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WEIGHTED NORM INEQUALITIES, OFF-DIAGONAL ESTIMATES
AND ELLIPTIC OPERATORS

PART I: GENERAL OPERATOR THEORY AND WEIGHTS
PASCAL AUSCHER AND JOSE MARIA MARTELL

ABSTRACT. This is the first part of a series of four articles. In this work, we are
interested in weighted norm estimates. We put the emphasis on two results of dif-
ferent nature: one is based on a good-\ inequality with two parameters and the
other uses Calderén-Zygmund decomposition. These results apply well to singu-
lar “non-integral” operators and their commutators with bounded mean oscillation
functions. Singular means that they are of order 0, “non-integral” that they do not
have an integral representation by a kernel with size estimates, even rough, so that
they may not be bounded on all LP spaces for 1 < p < co. Pointwise estimates are
then replaced by appropriate localized LP — L9 estimates. We obtain weighted LP
estimates for a range of p that is different from (1, 00) and isolate the right class of
weights. In particular, we prove an extrapolation theorem “a la Rubio de Francia”
for such a class and thus vector-valued estimates.
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(GENERAL INTRODUCTION

This is a general introduction for this article and the series [AM2, AM3, AM4].

Calderén-Zygmund operators have been thoroughly studied since the 50’s. They
are singular integral operators associated with a kernel satisfying certain size and
smoothness conditions. One first shows that the operator in question is bounded on
L? using spectral theory, Fourier transform or even the powerful T'(1), T'(b) theorems.
Once this is achieved, using the properties of the kernel, one gets a weak-type (1,1)
estimate hence strong type (p,p) for 1 < p < 2 by means of the Calderén-Zygmund
decomposition and for p > 2, one uses duality or boundedness from L* to BMO and
interpolation. Still another way for p > 2 relies on good-\ estimates via the Fefferman-
Stein sharp maximal function. It is interesting to note that both Calderén-Zygmund
decomposition and good-\ arguments use independent smoothness conditions on the
kernel, allowing generalizations in various ways. Weighted L? estimates for A, weights,
vector-valued estimates hold as well for Calderén-Zygmund operators and their com-
mutators with bounded mean oscillation functions, all in the range 1 < p < oco. We
refer the reader to [Gra] and [GR] for more details on this topic.

A natural question is in what sense should one use the kernel to obtain such results.
It has become common practice but, is it a necessary limitation or a technical one?
We claim (and this will be a direct application of our results, see Remarks 3.15 and
8.2) that, assuming the initial L? boundedness, the boundedness on L? —and even on
LP(w) for A, weights— of a Calderén-Zygmund operator, its commutators, its vector-
valued extensions follows from two basic inequalities involving the operator and its
action on some functions and not its kernel. The first one asserts

/ |Tf(x)|da:§0/ |f(x)| dx (0.1)
R7\4Q Q

for any cube () and any bounded function f supported on ) with mean 0. This
inequality is a simple reformulation of the Hérmander condition [Hor]. The second
one, using the regularity for the kernel in the other variable, stipulates that

sup |Tf(x)] gO][ |Tf(x)| dx + C inf M f(x) (0.2)
z€Q 20 TEQ

for any cube @), any function f, say bounded with compact support and f = 0 on
4@ (see below for notation). For commutators, one utilizes slightly stronger forms
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of these inequalities. Such estimates are susceptible to generalization to operators
without any (reasonable) information on their kernels which we call, following the
implicit terminology introduced in [BK1], singular “non-integral” operators. By this
we mean that they are still of order 0 but they do not have an integral representation
by a kernel with size and/or smoothness estimates.

Let us give some examples for which unweighted LP results have been obtained.
Some of them will be treated more specifically in our subsequent papers. The grand
square function in [Fef] is of weak-type (p,p) for p < 2 depending explicitly on a
parameter (and this is sharp), and in particular p can be greater than 1: although
it is sublinear and has no kernel, there is an implicit generalization of the Calderén-
Zygmund method. If V € L] (R™), V > 0, the imaginary powers (—A + V)" are
bounded on LP(R™) for 1 < p < oo despite the fact that the kernel has no regularity
in general, see [Heb]. The Riesz transform V(—A + V)~!/2 is bounded on LP(R") for
1 < p < 2, and under some further assumptions on V in a range 1 < p < ¢p with
some explicit and finite go > 2 (See [AB] for recent work on this topic and earlier
references). The Riesz transforms for Dirichlet or Neumann Laplacians or second
order real elliptic operators on Lipschitz domains are bounded on L? for 1 < p < ¢q
with some ¢ finite (see [JK, MM, DMc, AT2]). Riesz transforms of complex elliptic
operators are bounded on L? for py < p < qo for some 1 < py < 2 < gy < oo that can
be characterized: there are examples where 1 < py and ¢y < oco. Consider the Riesz
transforms for the Laplace-Beltrami operators on a complete Riemannian manifold.
If the Ricci curvature is non negative then they are bounded on L? for 1 < p < oo, yet
there is no kernel representation at all, see [Bak|. For some manifolds with doubling
volume, the range of p can be 1 < p < ¢o for some finite gy > 2 (see [CD, AC]).

For these operators and many others, the goal was to find strategies to obtain some
range of exponents p for which LP boundedness holds, and because this range may
not be (1, 00), one should abandon any use of kernels.

The first step was the removal of the kernel regularity, for example in the classical
Holder sense or in the sense of the Hormander condition, replacing it by a different type
of regularity. Let us mention [DMc| where a weak-type (1,1) criterion is obtained under
upper bound assumption on the kernel but no regularity. This result was obtained
after [DR] for functional calculi, which itself is an outgrowth of the ideas in [Heb]. In
this direction, commutators results are also available on [DY].

The second step, encompassing the first one, was done in [BK1] where, for the
purpose of proving some functional calculi, a criterion for weak-type (p, p) for a given
p with 1 < p < py is presented, knowing the weak-type (po, po). In fact, this criterion
is in the air in [Fef] but, still, [BK1] brings some novelty such as the removal of the
mean value property also when p > 1. See also [BK2] and [HM] for L bounds p < 2
of the Riesz transforms of elliptic operators starting from the L? bound proved in
[AHLMCcT].

The third step was taken in [ACDH], inspired by the good-A estimates in the Ph.D.
thesis of one of us [Mal, Ma2], where a criterion for strong type (p, p) for some p > p
is proved and applied to Riesz transforms for the Laplace-Beltrami operators on some
Riemannian manifolds. A criterion in the same spirit for a limited range of p’s also
appears implicitly in [CP] towards perturbation theory for linear and non-linear elliptic
equations and more explicitly in [Sh1, Sh2] (actually, we shall observe here that the
criterion in [Sh2] is a corollary of the one in [ACDH]).
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These two criteria are presented in [Aul], to which the reader is referred, in the
Euclidean setting and applied to operators like the ones presented above.

Our purpose is to investigate the weighted norm counterparts of this new theory for
Muckenhoupt weights and to apply this in the subsequent papers. Again, the weighted
norm theory is well known for Calderén-Zygmund operators and we seek for criteria
applying to larger classes of operators without kernel bounds hence with limited range
of exponents. We mention [Mal] where some weighted estimates for a functional
calculi are proved but again assuming appropriate kernel upper bounds. Our study
will also clarify some points in the unweighted case: in particular, we present a simple
machinery to prove (new) commutator estimates (both unweighted and weighted) in
this generality.

This paper is concerned with the general operator theory and weights in the setting
of spaces of homogeneous type. We study weighted boundedness criteria for operators
and theirs commutators with bounded mean oscillation functions. Available machin-
ery give us also vector-valued estimates. See the specific introductions of Parts 1 and
2 in this paper.

Part II, [AM?2], is of independent interest as it develops a theory of off-diagonal
estimates in the context of spaces of homogeneous type. In particular, the case of the
semigroups generated by elliptic operators is thoroughly studied. This is instrumental
in the application of the general theory in [AM3].

In Part III, [AM3], we consider operators arising from second order elliptic oper-
ators L: operators of the type ¢(L) from holomorphic functional calculus, the Riesz
transforms, square functions, .... We obtain sharp or nearly sharp ranges of weighted
boundedness of such operators, of their commutators with bounded mean oscillation
functions, and also vector-valued inequalities.

In Part IV, [AM4], we apply our general theory to the Riesz transform on some
Riemannian manifolds or Lie groups as in [ACDH], and to their commutators.

We wish to thank the referee for a suggestion that enhanced the exposition of this
article.

Part 1. Good-)\ methods
1. INTRODUCTION

Good-\ inequalities, brought to Harmonic Analysis in [BG], provide a powerful tool
to prove boundedness results for operators or at least comparisons of two operators.
A typical good-\ inequality for two non-negative functions F' and G is as follows: for
every 0 < § < 1 there exists v = v(d) and for every w € A, there exists 0 < ¢, <1
and C, > 0 such that for any A > 0

w{z: F(z) >2X\G(x) <y} < Cp o™ w{x: F(x) > A} (1.1)

The usual approach for proving such an estimate consists in first deriving a local
version of it with respect to the underlying doubling measure, and then passing to the
weighted measure using that w € A..

Weighted good-\ estimates encode a lot of information about F' and G, since they
give a comparison of the w-measure of the level sets of both functions. As a conse-
quence of (1.1) one gets, for instance, that for every 0 < p < oo and all w € A, then
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| F'|| Lo (w) is controlled by [|G/||re(w). The same inequality holds with LP* in place of
L? or with some other function spaces. Thus, the size of F' is controlled by that of G.

In applications, one tries to control a specific operator 1" to be studied by a maximal
one M whose properties are known by setting F' =T f and G = M f. For example, a
Calderén-Zygmund operator by the Hardy-Littlewood maximal operator [Coi], [CF]; a
fractional integral by a fractional maximal operator [MW]; a Littlewood-Paley square
function by a non-tangential maximal operator [CWW], [Dah], [DJK], [GW], [Wil];
the maximal operator by the sharp maximal operator [F'S].

When T is a Calderén-Zygmund operator with smooth kernel, in particular it is
already bounded on (unweighted) L?, it was shown in [Coi], [CF] that (1.1) holds
with F'=Tf and G = M f with M being the Hardy-Littlewood maximal function.
Thus, T is “controlled” by M in LP(w) for all 0 < p < oo and w € A and therefore
T is bounded on LP(w) if M is bounded on LP(w), which by Muckenhoupt’s theorem
means w € A,. In particular, the range of unweighted L” boundedness of 7', that
is the set of p for which T is strong-type (p,p), is (1,00), a fact that was known by
Calder6n-Zygmund methods (see Part 2 of this paper).

Replacing M f by M (| f|P°)}/P for some py > 1 changes the range of unweighted L?
boundedness to (pp,00). See for instance [MPT], and the references therein, where
this occurs for Calderén-Zygmund operators with less regular kernels. In this case,
weighted LP(w) boundedness holds if w € A/, .

So far, there is a lower limitation on p but no upper limitation in the sense that p
goes all the way to co. This has to be so by a special and very simple case of Rubio
de Francia’s extrapolation theorem (see [Rub], [Gar]) which says that any sublinear
operator T' that is bounded on LP!'(w) for some 0 < p; < oo and all w € Ay, is
bounded on LP for all p; < p < oc.

Obviously, the above good-\ inequality does not apply to operators whose L? bound-
edness is expected for py < p < o with a finite exponent gg. An example is the Riesz
transform for the Laplace-Beltrami operator on some Riemannian manifolds studied
in [ACDH, AC]. There, a two-parameter good-A estimate incorporating an upper
limitation in p is used for proving L” boundedness with a limited range of p > 2. See
also [Aul], [CP], [Sh1, Sh2]. These two-parameter good-\ estimates are of the form

’{:1: : MF(z) > K\ G(z) < ’y)\}‘ <(C (% + %) |{a: : MF(z) > )\}}, (1.2)
for all A > 0, K > Ky and 0 < v < 1. Note the explicit dependance on K,y which
are the two parameters and the appearance of the exponent ¢q € (0, 00] in the right
hand side. From this, it follows that M F' is controlled by G in LP for all 0 < p < qo.

The aim of this part is to state conditions to obtain a weighted analog of (1.2) and
to derive some consequences for the study of operators. As we see below (Section 3.1),
this forces us to specify the power €, in (1.1), hence to specify the reverse Holder class
for w. Indeed, taking w € RHy then €, = 1/s and we obtain the control of M F by
G in LP(w) for all 0 < p < go/s (note that this implies that w € RH g, /p))-

This allows us to formulate simple unweighted conditions for the LP(w) bounded-
ness of (singular “non-integral”) operators a priori bounded on (unweighted) L? for
po < p < qo for weights in the class WP(po, qo) = Apjp, N RH (g, /py (Section 3.4). A
slight improvement furnishes, almost for free, boundedness of their commutators with
bounded mean oscillation functions for the same weights (Section 3.5). This class
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of weights (studied in Section 4.1) is the largest possible within A, as we prove an
extrapolation result for it. Namely, if 7" is bounded on some LP(w) for some fixed p
and for all w € WP (po, qg), then the same happens for every ¢ € (po, qo) and the corre-
sponding class of weights. Using ideas on extrapolation from [CMP] and [CGMP], we
obtain vector-valued inequalities automatically again for limited ranges of p (Section
4.2). For simplicity of the exposition, we work in the Euclidean space equipped with
the Lebesgue measure. See Section 5 for extensions to spaces of homogeneous type.

