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LIMITED RANGE MULTILINEAR EXTRAPOLATION WITH
APPLICATIONS TO THE BILINEAR HILBERT TRANSFORM

DAVID CRUZ-URIBE, OFS AND JOSE MARIA MARTELL

ABSTRACT. We prove a limited range, off-diagonal extrapolation theorem that gen-
eralizes a number of results in the theory of Rubio de Francia extrapolation, and
use this to prove a limited range, multilinear extrapolation theorem. We give two
applications of this result to the bilinear Hilbert transform. First, we give sufficient
conditions on a pair of weights wi, ws for the bilinear Hilbert transform to satisfy
weighted norm inequalities of the form
BH : LP*(w') x LP?(wh?) — LP(wP),

where w = wywy and % = % + % < % This improves the recent results of Culiuc et
al. by increasing the families of weights for which this inequality holds and by push-
ing the lower bound on p from 1 down to %, the critical index from the unweighted
theory of the bilinear Hilbert transform. Second, as an easy consequence of our
method we obtain that the bilinear Hilbert transform satisfies some vector-valued
inequalities with Muckenhoupt weights. This reproves and generalizes some of the
vector-valued estimates obtained by Benea and Muscalu in the unweighted case.
We also generalize recent results of Carando, et al. on Marcinkiewicz-Zygmund
estimates for multilinear Calderén-Zygmund operators.
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1. INTRODUCTION

The Rubio de Francia theory of extrapolation is a powerful tool in harmonic anal-
ysis. In its most basic form, it shows that if, for a fixed value pg, 1 < py < o0, an
operator T satisfies a weighted norm inequality of the form

(1.1) T fl zro ) < C f1]Lro (w)

for every weight w in the Muckenhoupt class A,,, then for every p, 1 < p < oo,

(1.2) 1T Fllzrw) < Cllfllze)

whenever w € A,. Since its discovery in the early 1980s, extrapolation has been
generalized in a variety of ways, yielding weak-type inequalities, vector-valued in-
equalities, and inequalities in other scales of Banach function spaces. We refer the
reader to [10] for the development of extrapolation; for more recent results we refer
the reader to [8, 13, 18].

Extrapolation has been also extended to the multilinear setting. In [20] it was
shown that if a given operator 7T satisfies

||T(f1, - 7fm)HLP((w1~-wm)P) <C H ||fjHLPj(w§_’J')

J=1
m

1
for fixed exponents 1 < py,...,pm < 00, — = Z —, and all weights wé’ € Ap,, then

— Pj

7j=1
the same estimate holds for all possible values of p;. An extension to the scale of
variable Lebesgue spaces was given in [11].

In this paper we develop a theory of limited range, multilinear extrapolation. In
the linear case, limited range extrapolation was developed in [2] by Auscher and the
second author. They proved that if inequality (1.1) holds for a given 0 < p_ <
po < pyr < oo and for all w € Aro ﬂRH< )/, then for all p_ < p < p, and

P Pt

PO

w e APL NRH, v, (1.2) holds. Conditions like this arise naturally in the study of

the Riesz transforms and other operators associated to elliptic differential operators.

Our first theorem extends limited range extrapolation to the multilinear setting.
To state our results we use the abstract formalism of extrapolation families. Given
m > 1, hereafter F will denote a family of (m + 1)-tuples (f, fi1,..., fm) of non-
negative measurable functions. This approach to extrapolation has the advantage
that, for instance, vector-valued inequalities are an immediate consequence of our
extrapolation results. We will discuss applying this formalism to prove norm in-
equalities for specific operators below. For complete discussion of this approach to
extrapolation in the linear setting, see [10].
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Theorem 1.3. Given m > 1, let F be a family of extrapolation (m + 1)-tuples.
For each j, 1 < j < m, suppose we have parameters r; and 7’;7, and an exponent
p; € (0,00), 0 < r; < p; < T;- < o0, such that given any collection of weights

Wiy« e oy Wey With w?j € Av; NRH , +_, and w = wy - - - W,y,, we have the inequality
- J

" (p])

(1.4 i < C T
i
1 1
forall (f, fr,..., fm) € F such that || f|| ruwry < 00, where — = Z — and C depends
p = Pj
7j=1

T

T, all weights

on n, pj, [wj]Aﬁ, (w;| pu e Then for all exponents q;, r; < q; <r
G
w?JGAq%ﬂRH ,and w = wy - Wy,

rt
- (L)
J aj

(15) Flleon < O TL16 s
j=1
1 &1
for all (f, fi,..., fm) € F such that || f||Lawe) < 00, where p = Z - and C depends
j=1

on n, pj, ¢, [Wilaq, » [Wilre . Moreover, for the same family of exponents and

Ry
i (%)
weights, and for all exponents sj, r; < s; < 7“;7,

(1.6) H (;ukr)i

1

(Zur)”

k

m

<c]]

La(w?) Jj=1

9

a;j (33
LJ(wj )

1
Jor all {(f*, fF,.... fE) e C F such that the left-hand side is finite and where — =
s

E — and C depends on n, pj, q;, 8j, (Wjla,, , [Wilre -

FR Y

J= j q;

Remark 1.7. When r; = 1 and 7";7 = o0 in Theorem 1.3 we get a version of the

multilinear extrapolation theorem from [20] for extrapolation families. The original
result was given in terms of operators.

Theorem 1.3 is a consequence of a linear, restricted range, off-diagonal extrap-
olation theorem, which we believe is of interest in its own right. It generalizes the
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classical Rubio de Francia extrapolation, the off-diagonal extrapolation theory of Har-
boure, Macias and Segovia [21], and the limited range extrapolation theorem proved
by Auscher and the second author [2].

Theorem 1.8. Given 0 < p_ < py < oo and a family of extrapolation pairs F,
suppose that for some py, qo € (0,00) such that p_ < py < p4, qio — pio + i >0, and
all weights w such that wP € Ar N RH<H)/,

. P+

PO

(1.9) (/ fow® da:) " <C (/ gPrrwr? d:c) "

for all (f,g9) € F such that || f||rowwo) < oo, and the constant C depends on
n, Pos o, (W] A g [wPO]RH( ),. Then for every p, q such that p_- < p < py,
b Pt
Po
1 11

1_1_ 1 _ 1 ; D ,
0<q<ooandp .= qo,andeverywezghtwsuchthatw GAPL_QRH(&),

) Tw? dx ! C PwP dx %
(1.10) (Rnf ) < (/ng )

for all (f,g) € F such that || f||Las) < 00, and C depends on n, p, q, [wP]a, ,

(%)

In Theorems 1.3 and 1.8 we make the a prior: assumption that the left-hand sides
of both our hypothesis and conclusion are finite, and this plays a role in the proof.
In certain applications this assumption is reasonable: for instance, when proving
Coifman-Fefferman type inequalities (cf. [10]). However, when using extrapolation to
prove norm inequalities for operators we would like to remove this assumption, as the
point is to conclude that the left-hand side is finite. But in fact, we can do this by
an easy approximation argument. This immediately yields the following corollaries.

P

(WP rp

Corollary 1.11. Under the same hypotheses as Theorem 1.3, if we assume that (1.4)
holds for all (f, f1,...,fm) € F (whether or not the left-hand side is finite) then
the conclusion (1.5) holds for all (f, fi,..., fm) € F (whether or not the left-hand
side is finite). Analogously, the vector-valued inequality (1.6) holds for all families
{5 . ,f@)}k C F (whether or not the left-hand side is finite).

Corollary 1.12. Under the same hypotheses as Theorem 1.8, if we assume that (1.9)
holds for all (f,g) € F (whether or not the left-hand side is finite) then the conclusion
(1.10) holds for all (f,g) € F (whether or not the left-hand side is finite).

In the statement of Theorem 1.8 there are some restrictions on the allowable ex-
ponents p and g. We make these explicit here; these restrictions will play a role in
the proof below.
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Remark 1.13. Define g4 by

(1.14) ottt

Because of our assumptions that qio — pio + i >0and 0 <p_ <py<py <o0it
follows that 0 < ¢_ < ¢y < g4 < 00. Moreover, the fact that p_ < p < py yields that
qd- < q < q+. Note that if we were to allow that qio — pio + p—1+ < 0, we could choose
p very close to p, and the associated ¢ would be negative, which would not make
sense.

Moreover, we have that the following hold:

(i) If go = po, then g+ = p+ and g = p.

(i) If po > go, then 0 < g <p_, ¢4 <py < oo and ¢ < p.

(iii) If po < qo, then 0 < p_ < q_, py < qy <occand p<q.
Remark 1.15. When py > qo we automatically have that qio—pio—i-]i > 0. Further, this
implies that all of the weights which appear in both our hypothesis and conclusion
(i.e, wPo, wi, wP w?) are in A. Consequently, they are locally integrable, and so all
the Lebesgue spaces that appear in the statement contain the characteristic functions
of compact sets. In fact, since w? € A, w® € A, (see Lemma 2.1 below). The
same is true for w? and w9, since by Remark 1.13, p > g¢.

