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Abstract

In this paper we construct self-similar solutions for a N-dimensional transport equation
where the velocity is given by the Riezs transform. These solutions implies non-uniqueness
of weak solution. In addition we obtain self-similar solution for a one-dimensional con-
servative equation involving the Hilbert transform.

1 Introduction.

In this paper we shall construct self-similar solutions of the transport equation

0:4+RO-VO = 0 on RY xRT, (1.1)
0(x,0) = 6p(z), (1.2)

where 0 : RV x RT — R, N > 2, R = (R10, ..., Ry0) and R;0 are the Riesz transform of ¢
in the i-th direction, i.e.

N+1 _N+1 Ti — Yi

RO(x)=T <2> m 2 PV. O(y)dy, 1<i<N. (1.3)

RN [z —y[NH
The equation (1.1) was studied in [2] and the authors showed blow-up in finite time for all
positive initial data. For a simple proof of the formation of singularities with radial initial
data see [10] and for the viscous case see [13].

The technique used in this paper to construct self-similar solutions of the form

0(x,t) = Nk(N)<(1 - ('f')QL)é e O3 (RY), (1.4)

are based in a result of [11] where the author show that the function, 6(x, 1) is such that
AfB(x,1) = N in the unit ball (see section (2)). These are also self-similar solutions of the 1D
transport equation

0, + HA9, = 0 onRxR* (1.5)
0(z,0) = 0o(x), (1.6)
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where HO is the Hilbert transform of 0, i.e

Ho(x) = 1P.V./é?(y)dy

™

(for more details on this equation see [7], [8], [1] and [14]).
In section (3) we will see that this result can be used to show existence of self-similar
solutions of the equation

0; + (0HH), = 0 inRY xRY, (1.7)
0(x,0) = 6p(x),

which was studied from completely different contexts (vortex sheet, water wave, 1D model of
the quasi-geostrophic equation, dislocations dynamics in solids and complex Burgers equa-
tion) in [6], [4], [5], [1], [9], [12], [3] and reference there in. Nevertheless we will follow the
ideas of [4] to construct the self-similar solutions.

Next we shall comment briefly the notation: the spaces W*P are the classical Sobolev
space (k derivatives in L?). The operator A® is defined by the operator (—A)2 i.e in the
Fourier space

A2g(€) = |¢|*0(€)

and we recall the identity

Rib(E) = ~i750(6)

2 Riezs Transport Equation.

2.1 Self-Similar Solutions.

From the scaling invariance of equation (1.1), 8(x,t) — 6(Az, At), with A > 0, we will
consider a self-similar function with the following form

O(x,t) = ®(z/t) = ®(§), (2.1)

where £ = z/t. The equalities

yields, from equation (1.1),
Ve(E) - (RB(E) — ) =0. (2:2)

Now we shall show the existence of a solution of equation (2.2) by means of the following
lemma.



Lemma 2.1 The function

v(€) = NE(N)((1— |E2))E € C3RY),

(2.3)

where k(N) = T'(N/2) (2/2T(3/2)I'((2N + 1)/2))_1 and f4 is the positive part of the func-

tion f, satisfies the equalities:
Ro(§)=¢ if[§l <1,
and

Vo€ =0 iflg>1.

Proof: from [11] we know that v(§) satisfies the following properties:
1. Av(§) =N if [¢] < 1.

2. Av(¢) € LY(RN).

3. Av is radial.

Since

Rv = V(A ') =V,
V-Rv = Av,

we have that AW = Av and therefore VU is a radial function with AW (§) = N if [{| < 1. This

implies the following expression for W,

_ &P
2

v(¢) +ap if €] <1,

where q is constant. By using (2.4) we obtain

_ &0

Rv(§) = m%

VE) =€ il <L

Thus, the function

0(z,t) = Nk:(N)((l - <\;§|>2)+>; c O3 (RY)

is a self-similar solution of equation (1.1) (almost everywhere).

(2.7)

Remark 2.2 We can check that the functions 07 (x,t) = —0(z, (T —t)), with 0 < T < oo
are solutions with an initial data 67 (x,0) = —0(x, T) which collapse in a point in finite time

T.



Remark 2.3 The previous ideas can be easily adapted to prove that the function

0(z,t) = k(l)((l - (@)QL)% € O3 (R), (2.8)

s a self-similar solution of equation
0; + H0O, =0 on R x RT, (2.9)
which is a one dimensional version of equation (1.1).

2.2 Formal Weak Solutions and Non-Uniqueness.

In this section we shall check that the previous functions are solutions of the equation (1.1)
in the weak sense that we define below. In addition we will be able to show non-uniqueness.