2. MUCKENHOUPT WEIGHTS

We review some needed background on Muckenhoupt weights. We use the notation

1
h:—/hx dx
]{5 |E] JE

and we often forget the Lebesgue measure and the variable of the integrand in writing
integrals, unless this is needed to avoid confusions.

A weight w is a non-negative locally integrable function. We say that w € A,
1 < p < o0, if there exists a constant C' such that for every ball B C R (balls could

be switched to cubes)
(L) () <e
B B

For p = 1, we say that w € A if there is a constant C' such that for every ball B C R”
][ w < Cw(x), for a.e. x € B,
B

or, equivalently, Mw < C'w a.e. where M denotes the uncentered maximal operator
over balls (or cubes) in R™. The reverse Holder classes are defined in the following
way: w € RH,, 1 < g < oo, if there is a constant C' such that for every ball B C R"

(ﬁwq)igo]{gw

The endpoint ¢ = oo is given by the condition: w € RH,, whenever, for any ball B,
w(z) <C ][ w, for a.e. x € B.
B

Notice that we have excluded the case ¢ = 1 since the class RH; consists of all the
weights, and that is the way RH; is understood in what follows.
We sum up some of the properties of these classes in the following result.

Proposition 2.1.
(1) Ay CA, CA, for1<p<gq< 0.
(i1) RHy C RH, C RH, for 1 <p <gq < c0.
(i13) If w € Ay, 1 < p < oo, then there exists 1 < g < p such that w € A,.
(iv) Ifw e RH,, 1 < q < oo, then there exists ¢ < p < oo such that w € RH,,.
() A= |J 4= |J RH,
1<p<oo 1<g<o0o

(vi) If 1 < p < o0, w € A, if and only if w'™ € Ay.
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(vit) If1 < g < o0 andl < s < oo, thenw € A;NRH, if and only if w® € Agq—1)11.

Properties (i)-(vi) are standard, see for instance [GR] or [Duo]. For (vii) see [JN].

3. TWO PARAMETER GOOD-A ESTIMATES

Unless specified otherwise, M denotes the uncentered maximal operator over cubes
(or balls) in R™.

3.1. Main result.

Theorem 3.1. Fix 1 <qg<oo0,a>1andw € RHy, 1 < s < oo. Then, there exist
C =C(g,n,a,w,s) and Koy = Ko(n,a) > 1 with the following property: Assume that
F, G, Hy and Hy are non-negative measurable functions on R™ such that for any cube
Q) there exist non-negative functions Gg and Hg with F(z) < Gg(x)+ Hg(zx) for a.e.
xr € Q and

(]éﬂgg)q <a(MF(z)+ MH (z) + Hy(z)), V1,7 €Q; (3.1)
and
f Go < G(z), VreQ. (3.2)
Q
Then for all AN >0, K > Ky and 0 <y <1
w{MF >K\G+Hy<y\} <C it w{MF+ MH, > X}. (3.3)
As a consequence, for all 0 < p <%, we have
IMF| o) < C (Gl o) + IMHyll o) + | Holl o)) (3.4)
provided ||MF||1pw) < 00, and
IME|| o) < C (1Glprmeuy + 1M Hillprosuy + 1 Hal o)) (3.5)

provided ||MF || pp.co(wy < 00. Furthermore, if p > 1 then (3.4) and (3.5) hold, provided
F € L' (whether or not MF € LP(w)).

The proof of this result is in Section 6.1.

Remark 3.2. We do mean that the estimates (3.1) and (3.2) are valid at any points
x,T € @, not just almost everywhere.

Remark 3.3. The case ¢ = oo is the standard one: the L%-average appearing in the
hypothesis is understood as an essential supremum and K~¢ = 0. Thus, the L*(w)
and LP*°(w) estimates will hold for any 0 < p < oo, no matter the value of s, that is,
for any w € A..

Remark 3.4. If (3.1) holds for any ¢ > 1, then (3.4) holds for all 0 < p < oo and for
all w € Ay. To see this, we fix 0 < p < oo and w € Ay. Then w € RH, for some
1 < s < oo and it suffices to take ¢ large enough so that p < ¢/s.

Remark 3.5. In applications, error terms appear in localization arguments either in
the form M Hy(z) or Ho(Z) (with Z independent of x) or both. The unweighted case
[ACDH, Theorem 2.4] is of this type.
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Remark 3.6. If s > 1 and ¢ < oo, then one also obtains the end-point p = ¢/s.
To do it, we only need to observe that w € RHg for some 1 < 5o < s (see (v) in
Proposition 2.1) and so we can apply Theorem 3.1 with p = ¢/s < q/s0.

We present some applications of Theorem 3.1 recovering some previously known
estimates.

3.2. Fefferman-Stein Inequality. The classical Fefferman-Stein inequality relating
M and M# follows at once from Theorem 3.1. We take F' = |f| € LL ., H = H, = 0.
For each cube ) we denote by fo the average of f on @,

F=Ifl<|fol +1f = fol = Ho + Gq.

Taking ¢ = oo, we trivially have ||Hgl|r=) = |fo| < M f(x) = MF(x) for each
x € Q. Also, by definition of M#

fea=fIr-fl<iti=cw.  veea
Q Q

locy

Thus, (3.3) holds (with ¢ = o0) and consequently, for every 0 < p < oo and every
w € A, we have

1M fll o) < CUMP £l o), (3.6)
whenever M f € LP(w). This is what is proved in [FS].

3.3. Generalized sharp maximal functions. In [Mal], a generalization of M# is
introduced in the setting of spaces of homogeneous type. In the Euclidean setting,
we define M7 as follows. Let {D;}4~o be a family of operators (for instance, an
approximation of the identity but it could be more general) such that each D, is an
integral operator with kernel d;(x,y) for which

[du(z,y)| < Ct™m h(|lz —y™ ")

where m is some positive fixed constant and h is positive, bounded, decreasing and
decaying to 0 fast enough. Then we define a new sharp maximal function associated
to {Di}iso as

#
M f(x —Zgri][\f Dy, f]

where tg = £(Q)™ and ¢(Q) is the sidelength of Q.

Examples are given by the semigroups associated with a second order elliptic op-
erators {e "1}, whose heat kernels have Gaussian (or some other) decay (see [AT1,
Mal, DMc, AE])

With Theorem 3.1 we can reprove the good-\ inequality of [Mal] for M7 and M.
As before take F' = |f| € LP for some p > 1, H; = Hy = 0. For each cube @ we write

= |fI < Do fI +1f = Do f| = Hq + Ga.
Taking ¢ = oo, we have ||Hg||L=) < C M f(x) = C MF(x) for each x € @ by the

properties assumed on D;. Moreover, by definition of M?f,

fGa=f 17 - Diofl < MEf0) =Gl vaeQ
Q Q
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Thus, one obtains (3.3) (with ¢ = co) and hence, for every 0 < p < oo and every
w € Ay, we have

1M £l o) < C 1M fllouy.
whenever M f € LP(w). This is the result proved in [Mal].

3.4. Applications to Singular “Non-Integral” Operators. We present here dif-
ferent applications of Theorem 3.1 toward weighted norm inequalities for operators,
avoiding all use of kernel representation, hence the terminology “non-integral”.

In what follows, we say that an operator 7" acts from A into B (with A, B being
some given sets) if 7" is a map defined on A and valued in B. An operator T" acting
from A to B, both vector spaces of measurable functions, is sublinear if

T(f+ 9l <[Tfl+Tgl  and  [T(Af)] = [ATS]

forall f,g € Aand A € R or C. Let us mention that for the theorems of this section,
the second condition is not needed.

Theorem 3.7. Let 1 < py < qo < o0. Let £ and D be vector spaces such that D C &.
Let T, S be operators such that S acts from D into the set of measurable functions
and T is sublinear acting from & into L. Let {A,},~o be a family of operators acting
from D into E£. Assume that

(f 17— Amsim) ™ < a1 7)), (3.7)
and )
(£ A a)* < Car(msp) ), (35)
B
for all f € D, all ball B where r(B) denotes its radius and all x € B. Let py < p < qo
(or p = qo when qp < 00) and w € A» N RH(LO)/. There is a constant C' such that

po
1T fllLrw) < C IS fllzow) (3.9)
for all f € D. Furthermore, for all po < 1 < qo, there is a constant C' such that

()], <el(Ssnr)

(3.10)

LP(w)
for all f; € D.

We would like to emphasize that (3.7) and (3.8) are unweighted assumptions. This
is a triple extension of [ACDH, Theorem 3.1]: we introduce a second operator S,
obtain weighted inequalities and also vector-valued estimates.

Remark 3.8. The most common situation is S = I, £ = LP° with D being a class of
“nice” functions such as LPo, [P0 N L2 L, C&°, .... In that case, (3.9) is interesting
only when the right hand side is finite, hence we may also impose f € LP(w). This
implies the boundedness of T from D N LP(w) into LP(w) for the LP(w) norm. See
[AM3] for a situation where S # 1.

Remark 3.9. In this result, the case ¢y = oo is understood in the sense that the
L%-average in (3.8) is indeed an essential supremum. Besides, the condition for the
weight turns out to be w € A,;,, for p > po. Similarly, if (3.8) is satisfied for all
go < 0o then (3.9) holds for all py < p < oo and for all w € A, .
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Remark 3.10. A slightly more general statement consists in replacing the family
{A,} by {Ap} indexed by balls. We use this below.

Proof of Theorem 3.7. The vector-valued inequalities (3.10) follow automatically by
extrapolation, see Theorem 4.9 below.

We prove (3.9), first in the case g9 < oo and pg < p < qo. Let f € D and so
F = |TfJP € L'. Fix a cube @ (we switch to cubes for the proof). As T is sublinear,
we have

F<Gq+Ho=2"""T(I - Axg)fI" + 27" [T Ao fI™.

Then (3.7) and (3.8) yield the corresponding conditions (3.1) and (3.2) with ¢ = ¢o/po,
Hy = Hy =0, a =20""CP and G = 2071 CP M(|Sf[™). As w € RHgpy,
Theorem 3.1 and Remark 3.6 (since gy < 0o implies ¢ < 0o) with p/py > 1 in place of
p and s = qo/p yield

ITA Gy < IMEI g < CUGH g = CIMUSI & ) < CIS I ),

P
LPo (w
where in the last estimate we have used that w € A,/,,.

In the case ¢o = 0o and p < 0o, Theorem 3.1 applies as before when w € A,/,, by
Remark 3.3.

Remark 3.11. Under the assumptions of Theorem 3.7, we can also prove an end-
point weak-type estimate. Namely, if w € Ay N RH ( )/, then there is a constant C

such that

g0
Po

1T f [ roo ) < CISFlzeo ), (3.11)

for all f € D. The proof follows the same ideas but one has to use the weak-type
estimate (3.5) in place of (3.4). The details are left to the reader.

Let us recall that we have assumed that for f € D then F = |Tf[F° € L'. This
hypothesis is not granted directly for 7" in some applications (for instance, it is not
true for pg = 1 and T being the Hilbert transform or the Riesz transforms) but for
suitable approximations 7. that are bounded on LP°(w) (with some bound that is
allowed to depend on ¢). In such a case, one obtains the weak-type estimate for T,
with a uniform control on the constant and the weak-type estimate for T" follows by a
limiting procedure. (This happens for the Hilbert transform: the kernel is truncated
in such a way that it is in L!, so the approximations 7. are bounded on L'.) Let
us mention that for Calderén-Zygmund operators the usual approach is different:
the weighted weak-type (1,1) estimate for A; weights follows by using the Calderén-
Zygmund decomposition (see [GR, Chapter IV]), see also [BK1] for a weak-type (po, po)
with pg > 1, and Theorems 8.1, 8.8 below.

Remark 3.12. Theorem 3.1 implies a variant of Theorem 3.7 valid for all 0 < pg <
qo < oo. We do not know, however, whether such a result is useful in applications
when py < 1. The precise statement and the minor modifications in the proof are left
to the reader.

The following extension of Theorem 3.7 is also useful. For simplicity we assume
that S = I.
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Theorem 3.13. Let 1 < py < qo < o0. Let D, E, T and {A,},~o0 be as in Theorem
3.7. Assume that (3.7) holds with S = I and, in place of (3.8), that

(f A )™ < C QLTI () + M(SP) 5 @) +S:5@)), (312
B
holds for all f € D and all x, T € B where Sy, Sy are two given operators. Let
Po<p<qoandw € Ar N RH<LO)/. If Sy and Sy are bounded on LP(w), then
/) P
1T Fll o) < C NNl Lrw)
for all f € DN LP(w).

Observe that Remarks 3.9 and 3.10 apply to this result. Also, the operator T
satisfies the vector-valued inequalities (3.10).

