ARITHMETIC CHOW RINGS AND
DELIGNE-BEILINSON COHOMOLOGY
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INTRODUCTION.

The arithmetic Chow rings have been introduced by Gillet and Soulé in [G-S] in order
to generalize to higher dimensions the Arakelov intersection theory. The Archimedean
component of these arithmetic Chow rings is handled by defining Green currents associated
with algebraic cycles and, when the cycles intersect properly, by defining a x-product
between Green currents. This product corresponds to the intersection product of cycles
and is commutative and associative. In the same paper Gillet and Soulé extend their
definition of arithmetic Chow rings to the quasi-projective case, and, in the projective
case, they relate Green currents with Deligne-Beilinson cohomology. Nevertheless they
suggest that, in the quasi-projective case, the definition of arithmetic Chow rings can be
improved by taking into account the Hodge theory of quasi-projective complex varieties.
In this way, the relationship with Deligne-Beilinson cohomology should also be true in the
quasi-projective case.

In a previous paper [Bu 2] the author has introduced some spaces of Green forms and a
x-product between them. These spaces were defined only for projective varieties by using
90-cohomology. With this definition, the space of Green forms associated with an algebraic
cycle is naturally isomorphic to the space of Green currents for the same cycle.

The aim of this paper is to extend the definition of arithmetic Chow rings to the quasi-
projective case. To this end, we give a new definition of the space of Green forms associated
with an algebraic cycle using Deligne-Beilinson cohomology. This definition coincides with
the old one for projective varieties. But it has the following advantages: it is easily extended
to the quasi-projective case. The existence of a Green form for an algebraic cycle is a direct
consequence of the existence of the cycle class in Deligne-Beilinson cohomology. The proof
of the commutativity and associativity of the s-product is purely formal and is simpler
than the previous ones. Finally this definition is very flexible. Changing the complexes
used to define Green forms one can construct Green objects with different properties.

The paper is organized as follows:

In §1 we recall the definition and some properties of real Deligne-Beilinson cohomology.
In §2 we recall the definition of a complex which computes real Deligne-Beilinson cohomol-
ogy. This complex allows us to represent a class in real Deligne-Beilinson cohomology by a
single differential form. In §3 we define a multiplicative structure on this complex which is
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associative up to homotopy and commutative. This multiplicative structure gives the usual
product in Deligne-Beilinson cohomology. In §4 we define the truncated relative cohomol-
ogy groups which are the basis for the construction of Green forms. In §5 we define Green
forms and study their properties. In §6 we recall some relationships between K-theory and
Deligne-Beilinson cohomology. Finally in §7 we give a definition of arithmetic Chow rings.
In the case of arithmetic projective varieties these arithmetic Chow rings coincide with the
arithmetic Chow rings defined by Gillet and Soulé, whereas in the quasi-projective case
the Chow ring defined here satisfies a homotopy property (Theorem 7.5).

Acknowledgement. 1 am deeply indebted to Prof. V. Navarro Aznar for his guidance
during the preparation of this work. I would also like to aknowledge to Prof. C. Soulé
for his encouragement and some useful hints and comments. My thanks also to the IHES,
where part of this work was done, for their hospitality.

§1. REAL DELIGNE-BEILINSON COHOMOLOGY.

Let X be a smooth algebraic variety over C. Throughout this paper we shall always
work with the analytic topology of X. In this section we shall recall the definition of real
Deligne-Beilinson cohomology of X. See [Be], [E-V] and [J] for details. Let us choose a
smooth compactification j : X — X, with D = X — X a divisor with normal crossings.
Let A be a subring of R. We write A(p) = (2mi)PA C C. We will denote also by A and
A(p) the corresponding constant sheaves in the analytic topology. Let Q% be the sheaf of
holomorphic forms on X and let (23-(log D) be the sheaf of holomorphic forms on X with
logarithmic singularities along D [De|. Let 7 be the Hodge filtration of % (log D):

FrO(log D) = @ 92 (log D).
p'>p

Since j is affine, Rj.Q0% = j.Q%. Moreover, in the derived category, there are natural
maps
uy : RjA(p) — j Q% and uz : Q% (log D) — 7. Q.

If (A*,d) is a complex we shall write A[k]* for the complex A[k]" = A**" with dif-
ferential (—1)kd. If f : A* — B* is a morphism of complexes, the simple of f is the
complex

s(f)" = A" @ B[-1]",

with differential d(a,b) = (da, f(a) — db).
The Deligne-Beilinson complex of the pair (X, X) is

A(p)p = s(u: Rj.A(p) @ FPQ%(log D) — jullx),

where u(a,w) = uz(w) — uy(a).
The A-Deligne-Beilinson cohomology groups of X are defined by

Hp(X,A(p)) = H'(X, Alp)p).
These groups are independent of the compactification X.
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If Y C X is a closed algebraic subset, then there are also defined Deligne-Beilinson
cohomology groups of X with supports on Y, denoted by H}, (X, A(p)). Moreover, us-
ing simplicial techniques, we can define Deligne-Beilinson coho,mology groups for singular
varieties. There is also the dual notion of Deligne-Beilinson homology groups denoted by
HP (X, A(p)). Deligne-Beilinson cohomology and homology groups form a twisted Poincaré
duality theory in the sense of Bloch and Ogus [B-O].

We can compare A-Deligne-Beilinson cohomology with cohomology with coefficients in
A by means of the exact sequence

0 — s(F*Q%(log D) — 5. Q%) — Alp)p — RjA(p) — 0.

From this sequence and the degeneracy of the spectral sequence associated to the Hodge
filtration, we obtain:

1.1. Proposition. Let X be a smooth variety over C and let A a subring of R. Then
there is a cohomology long exact sequence

... = H"Y(X,C) /FPH" 1(X,C) — HB(X,A(p)) — H"(X,A(p)) — ....

A-Deligne-Beilinson cohomology studies the relationship between the A-structure and
the Hodge filtration in cohomology. In general, we do not have a complex which gives
us both the A-structure and the Hodge filtration. For this reason, we have to construct
Deligne-Beilinson cohomology from a diagram of complexes. On the other hand, in the
case of real Deligne-Beilinson cohomology, we shall see that we can construct a complex,
By, (X), which carries the real structure and the Hodge filtration.

Let X now denote a complex manifold and let D be a divisor with normal crossings on
X. Let us write V.= X — D and let j : V — X be the inclusion. Let £% be the sheaf
of complex C* differential forms on X. The complex of sheaves % (log D) (see [Bu 1]) is

the sub-£% algebra of j.£7, generated locally by the sections

_ dz dz; .
log z;Zz;, —, —, fori=1,..., M,
24 Zi

where z1 ...z = 0 is a local equation of D.

Let us write E% (log D) = ['(X, £ (log D)), and let E% (log D) be the subcomplex of
real forms.

Let X be again a smooth algebraic variety over C and let I be the category of all smooth
compactifications of X. That is, an element (f(a, 1o) of I is a smooth complex variety )~(a
and an immersion 2., : X < X, such that D, = X,, — 1o(X) is a normal crossing divisor.
The morphisms of I are the maps f : )~(a — 5(5 such that f o, = 13. The opposed
category, I° is directed (see [De]).

1.2. Definition. The complex of differential forms with logarithmic singularities along
infinity is
By (X) = lim E}a (log D).
ael?
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This complex is a subcomplex of E% = I'(X,£%). We shall denote by Efi)g,R(X) the
corresponding real subcomplex.
The complex E}f (X) has a natural bigrading

log
By log @ E lpt;g
The Hodge filtration of this complex is defined by
r pElOg @ Eﬁ)éq
p'>p
p'+q'=n

By the results of [Bu 1], if f is a morphism of I, the morphism
£ (B (105 Da), F) — (B (log Dy). F)

is a real filtered quasi-isomorphism. Moreover, for all a € I°, the filtration F' induces in
H*(E% (log D)) = H*(X — D,C) the Hodge filtration of the mixed Hodge structure of
H*(X — D, Z) introduced by Deligne in [De].

Since I° is directed, all the induced morphisms

(B (og Do), F) — (Biyy(X), F)

are filtered quasi-isomorphisms. B
Choose X to be a smooth compactification of X, with D = X — X a divisor with
normal crossings. We write Ejf, »(X,p) = (2mi)PEf, z(X) C B (X). Then, in the
derived category of complexes of vector spaces, there are isomorphisms
RFR]*RX (p) — Elt)g,R(X7p)7
RLj, Q% — Ef;g(X) and
RFFPQ*Y(log D) — FpEl*Og(X).

Let us write
Elt)g,R(Xv p)D = S(U’ : El*og,R(Xv p) @ FpEl*og(X) — Elt)g(X))?

where u(a,b) = b — a. Then we have:

1.3. Proposition. The real Deligne-Beilinson cohomology groups of X can be computed
as the cohomology of the complex El*og,R(X,p)D. That is

Hp(X,R(p)) = H*(Ejo 2 (X, p)D)-

1.4. Remark. In the above definition we can use real analytic forms instead of C*° forms
obtaining the complexes A% (log D) and Aj,(X). The first one was introduced by Navarro
Aznar in [N]. The cohomological properties of the differentiable complexes and of the real
analytic complexes are the same. Therefore, throughout the construction of arithmetic
Chow groups, C*° forms can be replace by real analytic forms. In particular, this implies
the existence of real analytic Green forms.