Definition 2.4 The function 0(x,t) is a weak solutions of equation (1.1) if

0 € C((0,T), LYRY)) nC((0,7), W"P(RY))  with1<g<ooandl<p<2,
00 € WHP(RN) V>0 withl <p<2,
/ (0(z, ) + RO(z,t) - VO(x,t))p(x,t)de =0 Vte (0,T)V¢ € C((0,T) x RY),
RN

and
lim 0(z,t) = 6Op(z) in LIRY)

t—0t

Theorem 2.5 (Non-Uniqueness). The function

O(x,t) = Nk(N)((l _ (\fl)2>+>;

is a global weak solution of the equation (1.1) in the sense of the definition (2.4) with zero
initial data.

Proof: Given a function ¢(z,t) € C2°((0,00) x RY) and a fixed time ¢ > 0 we have that
/ (®(z,t)¢ + RO (x,t) - VO(z,1))d(z,t) dx
RN
= / (®(z, 1)t + R®(z,t) - VO(z,t)) p(z,t) d
|z|<t
= / (®(z,t)e + R®(2,t) - V®(,1))d(z,t) dx
e<|z|<t
+/ (®(z,t) + R®(x,t) - VO(x,1))d(, t) d,
lx|<e
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where 0 < € < t. The second term on the right hand side of the last expression is equal to
zero. In addition we have the following identities,

0 lz| >t
V@(aﬁ,t) = Nk‘(N) (1_%1222)1/2 |3§‘| <t (210)
- 0 r |z| >t
O®(z,t) = NE(N) (17—%?)1/2 o] <t (2.11)
Thus, if p < 2, we obtain,
\;vTI: ?
IV )| oy = NE(N) </|x|<t (1_de> (2.12)

1
P
_ Nk;(N)t%_ / %d:ﬂ
|z|<t (1 = |z] )p/
N 1 N-ltp P ¥p
=™ ([ agmer) =@
2P
B,5(- t — NE(N i
10: (-, )| L1 v, ( )</|z<t( Lk x)
NE(N) a / =t d :
_ tv 1 a2 ™
|z <1 (1 — |z[2)p/2

N 1 TQp—‘y—N—l P ﬂfp

T =

Therefore,

. 0@ (x, t)p(x, t)dax < |0, @(-, )| 2oy |6 (-, )| oo (mvy = C(N, DEVH[B(-, )] oo v

and
/RN RO (x,t) - VO (2, t)p(x, t)dx < [[RO(, )[| La@my [IVR( )| Lo @y [0 ]| oo rvy <

C(N, q,p)t" P[|¢ (-, )] oo (rys
where 1 <p<2,1/p+1/¢=1and ¢t > 0. Then, we can conclude that

lim (®(z,t)¢ + R®(x,t) - VO(x,1))p(z,t) de =0 Vit >0,

=t Jec|a|<t



and
/‘(@@J%+R@@¢yV¢@JDMawdx—0 VES0 Yo e C((0,00) x RY).
RN

In addition is easy to check that

lim ®(z,t) =0 in LP(RY) with 1 < p < oo.
t—0

3 One Dimensional Conservative Equation

In this section we will construct self-similar solutions for the equation

0; + (0HA), = 0 inRY xRY, (3.1)
0(x,0) = 6p(x),

where 6 : R — R and H6 is the Hilbert transform of the function 6.
We will use the techniques developed in [4] to obtain formally a self-similar solution.
We sketch the mean features of the equation (3.1) in the following lemma.

Lemma 3.1 Let Z(w,t) be a complex function, Z : M — C, where M = {w =x+iy : y >
0} such that

Zi+ 2% = 0 onM (3.3)
Z(w,0) = RO(x,y) —iPbO(z,y). (3.4)

PO(x,y) is the convolution with the Poisson kernel and RO(x,y) is the convolution with the
harmonic conjugate Poisson kernel, i.e.

Po(z,y) = 1/ Y _9(s)ds  RO(z,y) = 1/

T Jry? +(x—s)? T JrY? + (z—s)?

r— S

O(s)ds. (3.5)

Then, if Z(w,t) is analytic on M and vanishing at infinity
0(z,t) = =S (Z(w, 1) yoo) (3.6)

is a solution of equation (3.1), with 0(x,0) = Oy(x) on the points where 0 and HO are differ-
entiable.

Proof: If Z(w,t) satisfies the statements of lemma (3.1) we can write it in the following way
where 0(z,t) = = (Z(w, t)|y—0). In addition we know that

Zy+ 27, =0 on M,



and from (3.7) follows Z(w,t)|y=0 = HO(z,t) — if(z,t). By taking the limit y — 0T in equa-
tion (3.7) we have the desired result. =

Next we shall use the previous lemma to prove the following theorem.