Proof. The proof is almost identical to the one of Theorem 3.7. Let f € DN LP(w)
and set F' = |Tf|P> € L', Hy = |S, f|P* and Hy = |Syf|P°. Theorem 3.1 gives us

Ty S WMEN g < CAIGH 2 A IME 2 4l 2 )
=C (HM(ISfI”(’)Hm + ||M(|51f|”°)||m + HISsz”OHLpO )
< C Iz )
where we have used that M is bounded on L%(w) (since w € A,p,) and that, by
hypothesis, S;, Sy are bounded on LP(w). O

The last result of this section is an extension of [Sh2, Theorem 3.1].

Theorem 3.14. Let 1 < py < qo < 00. Suppose that T is a bounded sublinear operator
on LP°. Assume that there exist constants ag > a1 > 1, C' > 0 such that

<ﬁWWﬂgﬁcﬂﬁﬂﬁﬁﬂ*+MWwﬁmﬁ, (313)

for all balls B, * € B and all f € L™ with compact support in R" \ ay B. Let
Po<p<qoandw € Ar N RH< w0y Then, there is a constant C' such that
PO ?

1T Fll ey < C NNl Lr)
for all f € L* with compact support.

Proof. For any ball B, let Agf = (1 — X,,p) f- Wefix f € L, aball B and v € B.
Using the LP°-boundedness of T', we have

(f wa-angm)®<c(f ) <cau(mFe. @

In particular (3.7) holds since oy > 1. Next, by (3.13) and since |Apf| < |f| we have

(f masse) < c{(f imane)™ s ansm) B}

By (3.14) and the sublinearity of T, we obtain

(fB ITAJ_r;fI‘“)"l0 < CM(|Tf\P0)%(:c) + OM(|f|P0)%(x)7
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which is (3.12) with S} = [ and Sy = 0. We conclude on applying Theorem 3.13 with
D =L and £ = LP°. U

Remark 3.15. Let us indicate how to obtain boundedness properties of operators
satisfying (0.1) and (0.2), and so in particular of Calderén-Zygmund operators. We
observe that by Holder’s inequality the right hand side of (0.2) is bounded by the
one of (3.13) for any py > 1 (note that gy = 00). Thus a Calderén-Zygmund like
operator T', bounded on L*(R"), and satisfying (0.2) will be bounded on LP(R") for
every p > 2: one applies Theorem 3.14 with pg = 2, o = o0 and w = 1. To go
below py = 2 one uses Theorem 8.1 and (0.1) (see Remark 8.2). Once the unweighted
estimates are obtained we can show the weighted inequalities by using again Theorem
3.14. Take p > 1 and w € A,. Let py > 1 be such that w € A,/,,. As T is bounded
on LP(R™), the conclusion of Theorem 3.14 (where ¢y = 00) is that 7" is bounded on
LP(w).

3.5. Commutators with BMO functions: part I. A slight strengthening of the
hypotheses in Theorem 3.7 furnishes weighted LP estimates for commutators with
BMO functions.

Let b € BMO (BMO is for bounded mean oscillation), that is,

Ibllsno = sup][ b(z) — by| d < oo,
B JB

where the supremum is taken over all balls and bg stands for the average of b on
B. Let T be a sublinear bounded operator on some L. Boundedness is assumed to
avoid technical issues with the definition of the commutators. It could be relaxed, for
instance, by imposing that 7" acts from & = N,L? into LP°. Sublinearity is defined in
Section 3.4.

For any k € N we define the k-th order commutator

@) = T(bx) b} @), feLE, xR

Note that 7Y = T. Commutators are usually considered for linear operators T" in which
case they can be alternatively defined by recurrence: the first order commutator is

T, f(z) = [b.T1f () = b(x) Tf(x) — T(b f)(x)

and for k > 2, the k-th order commutator is given by T} = [b, T} ).

We claim that since 7" is bounded in LP° then TF f is well defined in L{  for any

0 < g < po and for any f € L: take a cube () containing the support of f and
observe that by sublinearity for a.e. x € R"

k
T3 (@) <D Conplb(w) = bl |T((b = bo)™ ) (x)]-
m=0
John-Nirenberg’s inequality implies
/le(y) — o™ [f ()P dy < Cl ]|z I6l[gnio |Q] < +oo.
Hence, T'((b — bo)™ f) € L and the claim follows.

We are going to see that Theorem 3.1 can be applied to T} where the function
H, involves T' = T?. The same will be done for 7} and in this case H, involves the
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preceding commutators T, T}, . .. ,Tbk_l. Thus an induction argument (details are in
Section 6.2) will lead us to the following estimates:

Theorem 3.16. Let 1 < pg < qo < o0 and k € N. Suppose that T is a sublinear
operator bounded on L, and that {A,},~o is a family of operators acting from L
into LP°. Assume that

(firu-amm)® e (f, i)™ o1

and

)", (3.16)

<]{9 \TAT(B)f\qO);“ < ]il%' <f

2i+1 B

for all f € L and all ball B where r(B) denotes its radius. Let py < p < qo and
w € Ap N RH(qO> If Z o j*¥ < oo then there is a constant C such that for all

fe L°° and all b € BMO,

175 fll ey < C l0llmo 1 F1lze ), (3.17)
forall f € L.

Remark 3.17. Under the assumptions above, we have ). a; < oo and so (3.15)

and (3.16) imply respectively (3.7) and (3.8). Consequently, Theorem 3.7 applies to
T = T? and yields its LP(w)-boundedness.

Observe that Remarks 3.9 and 3.10 apply to this result. Also, the operator T}
satisfies the vector-valued inequalities (3.10). The assumptions (3.15) and (3.16) can
be relaxed in the spirit of Theorem 3.13 by allowing error terms in the right hand
sides: details and proof are left to the interested reader.

Remark 3.18. As in [PT] one can linearize the k-th order commutator and consider
the following multilinear commutators

k
15 (@) = T((TTst@) = b)) £) (@),
j=1
where b = {b1,...,b;} is a family of BMO functions. Notice that if by = --- = b, = b
we have that T; = TF. The proof of Theorem 3.16 can be adapted to T; and thus get

the corresponding weighted estimates for it (see Remark 6.2). The precise statement
is left to the reader.

4. THE SETS W, (po,qo) AND EXTRAPOLATION

4.1. The sets W, (po, qo). The conclusion of Theorem 3.7 with S = I and D = LP°
(and also of Theorems 3.13 and 3.16) can be rewritten as follows: given w € A, we
introduce the set

Wa(po, q0) = {P tpo <p < qo,w € A% M RH(@)'},
and we have shown that 7" is bounded on LP(w) whenever p € W,,(po, qo). Let us give
some properties of this set.
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Lemma 4.1. Let w € Ay, and 1 < py < qo < 00. Then Wy (po, qo) = (po Tw, (s(f),)

where
ro =inf{r >1:w € A,}, Sw =sup{s > 1:w € RH,}.

If go = oo, this result has to be understood in the following way: the set W, (po, o)
is defined by the only assumption w € A,/,, and the conclusion is W,, = (pg 1w, 00).

Remark 4.2. Observe that if 1 < p; < pg < ¢o < ¢1 < 00 then
Wi (Pos @0) C Ww(p1,q1) C Wy(l,00) = (1y,00) ={l <p<oo:we A}

Remark 4.3. The set W,,(po, o) can be empty: indeed, for every 1 < py < qo < 00,
one can find w € Ay such that W, (po, o) = @. A very simple example in R consists
in taking w(z) = |z|* for @ = qo/po — 1. Note that w € A,, p > 1, if and only if
a <p—1thatisp>a+1andsor, =a+1. On the other hand, w € RH,, and so
sw = 00. Therefore, W,,(po, g0) = (po (1 + @), q0) = (g0, 90) = O.

Proof of Lemma 4.1. We do the case ¢y < oo, leaving the other one to the reader.
If p > pory then p/py > 1, and so w € Ay, ,. If, additionally, p < go/(sy)" then
(¢0/p) < Sw and so w € RH(yypy. Therefore we have shown that (po7w,qo/(s5w)") C
Ww (pOa QO) .

To prove the converse, we observe that, by (i7i) in Proposition 2.1, if w € A, then
ry = 1 ifw e A, for r, > 1, we have w € A, for some 1 < r < r,, which contradicts
the definition of r,. In the same way, but this time by (iv) in Proposition 2.1, if
w € RH,, then s, = oco.

Let p € Ww(po, qo). Since w € Apjp, then r, < p/py. Besides, 7, # p/po since
p/po > 1 and so p > pyry,. On the other hand, w € RH gy, /)y yields that s, > (qo/p)".
Besides, s, # (qo/p)’ since qo/p > 1. This gives p < qo/(s,)" as desired. O

The duality for these classes goes as follows:

Lemma 4.4. Given py < p < qo, we have

(qO), p’

w € AL N RH(qO)’ <~ U}l_pl c A p’ N RH((PO)’)”
Po ?

In other words, p € Wy(po, q0) if and only if p' € W ((q0)', (po))-

Proof. Set ¢ = (%0)/ (£ —1) + 1. Using (vi) and (vié) in Proposition 2.1 we have
%) , - %) 1-a)
weAs Ry = v Ay =a e wlBes,

and

wlip/ €A » RH( (PO)/)I <~ w

(‘ZO)/ o’

Direct computations show

(o-o-1n (5w o5 (G0
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Remark 4.5. Fix 1 < p < oco. Observe that if w is any given weight so that w,

w'™? € L}, then a given linear operator T is bounded on LP(w) if and only if its

adjoint (with respect to dx) T* is bounded on L¥ (w'~?"). Therefore,
T:LP(w) — LP(w), forallwe Ar N RH<qo)/
PO 3

if and only if

T*: LV (w) — LF' (w), forallwe A , N RH((%)/)/.

(a0)’ T

We finish this section by giving families of weights on which r,, and s,, can be easily
computed.

Lemma 4.6. Let f,g € L*(R™) be nontrivial functions, r > 1 and 1 < s < co. Then:

(i) Let w = (Mf)~"=Y then r, = r and s, = oo, that is, w € A, N RH,, for all
p>r (andp=rifr=1).

(ii) Let w = (Mf)Y* then v, = 1 and s,, = s, that is, w € A; N RH, for all ¢ < s
(and q = s if s = 00).

(i31) If w = (Mf)~C=Y 4+ (Mg)'/* then w € A, N RH, for allp > r and q < s (and
p=rifr=1and q=sif s=00). Thus, 1, <1 and s, > s.

Proof. The cases r = 1 or s = oo are trivial. Given a nontrivial function f € L*(R")
and o € R we write v, = (M f)*. If a =0thenv, =1€ AiNRH,. f 0 <a <1
then v, € Ay (see for instance [GR]). If @ < 0 then we see that v, € RH.: for a.e.
r€B

MiGr = (@ s (f 0ep) " < f aapr

where we have used that (M f)Y/? € A; and also Jensen’s inequality for the convex
function ¢ — 2. Finally, it is easy to show that v, ¢ A, for a > 1. Indeed, assume
that v, = (M f)* € A, for some 1 < p < oo. Then, v; = ol = Mf € A, as
a > 1. By (vi) in Proposition 2.1 we have that vl 7 € A,y and thus M is bounded on
L¥ (v}, Applying this estimate to f € L” (v1 ") (as f € L*(R")) we obtain that
M f € L*(R™) which only happens when f = 0. This leads us to a contradiction since
we have assumed that f is nontrivial.

We turn to showing (i). As w = v_(,_1), then w € RHy. Next, given p > r the
number o = (r — 1)/(p — 1) satisfies 0 < o« < 1 and thus v, € A;. Notice that
w=1-v."7 € A, (here we are using the “easy” part of the factorization of weights:
if wy,wy € Ay then wywy * € A,). This shows that w € A, for all p > r and then
ro < r. To conclude we observe that r, = r as w ¢ A,: otherwise we would have
w'™" = Mf € A, which cannot be the case as seen above.

We now consider (i¢). Notice that w = vy, with 1 < s < oo and thus w € A;.
Given 1 < ¢ < s, we see that w € RH,. Note that w? = vy, € A; as ¢/s < 1. Then,
by (vii) in Proposition 2.1 it follows that w € RH, N A;. Next, w ¢ RH,. If it were,
then w € RH,,. for some ¢ > 0 and in particular w® = M f € A, which is not true.
Hence, s, = s.

Note that (i) follows from (i) and (ii) as w = w; + wy where wy = (M f)~0~V ¢
A, N RH,, and wy = (M f)V* € AANRH, and p > 1, 5 < 8. O
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Remark 4.7. There are examples of functions f, ¢ for which in (éii) we have r, < r
and/or s, > s. For instance, if f = g = Xxp, with By = B(0,1) then we have
Mf(xz) ~ (14 |z|)~™ and thus

w(z) = (1+ |z))" Y ~ Mf(z)~ Y,

Then, r, = r and s, = 0o (no matter the value of s). Similar examples can be given
in the other direction.

Remark 4.8. The limit case in the latter result consists of taking f a Dirac mass at
some given point g, say zo = 0 for simplicity. In this case M f(x) = c|z|™™ is a power
weight. In (), (i7) and (m) we respectively have wy(x) = clz[" ™V wy(x) = c|a| /5.
Notice that wy ¢ A,, as wi™ ¢ LL_(R"). Also, w® ¢ RH, as w® ¢ L. (R").