§2. A DELIGNE-BEILINSON COMPLEX.

The goal of this section is to obtain a simpler version of the complex El’gg,R(X ,p)p. That
is to construct a complex D* (£}, (X),p) which allows us to represent Deligne-Beilinson
cohomology classes by a single differential form. This construction has been done by X.
Wang ([Wa]) in the projective case.

Let us recall the construction of the connection morphism of an exact sequence. Let
0—-A* 5B 5 C*—0

be an exact sequence of complexes of vector spaces. Let us choose a linear section o of .
Then we can obtain a retraction 7 of ¢ by

7(b) = v (b — onb).
The connection morphism is induced by the morphism of complexes
Res, : C*[—1] — A",
defined by
Res, (c) = .Y (odc — doc).

If there is no danger of confusion we will write simply Res instead of Res,. It is straight-
forward to check that odc — doc belongs to Im ¢ and that Res is a morphism of complexes.
Moreover, the induced morphism Res : H*(C[—1]) — H*(A) is the composition of the
natural morphisms

H*(C[-1]) — H*(s(B —s C)) = H*(A).

If o’ is another section then the morphisms Res, and Res,s are homotopically equivalent.
We can also obtain Res from the retraction 7 by the formula

Res(mwb) = d1b — 7db.

Let now u : A* — B* be a morphism of complexes of vector spaces. We can decompose
u into two exact sequences

0 — Im(u)* = B* = Coker(u)* — 0.

and _ ’
0 — Ker(u)* 2 A* 25 Im(u)* — 0

Let o1 and o3 be linear sections of m and u’ respectively. Let 7, and 75 be the corresponding
retractions of ¢+ and j. Let us write Res; = Res,, and Resy = Res,,.
We define a complex

5(u)* = Ker(u)" ® Coker(u)*[—1]
with differential d(a,b) = (da + Res2 Resy b, —db).
Observe that the complex 5(u)* depends on the choice of the sections o; and o2, but
a different choice of sections gives a homotopically equivalent complex. The main result
concerning the complex 5(u)* is the following.
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2.1. Proposition. Let u: A* — B* be a morphism of complexes of vector spaces. Then
the maps ¢ : §(u) — s(u) and ¢ : s(u) — 5(u) given by

o(a,b) = (j(a) — o2 Resy b,01b) and

’Qb(a, b) = (Tza + RGSZ(le), TI'b),

are morphisms of complexes. Moreover, they are homotopy equivalences, one the inverse
of the other. More explicitly, we have ¥ = Id and

o — Id = dh + hd,

where h : s(u)™ — s(u)" "1 is given by h(a,b) = (—o271b,0).
Proof. All the checks are straightforward. For instance let us check that @i —1d = dh+ hd.
We have

vp(a,b) = p(maa + Resy 11 b, 7b)

= (jmoa + j Resy T1b — 02 Resy b, o17b).
Therefore
o(a,b) — (a,b) = (jmea — a + jResy 71b — 02 Resy wb, o1wb — b).
On the other hand

dh(a,b) + hd(a,b) = d(—o271b,0) + h(da,ua — db)

= (—dO’leb — 02T1UA + 0'2T1db, —UO'Qle).
Hence the result follows from the equalities

uooT b = 171b = b — o17h,
ooTiua = oot'a = a — jTea and
Ress 71boy — Resy wb = 0911db — 02d11b + Resy 710
= 0911db — doam1 .

*

We want to apply 2.1 to the complex Elog,R(X ,p)p. Since the process of simplifica-
tion depends only on the relationship between the real structure, the differential and the
bigrading, we shall work with an abstract Dolbeault complex.

2.2. Definition. A Dolbeault (cochain) complex is a complex of real vector spaces (A, d)
provided with a bigrading on Af = A} ® C:

Al = @ A,

pt+q=d
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such that

DC1. The differential d can be decomposed as a sum of operators d = 9 + 0 of type
(1,0) and (0,1).

DC2. It satisfies the symmetry property

AP4 = AP,

where  denotes complex _conjugation.
By DC2 the operator 0 is the complex conjugate of 0.
Let A be a Dolbeault complex. The Hodge filtration F of A* is

FPA™ — @ AP
p'>p
q'+p'=n
We denote by F the filtration complex conjugate of F. That is

A= @ A
p'>p
q'+p'=n

Examples of Dolbeault complexes are the complex of C*° (or real analytic) differential
forms on a complex manifold and the complex of C* differential forms with logarithmic
singularities at infinity.

Let A* be a Dolbeault complex. We write A} (p) = (2mi)P A}, C Af and

Ar(p)p = s(Ai(p) & FPAL = A7),

where u(a,b) = b — a. For example, if X is a smooth variety over C and A* = E

log (X)
then we have seen that

H*(Az(p)p) = Hp (X, R(p)).

On the other hand, if A* = E% is the complex of C* differential forms on X, then the
groups H*(A}(p)p) are called analytic Deligne cohomology groups.

Let us apply Proposition 2.1 to the morphism u : A% (p) ® FPAL — Af. The first step
is to compute Keru and Coker w.

2.3. Lemma. Let A* be a Dolbeault complex. The morphism
u: Ag(p) ® FPAL — AL

s injective for n < 2p — 1 and surjective for n > 2p — 1. In particular for n = 2p — 1 it is
an isomorphism. Moreover we have

Coker(u ¢ /(AR(p) + FPAR + FPAR)
= Ag(p—1) /(Az(p— 1) N (FPAZ + FP A))
~Axp-1nn P A
prasn
p<p, ¢<p
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and

(p) N FP AL N FP AL
pn P A

Ip'~|—q'=,n
D >p, ¢ 2>p

Proof. Since for a Dolbeault complex we have
n— FPAR + F'A%  forp+g<n+1, and
{0} = FPARNF AL forp+qg>n-+1,

it is enough to prove the descriptions of Coker(u) and Ker(u).
Clearly
Imu C A%(p) + FPA% + FP AL,

Let z € FPAL. Then T € FPAZ and = + (—1)PZ € A%(p). Therefore
Al (p) + FPAL + FP AL = AR (p) + FPAL,

and
Coker(u)" = @/(Aﬁ(p) + FPAL + FPA@) .

If (a,b) € Keru, then a = b and a € A%(p) N FPAZ. Therefore a = (—1)Pa € FPAR.

Hence
Ker(u)™ = AR (p) N FP AL N FPAL.

The next step is to choose linear sections of the maps
m: AL — Coker(u)* and u' : Aj(p) ® FPAL — Im(u)*.
In order to give explicit expressions of these sections, let us introduce some maps. Let
T+ Az — Ag(p)

be the projection obtained from the direct sum decomposition A7 = Aj(p) & Ax(p — 1).
Namely, we have

Tp& = %(z + (—1)P7).

Let © = ) 277 € Af.. We will denote by

i
FPyp — E :xp 4

p'>p
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the projection over FPAf and by

i i
FPPy — E :xp a

p'>p
a'>p
the projection over FP A% N FPAY.
By Lemma 2.3, Coker(u)™ may be identified with the subgroup of A

Ag(p—1)N @ APd — pn—ptl AF Pt n A(p—1).
p'+d'=n
p'<p, d'<p

Let us write ¢ = n — p + 1. Then, with the above identification, the morphism 7 : A¢ —
Coker(u)™ is
m(z) = mp_1 (Fx).
This gives us a natural way to choose a section o; of m: the inclusion
FIAZNFIAZ N AR(p — 1) — AR
With this choice of o1 we have

x —mp_1(FP9), for n <2p—2,
() =

T, for n > 2p — 1.

And
Resi(z) = —mp_1(FPdx), for x € Coker(u)"” and n < 2p — 2.

Let us look for a section o of /. In this case it is simpler to look for a retraction 75 of
the map
j: Ker(u)" — Ag(p) ® FPAL.

Since for n < 2p the map wu is injective, then m(a, f) = 0 in this case.
By lemma 2.3 we have

Ker(u)™ = AR (p) N FP AL N FPAL.
Let us write ¢ = n — p + 1. We have the following direct sum decompositions

Al(p) = FPNFP N AL(p) ® (F1+ F9) N AZ(p) and
FPA% = FPAFP A AYp) & FPNTFP N ALp — 1) @ FY.

Thus we can impose the condition
(2.4) ma(a, f) =0, forae (F1+F)NAL(p) and f € FPNFPNAR(p—1) @ FU.
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There are several choices of retraction 79 satisfying condition 2.4; among them we choose
To(a, f) = FPPa.
With this choice we obtain
oo = (—2mp(x — FPx),2FP(1p417) — (=1)P7L1FPPE),

and
0, forn < 2p—1,

2mp, (QxP—Ln=r+l) forn > 2p+1.

Res (1) = {

2.5. Definition. Let A* be a Dolbeault complex. The Deligne-Beilinson complex associ-
ated with A is the complex

D*(A,p) = 5(AL(p) ® FPAL = AY).

The differential of this complex will be denoted by dxo.
Let us summarize the results of this section.

2.6. Theorem. Let A* be a Dolbeault complex. Then
1) The complex ©*(A,p) is given by

( Aﬁ_l(p -1)nN @ Ap”q', forn <2p—1,
p'+q'=n—-1
/< ’ /<
@n(A,p):< p P?’p
AR(p)N @ AP T forn > 2p.
p'+q'=n
\ p'>p, ¢'>p

For x € D™ (A, p) the differential dg is given by

—m(dx), forn <2p—1 and
dor =1 —200x, forn=2p—1,
dx, forn > 2p,

where m: A* — Coker(u)* is the projection.

