4.25)

En
In order to control the second term in (4.24), we fix Q; € Fx. Note that if Q € Dz o

is so that @ N Q; # O then necessarily ); C (). Write QJ for the dyadic father of @);,
that is, QJ is the unique dyadic cube contalnmg Q; with E(QJ) = 2((Q);). We claim that

S o4- X hew 120
@jCQEDQO QJQQGDQO

Otherwise, recalling the construction of Fy in (4.11), it follows that Q\J C @' for some
Q' € Fy. From the definition of .7-"N, we then have that Q" C Q" for some Q" € Fn.
Consequently, Q); C Q" with Q;,Q" € ]—"N contradicting the maximality of the family
Fx. Then it follows from (4.26) that

oY Ade@naey= Y 0@) Y. A

Q; E]?N QGDJ?NaQo Q; 6.7?N QR;GReDg,
<N ) 0(Q) <N ( U Q]) < N%0(Qy). (4.27)
Q;EFN Q;EFN

Collecting (4.23), (4.24), (4.25), and (4.27), we deduce that
[ Soou(z)?do(z) < Ono(Qp) =~ Cn27Hm,
En
This shows (4.18) and completes the proof of Theorem 4.1. 0

Now let us see how we deduce Theorems 1.6 and 1.8 from Theorem 4.1.

Proof of Theorem 1.6. Let Ly and Ly be the elliptic operators given in Theorem 1.6.
If we take A = Ay — A; and D = 0 in Theorem 4.1, then (4.2) coincides with the
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assumption (1.7) and (4.3) holds automatically. Therefore, Theorem 1.6 immediately
follows from Theorem 4.1. O]

Proof of Theorem 1.8. Let A be the matrix as stated in Theorem 1.8. If we take Ag = A,
A =A" A=0and D=A— AT in Theorem 4.1, then one has Ay — A, = A+ D with
D € Lip,,.(2) antisymmetric, (4.2) holds trivially and (4.3) agrees with (1.9). Thus,
Theorem 4.1 implies that 0 < wy, if and only if 0 < wy .

Similarly, the conclusion that ¢ < wy, if and only if 0 < wpsm follows if we set
Agy=A A =(A+A7)/2, A=0and D= (A—- AT)/2. 0J

APPENDIX A. EXTENDING THE CONSTRUCTION OF KENIG, KIRCHHEIM, PIPHER,
Toro: PROOF OF LEMMA 3.30

In this appendix we prove Lemma 3.30. We will follow the construction in [12, Section
3] which in turn extends that of [31] (see also [32]). In those scenarios the set F' is
sufficiently small, that is, it satisfies waO(F ) < /Bcuf% (o) and it is shown that there
is a set Sg so that ug(X) = wi (Ss), X € Q, satisfies Sg%’"u(x)g >, log(871) for every
x € F. Here we obtain the limiting case 5 = 0.

We start with some definition and some auxiliary result:

Definition A.1. Let £ C R""! be an n-dimensional ADR set. Fix Qy € D(F)
(cf. Lemma (2.5)) and let u be a regular Borel measure on @Qy. Given gy € (0,1)
and a Borel set @ # F C @y, a good egg-cover of F' with respect to u, of length k € N,

is a collection {O,}%_, of Borel subsets of Qq, together with pairwise disjoint families
Fo={Q"} CDg,, 1 < ¢ <k, such that the following hold:

(a) FC O, COp1 C--COyC O CQo.
(b) Oy = UQL’GH Q*, for every 1 < ¢ < k.
(c) p(ON Q) < eou(Q1), for each Q1 € Fy_y and 2 < ¢ < k.

Analogously, a good gp-cover of F' with respect to p, of length oo, is a collection {O,}92,
of Borel subsets of @, together with pairwise disjoint families 7y = {Q*} C Dg,, ¢ > 1,
such that the following hold:

(a) FC--CO,COp1C--C Oy CO1 C Q.
(b) Ov =Ugrer, Q*, for every ¢ > 1,
(c) (O N Q) < eou(Q* 1), for each Q1 € F,_; and £ > 2.

Remark A.2. In the previous definition we implicitly assume that N Q¢ # @ for every
Qf € Fy and for all 1 < ¢ < k if the length is k, or all £ > 1 if the length is infinity.
Otherwise, we can remove all the cubes Q° for which F N Q¢ = @, and all the required
conditions clearly hold.
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Observe also that if {O,}5_, is a good gp-cover of F then, by Definition A.1, we have
for every 2 </ < k

wO) =p(O0;N0; )= Y wO;NQ) <z > ul@Q) =eou(0] ).