4.2. Extrapolation. Rubio de Francia’s extrapolation theorem is a very powerful
tool in Harmonic Analysis, see [Rub] and [Gar]: if some given operator T" is bounded
on LP(w) for every w € A,, and some 1 < py < oo, then it is bounded on LP(w)
for all 1 < p < oo and all w € A,. So, the weighted norm inequality for one single
exponent propagates to the whole range (1,00). Notice that in our case the natural
range of exponents is no longer (1, 00) but (pg, g) C (1, 0).

Here we extend Rubio de Francia’s result, showing that there is an extrapolation
theorem adapted to the interval (pg, qo) Wthh involves the classes of weights A 2 N

RH (1) To state such result we first make some reductions. As it was observed

n [CIMP] (see also [CGMP]), one does not need to work with specific operator(s)
since nothing about the operators themselves is used (like linearity or sublinearity)
and they play no role. In other words, extrapolation is something about weights and
pairs of functions. This point of view is very useful, for instance, when one tries to
prove vector-valued inequalities since, as we see below, they follow at once from the
corresponding scalar estimates.

So, sticking to the notation in [CMP], F denotes a family of ordered pairs of non-
negative, measurable functions (f, g). In what follows, anytime we state an estimate

Hf”Lp(w) S C||g||Lp(w)7 (f7 g) eF

we mean that it holds for all (f,g) € F for which the left-hand side is finite. The
same is assumed when LP*° is written in place of L? in the left hand side.
We can state our extrapolation result.

Theorem 4.9. Let 0 < py < qo < 00. Suppose that there exists p with py < p < qo,
and p < 00 if gy = oo, such that for (f,g) € F,

[ llew) < Cllglleray, — for allw e Ar N0 RH (a)- (4.1)

Then, for all pg < q < qo and (f,g) € F we have

£z < C gl for oll w € Ag 0 RH (42)

NS

Moreover, for all py < q,7 < qo and {(f;,g;)} C F we have

I(Z0) ], =cl(Zwr)”
2 (w)

J

Lty for all w € A ﬂ RH(TO),' (4.3)
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The proof of this result is in Section 6.3. As an immediate consequence we can also
extrapolate from weak-type estimates:

Corollary 4.10. Let 0 < pg < qp < 00. Suppose that there exists p with pg < p < qo,
and p < 0o if gy = oo, such that for (f,g) € F,

| fllzeoe @) < Cllgllze)  for all w e Az N RH(LO)/. (4.4)

Then, for all py < q < qo and (f,g) € F we have
HfHLq,oo(w) <C HgHLq(w) for all w € A% N RH(LO)/. (4.5)

Proof. We follow the simple method used in [GM], for which the point of view of
pairs of functions is particularly useful. Given (f,g) € F and any A > 0 we define a
new pair of functions (f, g) where fy = A Xp, ) and E\(f) = {f > A}. Thus (4.4)

implies

13l ew) = Aw(EX(S))7 < SupAw(EA( D7 = [1f oy < Cllgllir

S =

forallw e A 2 NRH OF Applying Theorem 4.9, the family Fof pairs (fy, g) satisfy
(4.2) with C 1ndependent of A, and taking the supremum on A > 0 we obtain (4.5). O

Remark 4.11. Define the following sets, given an operator T defined at least on
C(R™):
W(T) = {(p,w) € (1,00) X Ass : [T fllocw) S Ifllzoew) }:

for 1 < p < oo, WP(T) ={w € A : (p,w) € W(T)}; and for w € Ay, Wo(T) =
{pe(l,00): (Z% w) € W(T')}
Next define for 1 < py < ¢g < 00
W(po. ) = {(p.w) € (po,@0) X A 1w € Az 1 RH<m>/};

for py < p < qo, Wp(pg,qo) ={w e Ay : (p,w) € W(po,qo)} and for w € A,
W (po,90) = {p € (Po, %) : (p,w) € W(po,qo)}. Recall that the smallest py (resp.
the largest qp), the largest the class W(po, qo).

For example, if T is a Calderén-Zygmund operator, then YWW(T') contains the largest
of all classes, namely W(1, co) and this is optimal. Theorem 3.7 (with S = [ and D =
LPo) provides us with a sufficient condition on 7" to obtain that W( Do, qo) CW(T).

Our extrapolation result shows that, given T" and p, if some WP (py, qo) is contained
in WP(T) then for all ¢ € (po, o), W9 (po, qo) is contained in W?(T'). In other words,
WP(po,q0) C WP(T) for one p implies W(po,q0) C W(T). The class of weights
WP (po, qo) is thus the natural one for weighted LP boundedness within the range
Po < p < qo. However, the inclusion could be strict for a particular operator T as we
will see in [AMA4].

5. EXTENSION TO SPACES OF HOMOGENEOUS TYPE

In [AM3], we apply our results in R" equipped with the doubling measure du(z) =
w(x)dr with w € Ay (in this case w(R™) = oo). In [AM4], we change R" to a
manifold or a Lie group. Hence, one needs to discuss the extension of our results to
spaces of homogeneous type.
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Let (X,d, ) be a space of homogeneous type, that is, a set X endowed with a
distance d (and even a quasi-distance) and a non-negative Borel measure p on X such
that the doubling condition

w(B(z,2r)) < Cou(B(z,1)) < o0, (5.1)

holds for all z € X and r > 0, where B(z,7) ={y € X : d(x,y) <r}.

The results from Harmonic Analysis that we have used in Euclidean spaces re-
main true in this context (see for example [CW], [Chr], [Ste]). For instance, Vitali’s
covering lemma, weak-type (1, 1) hence strong-type (p, p) for 1 < p < oo of the Hardy-
Littlewood maximal function, Whitney’s covering lemma ... The theory of Mucken-
houpt weights runs parallel to the classical case and one may prove all the statements
in Proposition 2.1 with the appropriate changes (see [ST, Chapter I]).

Hence, Theorems 3.1, 3.7, 3.13, 3.14, 3.16, 4.9 all have their counterpart in spaces
of homogeneous type with almost identical proofs whenever p(X’) = oo.

When pu(X) < oo (for example, X is a bounded Lipschitz domain in R") some ad-
justments are needed. In Theorem 3.1, assuming that F' € L! then the two parameter
good-\ estimate (3.3) holds for A > A\g = Co (X))~ (|| F||z2 + || H1]|zr). This condition
guarantees that u(E)) < p(X) and so E € X. The Whitney covering argument can
be performed and the proof presented above works in the same way. Thus, when
proving the analog of (3.4), one has to split the integral in two parts: A > A\g and
A < Ao. For the first one, we use (3.3). The piece A < )¢ is estimated by observing
that w{MF > A} < w(X) < oo (since u(X) < oo if and only if X' is bounded, see for
instance [Ma2]). Thus, it can be proved that

IMF| o) < C (Gl o) + 1M Hill oy + 1 Hall Loy + 1 Fll e + 1M Hil| 1) -

The same occurs with the estimates in LP*°(w).

The latter inequality allows one to obtain Theorem 3.7 assuming further that T
is bounded on LP° (this happens all the time in applications, see [AM3]). The only
change is for the term ||F||: where F' = |T'f|P° (notice that H; = Hs = 0 in this
case):

IE Nz = ITF o0y S 1100y < AN () /X SOy SIS

For the last inequality, we observe that since w € A,/p,), then wl=@/r)" ¢ Alp/po)
and so it is a doubling measure which implies as noted before that w'~®/7)(X) < oo
as X is bounded. Similar modifications can be carried out with Theorems 3.13 and
3.14. Precise statements and details of proofs are left to the interested reader.

6. PROOFS OF THE MAIN RESULTS
We prove Theorem 3.1, Theorem 3.16, Theorem 4.9.

6.1. Proof of Theorem 3.1. The proof follows the ideas in [Aul]. It suffices to
consider the case Hy = G: indeed, set G = G + H,. Then (3.1) holds with G in place
of H, and also (3.2) holds with G in place of G.

So from now on we assume that Hy = G. Set E\ = {MF + M H, > A} which is
assumed to have finite measure (otherwise there is nothing to prove). As M is the
uncentered maximal function (over cubes instead of balls), E) is an open set. Hence,
Whitney’s decomposition gives us a family of pairwise disjoint cubes {Q;}; so that
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E, = U;Q; and with the property that 4 (); meets Ef, that is, there exists z; € 4Q);
such that

Set By = {MF > KX, 2G < v A}. Since K > 1 we have that By, C E). Therefore
By C U;B, N Q;. For each j we assume that By N Q; # O (otherwise we discard this
cube) and so there is z; € @Q); so that G(z;) < yA/2. Since M F(z;) < A, there is Cj
depending only on dimension such that for every K > Cy we have

[BxNQj| < {MF > KX} N Q| < {M(F Xgq,) > (K/Co) A}
< [{M(Gsq; Xsq,) > (K/2C0) \}| + [{M(Hsq, Xso,) > (K/2Co) A},

where we have used FXsq, < Gsq, Xsq, THsq; Xsq, a-¢- and Xsq, 1 the indicator

function of 8 Q);. Let ¢, be the weak-type (p,p) bound of the maximal function. By
(3.2) and 7; € Q; C 8();, we obtain

2CH 2C)c _
[0(Gua, Xag) > (K200 M| < 55 [ Gug, < PRt 80,1 6)

8”0001
< —— 1@l

Next, assume first that ¢ < co. By (3.1) and z;, Z; € 8 Q);, we obtain

2Chce \!
(0, Xag) > (200 0] < (50) [t

2Chc,\! _ (4Chc,a)?8"
< (2550) Qe (0P + MA@ + 6(w)" < EORDE 1o
These two estimates yield

aq

g
B0 <0 (47 ) Il

At this point, we use that w € RH,. If s’ < oo, for any cube (Q and any measurable
set & C @ we have

5=l () (8) = (8)

Note that the same conclusion holds in the case s' = co. Applying this to BxNQ; C @,
we have

w(BxNQ;) < C C <% n %) Cw(Q;).

Hence, using that the Whitney cubes are disjoint we have

w(B) < Y ultnn@) < (16 + %)i S ul@) = (g + %)i w(By)

which is (3.3).
When g = oo, then by (3.1)

1M (Hs g, Xso,)le= < 1 Hsq; Xsq, ll= < a (MF(x;) + MH(z;) + G(3))) < 2a\.
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Thus choosing K = 4aCy it follows that {M(Hsq, Xsq,) > (K/2Co) A} = O. Pro-
ceeding as before, we get the desired estimate (with K~9 = 0).

Next we show (3.4) when it is assumed that M F € LP(w). Integrating the two-
parameter good-\ inequality (3.3) against p A1 d\ on (0, 00), for 0 < p < oo,

2P KP

1
Ml < OB (54 %) (IMFlEgy + 1Ml )
Thus, as [|[MF||zr@w) < 0o, for 0 < p < £ we can choose K large enough and then
~ small enough so that the constant in front of the first term in the right-hand side
is smaller than %, leading us to (3.4). In the same way, but this time assuming that
MF € LP*®(w), one shows the corresponding estimate in LP*>(w) .

Observe that in the case ¢ = oo, K is already chosen and we only have to take some
small v. Thus, the corresponding estimates holds for 0 < p < co no matter the value
of s.

Now, we consider the case p > 1 and F € L!. We assume that the right-hand
side of (3.4) is finite, otherwise there is nothing to prove. It suffices to consider the
case w € L™: indeed we can take wy = min{w, N} with N > 0. As w € RHy
then wy € RHy with constant that is uniformly controlled in N. Notice that if we
show (3.4) with wy and with constants that do not depend on N, by taking limits as
N — oo, we conclude the desired estimate with w.

So we assume that w € L. Let f be the non-negative function defined by f(\) =

pAP w{MF > A}, A > 0. Notice that for any 0 < \g < A\; < 00, f;ﬂl F(A) 2 exists and
is finite. By (3.3) we have

A1

iR = [T un

20
K
b (@1 : % e
< o (S D) ([ S v )

2K

Al
1 (% d\
< = \) 4
< 2/;9(“)

where in the last inequality we have picked K large enough and then ~ small enough
so that the constant in front of the first term in the right-hand side is smaller than
1/2. Also we have written R for the remainder terms, that is, R = C (|| M H; o)

||G||Lp(w ) < oo. We take A\g = K" and A\; = K™ with n,m > 1 and so

/ TR o TR <3 [ N

—-n )\ K—n )\ - 2 K~ ;L 1 )\
1 e dx 1 (KT d\
< = — 4= — .
< 2/n f(A)A+2[{_;_1f(A)A+R

Hence,
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Since M is of weak-type (1,1), w € L and K > 1 we have

Ko log2 K ifp=1

d\ g p )
AwAﬂMTSCWMMWM{ |

L 1 itp>1,

bound which does not depend on n. We conclude that

o dh )
IMF I = [ S0V = lim )2 < oo

n,m—oo [ n A

so that M F € LP(w). Therefore, (3.4) holds with constants that do not depend on
||w||g. A very similar argument applies for the weak-type estimate. Details are left
to the reader. O

6.2. Proof of Theorem 3.16. Before starting the proof, let us introduce some no-
tation (see [BS] for more details). Let ¢ be a Young function: ¢ : [0,00) — [0, 00) is
continuous, convex, increasing and satisfies ¢(0+) = 0, ¢(00) = oo. Given a cube @
we define the localized Luxemburg’s norm

e =int {x>0:f o (1) <1},

and then the maximal operator
My f(z) = sup || flls.q-
Q>

In the definition of || - |40, if the probability measure dz/|Q)| is replaced by dz and
() by R", then one has the Luxemburg’s norm || - ||, which allows one to define the
Orlicz space L.