2) The complexes Af(p)p and D*(A,p) are homotopically equivalent. The homotopy equiv-
alences ¢ : AR(p)p — D™(A,p) and ¢ : D" (A,p) — AR(p)p are given by

m(w), forn <2p—1 and

FPPq + 27, (QwP—Ln=prl) for n > 2p,

bot.0) = {

and

QO(‘T) _ { (axp—l,n—zl _ gxn—p,l)—l, 28331)_1’"_1’, a;), fOT’ n<2p—1 and
(SU,LE‘,O), fOT’TLZZp.
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Moreover Y = Id and ¢y — Id = dh + hd, where h : AR (p)p — Aﬁ_l(p)p is given by

(mp(F'w + F" " "w), —2F?(r,_1w),0), forn <2p—1 and
h(a, f,w) =

(27rp(Fn_pw)a —FPPy — 2F"P(m,_qw), 0), forn > 2p.

3) The natural morphism H* (A% (p)p) — H*(Ax(p)) is induced by the morphism of com-
plezes

rp 1 D" (A, p) — Az(p)
given by
{ 2m, (FPdx) = QzP~Ln=P — ggn—pPp—1, forn <2p—1 and
rpk =

x, for n > 2p.

2.7. Corollary. Let X be a smooth variety over C. then

Hp(X,R(p)) = H* (D" (Eiog(X), )

2.8. Remark. Let A be a Dolbeault complex. By construction, the cohomology groups
H?(D*(A, p)) are

H?(D*(A,p)) = {x € AP? N A (p) | do = 0} /Tm(99)

Therefore they are the R(p)-part of the 90-cohomology of A. In particular we have a
relation between 00 cohomology and real Deligne-Beilinson cohomology. On the other
hand we have

HP 1D (A,p)) = {w € AP~1P= 1N AP ?(p— 1) | 00z = 0} /(Im & + Im D) .

A variant of this complex has been used in [Dem] to study the properties of 90-cohomology.

2.9. Remark. The complex ©*(A,p), the maps ¢ and r;, and the map 1, for n < 2p, do
not depend on the choice of the section g5. Only the map 1 for n > 2p depends on the
choice of o5. Moreover the maps ¢, ¥ and the homotopy h are natural. That is, given a
morphism A — B between Dolbeault complexes there is a commutative diagram

D*(A,p) —— Ax(p)p

l l

D*(B,p) —— Bi(p)p
and analogous diagrams for ¢ and h.
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§3. MULTIPLICATIVE STRUCTURE OF DELIGNE-BEILINSON COHOMOLOGY.

Let X be a smooth algebraic variety over C and X a smooth compactification of X
with X — X a divisor with normal crossings. For each real number 0 < « < 1, there is
defined a product U, on the Deligne-Beilinson complex A(p)p (see [Be] or [E-V, §3]). All
these products are homotopically equivalent. Moreover the product obtained for o = 1/2
is graded-commutative and the products obtained for &« = 0 and a = 1 are associative.
Therefore they induce an associative and commutative product in Deligne-Beilinson co-

homology denoted U. We want to transport this multiplicative structure to the complex
D*(A,-).

3.1. Definition. Let A be a Dolbeault complex. We say that A is a Dolbeault algebra if
there is a product

Ar @ AL D A%

such that Aj is a differential associative graded-commutative algebra, and the induced
product on Af is compatible with the bigrading. That is

APT A AP T C Aptratd’

Let (A, d, A) be a Dolbeault algebra and let 0 < o < 1 be a real number. The product
Uq of the Deligne-Beilinson complex corresponds to the product

AR(p)p ® AT (q)p —= AZY™(p+ q)p

defined, for
(ap, fp,wp) € AR(p)p = (2mi)PAL & FPA™ @ A"
and
(ag, fqwq) € AR (@)D = (2m1)TAR @ FIA™ @ AmL
by

(aps fpwp) Ua (ag, fgrwq) =

(ap Aag, fp A fgsalwp Aag+ (=1)" fp Awg) + (1 — a)(wp A fg+ (=1)"ap Awg)).

In order to define a product in ©*(A,-) we shall use the following result.

3.2. Proposition. Let A* and B* be complexes of modules over a ring, such that there
are homotopy equivalences ¢ : A* — B* and ¢ : B* — A*, one the inverse of the
other. Assume furthermore that there is defined a product in B*. That is, a morphism of
complexes

* *UB *
B*® B* — B™.

Then
1) The map

UA
A* @ A —A A%

12



defined by x U, y = Y (px U, vy) is a morphism of complezes.

2) If the product U, is associative or associative up to homotopy then the product U, is
associative up to homotopy.

3) If the product U, is graded commutative, the same is true for U,. If it is graded com-
mutative up to homotopy, then U, is graded commutative up to homotopy.

Proof. To prove that U, is a morphism of complexes we use that ¢, ¢ and U, are mor-
phisms of complexes. The statement about commutativity follows easily from the definition
of U,.

Assume now that U, is associative. Let h be the homotopy between ¢ and Id. That
is

o — Id = hd + dh.
Let us define a map
An®Am®Al A An+m+l—1
by
ha(a®b® c) = P(h(pa U, ¢b) U, pc) + (=1)" T h(pa U, h(pbU, pc)).

Then we can check easily that
(aU,b)U,c—aU, (bU, ¢) =had(a®@b®c)+ dha(a ®b® c).

The case when U, is only associative up to homotopy is analogous.
Applying Proposition 3.2. to Af(p)p and D(A*, p) we obtain
3.3. Theorem. Let (A,d,N) be a Dolbeault algebra, and let « € [0,1]. Let the map

D"(A,p) @D™(A,q) = D"T™(A, p+q)

be defined by x -y = Y (px Uy @y). Then:

1) It is a morphism of complexes and does not depend on «. It is also independent of
the section oo used to define D*(A, x), provided this section satisfies the condition 2.4.
Moreover it induces the product U in real Deligne-Beilinson cohomology.

2) This product is graded commutative and it is associative up to a natural homotopy.

3) Let x € D" (A,p) and y € D™(A,q). Let us writel =n+m and r =p+q. Then

(=D)"rp(x) Ay +x Arg(y), forn < 2p and m < 2g,
(T Ay), forn < 2p, m > 2q, | <2r,
T - y F’I‘,T‘(,r (x) /\ 1"_17[_7"
P y) +2m.0((z A y) ), forn <2p, m>2q, 1 >2r,
TNY, forn > 2p and m > 2q,

where r,(x) = 2m,(FPdz) (see 2.6.3) and 7 is the projection Af. — Cokeru (see §2).
4) If v € (A, p) is a cocycle, then for all y, z we have

r-y=vy-xr and
y-(@-2)=(y-z)-z2=2-(y-2).
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Proof. Let us first check the formulae of 3). If n < 2p and m < 2¢ we have

P(prUapy) = ¢ ((rp(x), 2F7 (dx), x) Uq (rq(y), 2F%(dy), y))
= w(rp(a:) Nrq(y), 2FP(dx) A 2F%(dy),
a(z Arg(y) + (1)"2FP(dz) Ay) + (1 — a)(z A 2F(dy) + (=1)"rp(2) A y))
= m(a(x Arq(y) + (=1)"2F(dz) Ay) + (1 — a)(z A 2FY(dy) + (—=1)"rp(x) A y)).

But
m(xAry(y)) =z Arg(y) and w(x A2FYdy)) =z Arg(y).

The same is true for the other two terms. Therefore

z-y=(=1)"rp(x) Ny +x Ary(y).

Note that this result does not depend on «, nor on the choice of o3, because we have used
¥ only for | < 2r.
If n < 2p, m > 2q and r > 2r, we have

w(%’ﬂ Ua @y) =1 ((Tp(a:)? 2Fp(d$)?x) Ua (yv Y, 0))
= (rp(x) Ny, 2FP(dz) Ny, x \y)

= F""(rp(x) Ay) + 2m.(0(z A y)" =BT,

This result does not depend on « either. Nor does this formula depend on the choice of o9
satisfying 2.4 because = Ay € AL (r — 1) and u(ry(z) Ay, 2FP(dz) Ay) € Ak(r —1). The
other cases are analogous.

The remainder of the proposition is a consequence of these formulae and of Proposition
3.2, except for the fact that the homotopy for the associativity is natural, which follows
from the naturality of ¢, ¥ and the homotopy h.

§4. TRUNCATED RELATIVE COHOMOLOGY GROUPS.

In this section, we introduce some groups of secondary cohomology classes associated
with a morphism of complexes. These groups will be called truncated relative cohomology
groups and are a generalization of the group of differential characters ([C-S]) and of the
group of Green currents ([G-S], see also [Bu 2]).

4.1. Definition. Let R be a ring and let f : A* — B* be a morphism of complexes of
R-modules. Let us denote by ZA* the submodule of cocycles of A* and by B* = B* /Imd.

If b € B* we write b for its class in B*. The truncated relative cohomology groups associated
with f are

~

A™(A*, B*) = {(a,?;) € ZA" @ B"' | f(a) = db} .