QEF;_, QEF;_,
Iterating this for every 2 < ¢ < k we conclude that
w(Of) < eop(Of_y) < eop(Of_,) < -+ < e u(O7) < g5 1(Qo).- (A.3)

Lemma A.4 ([12, Lemma 3.5]). Let E C R™™! be an n-dimensional ADR set. Let j1 be
a reqular Borel measure on Qo and assume that it is dyadically doubling on @y, that is,
there exists C), > 1 such that pu(Q*) < C,u(Q) for every Q € Do, \ {Qo}, with Q* D Q
and £(Q*) = 20(Q) (i.e., Q* is the “dyadic parent” of Q). For every 0 < &g < e™1, if
O # F C Qo with p(F) < ap(Qo) and 0 < o < £5/(2C}2) then F has a good eo-cover

with respect to p of length ko = ko(ov, €0, Cy) € N, ko > 2, which satisfies ko ~ loga™t

logey 1

In particular, if p(F) =0, then F has a good eo-cover of arbitrary length.

We would like to mention that in the case u(F) = 0 this result gives an gq-cover
of arbitrary length. Our goal is to show that in such an scenario one can iterate the
construction and construct an eg-cover of infinite length:

Lemma A.5. Let E C R"™! be an n-dimensional ADR set and fir Qo € D(E). Let p
be a reqular Borel measure on Qo and assume that it is dyadically doubling on QQy. For
every 0 < eg <e ', if O £ F C Qo with u(F) =0, then F has a good gy-cover of length
00.

Proof. We are going to iterate Lemma A.4. Given 0 < gy < e™' and 0 < o < 3/(2C7),
let ko = ko(a,e0,Cy) € N, kg > 2, be the value from Lemma A.4 so that kg ~ ﬁgo‘j.

ZEg
Let F C Qo with u(F) = 0. Using that u(F) < au(Qo), Lemma A.4 gives {O}}5 |
a good ep-cover of length kg of F' with F} C Dg, the associated families of pairwise
disjoint cubes. This is the first generation in the construction.

To obtain the second generation take an arbitrary @) € ]-",io and note that p(F N
Q) =0 < au(Q). We apply again Lemma A.4 in @ to F'NQ (which is not empty by
Remark A.2) and obtain a good go-cover {OZ(Q)}12, of F N Q with associated families
of pairwise disjoint cubes F7(Q) C Dg, 1 < ¢ < kg, and so that

FNQCOLQ) C O} (Q) C---CO3Q) C O}Q) CQ € F,
Write O2 := UQEF%O O2(Q) and F2 = UQEféO F2(Q) for 1 < £ < k. Since for each
Q € F, and for each 1 < ¢ < ko the family F7(Q) C Dy is pairwise disjoint, and
the family 7 is also pairwise disjoint we easily conclude that F7 is a pairwise disjoint
family. Besides,

F=Fnoy,= ) FnQcO} cO; ,c---cO3cOf

QEF,
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c|Je=0,c0o, ,c---cOicQ. (A6)
Qef,io

Set O := O} for 1 < ¢ < ky and O? := O}, ,, for ko +1 < € < 2(ko — 1) + 1.
Write F7 C Dg, for the associated families of pairwise disjoint dyadic cubes for 1 < ¢ <

2(ko—1)41. Our goal is to show that {07}, ko D is a good gg-cover of F whose length

2(ko — 1) + 1. By (A.6) and the previous construction, (a) and (b) in Definition A.1
clearly hold. We then need to verify (c¢). With this goal in mind we note that since
{0} is a good eg-cover, we obtain

p(O;NQ) =p(O;NQ) <eopl(Q), YQeFi=Fiq,2< <k
Also, if Q € F2, = F}. then (A.3) in Remark A.2 applied to O3(Q) gives

O, NQ) = (0N Q) = n(OQ)) < eou(Q).

On the other hand, let kg +2 < ¢ < 2(kg — 1) + 1 and let @ € .7-}2_1 = j-:f_ko. By
construction, there exists Q" € Fj so that Q € F7_; (Q') C Dg. Then,

WOINQ) = w0} 41N Q) = (04,11 (Q) N Q) < eou(@Q),

where we have used that {O2(Q’ )}5e | is a good gg-cover. All these show (c) and as result
{07} ko D s a good eg-cover of F whose length is 2(kg — 1) + 1.