Some specific examples needed here are ¢(t) =~ ¢! for t > 1 which gives the classical
space expL” and ¢(t) =t (1 + log* ¢)® with a > 0 that gives the space L (log L)*. In
this latter case, it is well known that for & > 1, we have M e 1)1 f = MP* f where
MP is the k-iteration of M.

John-Nirenberg’s inequality implies that for any function b € BMO and any cube
Q) we have ||b — bgllexpr.0 S ||bllBmo- This yields the following estimates: First, for
each cube Q and = € )

k
éw—meWSM—%M&MUWhMWWQ

S IlERR0 My (g 1o (1/17) (@) S IIDlIERGG MEP2(1F17) (), (6.1)

where [s] is the integer part of s (if kpy € N, then one can take M[EPol+1) Second,
for each 7 > 1 and each @),
j—1

”b - b2Q||expL,2jQ S ||b - b2jQ||expL721Q + |b2jQ - b2Q| 5 HbHBMO + Z |b2l+1Q - b21Q|
=1

J—1
Sltlowo + X f, 1o~ bsial £ v (62
=1

The following auxiliary result allows us to assume further that b € L*°. The proof
is postponed until the end of this section.
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Lemma 6.1. Let 1 <py<p<oo, ke Nandw € Ay. Let T be a sublinear operator
bounded on LP°.

(i) Ifb € BMON L™ and f € L, then T} f € L.
(17) Assume that for any b € BMO N L*™ and for any f € L2° we have that

I3 fll 2oy < Co lbllEnio Il zocw). (6.3)

where Cy does not depend on b and f. Then for all b € BMO, (6.3) holds with
constant 2% Cy instead of C.

Part (ii) in this latter result ensures that it suffices to consider the case b € L
(provided the constants obtained do not depend on b). So from now on we assume that
b € L* and obtain (6.3) with Cj independent of b and f. Note that by homogeneity
we can also assume that ||b||pmo = 1.

We proceed by induction. As mentioned in Remark 3.17, the case kK = 0 follows
from Theorem 3.7. We write the case £ = 1 in full detail and indicate how to pass
from k£ — 1 to k as the argument is essentially the same. Let us fix pyg < p < ¢o and
we A 2 NRH w . We assume that gy < 0o, for ¢y = oo the main ideas are the same

and detalls are left to the interested reader.

Case k = 1: We combine the ideas in the proof of Theorem 3.7 with techniques for
commutators, see [Per]. Let f € L and set F' = |T}} f|P°. Note that F' € L' by (1)
in Lemma 6.1 (this is the only place in this step where we use that b € L*°). Given a
cube @, we set fo, = (bag — b) f and decompose T} as follows:

Ty f(z)| = [T((b(x) = b) f)(2)] < |b(x) = bag| |Tf(2)| +|T((bag — ) f) ()]
< [b(a) = bagl [T f ()| + T — Av@) fau(@)| + [T Arq) fou(2)]-
With the notation of Theorem 3.1, we observe that F' < Gg + Hg where
Go =4"""(Go1 + Gga) =477 (|b = byg[™ |TfI™ + |T(I — Anq) foul™)
and HQ = Qpo—1 |T.AT(Q)fQ7b|pO.
We first estimate the average of G on Q. Fix any x € ). By (6.1) with k& =1,
. Gan=f 1= bial™ 1111 5 Ilfio M) (o).
Q

Using (3.15), (6.1) and (6.2),

1

1 o L
(f Goa)™ = (£ 10— donsesl”)™ <X os( | 1fasl)”
27

Jj=1

< Z Qj “b - b4Q||expL,2j+lQ M[p0]+2(|f|p0)%(q;)

J=1

< ||b||BMOMpO]+2(|f|pO po Za]] < Mpo]+2(|f|po)ﬁ( ),

j=1
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since Zj a; j < oo. Hence, for any x € Q)

| Ga < 0 Qg )+ M 1)() = o),

We next estimate the average of Hg? on Q with ¢ = qo/po. Using (3.16) and
proceeding as before

1

<][ Hgg>% — 9(Po—1)/po <][ |TAT(Q)fQ,b|qO>% S ZO‘J(][_ ‘TfQ’b‘p())%
Q Q ‘ ¥

7=1
o0 1
s Tl po)”O (][ b—b po| po)"o
<3 (f,, 1m ; = balIT]
S (MF)w(z) + Z%’ 16 = bagllexpr 2001 @ MPH2(|T f[7°) 70 ()

j=1

< (MF)w (z) + MPR2(|T f )7 (2 Z%J

S (MF)is (x) + M2 (|T f|)is (z),

for any z, 7 € @), where we have used that > ;@jj < o00. Thus we have obtained

(]{2 Hg) T < C(MF(z) + MPH2(|Tfm) () = C (MF(x) + Hy(z)).

As mentioned before F € L'. Since w € RH(g )y, applying Theorem 3.1 and
Remark 3.6 (since ¢y < oo implies ¢ < 0o) with p/po in place of p and s = qo/p, we
obtain

I3 £y < IMFI g SIGH g+ 15
ST g+ (T
S Hf‘ LP(w) + HTf’ Lr(w) 5 Hf‘ LP(w)?

where we have used the boundedness of M (hence, M? M3,...) on L%(w) as w €
Ay /pe With po < p, and also Remark 3.17. Let us emphasize that none of the constants
depend on b or f.

Li”O (w)

Case k: We now sketch the induction argument. Assume that we have already proved
the cases m = 0,...,k — 1. Let f € L. Given a cube Q, write fo, = (bsg — b)* f
and decompose TF as follows:

Ty f ()| = ( L1 @)l

< D Crmlb(x) = bag* ™ Ty" f ()| + T ((bag — )" f) ()]

3
<}

Ed
—_

N

[b(x) = bag" Ty f ()] + T = Aw)) fou(@)| + 1T A fou(@)].

3
]
o
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Following the notation of Theorem 3.1, we set F' = |T}f|P° € L' by (i) in Lemma 6.1.
Observe that F' < G + Hg where

k—1
G 10 (520 et )+ 1 A )
m=0

and Hg = 27" T A, () fou|P. Proceeding as before we obtain for any = € Q

fGa e (o artmmis e i) + 2 ) ) = Gl
and for ¢ = qo/po
<]{2Hq) < C(MF( +ZM (=m)l42 (|7 ) (2)) = C (MF(x) + Ha()).

Therefore, as F' € L', Theorem 3.1 gives us as before
15 A1y < IMEN g SNGH 2 o+ I

k—
< [t () Hm(w > far )

m=0

L7 (w)

k—
Sy + Z 1T F 1y S Ny
m=0

where we have used the boundedness on L (w) of the iterations of M (as w € Ay )p,
and p > pp) and the induction hypothesis on 7;", m =0, ...,k — 1. Let us point out
again that none of the constants involved in the proof depend on b and f.

Proof of Lemma 6.1. Some of the ideas of the following argument are taken from [Per]

where this is proved for Calderén-Zygmund operators. Note that there, one has size

and smoothness estimates for the kernels and here such conditions are not assumed.
Fix f € L. Note that (i) follows easily observing that

Ty f (= !<Z|b )M T™ f) (= \<HbHLooZ!Tbm )| e LP,

since b € L™, f € L imply that b™ f € L2 C LP° and, by assumption, T'(b™ f) € L.

To obtain (i7), we fix b € BMO and f € LY. Let @y be a cube such that supp f C
Qo. We may assume that by, = 0 since otherwise we can work with b=1b— bg, and
observe that T} = TE’f and ||b||syo = |[b]|mo. Note that for all m =0, ..., k, we have
that |0™ f| and |T(b™ f)| are finite almost everywhere since they belong to L.

Let N > 0 and define by as follows: by(z) = b(x) when —N < b(z) < N, by(z) = N
when b(z) > N and b(x) = —N when b(z) < —N. Then, it is immediate to see that
|by () — by (y)] < b(z) — b(y)| for all x, y. Thus, ||bx|lmo < 2||bl|smo- As by € L™
we can use (6.3) and

175, flleqy < CollbwllEno I11lzeewy < Co2* Ibllno 1f1l o) < oo.
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To conclude, by Fatou’s lemma, it suffices to show that |Tijf(x)| — |TF f(z)] for

a.e. x € R” and for some subsequence {N;}; such that N; — oo.

As [by| < |b] € LP(Qo) for any 1 < p < oo, the dominated convergence theorem
yields that (by)™ f — 0™ f in LP° as N — oo for all m =0, ..., k. Therefore, as T'
is bounded on L it follows that T'((by)™ f — ™ f) — 0 in L. Thus, there exists

a subsequence Nj — oo such that T'((by,)™ f — ™ f)(z) — 0 for a.e. € R™ and
for allm =1,..., k. In this way we obtain

\ITbNJ (z |—|Tb 2)|| ST ([(bw, (x) = ba,)* = (b(z) — b)*] f) ()]
k
SZ!bNJ @) [F™ | T ((bw,)™ £ = 6™ £) ()] + b, (2)F™ — b(@)* =™ [T (6™ f)(2)]

and as desired we get that |Tij (z)] — |TF f(z)| for a.e. x € R™ O

Remark 6.2. The proof just finished can be adapted to the situation of multilinear
commutators with no much effort. We just sketch some of the ideas leaving the de-

tails to the interested reader. Let us introduce some notation. Given b= (b1, ..., bk)
we write b = by---b,. Let C]’?, 1 < 5 < k, be the family of all finite subsets
= {o(1),...,0(j)} € {1,...,k} of j different elements. In this case, we write

by = (bo(1), - - -+ bo(j)) and by = by(1) -~ by(jy- We also set C¥ = (@ in which case we
understand that T; =T and b, =1. If 0 € CF we set 0’ = {1,...,k} \ o (note that
for j =0 we have o’ = {1,...,k}). We need the following multilinear version of (6.1)
(see [PT]): given k > 1, for any x € () we have

][ |f1 fk‘h|p0 < ||f1|expL ||fk|expLQH|h|p0HL(logL)k’po

< filltprg - I fellopr.g MEPH2(|A[) (). (6.4)
With this in hand and as done with the regular commutators in Lemma 6.1 the
matter can be reduced to the case by,...,b; € L>®. Once we have that, we combine

the ideas from [PT, p. 684] with the proof above. We write F' = |T;f(z)[** € L' and
observe that F' < G + Hg where

Go = 270~ 10(2 > =N, IT; , f (:r)|+IT(I—AMQ))fQ,a(fN)va

m=1 geCk,

Hg = 2071 T Avo) fos(@)™, and f,; = Hf 1(bj — (bj)2¢) f. Next, one estimates

G, Hg using the same ideas (with (6.4) in place of (6.1)):

feescl (35 5 b=z, 1)) + M1 f17) ) — ),

m=1 geCk,

and
(]2”)é<MF +ZZM’W°“ IT; f17) (@) = C (MF(z) + Hy(T)).

JFrom here the proof proceed as in the case above, noticing that the length of by is
k —m < k — 1 and so the induction hypothesis applies.
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6.3. Proof of Theorem 4.9. Assume that the case py = 1 is proved. Then we show
that the general case follows automatlcally Set p = p/po, §o = qo/po and consider the

new family F consisting of the pairs ( 7, g) = (f™,g™). Observe that 1 < p < g and
that p < oo if §o = oo (that is, gy = 00). Besides, (4.1) gives that for all (f,g) € F

RnﬁwsC /ﬁﬁw, for all w € Ay N RH g, 5

provided the left hand side is finite. Therefore, the same holds for all 1 < ¢ < gy and
(4.2) follows with g = q'po.

Assume now that pg = 1. Observe that the case gy = oo is nothing but Rubio de
Francia’s extrapolation theorem. So we also impose gy < oo. The proof of (4.2) is
done on distinguishing the two cases ¢ < p and ¢ > p. We use the following notation

¢(q) = <@>/ (¢—1)+1

q
Note that (vii) in Proposition 2.1 says that if ¢o/¢ > 1 then w € A, N RH(LO>/ if

and only if wl(?) € Agyg)- We need the following auxiliary result based on Rubio de
Francia’s algorithm.

Lemma 6.3. Let 1 < ¢ < qo and w such that w € A, N RH(qO)/.

(@) If 1 <p<qand0 < he L9 (w), then there exists H € LY/ (w) such that
(a.1) 0<h<H.
(@.2) [[H| @ @) <2 #la)'/(afeY 1P 200 () -

(a3) Hwe A,N RH(LO)/ with constants independent of h.