These groups are R-modules in a natural way. If the morphism f is injective we write b

instead of (a,b).
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4.2. Examples.

1) If B = 0 then H"(A*, B*) = ZA™. If A =0 then H"(A*, B*) = H""1(B*).

2) ([C-S]) Let M be a differentiable manifold. Let A* be the complex of real valued
differential forms on M. Let A C R be a proper subring and let C*(M,R/A) be the
complex of R/A-valued smooth cochains. There is an injective morphism

fiA* — C*(M,R/A)

defined by integration. Then the group H™(A*, C*(M,R/A)) coincides with the group

of differential characters of M, H"=1(M,R/A).
Let us give another description of the truncated relative cohomology groups which ex-
plains their name. Let o denote the “béte” filtration. That is, given a complex A*, then

A", if n > p,
oP A" = )
0, if n <p.
Let s(-) denote the simple of a morphism of complexes. Then
H"Y(B*), if n <p,
H"(s(c?PA* — B*)) = ﬁI"(A*,B*), if n =p and
H™(A*, B*), if n > p.

From this description we can obtain exact sequences involving truncated relative cohomol-
ogy groups. Let us first define some maps involving these groups:

cl: H*(A*, B*) — H"™(A*, B%), cl(a,b) = {(a,b)},
where {-} denotes cohomology class.

w:f["(A*,B*) — ZA", w(a,g) =a.

a: A"t — H"(A*, B*), a(@) = (da, f(a) ).

b: H" Y (B*) — H"(A*, B*), b({b}) = (0,).

We shall also denote by a the induced morphism a : H"~1(A*) — ET"(A*, B*).

4.3. Proposition. Let f: A* — B* be a morphism of complexes. Then there are exact
sequences
1) Hn=1(A* B*) — An—1 % Hn(A* B*) % Hn(A*, B*) — 0
2) 0 — H"~Y(B*) 2 H"(A*, B*) % ZA™ — H"(B*)
3) H" (A", B*) — H""1(A®) & H™(A*, B) 225
H"(A*,B*)® ZA™ — H"(A*) — 0

Proof. These exact sequences follow respectively from the exact sequences of complexes

0 — s(c"A* — B*) —» s(A* — B*) — A*/oc"A* — 0,

0 — B*[-1] = s(c"A* — B*) - c"A* — 0 and

0 — s(o"A* — B*) — s(A* — B") @ o"A* — A* — 0.

15



Let 2 denote the category associated to the ordered set {0,1}. A morphism of complexes
will also be called a 2-complex because it can be considered as a functor from the category
2 to the category of complexes. The 2-complex f : A* — B* will be noted by (A*, B*, f)
or simply by f. A morphism of 2-complexes g : f; — f5 is a commutative diagram

47 —— B

J«gA lgB
A* fa *
2 % Bz-

If g4 and gp have degree e, we say that g has degree e. For each n, the n-th truncated
relative cohomology group is a covariant functor from the category of 2-complexes of R-
modules to the category of R-modules. If g = (g4, ¢p) is a morphism of 2-complexes, then
there is an induced morphism
g=H"(g9): H"(A},B}) —  H"(45,B3)
(a,b) — (9a(a), (98(0)) ).

If g has degree e, then the induced morphism g is also of degree e.

4.4. Proposition. Let g = (ga,gp) be a morphism of 2-complexes. If ga is an isomor-
phism and gp is a quasi-isomorphism then g is an isomorphism.

Proof. 1t is a direct consequence of 4.3.2.

This proposition reflects the asymmetry between the complexes A* and B*. We can
freely replace the complex B* by a quasi-isomorphic complex without changing the trun-
cated relative cohomology groups. On the other hand, if we change A* by a quasi-
isomorphic complex, then we can change the properties of these groups.

Let us recall now how to construct a product on relative cohomology groups from a
product at the level of complexes. We shall extend this construction to truncated relative
cohomology groups.

Let f: A* — B* and g : C"" — D* be a morphism of complexes. We can construct
the complex

s(f)®s(g) = s(A* — B*) ® s(C* — D*)

or consider the simple of the diagram

~1d®g+f®ld
T

A* ® C* (f®1d,ld®g) B* ® C* EBA* ® D* B* ® D*.

There is an isomorphism of complexes
s(f)®@s(g) — s(A*®@C* - B*"®@C*"® A*® D" — B*® D*.)
If (a,b) € s(f)™ and (c,d) € s(g)™ then this isomorphism is given by
(a,b) ® (c,d) — (a®@c,b®@c+ (-1)"a®d, (—1)"bd).
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Suppose that there is a morphism of commutative diagrams

A*®@C* —— A*@D* Ef —— EI
| | — |
B*®C* — B*® D* E} — E.

Then there is an induced product
s(f)® s(g) — s(E] — s(Ey ® E5 — EY)).
Hence a product
H"(A*, B*) @ H™(C*,D*) — H"™™(E},s(Es ® E5 — E})).
If {(a,b)} € H"(A*, B*) and {(c¢,d)} € H™(C*, D*), this product is given by
{(a,0)} @ {(c,d)} — {(a-c,b-c+ (=1)"a-d,(—1)"b-d)}.

Here {-} denotes cohomology class.

4.5. Definition. With the above hypothesis, the x-product of truncated relative coho-
mology groups:

H"™(A*, B*) ® H™(C*, D*) = H"t"™(E*, s(E} @ E — EY))

is defined by

(a,b) % (c,d) =(a-c,(b-c+ (-1)"a-d,(-1)"b-d) ).

4.6. Proposition. The x-product of truncated relative cohomology groups is well defined,
i.e. it does not depend on the choice of representatives b and d of b and d. Moreover there
are commutative diagrams

H"™(A*, B*) @ H™(C*,D*) —*— H"t™(E% s(E; ® B3 — E}))

Joen Js

Am @ O™ SN Ertm,

and
H"(A*,B*) ® H™(C*,D*) —— H"™(E%, s(E3 ® B — E}))

lcl@cl lcl

H"(A*, B*) @ H™(C*,D*) ——— H"t™(E%,s(E} & E5 — EY)).
Proof. Follows from the definitions.
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§5. A DEFINITION OF GREEN FORMS USING DELIGNE-BEILINSON COHOMOLOGY.

In this section we shall see that the space of Green forms can be obtained as a truncated
relative cohomology group of the Deligne-Beilinson complex. Moreover, the x-product of
Green forms is induced by the product of the Deligne-Beilinson complex.

Let X be a smooth algebraic variety over C. Let ZP = ZP(X) be the set of algebraic
subsets of codimension > p, ordered by inclusion. Let us write

Eio(X\27) = lim B, (X - 2).
ZeZP

This complex is a Dolbeault complex and there is a natural injective map
Elt)g(X) — El*og(X\Zp)'
We shall write

Hp(X\ZP,R(p)) = H* (D" (Ejog(X\2"),p)) and
Hp 2o (X, R(p)) = H* (s(D*(Ejog(X), p) — D (Efog(X\Z7),p)))-

Since ZP is a directed set we have

Hp(X\Z2?,R(p)) = lim Hp(X — Z,R(p)) and
VA A4

Hp 2 (X.R(p)) = lim Hp , (X, R(p)).
ZeZP

5.1. Definition. The space of Green forms on X with codimension p singular support is
GEP(X) = H?P (D" (B (X), p), D" (g (X\27), ).

Let (w,g) € GEP(X). Since the map D*(E},(X),p) — D" (Ej,(X\27),p) is injective,

w is determined by g. Thus we shall sometimes represent (w,g) by g.
By the definition of the Deligne-Beilinson complex we have

DB (X),p)/Imde = EL P HX) N EE 2 (p - 1)/ (Imd + Im 9).

We shall denote this group by Ef’o_gylﬂ’%p ~1(X). Analogously we write

Bl 1 (X\27) = 977} (Ef,,(X\27),p)/ Imds.
We also have that the subgroup of cocycles of ’sz(El*Og(X ),p) is

{w € ELF(X)NEZ, (X, p) | dw = o} .
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This group will be denoted by ZE[? 5 (X).
Then

GE'(X) = {(,9) € ZERL R (X) @ Bl (X\27) | —200g = w}
= {§ € Ei”o_g,lﬂép_l(X\Zp) | 00g is smooth on X} :

5.2. Definition. If Z C X is a codimension p algebraic subset of X, then the space of
Green forms on X with singular support contained on Z is

GEY(X) = H? (D" (B}, (X), p), D*(Efoy (X — Z),p)).

Since ZP is a directed set and the codimension p algebraic subsets of X is a cofinal subset
of ZP, the group GEP(X) is the direct limit of the groups GEL(X) for Z of codimension

p.
5.3. Definition. Let g € GEP(X). Then the singular support of g is the intersection
of all Z such that g has a representative in GE7 (X ). We shall denote the singular support,

of g by suppg.
Since GEP(X) are truncated relative cohomology groups we can define maps

2
cl: GE?(X) — HDp,Zp(X, R(p)),
w:GEP(X) — ZElpo’é’,R(X),
a: B WP X) — GEP(X) and
b: HP '(X\27,R(p)) — GEP(X),
as in §4. We shall also denote by a the induced morphism
a: H?X Y(X,R(p)) — GEP(X).
5.4. Proposition. Let X be a smooth variety over C. Then there are exact sequences
1) 0 — EPRPTHX) S GEP(X) 5 H 4, (X, R(p) — 0.
2) 0 — Hy"'(X\27,R(p) = GEP(X) < ZELY o (X) — Hy (X\ 27, R(p)).