When py < qo, the condition qio — pio + i > 0 imposes an upper bound for gq:

do < po(p+/po)’. A similar bound holds for ¢. Thus (by Lemma 2.1) w®, w? € A,
and so again all the weights involved are in A, and thus locally integrable.

Theorem 1.8 and Corollary 1.12 generalize several known extrapolation results.

(1) The classical Rubio de Francia extrapolation theorem (see e.g. [10, Theorems 1.4
and 3.9] for the precise formulation) corresponds to the case p_ = 1, p, = oo,
4o = Po-

(i7) The Ay extrapolation theorem in [9] (see also [10, Corollary 3.15]) corresponds
to the case p_ =0, p, = 0o, and gy = po.

(771) The extrapolation theorem for weights in the reverse Holder classes [28, Lemma
3.3, (b)] corresponds to the case p_ =0, py = 1, and gy = po.

(iv) The limited range extrapolation theorem in [2, Theorem 4.9] (see also [10, The-
orems 3.31]), corresponds to the case 0 < p_ < py < 00, o = po.

(v) The off-diagonal extrapolation theorem in [21] (see also [10, Theorem 3.23))

corresponds to the case p_ =1, py < qo, p+ = (pio — qio)_l. To see this, we recall
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the well-known fact that w € A, 4, that is,

1 a
q / p'

sup (][ w dx) ’ (][ wPo dx) ’ < o0,

Q Q Q

if and only if w € A, N RHa = Ar N RH(
PO pP—

1 _ 141 9
q0 Po P+ ’

Pt
PO

)/. Note that in this case

Our generalization of off-diagonal extrapolation involves weighted norm inequali-
ties that have already appeared in the literature in the context of fractional powers
of second divergence form elliptic operators with complex bounded measurable coef-
ficients. More precisely, in [3] it was shown that for a certain operator 7, there exist
1 <r_.<2<ry <oosuchthat T, : L"(w") — L*(w?®) for every r_ < r < s < ry
and for every w € A, 1 ORHS -.\'- By applying Theorem 1.8 we could prove the

s

same result via extrapolation if we could show that there exists r_ < ry < sg < rg
such that T, : L™(w™) — L% (w*) for every w € A1 1 NRH ~y. Note
— SO

that the latter condition can be written as w™ € Ar N RH(&) with p_ = r_ and
p— 0

i = i L4 T,—, and in this case % - % + i = i > 0, so the hypotheses of

Theorem 1. 8 hold

A restricted range, off-diagonal extrapolation theorem has previously appeared in
the literature. Duoandikoetxea [18, Theorem 5.1] proved that if for some 1 < py < oo
and 0 < qo, 79 < 00, and all weights w € A, ,, (note that unlike in the classical
definition of this class he does not require py < qo), if (1.9) holds, then for all
1<p<ooand0<q,r<oosuchthatpio—lz1 L L1

= — 2 == — > and all weights
P 90 q ro r
w € Ay, (1.10) holds.
This result is contained in Theorem 1.8 in the particular case when ry > max{po, ¢o}

if we take p_ = 1 and p, = (L — i)fl In this case, (because ro > pg) w € A,

Po To

if and only if w” € A, N RH o = APO N RH (2 )/. Moreover, in this scenario
pPo

qio—])—o—kI:ZOsmceTOZqo.

Despite this overlap, our results are different. We eliminate the restriction pg, p > 1
as we can take 0 < p_ < 1. Moreover, for a value of p_ # 1, it is not clear whether our
result can be gotten from his by rescaling. On the other hand, we cannot recapture
his result for values of 7y < max{po, o}

Finally, in light of Remark 1.15, we note that [18, Theorem 5.1] allows for weights

w® or wP® that may not be locally integrable unless one assumes ry > max{pg, o}

For example, if we fix 0 < ry < max{po,qo} and let w(zx) = |z| ™o’ then it
is easy to see that w™ € A; and so w € A, ,,, but either w” or w® is not locally

integrable (and so the characteristic function of the unit ball centered at 0 does
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not belong to LP°(w) or to L% (w®)). In light of this, we believe the condition
ro > min{py, o} is not unduly restrictive.

Applications. To demonstrate the power of our multilinear extrapolation theorem,
we use Theorem 1.3 to prove results for the bilinear Hilbert transform and for multi-
linear Calderén-Zygmund operators. We first consider the bilinear Hilbert transform,

which is defined by

BH(f, f2)(x) = p.v. / fle—ga+ )%

The problem of finding bilinear LP estimates for this operator was first raised by
Caldero6n in connection with the Cauchy integral problem (though it was apparently
not published until [23]). Lacey and Thiele [25, 26] showed that for 1 < p;, ps < o0,
1_ 1 1 _ 3
i 141
P P1 D2 27

IBH(f1, f2)|lze < Cll fillzor | o]l o2

The problem of weighted norm inequalities for the bilinear Hilbert transform has
been raised by a number of authors: see [15, 16, 20, 29]. The first such results were
recently obtained by Culiuc, di Plinio and Ou [14].

Theorem 1.16. Given 1 < pi, ps < 00, define p by zla = pil + p% and assume that
p>1. Fori=1, 2, let w; be such that w?pi € A,,, and define w = wyws. Then

(1.17) IBH(f1, fo)llLoe)y < Cllfillpos iy || fol o2 g2y

where C = C(p;, [wgpi]Am)-

7

If we apply Theorem 1.3, we can extend Theorem 1.16 to a larger collection of
weights and exponents. In particular, we can remove the restriction that p > 1,
replacing it with p > %, the same threshold that appears in the unweighted theory.

Theorem 1.18. Given arbitrary 1 < py1, po < 00, define % = le + pig and assume

that p > 1. For every i = 1,2, let r; = 1%?; < g < 2p; = rj. Then, for all
wi € Ao ﬂRH(T_+), —or, equivalently, w?" € A,, forr; = (q2 - I%)*l— if we write
r; i i i

1

, we have that
q2

W = WiwWs and%:qil—i-
(1.19) IBH(f1, f2)llzaqwsy < Cllfill Lo i)l foll oz uitz)-

In particular, given arbitrary 1 < q, g < o0 so that q > % where % = qil + qiz,

there exist values 1 < py, po < 00 such that % = p% + p% < 1, mn such a way that
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. _ 2
if we set r; = P, vl =

wh € A%QRH(i)' (or, equivalently, w

a4

2p; then r; < q; < r, and for all weights w; with

2r;

e A, forr; = (z—i)_l) and w = wiws,

qi  Pi

(1.20) [BH(f1, f2)ll2awsy < Cllfill ar oy 1 2]l poz o2 -

Remark 1.21. We can state Theorem 1.18 in a different but equivalent form. For
instance, in the second part of that result, if we let v; = w{, then our hypothesis
becomes v; € As N RH ),, and the conclusion is that

(r+
BH : L (v1) x L®(v5) — LU(v{" v2).

In [14], for instance, Theorem 1.16 is stated in this form. We chose the form that we
did because it seems more natural when working with off-diagonal inequalities.

Remark 1.22. In [14] the authors actually proved Theorem 1.16 for a more general
family of bilinear multiplier operators introduced by Muscalu, Tao and Thiele [30].
Theorem 1.18 immediately extends to these operators. We refer the interested reader
to these papers for precise definitions. This extension actually shows that that the
bound p > 1 in Theorem 1.16 and the bound p > % in Theorem 1.18 are natural and
in some sense the best possible. In [24, Theorem 2.14|, Lacey gave an example of an
operator which does not satisfy a bilinear estimate when p < 2/3; in [14, Remark 1.2]
the authors show that Theorem 1.16 applies to this operator. Hence, if Theorem 1.16
could be extended to include the case p < 1, we would get weighted estimates for this
operator. But by extrapolation, these would yield inequalities below the threshold

q = % Indeed, we could apply the first part of Theorem 1.18 with those fixed
exponents % = pil + p% > 1 and w; = we = 1 to obtain that this operator maps
L% x L% into L? for every r; = ff; < @ < 2p; =1 and % = qil + qig. If we fix
0<e< min{%(%—l), pi;} and let % = %(pii—i—l—e), we would have that r; < ¢; <}
and

1 1 1 1 3

—=— 4+ —=—4+1—-€>—.

¢ @ @ 2p 2

Given qi, g2, as part of the proof of Theorem 1.18 we construct the parameters
r;,r; needed to define the weight classes. Thus, while we show that such weights
exist, it is not clear from the statement of the theorem what weights are possible. To
illustrate the different kinds of weight conditions we get, we give some special classes
of weights, and in particular we give a family of power weights.
1

s and assume further

Corollary 1.23. Given 1 < q1, q2 < 00, define q by é = qil +
that q > % Then,

(1.24) IBH(f1, f2)llzaqwey < Cllfill o iyl f2ll poz 2y
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holds for all w¥ € A

max{1,%} N RHmaX{l%} and w = wiwsy. In particular,
(1.25) BH : LU (|z|™*) x L=2(|z|™*) — L(|x|™%),
ifa=0 orif
(1.26) 1 — min {max{l, %} ,max{l, %}} < a < min {1, % %} _

As a result, (1.25) holds for all 0 < a < 3.