(b) If g <p<qo and 0 < h € LY w), then there exists H € L% (w) such that
(b.1) 0<h<H.
(0:2) | Hl|zoqu) < 2707 ||| oy

(b.3) HP/WPD e AN RH(LO)/ with constants independent of h.
Admit this result for the moment and continue the proof.

Case 1 < p < q: Let (f,g) € F be such that f,g € L9 (w). Fix w such that
w/9)" ¢ Agq)- Then,

112 2y = 177l oy = sup / 2 hw

where the supremum is taken over all 0 < h € L4/P) (w) with Al pearoy () = 1. Take

such a function h and let H be the corresponding function given by (a) in Lemma
6.3. Then by (a.1), (4.1) and (a.3), we have

fPhw < prwSC'/ngw

R™ R

n
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provided the middle term is finite. This is indeed the case as by Holder’s inequality
with ¢/p > 1 and by (a.2)

/R prw S HfHIIJﬂ(w) ”HHL(‘Z/P)/(w) S 2¢(q) /(q/p) Hinq(w) < 0.
Note that the same can be done with g and so
/ g? Hw < 200"/ (a/p) ||9||I£q(w)
This readily leads to the desired estimate.

Case ¢ < p < qo: Let (f,g) € F be non-trivial functions such that f,¢g € Li(w). Fix
w such that w € A, N RH(LO)/. We define

-4 4 9
[y gllzaw)
Note that h € LI (w) and [|h||ze@w) < 2. Let H be the non-negative function given by
Lemma 6.3 part (b). Then, using Holder’s inequality with p/q > 1 we have

’ 1/q
| £1l a(w) f‘IH a/(p/a)" pra/(p/a) >

-( L
( fp [/ w/a) ) e (/ qu>q(p1/q>’
C

(/ pr—p/(p/q)’w)l/p’ (6.5)

IN

IN

since (b.2) implies
IH || Logwy < 2997 ||h|| o) < 217979,
Next, by (b.1) we have f/||f|lra@w) < h < H. Hence, using (b.2) we conclude that

;o\ /P _ /
([ oo )™ <l ([ #7770 0) " = |l VI

< 2@/P)(1+é(a)/q) | £l poqw) < oo

This and (b.3) allow us to employ (4.1). Hence, (6.5) yields

_ ’ 1/p
s <C ([ g B0 )" < C glag 118y < Clgllior

where we have used that g satisfies g/||g||ra@w) < H due to (b.1).

To complete the proof it remains to show (4.3). As in [CMP] this follows almost
automatically from (4.2) by changing the family F. Indeed, fix py < r < gy and given
{(f5,95)}; € F we define

/r

ﬂ:(gynl, @:(%pﬁ

We consider a new family F, consisting of all the pairs (F,,G,.). Observe that if
(F.,G,) € F,, using (4.2) with ¢ = r, we have
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TAT. Z/ frw<CZ/ g w=C[Golr

for all w € A, p, N RH gy/ry. This means that the family 7, satisfies (4.1) with p = 7.
Thus, as we have just obtained, it satisfies (4.2) for all py < ¢ < go which turns out
to be (4.3). O

Proof of Lemma 6.3. We first observe that
w/d)" Ad)(q) — wl=7 = (/' (1=6(a)) < A¢(q)

Given any weight 0 < u < 0o a.e. we define the operator

M(f )

Suf =

This operator will be used to perform different versions of Rubio de Francia’s algo-
rithm. We start with (a): let 1 < p < g and h € L9/?) (w). We set u = w?/¢@)",
Then, as w'™7 € Ay, we have

1S oy = [ MO ) a0 = [ M (f )@
Rn

Rn

<C [ |fulf D = O,

R

Let us write ||S,|| for the norm of S, as a bounded operator on L#(@’ ( ). We define
the following version of Rubio de Francia’s algonthm. for 0 < f € L?@'(w)

R )
f= Z ok || S ¥
where S is the k-iteration of the operator S, for k > 1 and SY is the identity operator.
Given 0 < h € LU9/P)(w) we define
H— R(h (a/p)"/$(q) ) (q)’/(q/p)"

Note that
0<f<Rf, RSN Lo wy < 21l Loty (w)»
and so H satisfies (a.1) and (a.2). Note that we also have

SuRf)<2|Su||Rf <= MuRf)<CuRf <= uRf €A

and therefore H@/?)'/9@)" ¢ ¢ A, with constant independent of h. Then for all cube
() C R” (the averages are with respect to Lebesgue measure)

][ H@/P)/9@) < CH(q/p)’/tﬁ(q)’(x) u(z), ae. z € Q. (6.6)
We show (a.3), that is, (H w)@/P)" € Ay, If p=1 then (6.6) turns out to be

][Q (HU})% < C(H(z) w(x))qé, a.e. T € Q,
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that is, (H w)% € Ayq) = A as desired. If p > 1, using (6.6) we have

I :][ (H w)\a0/p)" (1=6()) :][ (Hw)'™
Q Q
@ -Ds@) S
< (st ) T (R )
Q Q

90 (¢—1) —7@0_11) (q_pl) ’
- ( H@-Da» u) % (a=1) (p=1) (][ wlfq> —1,- L.
Q Q

Since 1 < p < ¢ < gy we have that

G la—1) 1 _=Dlw-p _, g

(@0 —1)(a=p) (@/p) (90—1)(a—p)
Then by Holder’s inequality we obtain

II :][ ( qo/p ][ H(ao/p)"s 1/8 <][ (qo/p)" s’ u1—5/>1/5l
Q
1/s
= <][ H(qggil)l(qllp) u) / (][ w(Qo/QY) 1 = ]Il ]]2
Q Q

We gather I and I1;:

a0 (a-1) >1<¢<p>1>m

[f(p)_l I = < H (ao-1)(a=») q =1
Q

since the outer exponent is equal to 0. On the other hand, for I, and I, we observe

that
]g)(p)—l A, = <][ wl—qr>¢(l’)—l <][ w(Qo/q)’>1/Sl
N Q
—1)s 1/5,
B {(f wt/ (1¢(q)/)>(¢(”> ’ (][ w(qo/q)/>:|
; Q
_ 1/3’
- [<][ W) ( ][ w("°/q>’<l¢<q>’>)¢@ 1} <,
? Q
since w®/1' € Agq- As a consequence of latter estimates we can conclude that

(H w)@0/p) € Asp):

<][ (Hw) (qo/p)/) (][ (Hw)(qo/p)’(1—<15(p)’)>¢(p)_1 — ¢-1. 77
Q@ Q

<o) (2P L) < C

We now prove (b). Let h € Li(w) and u = w=(@/99/9@ Since w®/9" € Ay, we
have

15 f||L¢(‘1)(w /}R M(f u)? D @ = M (f u)?@ a0/

]Rn

A |fu]¢<q> (90/9)’ CHf||L¢(q)(w
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Let us write ||S,| for the norm of S, as a bounded operator on L?@(w). Rubio de
Francia’s algorithm to be used now is given by

Rf= Z 2k | ]S &
for 0 < f € L?@(w). Given 0 < h € L(w) we define

H— R( hq/d)(q))‘ﬁ(‘])/q.

Note that
0< f<RS, IR fN Lo wy < 2 f1 Lo ()
and so H satisfies (b.1) and (b.2). As in the other case

Su(Rf) <2||Sul| Rf <= MuRf)<CuRf < uRf € A
and so HY/?@ y € A; with constant independent of k. Thus for all cubes Q C R

][HW W< CHPD (@) u(z),  ae z€Q. (6.7)
Q

We prove (b.3). We do first the case p = gy and we have to see that H~(©0~9y €
A, N RH. Note that (6.7) can be rewritten as

F vt yit o @@ e @) ae e
Q

Then, for almost every x € () we have

H_(qo_q)(m)w(x) < <f (qu—qw—l)q()—1>7ﬁ S][ H(20-9) 4,
Q Q

where in the last estimate we have used Jensen’s inequality with the convex function
t — t~Y@=1 This shows that H(®©~9w € RH,,. On the other hand, we also have

<][ H—(20—a) w) < <][ (H—(qo—q) w)l—%)_(%—l)
Q Q

which automatically implies that H (%9 ¢ € Ag,- This completes the case p = qo.

hIf p < qo, (b.3) is equivalent to (H—P/(P/q)’ w)(qo/p), € Ayp). By (6.7) we observe
that

—p/(p/q) .\ (@0/p) _%W pa0/p) 9(a) ,
I= (H p/(p/q) w) < ( H/9(@) u> ( u i w(qo/p))
Q Q 0

_plao/p) ¢(a)
_ ( ][ /6@ u) v/ ( ][ w(qo/qy) — 1.1
Q Q

Since 1 < ¢ < p < qop we have that

_alp=1) _(w—-9gp-1)
o@)p—q) (@—-1)FP-—2q
By Holder’s inequality we obtain

II :][ (pr/(p/q)’ w)(qo/p)/ (1=6(p)") :][ (H p/(p/a)’ ][Hp 1l
Q

Q

> 1,
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< <][H5_5‘su>l/s (fw(l—m 1/3 ][Hq/¢ 1/8<][ - q’)l/sl
Q Q
=11 1.

For I, and I1; we have
p(qo/p),¢(q)+¢(z)) 1
[ [I¢ qu/qﬁ(q (p/a) q — 1

since the outer exponent vanishes. On the other hand, since w(®/9" € Ap(q)s

#(p)—1

I 'I]f(p)_l = <][ w(Qo/lI)/) (][ w1_q/) o
Q Q
= ( ][ w(qO/Q)’> ( ][ w(qo/q>'(1—¢<q>')>¢(q)1
Q Q

Collecting the last two estimates we conclude that (H —p/(p/a)’ w)(qo/ P ¢ Ay

’ / 4 -1
(][ (Hiﬁw)(%/?)> (][ (H*Ww)(qo/p) (1-9(p) )>¢(p) —J. %P1
Q Q

<C(L-1IPPY (L - 18P < ¢

Part 2. Calderon-Zygmund methods
7. INTRODUCTION

This section develops a circle of ideas based on the Calderén-Zygmund decompo-
sition. This decomposition was invented in the celebrated article [CZ] to prove that
certain singular integrals of convolution type are of weak-type (1,1). Recall that this
decomposition is non-linear and breaks up L' functions into good and bad parts. The
good part is bounded, while the bad part is a sum of localized and oscillating func-
tions. The oscillation is in the sense of a vanishing mean. This turned out to be a
very versatile tool.

The application towards singular integrals was refined in [Hor] with a minimal
regularity condition on the kernel matching the oscillation of the bad parts. Then,
this was generalized to what is now called Calderén-Zygmund operators, see, e.g,
[Mey]. We note that a key ingredient in these arguments is the a priori strong or
weak-type (po,po) of the operator for some py > 1.

Kernel regularity in some sense is needed for such arguments. After the results
obtained in [Heb] and [DR] in a functional calculus setting, a general weak-type (1,1)
criterion is formulated in [DMc]. It still exploits the Calderén-Zygmund decomposi-
tion but does not use the oscillation of the bad part. The regularity is expressed in
the integrability properties of the kernel of T'(Id — A,) where A, , r > 0, is some ap-
proximation to the identity. In the classical case, A, would be an ordinary mollifying
operator with a smooth bump function.

[BK1] develops this idea further for singular “non-integral” operators and estab-
lishes a weak-type (p, p) criterion, still assuming of course a priori weak-type (po, po)
boundedness for some py > p. This result is presented in [Aul] with a simpler and
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stronger statement. This is typically an unweighted result but as it works in spaces
of homogeneous type, it applies with underlying doubling measure w(x) dx, w € A..

In a sense, we have not much to add to this story. However we present it once
again as its argument is needed for further development (Section 8.1). First, a slight
strengthening of the hypotheses yields for free boundedness results for commutators
of the operator with bounded mean oscillation functions (Section 8.2). Second, we
observe that similar unweighted estimates plus an a priori weighted weak-type (po, po)
estimate of T implies weighted weak-type (p, p) estimate for a range of p’s with p < pg
depending on the class of weights (Section 8.3).

We also present in Section 9 a result of independent interest but needed in [AM3]
concerning a Calderén-Zygmund decomposition for a function in R™ with gradient
controlled in some LP(w) space for some p > 1 and doubling weight w supporting
a Poincaré inequality. Such a decomposition is used is [Au2] in the Euclidean set-
ting and a similar decomposition appear earlier in [CM] and [BS] for the purpose of
real interpolation for Sobolev spaces. See also [AC] for an extension to Riemannian
manifolds.

8. EXTENDED CALDERON-ZYGMUND THEORY

Except for Section 8.4, we work in R™ endowed with a Borel doubling measure p
(and we remind the reader that in applications du(x) = w(z) dx with w € Ay).

8.1. Blunck and Kunstmann’s theorem. We use the following notation: if B
is a ball with radius 7(B) and A > 0, A B denotes the concentric ball with radius
r(AB) = Ar(B), C;(B) =2/ B\ 27 B when j > 2, C1(B) = 4B, and

1
hd :.—/ hdu. 8.1
]{1(3) s (2741 B) o, m) s (8.1)

J

We say that the doubling measure p has doubling order D > 0 if u(A B) < C, AP u(B)
for every ball B and every A > 0.
The following result appears in a paper by Blunck and Kunstmann [BKI1] in a

slightly more complicated way with extra hypotheses. This version is due to one of
us [Aul].