3) 0= H¥Y(X,R(p)) > GEP(X) 222
HE ., (X,R(p)) ® ZELY ,(X) — HE (X, R(p)) — 0.

Proof. This is a translation of Proposition 4.3. taking into account that Deligne-Beilinson
cohomology satisfies

HE 23 (X, R(p)) = 0.

This can be proved using the exact sequence of Proposition 1.1. and the fact that, if 7 is
a codimension p algebraic subset of X then

H7(X,R)=0
for n < 2pand R =R or C.

Fixing the singular support we have an analogous result.
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5.5. Proposition. Let X be a smooth variety over C and Z C X a codimension p
algebraic subset. Then there are exact sequences

1) 0— ED LX) B GEY(X) BEN HEY ,(X,R(p)) — 0.
2) 0 — H¥ (X - Z,R(p)) > GEL(X) % ZELY o (X) — HF (X — Z,R(p)).
3) 0 — H¥ (X, R(p)) > GEL(X) 222
HY ,(X,R(p)) ® ZELY o (X) — HF (X, R(p)) — 0.
5.6. Corollary. The natural map

GEY(X) — GEP(X)
is injective. Moreover, if g € GEP(X) then supp g = suppcl(g).

Proof. The injectivity follows from the injectivity of the morphism
HE 7(X.R(p)) — Hg) 2, (X, R(p))

and the Five Lemma. Let us write Y = suppcl(g) and Y’ = suppg. Clearly Y C Y'. Then
we have a morphism of change of support ¢ : GE},(X) — GEY,(X) and a commutative
diagram

GEL(X) —%— HPy(X,R(p))

ol |
GE]{@/,(X) L) H%ijz (X; R(p))v

where the horizontal arrows are surjective. Let g’ € GEY.(X) with cl(g’) = cl(g). By
Proposition 5.5, there is an element « € Ef;;jép_l(X) such that a(a) = g — ¢g’. But then
g+ a(a) € GEY(X) and it represents g. Thus Y =Y.

5.7. Definition. Let y be a codimension p algebraic cycle. Then the space of Green forms
associated with y is

GEy(X) = {g € GEP(X) | cl(g) = p(y)},

where p(y) is the class of y in H%’jzp (X,R(p)) (see [J] or §7).
A direct consequence of Corollary 5.6 is:

5.8. Corollary. Let y be a codimension p algebraic cycle and let Y = suppy. If g, is a
Green form associated to y, then the singular support of g, isY .

5.9. Theorem. Let X be a smooth projective variety over C and y a codimension p
algebraic cycle. Let GEx (y) be the space of Green forms for y as defined in [Bu 2]. Then
there is a natural isomorphism

GEP(X) — GEx(y)

given by



If X has dimension d and GCx (y) is the space of Green currents for y in the sense of
Gillet and Soulé ([G-S], see also [Bu 2]) then there is a natural isomorphism

GEP(X) — GCx(y).

Proof. Let us write Y = suppy. By definition

p—1,p—1 dd°g € EXY, _
GEx(y)=g9€ B’ (X -Y)| (dd°g. d°g} = (1) (Imd + Im 9),

where {dd®g,dg} is the cohomology class represented by (dd®g,dg) and {y} is the coho-
mology class of y. Both classes are considered in H)Z,p (X, R).
On the other hand, by Corollary 5.8, if we write

Bl (X = Yop— ) = BN X - Y) N B (X~ Yip - 1)

we have

Lol —200g € Eip _
GEV(X)=qg9e bl ' (X-Y,p—1)] _ (Imd + Im0),
® {~200g, 9} = p(y)

where now {—200g, g} and p(y) are cohomology classes in H%Z?Y (X,R(p)). But the natural
morphism H%Ij v(X,R(p)) — H?(X,R) is induced by a morphism of complexes (see
2.6.3):

41 * * * * * %
G S0 (Bxp), 0" (Biog (X = ), p)) — s(Bige — iy (X = Y)).

Which, in degree 2p, satisfies

1 1 2
@m0 = (G G

C

d°g).

Therefore, this morphism sends the class {—209g, g} to the class {dd®g,d°g}. Moreover,
by the definition of p(y), this class is mapped to {y}. Hence the map

GEJ(X) — GEZX ()
g — Wg
is well defined. The inverse of this map is also well defined, because the morphism
H%’iy (X,R(p)) — HP(X,R) is an isomorphism.
The second part of the Theorem follows from the first part and the comparison isomor-
phism between Green forms and Green currents proved in [Bu 2].
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5.10. Remark. By the definition of the space of Green forms as a truncated relative
homology group, the morphism

GEY(X) — Hpy(X,R(p))

is an epimorphism. Therefore the existence of Green forms is a direct consequence of the
existence of the cycle class in real Deligne-Beilinson cohomology.

Now we want to define a product of Green forms. Let X be a smooth variety over C
and let Y and Z be closed algebraic subsets of codimension p and ¢ respectively such that
Y N Z has codimension p + ¢q. Let r = p + ¢ and let us write ©*(X,r) = D*(Ej,,(X),r)
and

D(X;Y, Z,r) =s(D (X -Y,r) @D (X — Z,7) LD (X -Y U Z7r)),

where j(a,b) = b — a. Then, using Definition 4.5, we obtain a morphism
GEY. @ GEL(X) 5 H> (9*(X,r),D*(X;Y, Z,r)).

given by
(leﬁl) * (w2,§2) = (Wl "Wz, (91 TWa,W1 " g2,91 '92)~)

= (w1 Awa, (g1 Aw2,wi A g2, —1p(g1) A g2 + 91 A7Tqg2) )
= (w1 Awa, (g1 A wa, w1 A g2, —4mid°g1 A g2 + 4migr A dcgz)N)

But since the map
DX -YNnZr) — 2%X;Y,Zr)
g — (9,9,0)

is a quasi-isomorphism, therefore there is a natural isomorphism
GEyqz(X) — H* (D°(X,r), D" (X3 Y, Z,7)).

Hence the following definition makes sense.

5.11. Definition. Let X be a smooth variety over C and let Y and Z be algebraic
subsets of codimension p and ¢ respectively such that Y N Z has codimension p + ¢. Then
the *-product

GEY (X)® GEL(X) — GEY ., (X)

is the product in truncated relative cohomology groups induced by the product of the
Deligne-Beilinson complex.

5.12. Theorem. The *-product of Green forms is commutative and associative. It is
compatible with the product in Deligne-Beilinson cohomology and with the cup product of
differential forms. Moreover if X s projective then it is compatible with the x-product of
Green forms defined in [Bu 2] and with the x-product of currents defined in [G-S].

Proof. The compatibility with U and A follows easily from the definitions.
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Let Y and Z be closed algebraic subsets of X of codimension p and ¢, and let g; €
GEY(X) and g» € GEL(X). Write r = p+ q. Then

g1 % g2 € H? (D*(X,7),D%(X;Y, Z,1)),
and R
go*x g1 € H (D*(X,r), D*(X; Z,Y,7)).

Both groups are naturally isomorphic. The isomorphism between them is induced by an
isomorphism of complexes

DX, Y, Z,1) — DX Z,Y,7),
given by
(a,b,c) — (b,a,—c).

It is straightforward to check that this isomorphism sends g; * gs to g2 * g1.

Let W, Y and Z be algebraic subsets of X of codimension p, ¢ and r respectively, such
that the codimension of W NY NZ is p+ ¢+ r and Y intersects properly with W and
Z. Let (w1,01) € GEY,(X), (w2,92) € GEY(X) and (w3,93) € GE%(X). Let us write
s=p+q-+rand

D (X;W,Y, Z,5) = s(D* (X —W,5) ®@D*(X - Y,s5) D (X — Z,5) %
DX -WUY,s) @D (X -WUZs) @D (X -YUZs) 5
DX -WUYULZs)),

where
jla,b,c)=(b—a,c—a,b—c) and k(a,b,c)=a—b+c.

Both products, g, #(§2*g3) and (g1 #§2)*gs are defined in H2(D*(X, s), D*(X; W, Y, Z, 5)).
We have

g1 * (52 * 53) = (wl'(w2 : ws), (91 : (w2 : w3)7wl : (gz : w3)7w1 : (wz : 93)7

—9g1- (92 w3),—g1- (w2 -g3), —w1-(92-93),91" (92-93)) )

and

(51 * §2) * g3 = ((wrwz) * w3, ((91 : wz) * W3, (wl '92) * W3, (wl 'wz) * g3,

- (91 'gz) %7 —(91 'wz) g3, —(wl '92) - g3, (91 '92) '93) )
By Theorem 3.3, wy - (w2 - w3) = (w1 - wa) - wz. Therefore
g1 * (g2 % g3) — (g1 % g2) * g3 = (0, ),
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with z € D271 X;W,Y, Z, s) Let h, be the homotopy which makes the product on the
Deligne-Beilinson complex associative. That is

a-(b-c)—(a-b)-c=doha(a®@bRc)+ hado(a @b c).
Let us consider the element y € D(X; W,Y, Z, s) given by

Yy = (ha(g1 @ wa @ w3), ha(wr ® go @ w3), ha(wr @ wa @ g3),
ha(91 ® g2 @ w3), ha(g1 ® w2 @ g3), ha(wi ® g2 @ g3), hal(g1 @ 92 ® g3)).