Remark 1.27. By Corollary 1.23 we get weighted estimates for the bilinear Hilbert
transform in exactly the same range where the unweighted estimates are known to
hold. (Note that when a = 0 we recover the unweighted case.) Rather than taking
equal weights in (1.25), we can also give this inequality for more general power weights
of the form w; = |z|~%/%; details are left to the interested reader.

Remark 1.28. As a consequence of Corollary 1.23 we see that even in the range of
exponents covered by Theorem 1.16 from [14], we get a larger class of weights. Fix

1 < g1,¢q2 < oo and assume that % = q% + q% < 1. First, it is easy to show (see

Lemma 2.1 below) that w)? € A, if an only if w? € A1y, NRH,. Hence, if we further
assume that w{* € A; this condition becomes w{" € A12 N RH, or, equivalently, (see
Lemma 2.1 below) w? % ¢ A,. Hence, as a corollary of Theorem 1.16 we get that
BH : L (w®) x Le(w#) — Li(w?) for all w’* € A;. But by Corollary 1.23,
again assuming that wi® € Ay, we can allow w® € Ay N RH, ¢ 2y, Ot equivalently,

max{2,q;
A

V€ A, which is weaker than w?qi € A since max{2, ¢} < 2¢;.
Further, when 1 < ¢; < 2, Corollary 1.23 gives the class of weights w{* € A{NRH 2.

5
To compare this with Theorem 1.16 from [14] note that their condition is, as explained
above, w{" € Ai+q; N RHy and hence we can weaken w? € RHj; to w?% € RH: at

2 a4
the cost of assuming that w? € A; . Alternatively, if ¢; > 2, our condition becomes
w? € A, which removes any reverse Holder condition for w? at the cost of assuming

2
that w? € A% C Aitg .
2

We can also prove vector-valued inequalities for the bilinear Hilbert transform for
the same weighted Lebesgue spaces as in the scalar inequality. Even in the unweighted
case, vector-valued inequalities were an open question until recently. Benea and
Muscalu [4, 5] (see also [22, 31] for earlier results) proved that given 1 < s, s9 < 00
and s such that % = i + é and s > %, then there exist g1, g2, ¢ such that

() | ()] J(Smr)’

q1 q2
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where 1 < q1, g2 < o0, % = L4 —, and, depending on the values of the s;, there
are additional restrictions on the pos&ble values of the g;. (See [5, Theorem 5] for a
precise statement or (5.4) below.) An alternative proof of these estimates when s > 1
is given in [14].

By using the formalism of extrapolation pairs, vector-valued inequalities are an
immediate consequence of extrapolation. Hence, as a consequence of Theorem 1.18
we get the following generalization of the results in [4, 5, 14]. We note that for some
triples sp, s2, s our method does not let us recover the full range of spaces gotten

in [4, 5] but we do get weighted estimates in our range.

Theorem 1.29. Given arbitrary 1 < py, pa < 00, define % = pil + p% and assume
that p > 1. For every i = 1,2, let r; = ffi < ¢, 8 < 2p; = 1. Then, for all
wl e A a NRH —or, equivalently, w 2” e A, forr; = (q2 — 1% - if we write

(5

Z
W = wiws, % = qi —l— cmd % = i + é, there holds

1

w0 (S iaar)

k La(w?)
Bl Bl
s1 52
< CH (Z|fk|sl) ’(ZMMSQ) :
k Lot (wi") k L2 (wg?)
In particular, for every 1 < sy, so < oo such that % = é + é < %, and for every
1<q1,qz<oosuchthat%:—+—<—, if
2
1 1 1 1 1 1 11 3
(1.31) |———|< =, — - <z, and Zmax{—,—} 2
51 qu| 2 s2 Q2 2 P G 2’

there are values 1 < py, pa < oo such that l = pil + piz < 1, in such a way that if we

set r; = 1%‘:’;_, = 2p; then r; < q;,s; <1, and hence (1.30) holds for all weights

w; with w} € Aa N RH(T+), (or, equivalently, w?' € A,, for r; = (2 - I%)_l) and
#’L 3

[

7
. qi
K

w = wWiWsa.

Remark 1.32. Theorem 1.29 contains the vector-valued inequalities that follow im-
mediately from our extrapolation result applied to the weighted norm inequalities
obtained in [14] (cf. Therorem 1.16). However, more general weighted estimates for
the bilinear Hilbert transform are implicit in the arguments of [14]. These in turn
produce vector-valued inequalities in a wider range of exponents. We shall elaborate
on this in Section 5 below.
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Remark 1.33. In [4, Proposition 10] the authors also prove iterated vector-valued
inequalities of the form

H (2]: (%: |BH(fjk7gjk)|s) )
< H (z]: (zk: |fjk|81>si)f1 (z]: (Zk:|gjk|s2)s§>t2

again with restrictions on the possible values of the p; depending on the s; and t;.
We can easily prove some of these inequalities by extrapolation; moreover, we can
also prove prove weighted versions. After the proof of Theorem 1.29 we sketch how
this is done. Here we note in passing that iterated vector-valued inequalities have
recently appeared in another setting: see [1].

p

)
p2

P

As we did with the scalar inequalities we give some specific examples of classes
of weights for which the bilinear Hilbert transform satisfies weighted vector-valued
inequalities.

Corollary 1.34. Given 1 < s1, §o < 00 such that% = é+é < %, and 1 < q1,qo < 00
3uchthaté=q%+qi2<%, if

1 1

S1 q1

then (1.30) holds for all wi € A

1

27

1 1

59 q2

(1.35)

2
1 11 3
< 3 and E max{f,s—i} < 3

X! N RHmaX{L%’[l_qi(L_%)]_l}. In particular,

max{1, 5

(136) H (Xk: B gk)|s) | Lajaf=2)

(S )’
k

holds if a € {0} U (a_,ay) where

(1.37) a_ = 1 — min { max 1,2,2 , max 1,%,%
2 S1 2 S92

. Q@ 1 L1

— 1.2 29 —_ ) 1= - _ =

ay mm{,z,z, Q1(51 2>, CI2(S2 )

1

S 52
(ot

L9 (|z|—2) k L2 (|z]~*)
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Remark 1.38. The conditions in (1.35) guarantee that a_ < 0 < ay, hence the
set {0} U (a_,ay) defines a non-empty interval. On the other hand, this interval
can be arbitrarily small. For instance, take ¢ = s1 = 2, ¢ = 2, so = t with
1 <t < 2. Then (1.35) is satisfied and we have that a_ = 0 and a; = 2(1 — 1).
Thus, {0} U (a_,ay) = [0,ay) and a, — 0 as ¢ — 17: that is, in the limit we just
get the Lebesgue measure. Notice, however, that in the context of the first part
of Corollary 1.34, as t — 17, the conditions on the weights become w? € A; and
w3 € AyN RH,,. Hence, we can take w;(z) = |x|7% and wy(z) = ]x|7% with a; >0
and —1 < ay < 0. (Of course if a; = ay = a, then a = 0 as observed above.)

As a final application we use extrapolation to prove Marcinkiewicz-Zygmund in-
equalities for multilinear Calderén-Zygmund operators. Weighted norm inequalities
for these operators have been considered by several authors: we refer the reader
to [20, 27] for precise definitions of these operators and weighted norm inequalities
for them. Very recently, Carando, Mazzitelli and Ombrosi [6] proved the following
weighted Marcinkiewicz-Zygmund inequalities.

Theorem 1.39. Form > 1, letT be an m-linear Calderon-Zygmund operator. Given
1<aq,...,qn < o0, q such that % =5 i, and weights w; such that wi* € A,

(1.40) H(Z |T<f,;,...,f;:;>|2)é (Zm ) -

ki
where w = wywy. If 1 < r < 2 and if we further assume 1 < q; < r, then again for
all weights w; such that wi* € A,,,
Y s

1
(141) H( fkl,...,fm)
where w = wyws.

By using extrapolation we can prove that inequality (1.41) holds for 1 < r < 2
with the same family of exponents as in (1.40) for r = 2.

La(w9)

(Zm

La(wi)

Theorem 1.42. Form > 1, let T be an m-linear Calderdon-Zygmund operator. Given
1l<r<2,1<q,....,q0m < 00, q such that % = Z%, and weights w; such that

w € A, then inequality (1.41) holds.