Theorem 8.1. Let p be a doubling Borel measure on R"™ with doubling order D and
1 < po < qo < o0. Suppose that T is a sublinear operator of weak-type (qo,qo). Let
D be a subspace of L9 (u) N LP°(u) stable under truncation by indicator functions of
measurable sets. Let {A,},~o be a family of operators acting from D into L9 (u).
Assume that for j > 2,

(1= acm)sidn) <o, (§ 1 an)” 82

J

<]éj(3) | A 1 du);“ < ay (]{B Fig d/L)”lo, (8.3)

for all ball B with r(B) its radius and for all f € D supported in B. If 3, a; 2P7 <
then T is of weak-type (po, po) and hence T is of strong-type (p,p) for all poy < p < qo-

and for j > 1
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More precisely, there exists a constant C' such that for all f € D,

1T flloy < C N fllzogu

Remark 8.2. A variant of the statement is that one can replace the family {A4,} by
a family {Ag} indexed by balls. Also, a straightforward modification of the proof
shows that (8.2) can be replaced by

1
(g L, 70— Awriar) < (£ 1) (3.4)
If one defines Agf = 5 f on B and Apf = 0 elsewhere, then (8.4) reduces to
1
— T d f po d o 8.5
(737 S 1) 7 (8.5)

for f supported in B with mean value 0, that is, Agf = 0. As (8.3) is trivially
satisfied for any gy < oo, one sees that this variant of the theorem applies to operators
T satisfying (8.5). For operators satisfying (0.1) and bounded on L?(R"), in particular
Calderén-Zygmund operators, we take pg = 1 and gy = 2 and obtain that 7" is of weak-
type (1,1) and bounded on LP(R") for 1 < p < 2. See Remark 3.15 for going above
po = 2 and for weighted estimates.

8.2. Commutators with BMO functions: part II. A slightly strengthening of
the hypotheses above yields an analog result for the commutators with bounded mean
oscillation functions. In this case, since the underlying measure is p, we work with
functions b € BMO(u) (the definition is as the classical one replacing dx by p). As p
is a doubling measure, John-Nirenberg’s inequality holds in BMO(u). The definition
of the commutator is the same as in Section 3.5 but in this case we assume that T is
of weak-type (qo, qo) in place of being bounded on LP°. This still guarantees that the
commutator is well defined.

Theorem 8.3. Let v be a doubling Borel measure on R™ with doubling order D,
1 <po<qo<o0,be BMO(u) and k € N, k > 1. Suppose that T is a sublinear
operator and that T and T form = 1,...,k are of weak-type (qo, qo). Let {A,},~0 be
a family of operators acting from L°(u) into L9 (u). Assume that for any ball B with
r(B) its radius and for all f € L supported in B, (8.3) holds, and (8.2) is replaced
by the stronger assumption

(f 1= At an) <a; (f lrpmau)” (3.6)
C;(B) B
for some r > 1 and all 7 > 2. If Zj a; 2P7 jF < oo then for all py < p < qo, there
exists a constant C' (independent of b) such that for all f € L (u),

I3 o) < CIblEaog 11z

Remark 8.4. Under the assumptions above, we have Zj a; 2PJ < oo and conse-

quently, Theorem 8.1 implies that 7' = T} is of weak-type (po, po) and hence bounded
on LP(u) for all py < p < qo.
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Remark 8.5. In applications we will use this result with underlying measure du(z) =
w(z)dr with w € Ay and so the weight is hidden in the measure. Let us mention
that if w € A, and so dw is a doubling measure, then the reverse Holder property
yields that BMO(w) = BMO with equivalent norms.

Remark 8.6. Our argument requires that the commutators are already weak-type
(qo, qo), which could make this result useless. However, this hypothesis can be obtained
from Theorem 3.16, see [AM3] for examples of this.

Remark 8.7. As in Remark 3.18, we can also consider multilinear commutators
associated with a vector of symbols b = (b1, ..., br) with entries in BMO(u). In this
case, we can formulate an analog of Theorem 8.3 proving that T} is bounded on LP (1)
(see Remark 10.2 below). The precise statement is left to the reader.

8.3. Weighted estimates. We present the following weighted version of Theorem
8.1 which is used in [AM4].

Theorem 8.8. Let p be a doubling Borel measure on R", w € A with doubling
order D,,. Let Dy C Dy be subspaces of LY (w) and suppose that they are stable under
truncation by indicator functions of measurable sets. Let T be a sublinear operator
defined on Dy. Let {A.},~0 be a family of operators acting from Dy into Dy. Let
1 <py < qo < o00. Assume the following conditions

(a) There ezists g € Wi (po, o) such that T is bounded from L(w) to L@ (w).

(b) For all j > 1, there exist constants o such that for any ball B with r(B) its
radius and for any f € Dy supported in B,

<fcj(3) | Ar(p) f1 du)‘;{) < aq (ﬁ |fIPe du>"1°. (8.7)

(¢) There exists > (sy,)', i.e. w € RHg, with the following property: for all j > 2,
there exist constants «; such that for any ball B with r(B) its radius and for
any f € Dy supported in B and for j > 2,

— B 5 . Po o
(170 = A dn) " <o (f 117 an)™ 5)
(d) > a;2P%7 < oo for aj in (b) and (c).

Then T is of strong-type (p,p) with respect to w for all p € Wy (po, qo) with p < q.
More precisely, for such a p, there exists a constant C' such that for all f € Dy,

1Tl ey < C I llzew)-

Proof. Fix a ball B, f supported in B and let g = |T'(I — A,(p))f| and h = |A.p) f].
Let p € Wi (po, qo) with p < ¢. Since w € RH g4 and w € Ay, (8.7) yields

(f. ww)’ < (f i)™ <oy (15 au)™ S (f 157 )’

Then as w € RHy and w € A, (8.8) implies
1
B

][Cj(mgdw : <][cj(3>gﬂdﬂ> =9 (]émpo d“>plo S (fBlflpdw>’1’.
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Thus we are back to the hypothesis of Theorem 8.1 for the doubling measure w du and
with exponents p < ¢. This implies that T" has weak-type (p, p) with respect to w dp.
As p is arbitrary in an open interval, this implies also strong-type by Marcinkiewicz
interpolation theorem. U

Remark 8.9. Note that (8.7) and (8.8) are unweighted assumptions. Since we assume
weighted weak-type (¢, ¢) for T', this seems useless in applications. In fact, it is a good
companion of Theorem 3.7. See the application to Riesz transforms on manifolds in
[AM4].

Remark 8.10. An examination of the argument shows that if in addition w € A,
then weighted weak-type holds at p = pg.

Remark 8.11. A simple and special case is the following. If (b), (¢) and (d) hold for
po = 1 and go = oo, then it suffices that (a) holds for some ¢ with ¢ > r,, and the
conclusion holds for all p € (ry, q).

Remark 8.12. We can obtain a version of Theorem 8.8 for commutators with BMO
functions: let £ > 1, b € BMO and w € Ay. In (a) we further assume that 7",
for m = 1,...,k, are bounded from L%(w) to L?*°(w); the series in (d) becomes
>0, ;2009 §* < oo; (D), (c) remain the same. In such a case, we show that T} is
bounded on LP(w) for p < q, p € W (Po, q0)-

The proof is almost identical and we only give the main ideas. The computations
for h do not change. To estimate g, in the left-hand side, we need to start with an
L"(w)-norm in place of the L'(w)-norm. We pick r > 1 so that (s,) < 8/r < 3 (note
that (s,)" < 3). This guarantees that w € RH g,y and from the L"(w)-norm we pass
to the L?(u)-norm, after this the desired estimate follows in the same manner. Thus,
we can apply Theorem 8.3 to obtain that T} is bounded on LP(w) for all p < p < q.
As p is arbitrary in an open interval, we conclude that 7" is bounded on LP(w) for all
p < g such that p € W, (po, o).

8.4. Extension to spaces of homogeneous type. The preceding results in this
part have been obtained in R" equipped with a doubling measure p. In [AM3] we will
use them with p being either the Lebesgue measure or du(r) = w(x) dr with w € A
and in [AM4], R™ will be replaced by a manifold or a Lie group. It is not difficult to
see that all the proofs can be adapted to the case of general spaces of homogeneous
type (X,d, u) (see [CW], [Chr], [Ste]). Precise statements and details are left to the
reader.

Let us just make a point about the definition (8.1). It would have looked more
natural to use the “true” mean of h over C;(B) where we divide by p(C;(B)) in place
of u(27t1 B). Our choice is justified partly by the fact that we do not know whether
2B\ B and 2 B have comparable mass for all balls, and partly since (fortunately)
(2711 B) is the quantity that appears in computations. Let us note a fairly weak
sufficient condition on X" insuring this comparability (which is surely known but we
could not find an explicit statement in the literature)

Lemma 8.13. Assume that there exists ¢ € (0,1) such that for any ball B C X,
(2—¢e)B\ B # O. Then, u(2B \ B) ~ u(2B) for any ball B, where the implicit
constants are independent of B.
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It would be nice to be able to take ¢ = 0 in the above statement. The argument
below shows that (2 B\ B) > Cu(2 B) but with C' depending on B. So our statement
is the next best thing.

We prove the lemma. It suffices to show that p(2 B) > v u(B) for some v > 1.
Choose 1 < ¢ < % Let B be a ball, xp its center and r its radius. By hypothesis,
there exists © € B(zp,(2 —¢)cr) \ B(xp,cr). Set B = B(x,(c — 1)r) and note
that B’ € 2B\ B. Thus u(2B) > u(B) + u(B'). Now B C kB’ with x = &2
hence u(B) < p(k B') < CkPu(B’) where D is the doubling order of j. Therefore,
w(2B) > (1+ (CkP)™1) u(B) as desired.

Remark that if we had assumed that all annuli are non-empty then we would obtain
for all A > 1, u(A B) > ¢, A u(B) for some ¢, > 1 and d > 0 depending on p. Let us
finally observe that Theorems 8.1, 8.3 and 8.8 hold with a-adic annuli for some fixed
a > 1 instead of dyadic ones. The needed changes in the statements and proofs are
left to the reader.

9. ON A SPECIAL CALDERON-ZYGMUND DECOMPOSITION

The standard Calderén-Zygmund decomposition of functions allows one to decom-
pose a function into a sum of a good bounded function and bad but localized functions.
This decomposition depends on the level sets of the maximal function of f. This is
used to prove boundedness results such as Theorem 8.1.

If one wants to prove estimates like |T'f||, < 3>°7_, [0;f|l, then one observes that
the level sets under control are those of the maximal function of each partial d; f. But
unless one can explicitly express T'f in terms of the functions 9, f, the decomposition
applied to each 0;f does not allow to split f as before.

The idea of the following lemma, which is applied in [AM3], is to split f according

to some information on its gradient. This was done in [Aul] for Lebesgue measure in
R™. We extend it to a class of doubling measures.
Proposition 9.1. Let n > 1 and 1 < p < co. Let w € L. (R"), w > 0 a.e., be
such that du = wdx is a Borel doubling measure (here we do not need that w is a
Muckenhoupt weight). Assume that the measure . supports an LP Poincaré inequality,
that s,

1 1
(1 =masPan)” < crim) (§ 1vsran)’ (9.1)
B B
for all locally Lipschitz functions f and all balls B with radius r(B). Here mpf is the
average of f with respect to p on B. Assume that f € S is such that ||V fl|1r(u) < 00.f

Let a > 0. Then, one can find a collection of balls {B;};, smooth functions {b;}; and
a function g € Li (R", i) such that

loc
f=g+ Z b; (9.2)

"We avoid here regularity issues by taking a smooth f.
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and the following properties hold:

Vg(z)| < Ca, for p-a.e. x* (9.3)
suppb, C B; and / |Vb;|Pdp < CaPu(By), (9.4)
B;
Y u(B) < Ca? [ VP dp, (95)
i R
> Xp <N, (9.6)

where C' and N depends only on dimension, the doubling constant of p and p. As-
suming furthermore that pu supports an LP — L9 Poincaré inequality with p < q < oo,
that s,

1 1
(f.1-mafiran)" < crim) (§ 1vsan)’ (9.7)
B B
for all f locally Lipschitz and all ball B. Then

(f | b1 di)" S ar(B). (9.8)

Since A, weights support an LP — L9 Poincaré inequality for some g > p, the latter
result applies to any w € A, and p > ry,.

10. PROOFS OF THE MAIN RESULTS

We prove Theorem 8.1, Theorem 8.3, and Proposition 9.1.