Theorem 3.2 The function

== ((1-72) Y ccin

is a self-similar solution (at least in a weak sense) of equation (3.1) with the initial data
0o = 6o, where 0y is the Dirac Delta.

Proof: By the lemma (3.1), we have to study the solutions of the equation,

Zi+ 7272y, = 0 on M (3.8)
1 =z 1y
Z(w,0) = ——5——5 —i——5——> 3.9
(w,0) T a2+ 2 Z7ra:2+y2’ (39)
A standard argument yields that the solution is constant along the following complex trajec-
tories

1 T
Xz, y, t R 3.10
@) = Tt (3.10)
X2z t) = -2 Y 4iy (3.11)
) M 7'rl'2+y2 * .

Thus
Z(Xl(x7 y7 t)? XQ('%.’ y? t)? t) - ZO(xa y)7

and one can check that the solution, Z(w,t), satisfies the requirements of the lemma (3.1).
In addition

0(X',t) = -3 (Z(X', X2 t)|x20) = Plo(z,y,t)|x2—0 = %’)@:0-

(%) )

satisfies equation (3.11) with X2 = 0 and by the equation (3.11) we have that

x1_ 2x |z| < \/t/7
Ltz |z >t/

The function

Furthermore we can conclude that,

- (%) )



Remark 3.3 This solution was obtained in [3] and by using the techniques of section (2).
In fact they constructed self-similar solutions for the equation

ug + A%uu, = 0 onRxRT, (3.12)
u(z,0) = H(z), (3.13)

where H(x) is the Heaviside function and 0 < o < 2.

References

1]

[2]

G. R. Baker, X. Li, A. C. Morlet,Analytic structure of two 1D-transport equations with
nonlocal fluxes, Physica D 91 (1996) 349-375.

P. Balodis, A. Cdrdoba, An inequality for Riesz transforms impliying blow-up for some
nonlinear and nonlocal transport equations, Adv. Math. 214 (2007), 1-39.

P. Biler, G. Karch, R. Monneau, Nonlinear diffusion of dislocation density and self-similar
solutions. arXiv:0812.4979.

A. Castro, D. Cérdoba, Global existence, singularities and ill-posedness for a nonlocal
flux, Adv. Math. 219 (2008), 1916-1936.

A. Castro, D. Cérdoba, F. Gancedo, A naive parametrization for the vortex sheet prob-
lem, arXiv:0810.0731.

D. Chae, A. Coérdoba, D. Cérdoba, M. A. Fontelos, Finite time singularities in a 1D
model of the quasi-geostrophic equation. Adv. in Math. 194 (2005) 203-223.

A. Cordoba, D. Cérdoba, M.A. Fontelos, Formation of singularities for a transport equa-
tion with non local velocity, Ann. of Math. 162 (2005) 1377-1389.

A. Cérdoba, D. Cérdoba, M.A. Fontelos, Integral inequalities for the Hilbert transform
applied to a nonlocal transport equation, J. Math. Pures Appl 86 (2006) 529-540.

M.R. Dhanak, Equation of motion of a diffusing Vortex Sheet, J. Fluid Mech. 269 (1994)
365-281.

H. Dong, D. Li, Finite time singularities for a clase of generalized surface quasi-
geostrophic equations, Proc. Ame. Math. Soc. 136 (2008) 2555-2563.

R.K. Getoor, First passage times for symmetric stable processes in space, Trans. Amer.
Math. Soc. 101 (1961), 75-90.

A. C. Morlet, Further Properties of a Continuum of Model Equations with Globally
Defined Flux, Journal Of Mathematical Analysis And Applications, 221, (1998) 132-
160.

D. Li, J. Rodrigo, Blow up for the generalized surface quasi-geostrophic equation with
supercritical dissipation, Comm. Math. Phys. 286 (2009) 111-124.



[14] H. Okamoto, T. Sakajo, M. Wunsch, On a generalization of the Constantin-Lax-Majda
equation. Nonlinearity 21 (2008), no. 10, 2447-2461.

[15] E.M. Stein, Singular integrals and differentiability properties of functions, Princeton
University Press, Princeton, New Jersey 1970.

Angel Castro and Diego Cérdoba

Instituto de Ciencias Matematicas, CSIC-UAM-UC3M-UCM
Consejo Superior de Investigaciones Cientificas

Serrano 123, 28006 Madrid, Spain

Email: angel castro@imaff.cfmac.csic.es

Email: dcg@imaff.cfmac.csic.es