Remark 1.43. In [6] the authors actually prove that Theorem 1.39 holds for weights in
the larger class Ay introduced in [27]. However, it is not known whether multilinear
extrapolation holds for these weights. We also do not know if Theorem 1.42 can be
extended to this larger family of weights.
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The remainder of this paper is organized as follows. In Section 2 we gather some
definitions and basic results about weights. In Section 3 we prove all of our extrap-
olation results. In Section 4 we give the proofs of all of the applications. Finally, in
Section 5 we discuss some results that are implicit in [14] and that can be used to
get more general vector-valued inequalities for the bilinear Hilbert transform.

Throughout this paper n will denote the dimension of the underlying space, R™. A
constant C' may depend on the dimension n, the underlying parameters p_,p.,p, ...,
and the A, and RH; constants of the associated weights. It will not depend on the
specific weight. The value of a constant C' may change from line to line. Throughout
we will use the conventions that é =0, % =00, and 1’ = oo and oo’ = 1.

2. PRELIMINARIES

In this section we give the basic properties of weights that we will need below. For
proofs and further information, see [17, 19]. By a weight we mean a non-negative
function v such that 0 < v(z) < 0o a.e. For 1 < p < 0o, we say v € A, if

p—1
[v]a, = sup][ vdx <][ vt dx) < 00,
Q JQ Q

where the supremum is taken over all cubes (Q C R™ with sides parallel to the
coordinate axes and f,vdr = |Q|! [,vdr. The quantity [v]4, is called the A,
constant of v. Note that it follows at once from this definition that if v € A,, then
' P € A,. When p =1 we say v € Ay if

[V]a, = sup][ w(y) dyesssupw(z) ™' < oo.
@ Jo 2€Q

The A, classes are properly nested: for 1 < p < ¢, A1 € A, € A,. We denote the
union of all the A, classes, 1 < p < 00, by A.

Given 1 < s < 00, we say that a weight v satisfies the reverse Holder inequality
with exponent s, denoted w € RH, if

e, = sup (]é . da:) (]é da:) < .

When s = co we say v € RH, if

-1
[V]|rE.,, = supesssup w(z) (][ vda:) < 0.
Q z€Q Q

The reverse Holder classes are also properly nested: if s < ¢ < oo, then RH,, C
RH; C RH,. Define RH; to be the union of all the RH; classes, 1 < s < co. We
have that RH; = As. A given v is in RH, for some s > 1 if and only if there exists
p > 1 such that v € A,. Equivalently, if v € A, there exists 1 < p < oo and
1 < s < oo such that v € A, N RH;.

@ |
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The A, and RH, classes satisfy openness properties: given v € A4,, 1 < p < o0,
then there exists € > 0 depending only on [v]4,, p and n, such that v € A,_; also
given v € RH,, 1 < s < 0o, then there exists € > 0 depending only on [v]gg., s, and
n, such that v € RH,,..

The condition v € A, N RH, can be restated using the following result. The first
part is from [12, Theorem 2.2]; the second is just gotten by the duality of A, weights.

Lemma 2.1. Given 1 <p < oo, 1 <5 < o0, the weight v € A, N RH, if and only if
v® € A,, where g = s(p—1) + 1, that is,

5 ;P
(2.2) sup <][ v® dx) (][ vl P dx) < 00.
Q Q Q

In this case also have that v'™?" € Ay

We can also easily construct weights v € A, N RH,. The next result can be proved
directly from the definitions of the weight classes; essentially the same argument is
used to prove the easier half of the Jones factorization theorem. See [12, Theorem 5.1]
or [7, Theorem 4.4].

Lemma 2.3. Given weights vy, vo € Ay, then for alll <p < oo, 1< s < oo,

1
v=uvivy ¥ €A, N RH,.

3. PROOFS OF EXTRAPOLATION RESULTS

Our proof is similar in spirit to the proofs of off-diagonal and limited range extrap-
olation in [10, Theorems 3.23 and 3.31]. To better understand the heuristic argument
that underlies our proof, we refer the reader to the discussion in [13, Section 4]. We
have split the proof split into four cases.

Proof of Theorem 1.8. Case I: p_ > 0 and p_ < po < p;. Fixp_ <p <py
and w such that w? € A» NRH,,, \/. Fix an extrapolation pair (f, g) € F; we may
p_ it ol

P
assume that 0 < || f|| Laqwa), ||9]|Lr@wr) < 00. For if || f|| La(wey = 0 or if ||g||Lrwr) = o0,
then (1.10) is trivially true. And if ||g||Lr(wry = 0, then (1.9) implies that || f|| oo (weo) =
0, and so f =0 a.e. and thus || f||ze(ws) = 0, which again gives us (1.10).

We now fix some exponents based on our weight w. By Lemma 2.1 we have that

wp(z%)/ € A, where

' 11 11
(3.1) r:(lﬁ) <£—1>+1:§‘_i’+1:%.
p p
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For future reference we note that
; p— +

(3.2) 7=t
p

From Remark 1.13 we have that
(3.3) - = _ - =

Define the number s by

1 1/ 1 1
R R G )
PoT \P- q T\P- Po

we will explain our choice of s below. For later use, we prove that 0 < s < min(g, qo).
First, we have that s > 0: by (3.1), the fact that py < p, and (3.3) we obtain

11
1 1/1 1 1 P 1 1 1 1 1 1
NSTAUN AT - B SO R
a T\P- Do 4 -~ \P- Do q P D+ q+

To show that s < min(q, qp), we claim

qq 1 1 (1 ( 1) ( 11 ))
( ) q pO 7_/ (p+)/ QOq qO - po p+

Po
To see that this holds, we use the fact that + — 1 :
q p q0 po

1 1(1 1>_1 1(1 1) 1(1 1)
g T\P- Do q TA\P- D+ T\P+ Do

_1 1+1 1(1 1)
q P P+ TA\P+ Do
1

1 (1 1) < 1 1 )
do T)\po  p+/)
It follows at once from (3.4) and (3.5) that s < min(q, go).

We now prove our main estimate. By rescaling and duality, we have that

| f 2wy = 117 JPhow! dz,

1 p—
Ls (w?) Rr

where hy is a non-negative function in L&) (w?) with Hh?HH%)’(wq) = 1. Now let H;
and H, be non-negative functions such that 0 < H; < oo a.e., and hy < Hy; we will

determine their exact values below. Fix a = ( S),. Then by Holder’s inequality,

Js‘g
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(3.6) Fhowtde < [ fEHT*H®Hyw? dx
R™ R”™

/()

g(/ quH;“quWde)qo( Hf(f)Hqudx>
n ]Rn

We first estimate I,. Assume that Hy € LY (w?) with ||Hi|[pewey < C1 < o0,
< (5 < 0o. Then again by Holder’s

/
)

_ g /0

and that H, € (%) (w?) with || H|| (s)
L\s/ (w9)

inequality,

( a(‘ﬂ)’g >; < (g)/ )l/(
I, < H 7 rwlde Hy7 widx
R?’L ]Rn

<G ( Hw d:c> L <o
Rn

/
)
S

To estimate I; we want to apply (1.9); to do so we need to show that [; < oc.
Assume that f < Hi|| f]|ze(we); then we have that

_af
Il S Hf‘ %Oq(wq)/ H{]OHl # szq dx
R
gy | HEHow e = 7]y % o < .
Rn

La(w9)

Define ¢ = (%)/g—g. Then ¢ > 1: by (3.5) we have that
SPo _ Po 1 1

Pt

90 @ ()"

and so
I po 1 po( s) 1 1
O N SN A I
v w(?) @ ¢) T (&)

Pt

Now let W = Hl_a?OH2wq and assume that W € Aw NRH

2 ( )/. Since I is
Po

finite, f € L®(W®). Thus, by (1.9) and Holder’s inequality,

I, = fOWD g

R
g0

<C </ g dx) ro
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0

R PO
=C g"H, ° H’w ww twldz
n

90 10

/o —atdy ’ ©'pg a) #ro
< (/ g% H, ERETCT bl dx) o ( H2(3> w? dx) :
n ]Rn

(1)

The second integral on the last line is bounded by CY*° = (9, so it remains to
show that the first integral is bounded by ||g[|% Lo (wr)- If we have that

PO,

g H O Wil ¥ < HquHpow

Lp wp
‘10‘1 qoq
then the first integral would be bounded by ||H1||fq’zguq ||gHLp(wp <y ||g|]Lp (wp)"

This, combined with inequality (3.6) would yield inequality (1.10) and the proof
would be complete.

Therefore, to complete the proof we need to show that we can construct non-
negative functions H; and Hy such that

(37) ||Hl||L‘1(wq < Clv
(3.8) g H " Y < g 15,
(39) 0< H1 < 00, f < H1||f||Lq(wq )s
(3.10) 1ol ) < O
(3.11) he < Hy;
o 1 4
and such that the weight W = H, * Hy°w satisfies
ap Po

(3.12) W™ = H * Hw® € An N RH(,.