By the naturality of h, we have,
doy =2 — (ha(w1 ® we @ w3), ha(w1 @ we ® w3), ha(wy ® we ® w3),0,0,0,0).

Therefore the associativity follows from the lemma:

5.13. Lemma. Let w; € D?P(X — W,p), we € D2U(X —Y,q), and ws € D* (X — Z, 7).
Then
ha(wl R w2 @ wg) = 0.

Proof. By definition (see §3)
ha(w1 @ wa ® ws) = P (h(pwr U pws) U pws) + 1 (pwr U h(pws U pws)),

where 1 and ¢ are the homotopy equivalences between the Deligne-Beilinson complexes,
h is the homotopy between ¢ and Id and U is the product Uy in the Deligne-Beilinson
complex which is associative.

But

h(pwi U pws) = h((w1,w1,0) U (we, w3, 0))
h,(w1 A w2, W1 A w2, 0)
0

Therefore we obtain the Lemma.

Let us show now that the x-product defined here is compatible with the x-product
defined in [Bu 2|. Let Y and Z be closed algebraic subsets of X of codimension p and ¢
respectively which intersect properly. Write r = p+q. Let X be a resolution of singularities
of Y N Z such that the strict transforms of Y and Z do not meet. Write Y for the strict
transform of Y and Z for that of Z. Let oy, be a smooth function on X such that it

takes the value 1 in a neighbourhood of Y and the value 0 in a neighbourhood of Z. Let
0,y =1—0,,. Let us denote by ' the *-product of Green forms defined in [Bu 2]. Then

Go ' Go = Ami(dd®(oy. ,91) A ga + 0,y g1 Addgs)

= (dD(JY,Zgl) g2 + Ozv01- dDgz)
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The factor 477 comes from the normalization for Green forms used here which differs from
that used in [Bu 2].
The isomorphism

o : H¥(D*(X,r), D" (X —Y N Z,r)) — H>(®*(X,r),D"(X,Y, Z,1))

sends (dD (UY,Zg]-) "g2 + Ozv31" dDQZ) to

(do(0y,91) g2+ 04y g1 - dpg2, do(0y ,g1) - g2 + T4y g1 - dpg2,0)

Then

(UY,zgl ' 92)7 _dJ’D (Uz,ygl ' 92)7 —g1- 92)

©(g1+ g2) — g1 % g2 = (do
(dD (UY,Zg]- * 92, _Uz,ygl - g2, 0))
0.

Therefore g1 * go and g1 *’ go represents the same Green form.

In [Bu 2, §4], the compatibility of the x-product of Green currents with the product *
of Green forms is proved. Therefore the product of Green currents is also compatible with
the product defined here.

5.15 Remark. The key point in the proof of the associativity is Lemma 5.13. We can
even use a weaker version of this lemma, assuming that w;, ¢ = 1,2, 3, are closed. It may
be convenient to replace the complexes © by other complexes in order to obtain Green
forms with different properties. Then to prove the associativity of the product of these
new Green forms we only need to check Lemma 5.13. in that case.

5.16 Remark. In the proof of Theorem 5.12. we have assumed that the intersections are
proper, because we have defined GE%(X) only for closed subsets Z of codimension > p.
With the obvious definition of GEY(X) for Z of arbitrary codimension, the Theorem also
holds, except for the comparison between Green forms and Green currents.

§6. K-CHAINS AND REAL DELIGNE-BEILINSON COHOMOLOGY.

Our construction of arithmetic Chow groups is based in the relationship between alge-
braic K-theory and Deligne-Beilinson cohomology.

Let X be a smooth algebraic variety over C of dimension d. By [Be] (see also [Gi] and
[Sch]) we have a Chern character

ch: K;(X) — @ Hp 7 (X, R()).

(3

Using the techniques of [Gi] one can also define a Chern character map from the Brown-
Gersten-Quillen spectral sequence for the K-theory of X and the Bloch-Ogus spectral
sequence for the Deligne-Beilinson cohomology. The aim of this section is to write down
explicitly the last stages of this map.
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Let us denote by X ®) the set of irreducible subvarieties of codimension p. The groups
of the E; term of the Brown-Gersten-Quillen spectral sequence (see [Q 1], [Gi] [Gr 1] and

[Gr 2]) are given by:
B @ K
reX(P)
where
K;(X) = lim K0 (.
TE

Whereas the groups of the Bloch-Ogus spectral sequence (see [B-O] and [Gi] ) are

Ep,q @ @ H21+p+q X R( ))

i reX(®

where
H o (X, R()) = lim Hy o (U R(D).

Note that this spectral sequence is a direct sum of spectral sequences. One for each ¢, and
each of them is shifted in order to make

P KT, (X)— P P HpITUXRG)

bihomogeneous.

6.1. Proposition. There is a commutative diagram

z ch 24 .
®weX(P> K—p—q(X) - @; @xex(m HD,j;ijq(X,R(@))

l l

ch i— .
®m€X(P) K—p—q(k(x)) - @Z ®m€X(P) H% p+q(l‘>R(Z _p))7

where the vertical arrows are isomorphisms and the horizontal arrows are morphisms of
spectral sequences.

Proof. The proof is analogous to the proof of [Gi, 3.9]. The fact that the vertical ar-
rows are isomorphism come from the localization and purity theorems for K-theory and
Deligne-Beilinson cohomology. For the commutativity one uses that each z € X has a
neighorhood U such that

{£}NU —U

is a smooth inmersion with trivial normal bundle. In this case, by Riemann-Roch ([Gi]),
the Chern character commutes with direct images. The result is obtained taking the limit
for such neighborhoods.

Let us write

Ry =Ry(X)= @ Kp-ilh(x))
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Then RP(X) = ZP(X), the group of codimension p algebraic cycles. The elements of
Rp~! will be called K;-chains and the elements of R)~?, Kj-chains. Let us denote by

d: R; — R;)H the differential of this spectral sequence.
Recall that K;(k(x)) = k(z)* is the group of units of k(x). If f is a K;-chain then

f:wav

with f, € k(x)*. And df = —div f = >  —div f,. Therefore
RP(X) /dRP~(X) = CHP(X),

is the codimension p Chow group of X. Note that the sign of df differs from [Gi] but d
is a connection homomorphism and its sign depends on the conventions used to define the

simple of a morphism of complexes.
On the other hand, the group K3(k(X)) can be described as

where R is the subgroup generated by the elements of the form f ® (1 — f). The element
of Ko(k(X)) represented by f ® g will be denoted by {f,g}.

The differential is given by the tame symbol. Let Y be a divisor of X, vy the corre-
sponding valuation. Then the Y-th component of d{f, g} is

y 5 fVY(g)
{(—1) v (f) Y(g)gVY(f) ,

where {-} denotes the class in k(Y)*.

Let ZP = ZP(X) denote the set of all closed algebraic subsets of X of codimension > p
ordered by inclusion. Let ZP\ZP*! denote the set of all pairs (Z,7') € ZP x ZP*! such
that Z" C Z. We consider this set ordered by inclusion.

Following [B-O], let us write

H%,ZP\ZPH(Xv R(g)) = h_n} H%,Z—Z’ (X — Z',R(q)).
(Z2,2")yezr\zPt1

Since ZP\ ZP*! is a directed set, we can obtain these groups as the cohomology groups of
the complex

li_l’)Il S(Q*(Elog(X_Z/)7Q) —>©*(E10g(X_Z)7q))'
(Z2,2")yezr\zPt1

Observe that we have

pznzen (X, R(@) = @ Hp (X, R(q)).
e X (P)
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6.2. Theorem. There is a commutative diagram

d

) —1
RY — RP — RY
d d d
b X,R o, g} X,R o, mg¥ X,R
D,zp—Z\zp—l( R(p)) —— D,zp—l\zp( R(p)) —— D,zp\zp+1( ,R(p)),

where the map p is the only non zero component of the map ch composed with the Gysin
morphism. This diagram is covariant for equidimensional projective morphisms.

Proof. Let z € X and let Ki(j)(k(a:)) be the j-graded part of K;(k(z)) with respect to
the y-filtration. One knows that ch(Ki(j)(k(x))) C HY"(z,R(j)) (see for example [Sch]).
Moreover, being k(z) a field, we have K;(k(x)) = Kz(z)(k(a:)) for ¢ < 2 ([Sou]). Therefore
the Chern character induces maps

Ki(k(z)) — Hh(z,R(1)), fori < 2.

Composing these maps with the Gysin morphism we obtain the map p.

The commutativity of the diagram is then a direct consequence of Proposition 6.1.

For the covariance for projective morphisms let f : X — Y be a projetive morphism.
Let z € X®). If dim {z} # dim {f(z)} then f.(a) = 0 for « € K;(k(z)) or o € Hi (2, R(4)).
On the other hand, if dim {z} = dim {f(z)} then there are neighbourhoods U of z and V'
of f(z) such that f induces a morphism f’: U — V which is projective, étale and finite.
Therefore the relative tangent bundle is trivial and the Riemann-Roch Theorem implies
that the Chern character commutes with direct images.