The thlrd generation is obtained in the very same way, we take () € ]:22(,%_1) ,, and
note that u(F N Q) = 0 < au(Q)). We apply again Lemma A.4 in ) to F N @ and
obtain {(’35’(@) ]Zil, a good eg-cover of F'N @ (which is not empty by Remark A.2)
with ]?3(62) C Dg the associated families of pairwise disjoint cubes. We set (’5? =
Uger O}(Q) and F} = Uger F3Q) for 1 < € < ko. Define O3 := 02 for

2(kg—1)+1 2(kg—1)+1
1<0<2k —1)+1=2k—1and O} = O ako_1) TOr 2kg < € < 3(ko — 1) + L.
Write F} C Dg, for the associated families of pa1rw1se disjoint dyadic cubes for 1 <

¢ < 3(kop — 1) + 1. The same argument allows us to show that {(’)g’}é (ho=1)+1
go-cover of F' whose length is 3(kg — 1) + 1.

is a good

If we iterate this construction in N steps we will have constructed {OY }N(k0 D+

a good eg-cover of F' whose length is N(ky — 1) + 1. We observe that such iteration
procedure works because p(F) = 0, hence u(F N Q) = 0 for every ) € Dg, and also
because F'NQ # O for every @) in each of the families that define the good eg-cover
(see Remark A.2). Since kg > 2 and we can continue with this iteration infinitely many
times we eventually obtain an infinite good ey-cover. U

To continue we need to introduce some notation and some auxiliary result from [12].
Given n = 27% < 1 small enough to be chosen momentarily and given Q € D(99) we
define Q™ € Dy to be the unique dyadic cube such that g € Q™ and £(Q™) = nl(Q).

Lemma A.7 ([12, Lemma 3.24]). There ezist 0 < n = 27" < 1 and g < 1 small
enough, and ¢y € (0,1/2) (depending only on dimension, the 1-sided CAD constants and
the ellipticity of L) with the following significance. Suppose that @ # F C Qo € D(0R) is
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a Borel set and that {O,}5_, is a good eq-cover of F with respect to waO of length k € N,
with associated pairwise disjoint families {Fi}1<o<i C Dg,. Define, O(n) = Uoger, QM,
for each 1 < ¢ < k, and consider the Borel set Sy := UIEZQ( o 1\ O). For each
y€ Fand1 <(<k, let Q°(y) € F; be the unique dyadic cube contammg y, and let
Pt(y) € Dge(y) be the unique dyadic cube containing y with ((P*(y)) = nl(Q*(y)). Then
up(X) = wi (Sk), X € Q, satisfies

|uk(X(Qe(y))(n>) - uk(X(pe(y))(n>)| Z Co, 1 S ¢ S k—1. (AS)

We are now ready to prove Lemma 3.30:

Proof of Lemma 3.30. Fix Qg € D and a Borel set @ # F C Qg with waO (F) =0.

Let n = 2% and gy be small enough, and ¢y from Lemma A.7. From Lemma 2.19 and

90 is Borel regular dyadically doubling measure on

Qo

Harnack’s inequality we have that wf

Qo. Applying Lemma A.5 with u = wf , one can find {O,}2,, a good g¢-cover of F' of
length co. In particular, for every N € N, {0} is a good eg-cover of F' of length N.

As such we can invoke Lemma A.7 to obtain Sy := UéVZQ((’)éi)l \ Oy) so that with the
notation introduced in that result the L-solution uy(X) := wy(Sy), X € Q, satisfies

|uN(X(Q4(y))(W)) — uN(X(PZ(y))(77)>| Z Co, \V/’y - F, 1 S E S N — 1. (Ag)

Define next S := [J°,(O, \ Op) and u(X) := w¥(S), X € Q. By the monotone
convergence theorem uy(X) — u(X) as N — oo for every X € Q. Thus, (A.9) readily
gives

|U(X(Qz(y))(n)) — U(X(pe(y))(n))| Z Co, Vy € F, 14 2 1. <A10>

This and the argument in [12, p. 7919] imply

<// [Vu(Y)[?6(Y)" "dy)é > o, V> (A.11)

QZ<> 3

Thus, for every N > 1 and every y € F

Né& <, Z // IVu(Y)25(Y)' " dy <, // IVu(Y)[P5(Y) " dYy

N
Q%)n Ue= IUQZ( ).m3

</ Vu(Y)F5(1) " dY = S5 mu(y)"
U ue

3
yEQEDg, Q,n

where we have used that the family {Ugong, }oep,, has bounded overlap albeit with a

constant that depends on 7. Letting N — oo we conclude that Sg%’"u(y) = oo for every
y € F' and the proof is complete. 0J
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