Po

We will first prove that (3.7), (3.8) and (3.9) hold. Since af? = 2(qo — s), (3.8) is
equivalent to

Po_q i,ﬁLpO
(313) gpowq(qo ) S le ||gHLp(wp
Using the fact that % — % = pio — qL, we have that
q | Po Po g Po Po Po
—+=(q0—5)=q—— —(q0—5)=q——(q—5)+—(q0 —s
' QO(O ) a0 (4)' CIO<O ) QO( ) QO(O )

Po 1 1 1 1 Po
=q——(@—q)=q|1-p|——-))=aqll-po( ——~])=aq—
do 9 g Po P p



18 DAVID CRUZ-URIBE, OFS AND JOSE MARIA MARTELL

Similarly, we have that

Po B 1\ 1\ Po q
g\ ——1)=qpo{ ——— ) =aqpo| - —— ) =po—q¢—=po| 1 —— |
q d9 Do qg p p p

0
Therefore, (3.13) (and hence (3.8)) is equivalent to

p
(3.14) grwi ™t < Hyllgll},

wP)”

To construct a function H; that satisfies (3.7), (3.9), and(3.14), we use the Rubio

p
de Francia iteration algorithm. As we noted above, w” (%) € A,, so the maximal

operator is bounded on L™ (w” (%) ). Hence, for non-negative G € L7 (w” (%)l) we

can define the iteration algorithm

> MkG
RG:§
' KM
k=0 L"'(wp(T)

Then we have that that G < R1G, R1G € Ay, and HRlGHL B < ZHGHL (

(cf. [10, Proof of Theorem 3.9]). Now define ¢ and € by

57 — B <p+)/
T=4q, €ET=q—p|\ — ),

p
and let
: f grws
Hy = Ry(Kw)sw™ s,  hy = i + I
LatwD) ||9H2p(wp)
Then
f grwi
max < h; < Hj,

1A lzen) g1 o
and so both (3.9) and (3.14) hold. Moreover,

1
/ flw? N gPwP p K 5
x| =2,

Rn Hf”%q(wq) Hg”ip(wp)

Q|

11| gy < 27

and so

1
[ H1llzaqwey = HRl(hiwe)H;(wz’#)’)

< 2% ||hSwr|?
L‘I’

(wp(

This gives us (3.7).

1 1
p%)/) = 25|~y Laque)y < 2175 = (.

P )’)
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The construction of Hy and the proof of (3.10) and (3.11) are similar to the argu-

ment for H;. By Lemma 2.1, if we set

(2 )

then w7 € A, and so the maximal operator is bounded on L™ (w~?). Hence, if we

define the Rubio de Francia iteration algorithm for non-negative F' € L™ (

- MKF
Rl = ) A
k=0 T(wT)

w™7) by

then we have that F S RQF, RQF & Al, and ||R2F||LT’(wfo') S 2||F||LT’(wfo')- Define
B and v by
!/
Bt = (g) , v =0 +q.
s
If we now let L
Hy, = RQ(hng)Ew_E,
then we immediately get (3.11). Moreover, we have that
1
||H2||L( )I wq) ||R2(h§w’y)||ﬁ7"(wfa)
1
< ], oy = 2 Il oy gy = 25 = G

This gives us (3.10).

Finally, we will show that (3.12) holds. By Lemma 2.3, (3.12) holds if there exist

1, fo € Ay such that

1

apg (Pi)/ 1—Po

H, ° H wqo EAPO ﬂRH( ) =WP = p," g 7.
PO

By the A; property of the Rubio de Francia iteration algorithms, we have that

HTU)?_;(T) Rl(h‘fwe) € A17

fo = Hj(g) w7t = Ry(RPw?) € Ay.

If we substitute these expressions into the above formula and equate exponents, we

see that equality holds if

(3.15) b _ g(p—o - 1)

S

o 1(q\ 1
3.16 Po_ 14
(3.16) qo 7'/(5) ()"
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1 !/

(3.17) o _ (2, 4 (L oP(Px - Py
qo T 7 (P_+) T T\ P j

Po
If we use our choice of o on the left-hand side of (3.15) and (3.4) on the right-hand
side, it is straightforward to see that (3.15) holds. Additionally, if we use (3.5) on
the right-hand side of (3.16), we see that the latter also holds. (It was the necessity
of these two identities for the proof that is the reason for our original choice of s.)

To show that (3.17) holds, note that by (3.2) and our choice of o we have that

1
1L 1
P— Pt

1

o p p—

e Pr _ 1L
p— p

El)—l’uh—l

Given this we can expand the right-hand side of (3.17):

(%*%)ci)’*(‘"( ))(1‘17)

Po

a p D
_am
do
This completes the proof of Case I. 0

Proof of Theorem 1.8. Case II: pg = p_. Fix p_ < p < p, and w such that
wP € APL N RH,,\ and note that in this case p- = pg > 0 and ¢ = qo by (1.14).

The proof is similar to the proof of Case I and we indicate the main changes. First,
in this case (3.4) gives s = ¢ > 0. Thus, s = go = ¢_ < ¢ by (1.14) and the fact that
p— < p. Furthermore (3.5) holds in this case.

We now argue as before, but in this case we do not need to introduce H;. Since
s < q, by rescaling and duality we have that

s = 1y = [ PPt < [ Howt da,
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where h; is a non-negative function in L(3)' (w?) with HhQHL(%)/(wq) = 1 and H, is such

that hy < Hy; we will determine the exact value below. If we assume further that
| Ha| (q)/ < (5 < 00, it follows by assumption that
L\s/ (w9)

fSszq dr < || f7]

o o 12 (1)’ < G| fl| Zauey < o0
L\+) (wo)

Define ¢ = (4)'2 = (£)'%: then we have that
s Po

Po q0

1 1 11 11
e 22 n el 3
© Q@ (L) q q % q Po P p

which implies that ¢’ = 2. Now let W% = Hyw? and assume that W™ € Az N

p_

RH(&)/ = AN RH(&)/, or equivalently (by Lemma 2.1), WPO(P%) € A;. Then
PO P
by our hypothesis (1.9) we get
Hf“iq(wq) = fqowqo dx
RTL

40

<C (/ grOTPo dx) ro
’ a0
2o pg PO
:C</ pOHqu a0 qwqu)

90 20

“ro )’ #r0
< </ gp“ow(qo )wwqd:ﬁ) ’ (/ H<S) wqu) )
n RTL

q0

<0, </ gposo w (g2 —1)¢' dx) ro

g0

= (Y (/ gpwpdx)po,

where in the last equality we have used that
Do P 1 1 1 1
q(——1><p+q—q(——1> +q=qp(— >+q—qp<———)+q=p-
do Po do  Po p

Therefore, to complete the proof we need to show that we can construct a non-
negative function H, such that
< 027

(3.18) 12l 2y ey <
(3.19) he < Hy;
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1

and such that the weight W = HQCTO w satisfies

/
ro () aro (24 '

(3.20) wr () — o) G e a,

We construct Hs exactly as in the proof of Case I, and as before we have (3.18)
and (3.19). It remains to show (3.20). By (3.5),

1po<p+> _ 7 po<p+> _la=s_,
B qo (4)" a0 \po (4 s
On the other hand, recalling that py = p_ and s = ¢y we obtain
11
gl ot+q p w g
(—=2=q— 7 =@~ T~ =q@— g7 —71 =0
b () (2 G--1) w b

Thus,
p(3) _ g Ge) ()

- R2(hj5w7)ﬁfo(i) w%ﬁ(%) (q_%) — Rg(hguﬂ) € A,
which concludes the proof of Case II. O
Proof of Theorem 1.8. Case III: po = p4 and p_ > 0. Fix p_ < p < p; and
w such that w? € APL N RH(&)’ and note that in this case p, = py < oo and

g+ = qo by (1.14). We again fozilow the proof of Case I and we indicate the main
changes. First, if we define s as in (3.4) and since (3.5) is also valid in this context,
then 0 < s = ¢ < gy = qo by (1.14) and the fact that p < p,.
We now argue as before, but in this case we do not need to use duality or introduce
H,. Since s = q, if we fix a = ( 0),, then by Holder’s inequality,
40

1%,y = ( FHE H daz)
RTL

( foH " dex>< Hf“(
R™ R™

<qu/( )/fqu wqdm

) ‘o

~
g

LS}
U
8

\/

A
lS
SN—

where 0 < Hy < oo is in LI(w?) with |[H; | fa@e) < C1 < 0o. We will determine the
exact value below. If we also assume that f < Hy||f]|ze(ws), then
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—q% a0
fOH, " wlde < || f||F, wq)/ H{H, * wldx

R"

L / Hiw! ds < CY|fy ey < o

Thus, we can apply (1.9) if we let W% = Hl_a?wq and assume that W7 € Are N
RH(y, ) = Aps (1 RHL.:

PO

qfol
Hf‘quq _Cfo/(s)/ OV g

90
g0

S C </ gpowpo dx) "o
:C(/ pOH w qow qwqdaj>m

20

70 09
< Cllgll® o, ( / waqu) < COP 9], oy

provided H; satisfies
po}{‘“’%? Q(gg <: }yq
g iy S weR g7 LP(wp)*

To complete the proof we need to show that we can construct H; such that

(3.21) | Hil| Loy < Ch,

(3.22) g < gl
(3.23) 0< Hy <oo, [<H|f|lLoo),
and such that the weight W = H, “ww satisfies

(3.24) Wm:Hf@w%eA%ﬂRHw
Since af? = B (g — s), (3.22) is equivalent to

(3.25) fwﬁ%”ng( |mmw

Using the fact that £ —1 =L
p q po

Do 1 1 1 1 o
q+—(Qo—S)=q+poq<———>:q+poq(——— =q—.
9o q Qo P Do D

— qLO, and that s = ¢ we have that
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Similarly, we have that

Do 1 1 1 1 q
g\ ——1)=gpo| ——— ) =qpo| -~ —— ) =po(1—— ]
do go  Po qa p p
Therefore, (3.25) (and hence (3.22)) is equivalent to

p p_ B
(3.26) grwa ™ < Hillgll},

wP)”

We now construct H; exactly as in the proof of Case I, and we obtain as before (3.23),
(3.26), and (3.21). It remains to show (3.24). By (3.4)

po _ 7o 1 p T po
s q(2) (B) P
and also, since pg = p4,
€apy (Do (Do 1 p(%)'
=(——-1)e=(——-1)q(——
0s p_ D_ T T
11 5 1 1 1 1 o
_p0<___> q 1 1~ 1 1 _qp0< _____ ) -
pP- Do = or by Po g do

Together, these imply that

apo apro

W = H w'e =Ry(hw) " € Am N RH.;

the inclusion follows from Lemma 2.3 and the fact that Ri(h{w¢) € A;. This com-
pletes the proof of Case III. 0

Proof of Theorem 1.8. Case IV: p_ = 0 and p_ < pp < p+. In this case we
adapt ideas from [28, Section 3.1]. Fix p, ¢ such that 0 = p_ <p < p,, 0 < ¢ < ©
and + —1 =1 — qio, and let v be such that v» € A» N RH b)) = RH( )/. Since

p q po P+

RH, = A, there exists 0 < ¢ < min{pg, p} such that v? & pAg. Set ﬁ_p: e > 0;
then p_ < pp < py and (1.9) holds for all w? € Ap ﬂRH(pi)/ C RH(&)/ =

PO PO

Az MRH, . Thus, we can use Cases I and III with p_ > 0 in place of p_ to

PO
conclude that (1.10) holds for every p, ¢ such that p_ < p < p;, 0 < ¢ < oo and

11— L _ 1 5nd every weight w such that w? € Az N RH< )/. If we take

D q Po q0’ P %

P =p, ¢ = q and w = v, our choice of € guarantees that p_ =e <p <p;,0< g < o0

and Il) —1=1L_ 1 Moreover, P € Ag N RH(”)/ =Az ﬂRH<p+)/. Thus, (1.10)
Pt 4 Py

g po Qo
P - p

holds and the proof of Case IV is complete. O
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Proof of Theorem 1.3. Our proof of Theorem 1.3 is a modification of the proof
of multilinear extrapolation in [18, Theorem 6.1]. We include the details so that we
can explain the use of families of extrapolation pairs. The essential idea is to reduce
the problem to a linear one by acting on one function at a time.
For 2 < j < m, fix weights w; such that w?j € Arn N RH(T;F),. Fix functions
J Py
fj» 2 < j < m, such that there exists functions f and g with (f,Jg, fo,- oy fm) € F.

Assume that for each j, 0 < [[f;]| s, Wiy < 0. (We will remove this restriction
J

below.) Define the new family of extrapolation pairs

Fi={(F.g)= waJHf]Hm iy 9) U129 for s f) € F).

If f e LP(wP), then F € Lp(wl) so by our hypothesis (1.4),
(3.27) [ F Nl zowry < Cllgll o ey
for all wi* € A r N RH( 1+), Note that p < p; and so é - = —|— + > 0. Therefore, by

Theorem 1.8, for all pairs (F, g) € F1 with [|F|| e < 0o, and for all 1| < q <rf
and all w{' EAcu NRH - ;r)

IIFIILq(w;I) < Cllgllm
1 1 1

1 —1_ 1 1 _ 1
where o — - =5 — - and so ;= Ly =2 Therefore by our definition of F

| fl|Laqwey < 00 We can rewrite this as
m
HfHLq(wQ) S OHgHqu(w(lll) H HfjHLPj(wi’j)'
=2

This inequality still holds even if we remove the restriction 0 < || f; < 00.

HLPj (w)?)

If for some j, ||f; = 00, this inequality clearly holds; if ||f;| ity = 0,
J

I LPi (w}?)
then (1.4) implies that f = F' = 0, and this inequality again holds.

We can repeat this argument for any such collection of f;, 2 < j < m. Therefore,
we have shown that for all (fi,..., f,) € F with f € LI(w9),

1l zaguny < CllAll o oy [Tl oy sy
j=2

To complete the proof, fix fi, f3,... fn, and repeat the above argument in the
second coordinate, etc. Then by induction we get the desired conclusion.

We now prove the vector-valued inequalities (1.6). The extension of scalar inequal-
ities to vector-valued inequalities via extrapolation is well-known in the linear case:
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see [10, Corollary 3.12]. The argument is nearly the same in the multilinear setting.

Fix sj, r; <s; < r;r, for 1 <7 < m and set = Z o Define a new family
j=1 "7

1

F{(F P F) = ((;W)l, (Z(f)) (Sumr) ™)
(5 S i e 7

Without loss of generality we may assume that all of the sums in the definition of
F are finite; the conclusion for infinite sums follows by the monotone convergence
theorem. Then, given any collection of weights wy, . . ., w,, with wjj € As; NRH , +

- g

T

and w = wyq -+ - Wy, if ||F

(3.28) ||F||Ls<ws>=(2||f’“ is<ws>) sc(zﬂnmzsﬂw%))
k ko j=1 !
<cII(S181,) =< Iim
j=1 k ’ j=1

where in the second estimate we used Holder’s inequality with respect to sums. We
can now apply the first part of Theorem 1.3 to F', where we use (3.28) for the initial
estimate in place of (1.4). We thus get

La(ws) < 00, then by (1.5) we have that

EN Sj
LJ(w]. )’

(3.29) [ F'] La(way < CH ||Fj||L<Ij(wjj)'

j=1

for all exponents g;, ;7 < ¢; < r;-r, all weights w?j €Aqg NRH, +_,, w=1w" Wy,
I .

) Y

1 1 ~
and — = E —. Inequality (3.29) holds for all (F, F,...,F,) € F for which
q — 9
7j=1

| F|| La(uwe) < 0o. But this is exactly (1.6) and the proof is complete. O

Proof of Corollaries 1.11 and 1.12. We will prove Corollary 1.12; the proof of
Corollary 1.11 is identical. The proof follows as in [28, Section 3.1]. Given a family
of extrapolation pairs F as in the statement and any N > 0, define the new family

Fn = {(fn.9): (f.9) € F. fn = [X(aeBON):f0)<N} }-
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Note that for all 0 < r < 0o and w" € A,
(3.30) [ fnll 2y < N™w"(B(0, N)) < oo.

Since fny < f, by our hypothesis we get that (1.9) holds for every pair in Fy (with a
constant independent of V) with a left-hand side that is always finite by (3.30) and
Remark 1.15. Therefore, we can apply Theorem 1.8 to Fy to conclude that (1.10)
holds for every pair (fy,g) € Fy (with a constant that is again independent of N),
since again the left-hand side is always finite. The desired inequality follows at once
if we let N — oo and apply the monotone convergence theorem. 0

4. PROOFS OF THE APPLICATIONS

We now prove Theorems 1.18, 1.29, and 1.39, and Corollary 1.23. We also sketch
the ideas needed to prove the result in Remark 1.33.

Proof of Theorem 1. 18 We start with the first part of the theorem. Let pi,ps €
(1,00) be such that o —|— - < 1, fix wi € Ay, wi? € Ay, and let w = wyw,.

Then by Theorem 1 16, BH Lpl( YY) x LP2(wh?) —> LP(wP). By Lemma 2.1,

27’2 € A, if and only if w? € Ap,+1 N RH,. Thus, if we set r; = p2’jr11 and r;" = 2p;,

then L <r; <p <rf <o and wl e ApZ F‘IRH( +) We can then apply
Corollary 1.11 to the family "

F={UB(f 9l |f1gl) = f,9 € LT}
to conclude that for all r; < ¢; <r and wl € A NRH

)
transform BH is bounded from L% (w{") x L% (w¥) into L% (w?) where % = qil—i- q% and
w = wyws. (Here we use the fact that L2 is dense any space L"(w") if w” is locally
integrable, and the fact that BH is bilinear to extend the inequality on triples in F
that we get from Theorem 1.3 to all of L% (w{') x L%2(w3*).) Again by Lemma 2.1,

-1
v )
Note that 1 < 7; < oo since r; < ¢; < r;". This completes the proof of the first part
of Theorem 1.18.