Now we want to determine the map p. At the level of cycles, p is the cycle class map.
At the level of K;-chains, if z € X®=1 the morphism

p: Ki(k(z)) — HP~H(X,R(p))
is the composition
Ky (k(2)) < H' (2, R(1) 25 HP (X, R(p)),

where j; is the Gysin morphism and ¢y ; is the first Chern class. On the other hand, we
know ([Be]) that ¢y 1 is given by the natural map

c: O*[-1] — Rp (%).

In terms of the complexes ©*(Eiog(-), *), we have that, for f € O*(X), ¢(f) is represented
by

%logf? € D' (Eiog(X), 1).
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At the level of Ks-chains, we can use the multiplicativity of the Chern character and we
have that, if f,g € O*(X) then ch{f, g} is represented by

1 —_ 1
2 log f f - 2 log g € D*(Eiog(X), 2).

With this description of the map p, Theorem 6.2 can be checked directly (see [Bu 3]).
Let us write

_ Kerd: Rb™1(X) — RB(X)
~ Imd: R %(X) — REHX)'

CHPP~1(X)

As a consequence of Theorem 6.2 we have

6.3. Corollary. There are well defined maps

p:CH'(X) — HiY (X,R(p)), and
p:CHPP "N (X) — H' (X, R(p)).
The first is the cycle class map and the second is the Beilinson regulator map (see [G-S,

3.5.]). Moreover these maps are covariant for proper morphisms and contravariant for flat
morphisms.

Proof. The case of Chow groups is well known.
Let a € Rg_l with da = 0. Then there is an open set U C X and a subvariety Z C U
of codimension p — 1 such that

plo) € HY, (U.R(p).

Moreover, we can assume that Y = X — U has codimension p. Then p(«) defines a class in
H%p ~H(U,R(p)). By the purity of Deligne-Beilinson cohomology, we have an exact sequence

0 — HP ™ (X,R(p)) — HZ " (U,R(p)) > HYy (X, R(p)).
Since da = 0, by Theorem 6.2 dp(a) = 0. Then we have a well defined class, also denoted
by p(a) € HY' (X, R(p)).

Assume that o = df. Let us write V = U — Z. Then p(8) € HZ *(V,R(p)) and
p(a) = 9dp(B), where 0 is the connection morphism

HY~*(V,R(p)) — HE 7 (U, R(p)).

Therefore the class p(a) € HZ~ (U, R(p)) is zero. Thus p is well defined.
6.4. Remark. The morphism p is also compatible with invere images and intersection
products. See [Fu §19] for the case of cycles and [G-S 4.2] for a precise statement at the

level of K-chains.
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6.5. Remark. Let Xp be a smooth real algebraic variety, equivalently Xy is a pair
(X, Fy), where X is a smooth complex variety and F, is an antilinear involution. Then
all the results of this section remain valid, provided that we substitute K-chains by real
defined K-chains and every complex A(X) by the subcomplex

A(Xr) = {z € A(X) | F, () =T}

See for example [E-V, 2.1].
In particular, if A(X) is a Dolbeault complex, we shall write

0 g [ {ze@M(A*(Xp),p) | Fow = (-1)P"'z}, ifn<2p—1and
(40 7) = { fo € 0" (A (Xa)p) | Frow = (<1)Pz},  ifn > 2p.

We shall also write
H’ZT;(XRv R(p)) = Hn(g(Elt)g(XR)vp))

§7. ARITHMETIC CHOW RINGS.

Let (A, X, F) be an arithmetic ring (See [G-S, §3]). That is, A is an excellent Noether-
ian domain, ¥ is a nonempty set of monomorphisms ¢ : A — C and F is a conjugate-
linear involution of C-algebras Fy, : C* — C*, such that the image of A in C* is invariant
under F,. Let us denote by K the quotient field of A. The first examples of such arithmetic
rings A are
1) A=7Z,QR, with ¥ containing only the inclusion.

2) A=C, with ¥ = {Id, o}, where Id is the identity and o is the conjugation.
3) A = Ok, the ring of integers of a number field K, with X the set of complex immersions

of K.

Let X be a regular separated flat A-scheme of finite type, with generic fibre X g regular
over K. X is called an arithmetic variety over A, or arithmetic variety if A is fixed. If 0 €
we write X, = X ® C and Xy = [[ X,. Let X, be the complex manifold determined by
Xs.. We denote byUFC>o the anti-linear involution of Xy induced by F... Finally we denote
by Xg the real manifold (X, Fio).

In this section we shall use Green forms to define cohomological arithmetic Chow groups
of X. In the case when Xk is proper over K then these arithmetic Chow groups are
naturally isomorphic to the arithmetic Chow groups defined in [G-S], whereas in the quasi-
projective case the groups defined here have better Hodge theoretic properties.

To take into account the structure of real variety of X, (see Remark 6.5) we write
GEP(Xr) = {9 € GE? (X&) | FXog =7} -

Note that, since g € D*~1(E}

IOg(Xoo/Zp),p), we have g= (_1)10—19.
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We also write

Hp (X, R(p)) = H* (D (Ejoy(Xr),p)),
Elpotg,llép_l(XR) = {g € ©2p_l(E1l*og()(oo)7p) | F;og = g}/ (ImdD)

={ge Bl (Xeo) N B2 (X, p) | Fiog = (-1)" g} / (Im@ + Im D)

and
ZERY 2 (Xg) = {w € D (B (Xwo),p) | dow =0, Fiw=w}

- {w € EP(Xoo) NEX, o(Xoo,p) | dw = 0, Fiw = (—1)%} .

Observe that Proposition 5.4 remains valid provided we use the corresponding groups for
XR.

Let ZP(X) denote the set of codimension p algebraic cycles on X. For each y € ZP(X)
there is a well defined cycle yx € ZP(Xg). Hence a cycle yg € ZP(Xg). We shall write
p(y) = plyr) € H%’jsuppy(XR, R(p)). Then the space of Green forms for y is defined by:

GEy(Xr) ={g € GE*(XR) | cl(g) = p(y)} -
And the group of codimension p arithmetic cycles is defined by

ZP(X) = {(y.9) € Z"(X) ® GE"(Xz) | § € GE?(Xp)}
={(y,9) € Z"(X) ® GE"(Xr) | cl(g) = p(y))} -

That is, a codimension p arithmetic cycle is a pair (y,g), where y is a codimension
p algebraic cycle, and g is the class in D*~1(E} ((X\2?)r),p)/ Imdp of a form g €
@2p—1(Ef‘Og((X\Zp)R),p), such that

w=dpg=—200g € @2P(Ef‘og(XR),p),

and the pair (w, g) represents the class p(y) € H2 ., (Xg, R(p)).

Let us now define rational equivalence in this éetting. Let W be a codimension p — 1
irreducible subvariety of X and let f € k(W)*. Let us write Y = suppdiv f. We have a
well defined subvariety W, of X, (which may be empty) and a function foo € k(Wx)*.
Since f is defined over K, the function f., satisfies F* f = f. Hence the map p (see §2)
gives us a class

p(f) = p(fso) € HEH(X = Y)r,R(p)).

Therefore we have an element
b(p(f)) € GEgivf(XR)7

where b : H2X7H(X — Y)g, R(p)) — GEg;, ;(Xg) is the map introduced after Definition
2.3.
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Then we write

div f = (div £, = b(p(f))).

By Theorem 6.2, &i\vf e zr (X). We denote by Rat? the subgroup of ZP generated by the
elements of the form div f.

7.1. Definition. The arithmetic Chow groups of X are
CHP(X) = CHP(X, ®(Eiog)) / Rat?.

We shall write CHP (X,D(Flog)) when we want to stress the complex used to define the
Green objects, or when we want to differentiate them from the arithmetic Chow groups
defined by Gillet and Soulé.
We shall write
CH*(X @ CHP(X

Before stating the comparison theorem between the Chow groups defined here and in
[G-S], let us recall some results about currents.

For X, a complex variety of dimension d, let D% denote the sheaf of complex valued
currents on X. That is, for an open subset U C X, I'(U, D% ) is the topological dual of
T.(U,E37™).

The sheaf D'y has a real structure Dy ; and a natural bigrading

From this we can define the Hodge filtration as usual. We shall write D% = I'(X, D%).

There is a map .
n 2d—n
H : By » Dy
w o [w],

defined by

n o 1 W A w
1) = gy [ @' Ao

More generally, if w is a locally L' form, then we define [w] by the same formula.
We can turn DY into a chain complex by writing, for T' € D'

AT (w) = (—1)"T(dw).

By Stokes’ Theorem, the map [-] : E% — D% is a morphism of complexes. Moreover,
it is a filtered quasi-isomorphism with respect to the Hodge filtration.

If Y C X is a subvariety, we shall denote by ¥y E% the subcomplex of E% composed
by the forms which vanish when restricted to each irreducible component of Y. Then the
complex of currents on Y ([H-L]) is defined by:

Dy ={T € D% | T(w) =0, Yw € Sy E%}.
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Up to a shift in the graduation, this complex only depends on Y and, when Y is smooth,
coincides with the usual complex of currents.
Let us write Dy, = DX /Dy . If Y is a divisor with normal crossings, there is a
morphism
[]: Ex(logY) — Dx/y

which is a filtered quasi-isomorphism with respect to the Hodge filtration (see [Bu 2] and
[Bu 3]).