10.1. Proof of Theorem 8.1. We follow closely the proof in [Aul] (we include it
since it will be needed for the next section). By Marcinkiewicz interpolation theorem,
it suffices to show that T is of weak-type (po,po). Let f € D (so f € LP°(u)) and
a > 0. By the Calderén-Zygmund decomposition (see [CW] or [Ste]) for | f|P0 at height
a? it follows that there exist a collection of balls {B;}; and functions g, {h;}; such
that f = g+ >, h; and the following properties hold:

g/l < Ca, (10.1)
1
supp h; C B;, <][ | i [P0 du) "< Ca, (10.2)
B

Sy <car [ s (103)

i R

> Xp, <N, (10.4)
where C' and N depends on p, n and pg. We write r; = r(B;) and control T f by

IThe gradient of g exists pu-almost everywhere, that is almost everywhere for the Lebesgue measure.
In fact, a similar argument shows that g is almost everywhere equal to a Lipschitz function g. Hence,
Vg coincide almost everywhere with the distributional gradient of g.
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We estimate u{F; > «/3}. For F}, since T is of weak-type (qo ¢o) and (10.1)
ulfi> a3y s o [ lomaus o [ lardes o [ Ufean (05)
where we have used that (10.4), (10.2), (10.3) yield

[ISw] aus S [ mpdegam Sumy s [ 1
R™ i B; ) R

For Fy, we first use that T is of Weak—type (90, %),

W{F > af3} S — /

d,u. (10.6)

Ti

To compute the L%-norm we dualize against 0 < u € L% () with |||, b = =1. We
use (8.3), (10.2), (10.4)

o0 1 1
chiludp < 29D 1(B; (][ A, hi| % d,u) © <][ u d,u) “
/R" Xz: ]Z:; ) C;(Bi) | 2+ B;

o0 1 )
S Z Z 2P u(B;) (][ |7 |P° du) "0 ess inf M (u%) % (y)
i =1

yeB;
1
SO‘/nZXBiMu( o) du < 0‘/ qu ) dp

< 1
S ap(U;By) W HuqO 01 (o = o p(U;B;) 7o, (10.7)

where we have used Kolmogorov’s lemma and the weak-type (1,1) for the Hardy-
Littlewood maximal function M,, (this idea is borrowed from [HM]). Next, we take
the supremum on u and plug the obtained estimate into (10.6):

1
p{Fe > a/3} S p(UiBi) S —- LfI7 dp, (10.8)
]Rn

~ oo

where we have used (10.3). Next, we consider F3. By (8.2), (10.2) and (10.3)

n((R*\ Ud B;) N {F3 > a/3}) <—Z/ T(I — A,,)h| du

R"\4B
S a2 27um) (f
i j=2

' (Bi)

,SéZJZZ;QJ‘DM(Bi) <][ |hi |pOdM Po 5_/ | fIP° dp. (10.9)

%

T( — Al die)

Gathering (10.5), (10.8), (10.9), and using (10.3) we conclude that

iz € R TH()] > a} < —/ .
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10.2. Proof of Theorem 8.3. The basic ingredient is the following consequence of
John-Nirenberg’s inequality: for any ball B, 0 < s < oo and j > 0,

1

(f 1o~ bal* ) 5 (14 5) Pllovio (10.10)
21 B

Lemma 10.1. Assume (8.3) and (8.6) of Theorem 8.3. Let py < p < q < qo. Let
b € L>(u) with ||b|lsmoy = 1. Then for all ball B with radius v, all functions f
supported in B and m € N, m > 1,

(fB (b= bap)™ FI* dﬂ>pl° N (fB !flpdu>;, (10.11)
forj =1, 1 1
<]€_(B) (b= ban)" A, fI7du) " < 5" 0 (]i 17 dye) ™ (10.12)
and for j > 2,

]{;,.(B) (b= bup)" T = A) fldpn S ™ 0 (é 1 dy) g (10.13)

where the constants involved are independent of b and f.

The proof of (10.11) is a direct application of Holder inequality and (10.10). Next,
using that ¢ < o, (10.12) follows from Holder inequality, (8.3) and (10.10). Eventually,
(10.13) is a consequence of Hélder inequality, (8.6) as r > 1 and (10.10).

We begin the proof of Theorem 8.3. As before it is enough to consider the case
b € L*(u) obtaining the desired estimates with a constant independent of b. Let us
observe that here we assume that 7" is of weak-type (qo, qo) in place of being bounded
on L%. This changes slightly Lemma 6.1. Namely, in (i) one obtains that Ty f €
L% (1), The proof of (ii) changes in the following way: one shows that T'((by)™ f —
b™ f) — 0 in L% (x) which also implies the convergence almost everywhere for a
subsequence. From here the proof can be carried out in the same manner.

When b € L*>(u), all the formal computations below make sense. Notice that
by homogeneity, it suffices to consider the case ||b|lgmo,) = 1. By Marcinkiewicz
interpolation theorem, it suffices to show that T} is of weak-type (p,p) for all py <
p < qo because T} is sublinear. We proceed by induction and assume that we have
proved that 7;™ is of weak-type (p,p) for all py < p < go and m = 0,...,k — 1, the
case m = 0 being covered by Theorem 8.1.

Fix p so that py < p < qo and let ¢ with p < ¢ < qo. Let f € L° (so f € LP(u))
and « > 0. By the Calderén-Zygmund decomposition (see [CW] or [Ste]) for |f|P at
height a? it follows that there exist a collection of balls { B;};, a collection of functions
{h;}; and a function g such that f =g+ > h; and (10.1), (10.2), (10.3) (10.4) hold
with p in place of py. We wish to estimate u{|T} f| > a}. First, we have

71 < (1ol + [ (Do) |

By the weak-type (qo, qo) of T},

W{ITEgl > a/2) < — / o diu S = [ 11 (10.14)
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where the last inequality follows as in (10.5). Next, set hjy = (bsp, — b)™ h; and
r; = r(B;). Then

(X m) @) < S ot S (bla) = ben) " ARG ) (@)
+ i Chom Z |b(z)

The m-th term in the first sum is bounded by 325" ¢§* Fy, o(2) with

Fool ‘T’“ m- e(Z(b—bwi)‘zAnhZ},)(x)‘.

k—’”)T((I - Am)h%) (x)‘

Fix / = m = 0 and A some large number depending just on k. Then the estimate
of {Foo > a/A} is done as for the term F3 in the proof of Theorem 8.1, using the
weak-type (qo, qo) of Ty. Next, fix £, m with m+£ > 0. Then, the induction hypothesis
implies that T, is of weak-type (¢,q). Hence, the estimate of u{Fy,, > a/A} is
done as for the term Fy in the proof of Theorem 8.1, by replacing ¢y by ¢ and using
(10.12) with f = R} and then (10.11) with f = h;.

It remains to estimate p{G,,, > o/A} with

Cinel) = Y [b(a) (1= A ) ()]

We proceed as for the term F3 in the proof of Theorem 8.1, using (10.13) with f = A7}
and then (10.11) with f = h;. We leave details to the reader.

Remark 10.2. The latter argument can be carried out for the multilinear commuta-
tors introduced above. We give some of the ideas leaving the precise computations to
the reader. As before, it suffices to consider the case b,, € L with ||bm||BMo(u) =1
forall 1 < m < k. Given o C {1,...,k}, we write m,; = [[;c, (b; — (bj)ap,) and
hu;a = h; 5, Here, when o = () we understand that g, =1 and hi,l?g = h;. Thus,
combining the preceding ideas with [PT, p. 684] we have

Tifl < 1T5gl+ 30 (T, (o ms, Auhig, )|+ 30 2w, 1T = An b,
01,02,03 7 01,02 1
where the first sum (resp. the second sum) runs over all partitions of {1,... k} in

three (resp. two) pairwise disjoint sets oy, 09, 03 (resp. oy, 03).

The estimate for the first term is obtained as in (10.14). The second term is treated
as F,; above (notice that the case oy = {1,...,k}, 09 = 03 = 0 is handled differently
as happened before). Finally, the third term is estimated as G,,,; above. Full details
are left to the reader.

10.3. Proof of Proposition 9.1. Let Q = {z € R* : M,(|Vf]?)(z) > o?} where M,
is the uncentered maximal operator over cubes’ of R” with respect to p. If Q is empty,
then set g = f. Otherwise, since x is doubling it follows that M, is of weak-type (p, p)
and so

o <o [ 1Vipan
Rn

fWe freely change balls to cubes.
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Let F be the complement of 2. By the Lebesgue differentiation theorem, |Vf| < «
p-almost everywhere on F'.

Lemma 10.3. One can redefine f on a p-null set of F' so that for all x € F, and for
all cube Q centered at x,

|f(x) = mqf| < Cal(Q) (10.15)
where £(Q) is the sidelength of Q. Furthermore, for all z,y € F,
|f(z) = f(y)] < Calz —yl. (10.16)

The constant C' depends only on dimension, the doubling constant of p and p.

Proof of Lemma 10.3. Let x be a point in F'. Fix a cube ) with center x and let Q)
be co-centered cubes with £(Qy) = 27%¢(Q) for k > 1. Then, by Poincaré’s inequality

1
oS ~mauf1 5 f 1 ~mafldn £ 0Q( [ 1VSPd)” £ 2@ (1017)
k k
since © € Q; N F. This easily implies that {mg, f }x>1 is a Cauchy sequence and so it
converges as k — oo or what is the same as ¢(Qy) — 0. The Lebesgue differentiation
theorem implies that mq, f — f(x) whenever x is a Lebesgue point of f, that is
p-almost everywhere. If x is not a Lebesgue point, it is easy to show that limmg, f
does not depend on @ (the original cube). Hence, we redefine f(z) as the value of
this limit. With this new definition, summing over £ > 1 on (10.17) one gets (10.15).
To see (10.16), let x,y € F and @, be the cube centered at x with sidelength
2|z —y| and @, be the cube centered at y with sidelength 4 |z — y|. It is easy to see
that @, C Q. As in (10.17), one can see that |mg, f — mq, f| < Calz —y|. Hence
by the triangle inequality and (10.15), one obtains (10.16) readily. O

Let us continue the proof of Proposition 9.1. Let {Q;}; be a Whitney decomposition
of Q by dyadic cubes. Hence, €2 is the disjoint union of the ();’s, the cubes 2Q; C Q2
have bounded overlap, and the cubes 4 @); intersect F. As usual, A\ (@ is the cube co-
centered with @ with sidelength /(A Q) = A ¢(Q). Hence (9.5) and (9.6) are satisfied
by the cubes 2 Q;.

Let us now define the functions b; and show (9.4). Let {&;}; be a partition of unity
on  associated to the covering {@;}; so that for each i, X} is a C*° function supported
in 2Q; with || Xi||oc + 4 |Vl < c(n), ¢; being the sidelength of Q;. Set

bi = (f — maq,f) X
It is clear that b; is supported in 2Q;. Since V((f — ma,f)X;) = XV + (f —

maq, f)V X, we have by the LP Poincaré inequality, the fact that the average of |V f|P
on 4 @Q); is controlled by a? (since 4 @); meets F') and the doubling property that

|9 = maa )X di < Carn(2.),
Thus (9.4) is proved.

It remains to obtain (9.2) and (9.3). To do so, we introduce an auxiliary function
h =", meq, f VA, for which we claim that |h| < Ca on R™. First, note that this
sum is locally finite in {2 and vanishes on F', hence h well-defined on R™. Note also
that ), X is 1 on © and 0 on F. Since it is also locally finite we have >, VA&; =0
in Q. Fix z € Q. Let Q); be the Whitney cube containing x and let I, be the set of
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indices ¢ such that z € 2Q;. We know that #I, < N. Also for i € I, we have that
C~14; < ¢; < C¥; where the constant C' depends only on dimension (see [Ste]). We
also have |maq, f — maq, f| < Cl;a (embed 2Q; and 2Q); in some dilate of @; and
apply Poincaré’s inequality as in (10.17) and the definition of F'). Hence,

h@)| = |3 maq.f — mag, IVA(2)| < CS lmag, f — mag, FIE7 < CNa.
i€ls iel,

We are ready to prove (9.2) and (9.3). Set g = f—>_ b;. This function is defined p-
almost everywhere, hence (9.2) trivially holds. Next, we claim that Vg = 1p(Vf)+h
p-almost everywhere where 15 is the indicator function of a set E. Admitting this,
for pra.e. € F, we have that [Vg(z)| = |V f(z)| < M.(|Vf]P)(z)P < a, and for
p-ae. z € Q, [Vg(x)| = |h(x)| < C N a. To conclude the proof of (9.3), it remains to
see the claim. First, observe that )", b; converges in L (R", u). Indeed, fix a compact
set K and observe that the sidelengths of the cubes (); meeting K are bounded. Since
16ill 7o < CGAPu(Q:) and 37, u(Qi) < oo, we obtain convergence of the series in
LP(K, p) from the bounded overlap property of the @;’s. Next, it follows from (9.4),
(9.5) and (9.6) that > .|Vb;| converges in LP(R™, ). We invoke [FHIK, Corollary
11] (this is where we use that p is given by a weight) which implies that Vg exists
almost everywhere (which is the same as p-almost everywhere by the assumption on
the weight) and is given by Vf —>". Vb,. But as ), VX;(x) = 0 for z € Q, we have

Vi=1p(V)+1a(Vf) =1p(VI) +h+> Vb pae.,

and the claim follows.
It remains to prove (9.8) assuming an LP — L9 Poincaré inequality. By the definition
of b; and similar computation as above,

(f wran) <o (£ wira) < e
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