., the bilinear Hilbert

the conditions on the weights are equivalent to w2” € A,,, where r; = (

To prove the second part of the theorem, fix 1 < ¢y, g2 < 0o such that % = L

L4+1<

%. We want to use the previous argument: therefore, we need to find py, ps € (1, 00)
suchthat%:pil—i—p%< 1 and r; < ¢ <7, where

1 1 1

1 1 1
4.1 = < < —
(4.1) 2 @ vy 2p * 2

T
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Since 1 < pq, pa < oo, this can be rewritten as

11 1 1 (11
(4.2) 0<2|maxq-,—p— =) <—<2ming -, — <1
2" qi 2 pi 2" g

Before choosing py, p2 we claim that

2
11 3

: 11 1
) O 1 if max{ql,q2}§2,
E I G 1 B O R infLl 11 <1~ 1 1
max{2,qi}— 2+max{q1’q2 if mm{ql’qz}—2 = ma {q1’q2 ’
i=1 1 1 . sor11 1
Q + q2 if mln{ a1’ q2 2°

and in every case this is strictly smaller than % since q1,q2 > 1 and % =1L4+1lc %
Now define

1 11 1
44 S =9 S22 an), =12
(4.4) . (max{z,%} 2+n> ;

where we fix 1y, 7o > 0 so that

3 o 11 11
(4.5) 771+7}2<§—;max{§,;} and O<m<min{—i,q—£}, 1=1,2.

That we can find such 7,17 follows from (4.3). (As will be clear from the proof,
we can choose 7; as close to 0 as we want; we will use this fact in the proof of

Corollary 1.23 below.)
With this choice we claim that (4.2) holds and also that é = p% + p% < 1. We first

prove the latter inequality: by the first condition in (4.5),
2 2
1 1 1 11
—=— 4+ —=-242 max{—,—}—l—Q n; < 1.
p PP ; 2°qi ;

To prove (4.2) we first observe that since n; > 0,

5 11 1 <9 11 1+ 1
max<{ —,— o — — max<4 —,— o — — ;| = —.
) 2 >af 27" p

To obtain the other half of (4.2) we consider two cases. If max{3, qi} = 1, then

1 2 11
— =2, < —:2min{—,—}.
Di 4 2 q
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On the other hand, if max{%, % = %, then

1 2 2 2 1 1
—:——1+2m<——1+—,:1:2mm{—,—}.
Di G i q; 2" q

This completes the proof of (4.2) and hence the proof of Theorem 1.18. O

Proof of Corollary 1.23. This result follows by considering more carefully the
proof of Theorem 1.18. Fix 1 < ¢;,g2 < oo such that % = qil + q% < % and wf €
A 5y N RHmaX{Lq%}. We now choose p; as in (4.4) and (4.5), though below we
will take 7; much smaller. As we showed above, 1 < py,ps < 00, ]lp = pil + piz < 1,
and (4.2) holds. Hence, (4.1) holds and so by the first part of Theorem 1.18, we get
that the bilinear Hilbert transform is bounded from L% (u{') x L%(ud®) into LI(u?)
where % =14 q% and u = ujug, for all ul* € Ag N RH(rj), with

max{1,

q1 s

k3 q;

4 L1 L1l {1 qi}+
= (; — = (¢; | max§ =, — i — Imax , i1
— q 2W; 5 q 2’ 4 n 5 a7
and

1 o % Gy 11 1 . {1 Qi}
=]1—-—=1- =1—-¢q¢|m - — 7 —=+n | =minql, — ¢ —qn.
(r-*)/ rT 2p; q ax 27 q; 2 g 2 qith

qi ’
Note that w!* € A

max{1,%} immediately implies that w;* € As . On the other hand,
since w € RH o1, 2y, by the openness of the reverse Hél:ier classes we can find
0 < 6 < 1 close to 1 such that w{* € RH Lmax{1,2}- Therefore, in choosing the 7; we
assume that (4.5) holds and that 0 < ; < (1 — ) min {1, % }. But then

i i 11 . i
= min{l,%} —q;n; > min{l,%} —q(1 —G)mm{é,g} = Hmln{l,%}.

7

+

i\

(%)
+ .

Hence (Tq—), < %max{l, ql} which gives that w{ € RH, +,,. We have thus shown

that w? € A« N RH(T_+
= i
bounded from L (w{') x L% (wd?) into L9(w?). This completes the proof of (1.24).
Finally, let w;(z) = |z| % so that w(z) = w;(x)ws(x) = |z|"4. Then, using the
well known properties of power weights, we have that w}* € A ay MV RH 0,2y
7q’L

a5
), which implies that the bilinear Hilbert transform is

max{1,

if and only if

1—maX{1,@}<a<1 and —oo<a<—2:min{1,%},
2 max{1, = 2
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and when max{1,%2} = 1 we can also allow a = 0 in the first condition. From all
these we easily see that (1.25) holds provided either a = 0 or a satisfies (1.26). This
completes the proof. O

Proof of Theorem 1.29. The proof of the first part of Theorem 1.29 is now straight-
forward given Theorem 1.3 and Corollary 1.11. Indeed, Theorem 1.18 provides the
initial weighted norm inequalities for the family

F={UBf 9l 1f]gl) : f,9 € LE}

(see the proof of Theorem 1.18). Thus, Corollary 1.11 applies and (1.6) yields (1.30)
for functions fx, g € L°. By a standard approximation argument we get the desired
inequality for fi € L7 (w]') and g € L2 (wd’).

To prove the second part of Theorem 1.29 we modify the argument in the second
part of the proof of Theorem 1.18. Fix ¢;, s; as in the statement; then by the first
part of Theorem 1.29 we need to find 1 < py, ps < oo such that % = pil + p% < 1 and
r; < g <r; with

1 1 11 1 1 1
( ) T;r 2p; q; Si T; 2pi 2

Since 1 < py,pa < 00, (4.6) can be rewritten as

111 1 1 111
4.7 0<2 - —,— 5 — =] < — < 2mi - —. — < 1.
( ) o (max{f%"sz’} 2> Di mln{2’%’3i}_

Before choosing py, p2, we first claim that

2
111 3

To show this we argue as we did to prove (4.3): if at least one of the maxima is %,

then since the other maxima is strictly smaller than 1 we get the desired estimate. If
none of the maxima is 3, then by the last condition in (1.31),

2 2
111 11 3
Zmax{_,_,_} - Zmax{_,_} <3
P 2 q; si P ¢ Si 2
We now choose p;: fix n; > 0 and let
1 111 1
4.9 — =2 - == —=+mn, =1,2,
(1.9 R (L LTI SR N
where we choose the n; sufficiently small so that

2
3 111
4.10 <= -
( ) 7]1+772 92 — maX{27Qi’5i}
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.

and

1 1 1 11
411 0<m<mind —, —,—,— = —
(@.11) w<min{ 2 222

d
11 1 :
—=—+—=-2+2 max{
b 2

To prove (4.7) we first observe that since n; > 0,

5 11 1 1 <9 1 1 1 1+ 1
max<§ —, —, — — = max — = ] = —.
2’%’52' 2 2 Qz S 2 1 Di

K3
To get the second estimate in (4.7) we consider two cases. If max{ qi Si} 1, then

1 11 111
— =2, <2mins —,—, =2minq -, —, — ¢ .
yZi ¢ Si 27 q; s

1
29

On the other hand, if max{Z, %, 1} = max{q —} and we write = = max{q V5
and BL = max{%, si}, we obtain
1 11
— = Zmax{—,—} — 14 2n;
Di 4i Si
1 1 1 11 1 1
<2max{—,—}—1+2min{,, — == ———}
¢ Si G s 20 s W
2 149 1 1 1 1
=— - min —— ===
Q; a2 a; B
_y {1 1 }
= 2min
Bi
111
= 2min{—,—,—}.
2°6¢i si
This completes the proof of (4.7) and hence that of Theorem 1.29. O

Proof of Remark 1.33. To prove the iterated vector-valued inequality in Re-
mark 1.33, we simply repeat the argument used to prove the first part of Theo-
rem 1.29. For our starting estimate we form the new family

F = {0t

((Z|Bﬂfmgk ) <Z|fksl>s (Zlgd”) ) fmngLoo}



32 DAVID CRUZ-URIBE, OFS AND JOSE MARIA MARTELL

then (1.30) gives us the starting estimate
[l 2aqwsy < ClF Nl par iy |91 poz itz

We then again apply vector-valued extrapolation using the family

e {ire- (50 (£5)(£6)): s o)

to get iterated vector-valued inequalities. Details are left to the interested reader. [J