7.2. Theorem. Let X be an arithmetic variety, with X g proper over K and dim X = d.
Then there is a natural isomorphism

CHP(X,D(Ey,,)) — CHP(X),

where the group on the right hand side is the arithmetic Chow group defined in [G-S]. This
tsomorphism s given by N
(y,9) — (y,2(2m0) P g] ),

where g is a representative of g.

Proof. By [Bu 2, 3.8.2], any representative g of g is locally integrable in the whole X.
Therefore the current [g] is well defined. By Theorem 5.9, the map

(y,9) — (y,2(2mi) = PH[g] ),

gives us an isomorphism between the group of arithmetic cycles defined here and the group
of arithmetic cycles in the sense of Gillet and Soulé. Thus we only need to check that the
two concepts of rational equivalence coincide.

Let us recall the definition of rational equivalence in [G-S]. Let W be a codimension p—1
irreducible subvariety of X and let f € k(W)*. Let W be a resolution of singularities of
Wy and let 7 : WOO — X be t}ie; induced map. The function f induces a well defined
function, also denoted by f € k(Wy)*. Then (Ti:/f in the sense of Gillet and Soulé is
defined by

div f = (div f, —(2mi)* "2+, [log £ F]).

The factor (27i)¢~P comes from the different definition of [-] here and in [G-S].
Therefore we are reduced to proving that there is a representative g of —b(pf) such
that, if [g] is the associated current on X, then

2[g] + j«llog ff] € Im O + Im O

in the complex D% . Since this statement only depends on the complex variety X we
will assume that X is a complex variety of dimension d.

Let Y = suppdiv f. Let 7 : ()?,D) — (X,Y) be a resolution of singularities, with
D = 7~ YY) a divisor with normal crossings. Then the class p(f) € H2X~ (X =Y, R(d—p))

*

%/p> Ve have

is represented by the current j,[—(1/2)log f f]. Therefore, in the complex D

the equation B B
2[g] + j«[log f f] = Oa + Ob.
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By [Bu 2, 1.9] we may assume that g is of weight one. Therefore it is locally integrable in
the whole X. Let us also denote by [g] the associated current in the complex D}. Let o
and b’ be elements of D}( which are mapped to a and b. Then in the complex D} we have

2[g] + ju[log f f] = da’ + OV’ + ¢,

where ¢ € D%_l’p_l. So m.c € Dz}_l’p_l = {0} because codimY = p. Hence, in the
complex D% we have
2[g] + j«[log f f] = Omea’ + Om, b,

This concludes the proof of the theorem.

Our next objective is to fit the groups CH* (X) in some exact sequences. Recall that we
have defined a morphism (see 6.3)

p: CHPPY(X) — HZP7H(Xg,R(p)).
We will also denote by p the composition

p: CHPP™H(X) — HE ™ H(Xa,R(p)) — B, P (Xe).

We have maps

¢ : CHP(X) — CHP(X), C(y,9) = v,
p: CHP(X) — HZP(Xg,R(p)), see 6.3,
a: B (Xg) — CHP(X), a(g) = (0,9),
w: CHP(X) — ZERY(Xg), w(y,g) = —200g  and
h: ZERY(Xg) — Hp (Xg,R(p)), h(a) = {a},

where {a} is the cohomology class of «.
Let us write
@p(X)O = Ker(w) and
CHP(X)o = {y € CHP(X) | ¥oo i~ 0}.

om

Then the analogue of [G-S, Theorem 3.3.5] is:

Theorem 7.3. Let X be an arithmetic variety. Then we have exact sequences:

(i) CHPP=Y(X) L BL10Y(Xe) & O <X>

(i) CHPP=Y(X) L HZ™'(Xg, R(p)) % CH(X)

L=, o (x) e E&g<XR> 2 12 (Xa, R(p)) — 0,
(

(iii) CHPP=1(X) L HZ~Y(Xp,R(p)) % CHP(X)o = CHP(X)o — 0.

CHP(X) — 0,

p+h
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Proof. The proof of the exactness of the three sequences is similar. So we shall write only
the first.

The fact that the composition of two consecutive morphisms is zero follows easily from
the definitions.

The surjectivity of ( is equivalent to the existence of Green forms for a cycle and is a
consequence of the surjectivity of the map cl ( Proposition 5.4.1.)

Assume now that ((y,g) = 0. Then y = > div f; and (y,g) — Z&Rffz = (0,¢"). Then
clg’ = 0. By Proposition 5.4.1, ¢’ € Ima.

If § € B9, 5" (Xg) with a(g) = 0, then (0,3) = S div f;. Therefore S div f; = 0 and
f =" fi determines an element of CHPP=1(X) and g = p(f).

Example 7.4. In [G-S, 3.4] there are some examples of explicit arithmetic Chow groups.
Since these examples are given for arithmetic varieties with projective X, they are also
examples for the arithmetic Chow groups introduced here.

Let us give a simple example where the groups obtained here and the groups obtained
in [G-S] differ. Let X = AL = Spec(Z][t]). Then X is an arithmetic variety over Z. We
have that CH!(X) = 0 and CHY?(X) = {1, 1}, but p(CHY?(X)) = 0. Therefore

CHY(X, D(Eiog)) = Ef) (AL).

That is, the space of F-invariant, real valued C* functions on A} which have logarithmic
singularities at infinity. Moreover we have

CH'(X,D(Eiog))o = Hp(AL,R(1)) =R
In particular, the morphism
e éﬁ*(Spec Z,9(Erg))o — @*(X,@(Elog))o

is an isomorphism.

On the other hand, the groups éﬁl(X Jo as defined in [G-S] are isomorphic to the
analytic Deligne cohomology of AL, HJ..(AL, R(1)), which is an infinite dimensional real
vector space.

Let us give a generalization of the above example.

Theorem 7.5. Let X be an arithmetic variety and let w: M — X be a geometric vector
bundle. Then the induced morphism

m* @*(X,@(Elog))o — @*(Mag(Elog))O

1$ an isomorphism.

Proof. We have a commutative diagram

CHPP~Y(X) —— H* Y(Xp,R(p)) —— CHP(X)y —— CHP(X)y — 0

= = = =

CHPP=L (M) —— HZ¥ (Mg, R(p)) —— CHP(M); —— CHP(M); — 0.
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At the level of CH? and CH??~!, the morphism 7* is an isomorphism by [Gi, Th 8.3]. At
the level of Deligne-Beilinson cohomology, the morphism 7* is an isomorphism because

T Elt)g(X(C) — Elt)g(M(C)

is a real filtered quasi-isomorphism with respect to the Hodge filtration. Therefore 7* is
also an isomorphism at the level of CH?.

Let us summarize the properties of cohomological Chow groups. These properties can
be proved as in [G-S] substituting Green currents by Green forms.

Let (y, gy) and (z, g,) be two arithmetic cycles such that y and z intersect properly. Then
the singular support of g, and the singular support of g, intersect properly. Therefore the
product g, * g, is defined and is a Green form for y - 2. We can define an intersection
product by

(76) (yvgy) : (zagz) - (y : Zagy * gz)

Let us write . -
CH*(X)p = CH"(X)® Q.

Then we have (see [G-S, Theorem 4.2.3] for a more precise statement):

Theorem 7.7. Let A be an arithmetic ring with fraction field K and let X be an arithmetic
variety with Xg quasi-projective. Then, for each pair of non-negative integers p, q, there
18 an intersection pairing

CHP(X)® CHY(X) — CHP*9(X)q,

which s given by formula 7.6. for cycles intersecting properly.

This product induces in @*(X)Q a structure of commutative and associative ring.
Moreover, the induced maps

¢: CH'(X)g — CH'(X)® Q

and

w: CH* Q—>@Elpo’§ XR,p

are morphisms of rings. Therefore the subgroup @*(X)o,@ = Ker(w) is an ideal of
CH*(X)g.

The functorial properties of the cohomological Chow groups are summarized in the
following theorem. For proofs see [G-S, Theorem 3.6.1] and [G-S, Theorem 4.4.3]. Note
that, in the case of arithmetic varieties which are not proper over A, we have to impose
stronger conditions for the existence of a push-forward map. This is done to ensure that
the direct image of a logarithmic form is again a logarithmic form (see the construction of
a push forward of Green forms in [Bu 2, 1.14)).
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Theorem 7.8. Let A be an arithmetic ring.
1. Let f : X' — X be a morphism of reqular quasi-projective arithmetic varieties. Then
there is a pull-back morphism

F* i CHP(X) —s CHP(X'),
such that, if (y,gy) € /ZP(X) and f~(y) is equidimensional of codimension p then

f*(ya:qu) = (f*ya f*:qu)v

with f*y defined as in [Se|. If g : X" — X' is another such morphism then (fg)* =
g*f*. Moreover f* induces a ring homomorphism

f*: CH*(X)g — CH*(X')q.

2. Let f: X' — X be a proper morphism of equidimensional reqular arithmetic varieties.
Assume that there are smooth compactifications 7;0 of X! and X o of Xoo, such that

foo : X, — X, can be extended to a smooth map f., : X/oo — Xoo. Let e =
dim(X') — dim(X). Then there is a push-forward morphism

fo: CH(X') — CHP™%(X),

such that f.(y,9y) = (fey, fregy). If g + X" — X' is another such morphism then

—

(f9)« = f«g«. Moreover, if « € CHP(X') and (3 € @Q(X), then

fula- fB) = fua- f € CHPT9¢(X)q.
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