Proof of Corollary 1.34. Similar to our approach in the proof of Corollary 1.23,
here we take a closer look at the proof of Theorem 1.29. Fix 1 < ¢, ¢o, 81, S2 < oo and

7 as in the statement. We choose p; as in (4.9), (4.10) and (4.11), but again we will
Choose 7; much smaller. Then as we proved above, 1 < py,ps < 00, % = i + <1,
and (4.7) holds. Note that the latter implies (4.6) and hence, by the ﬁrst part of
Theorem 1.29, we obtain that the bilinear Hilbert transform Satlsﬁes (1.30), provided
we show that w! € Aau N RH(TU,, where

4

T
i

4 1 111 G G
— =4 5] =4 a0 i | = 17 v
T’; ¢ (2pz+2) ¢ (maX{Q q; S; +77 fmax 2 S; +q77
1 i qi 111 1

S L R . (A Y
(=) ri 2p; ! <max{2 ¢ si’ } 2+77)

. 1(_11'1 1 1
=min<1l, = 1—q¢|——=|¢— qn-
o q s 2 ain

X! immediately gives us that w{" € A ai . On the other

Note that wf € A

max{1,

hand, since w" € RH .01 2 1ogi(2— 1y]-1y, by the openness of the reverse Holder
’q’i’ T S

classes we can find 0 < 6 < 1 close to 1 such that w* € RH: bma{1, 2, [1-qi (L~ 1)~ 1}.

We therefore assume, in addition to (4.10), (4.11), that 0 < n; < (1— 9 ) min {2, e q

s%- + 1}; this choice is possible because of the first two conditions in (1.35). But then

1 4y 1
—F, = mn ool =G\ — =5 ¢ @
() gt Tl T2 4t
q;
_ g 1 1 111 1 1
> L1 g === b —qga—0 - - 4=
mm{’T q(81 2>} al )mm{Q ¢’ g sz+2

.y LL1—qg(—-2)}.
{500 (-3
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+
Hence (Tq—), < gmax{l, 2, [l—q(;—3)] '}, sowf € RH(i)" We have thus shown
a;

that w" € Ao O RH 1)

To complete our proof we need to establish (1.36). Let w;(xz) = \x|_ql so that
w(x) = wy(z)we(x) = |z|” «. Then, using the well known properties of power weights,
we have that U)qu (- A a4 fh} N RHmax{l 2 [l—q'(i—%)]fl} lf and On].y lf

"a;’ sy

l—max{l,(‘g ql}<a<1

(2

, which yields (1.30).

max{1,3

when max{1,%Z} =1 we can also allow a = 0, and

1 . 1(],‘1 1 1
= min —l—q|——= .
max{1, 2,1 - ¢(X - D7} 2 TG T 2

From all these estimates we see that (1.36) holds provided a € {0} U (a_, ay) with
a4 defined in (1.37). This completes the proof. O

—oo<a<

Proof of Theorem 1.42. The desired result follows directly from extrapolation.
Fix 1 < r < 2 and define the family of (m + 1)-tuples

]—":{(F,Fl,...,Fm)

=<(k12km|T<f,; o ) (erkl ) | (me ) ) Rere)

-----

Now fix 1 < q1,...,¢m <1 < 2 and let => %. Then by Theorem 1.39, for all
weights w; such that weights wi* € A, and (F,Fy,...,F,) eF,

(4.12) | Fll sy < C TTIEG Loy 0,

Jj=1

Therefore, by Corollary 1.11 applied with r;” = 1, r;f =00, 1 <7 < m, we imme-
diately conclude that for any 1 < ¢1,..., ¢, < oo and weights w?i € Ag;, inequality
(4.12) holds, which yields (1.41) for functions in L. The desired inequality then
follows for f,g] € LY (ng ) by a standard approximation argument. O
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5. MORE GENERAL VECTOR-VALUED INEQUALITIES

In this section we explain how to obtain, via extrapolation, vector-valued inequali-
ties in a larger range than we proved in Theorem 1.29. The starting point is implicit
in the proof of [14, Corollary 4]: from it one can show that (1.17) holds provided

(5.1) wfi € A1+(179¢)(prl) N RH%’

T—0;

where 1 < py, pa, p < oo with %1 + %2 = i, and where 61, 0,,03 € (0,1) are arbitrary
parameters satisfying

0 1 0 0 6, 6, 0
hol Bl bl bbb
Py 2 Py p PPy P
In [14] the authors chose ; = 0, = 05 = 3, which then gives Theorem 1.16.

(5.2) < = 1.

Y

DN | —

1
_27

If we now fix the parameters 6;,60s,03 € (0,1), we can rewrite (5.1) as

: 1 0, 1 0
(5.3) wl € A NRH, + ./, where — =1-—— and —+:—3.
oy () i Pi oo D

Given this, we can apply our extrapolation result to obtain vector-valued inequalities
by varying pi, pa,p and 6,605, 605. We claim that, as a result, (1.30) holds (taking
wy; = we = 1 for simplicity, but of course some natural weighted norm inequalities

are also possible) whenever 1 < s1,89,q1,¢a <00, + = L + L <3 1L L qiz < %

s s1 52 20 ¢ @

and if there exist 0 < 1,792,773 < 1 with 71 + 75 4+ 73 = 1 such that

1 1 1 1 1 1 11 1
(5.4) maxq—,— p < +%, max<{ —, — p < +’y2, max< —, — ¢ < +73,
s1 ¢ 2 S22 2 s 2

and, additionally,

1 1 1 1 1 -
(5.5) min{—,—}+min{—,—} > EY
S1 1 S2 42 2

Note that in (5.4) it could be that p < 1 (or analogously s < 1), in which case
1% =1- ]lo < 0. If we compare our conditions with those in [5, Theorem 5] (see also
[14, Appendix A]), we see that ours impose the extra restrictions (5.5) and s;, ¢; < 00.
Also, note that the last condition in (5.4) is implied by (5.5); nevertheless we make
it explicit in order to compare our conditions with those of [5, Theorem 5].

We now sketch how to prove our claim. Define
) { 11 } ) { 1 1 } _ 2 _ 2
mp; =minq —,—p», Mg =mins —,— >, Mm; = my, Mg = my.
S1 q1 S2 G2 1 —ns 1=

With this notation, (5.5) becomes m; + mgy > 1. The first step is to show that there
exist 0 < ny,m < 1 such that

(5.6) m+n =1, m < ma, Ne < Ma.
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To prove this we consider two cases. If |m; — mg| < 1, we just need to pick 7y :=
%4— @, My = %4— @ On the other hand, if |m; —mg| > 1 then either my > 1
orme>1. Ifmy >1,letyy =1—¢€ 1 =€ewith0 <e<<1;if mg>1,let n; =e,
e =1—€ewith ) <e< 1.

Once 1,19 are chosen we consider two cases. When 0 < 1 <1y < 1, we take

n
VYR D2 :p1_17 D = p1 = pana.
m (1 - ’)/3)7]1 2

Then we have that p;,ps > 2 and

(5.7) 1:771+7]2§2772<p1771:p<1 :
— 73

When 0 < 7y < m; < 1, we choose
2 2
= <p2< 7/~ b1 ZPQ@, D =p1th = P272.
M2 (1 —3)n2 m
Again we have pi,ps > 2 and
2
1— 3
In both cases we have p% + piz = 110(771 + 1) = ]lj < 1. Now let

(5.8) L=m+mn <2m <pmp=p<

/1_71 /1_72 93:})1_73.

0 — 0 ==
1 P1 2 ) 2 Py 9 ) 9
Then 61,605,035 > 0 since 71,792,773 < 1. From (5.7) or (5.8) we have that 63 < 1,
and, since py,po > 2, it follows that 6; < 1 —; < 1 for ¢ = 1,2. We also have that
% < %, % < %, and %3 < % since v1,72,7s > 0. Finally, since we assumed that
1 2
M+t =1, we get

0 0 0 1-— 1-— 1-—
i %2 ’71+ 72+ 73:1.

Py Py D 2 2 2
Therefore, (5.2) holds and, as observed above, it follows that (5.1) yields (1.17).
By extrapolation (arguing as we did in the proof of Theorem 1.29) and using (5.3),
we get that (1.30) holds provided

6 1 11 1 , ,
5.9 =<, —<—=1-—, i=1,2.
(5.9) Di 7‘,~+ i q Ty 8

Hence, we need to show that (5.4) and (5.5) imply that (5.9) holds. First, from (5.4)

we get that

11 1 i 0; 1 ,

max{—,—}< it} =1—-—=— 1=1,2.
Si gi
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Second, (5.6) yields

1 03 pl—n _ 1= . {1 1}
=2 =BT = —my = min{ —, — ¢

Hence, (5.9) holds, and this completes our sketch of the proof.
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