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Abstract

In this paper, we show the existence of a family of compactly supported smooth vorticities,
which are solutions of the 2D incompressible Euler equation and rotate uniformly in time and
space.
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1 Introduction

We consider the initial value problem for the two dimensional incompressible Euler equation in vorticity
form:

Ow(w,t) +v(z,t) - Vw(z,t) =0, (r,t) € R? x Ry (1.1)

The aim of this paper is to construct a family of solutions which are compactly supported and
smooth, and moreover its dynamics are given by a uniform rotation, both in time and space.

The problem of finding smooth stationary solutions has been addressed by Nadirashvili in [25],
where he studies the geometry and the stability of solutions, following the works of Arnold [l 2] B3].
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Choffrut and Sverdk [I1] showed that locally near each stationary smooth solution there exists a
manifold of stationary smooth solutions transversal to the foliation, and Choffrut and Székelyhidi [12]
showed that there is an abundant set of stationary weak (L°°) solutions near a smooth stationary
one. Shvydkoy and Luo [22] 23] provided a classification of stationary smooth solutions of the form
v =VL(r7f(0)), where (r,0) are polar coordinates.

Bedrossian and Masmoudi proved in [4] that given an initial perturbation of the Couette flow small
in a suitable regularity class, the velocity converges strongly in L? to a shear flow which is also close
to the Couette flow. Recently, motivated by the numerical simulations of Luo and Hou [21], Kiselev
and Sverak showed in [20] double exponential growth of the gradient of the vorticity in the presence
of a boundary.

It is well known that radial functions are stationary solutions for (II]) due to the structure of the
nonlinear term. The solutions that will be constructed in this paper are a smooth, compactly supported
desingularization of a vortex patch, perturbed in a suitable direction. Moreover, the solutions will
enjoy m-fold symmetry (invariance by a rotation of a %’T angle) for m > 2.

In addition the dynamics of these solutions consist of global rotating level sets with constant
angular velocity. These level sets are a perturbation of the circle. We remark that we can extend
our results to the generalized Surface Quasigeostrophic (gSQG) equations in the case 0 < a < 1. For
those values of the parameter «, the question of global existence vs finite time singularities is still
open in the smooth case and this would be to our knowledge, the first nontrivial family of solutions
for which there is global existence.

These equations interpolate between the 2D incompressible Euler and the Surface Quasigeostrophic
(SQG) equations and are indexed by a parameter o € [0,2), where o = 0 corresponds to Euler and
a =1 to SQG. They read as follows:

00 +u-VO=0, (t,r)€ Ry xR
v=—-Vi(=A)"1*+39,
e\t:O = 907

Our construction employs bifurcation theory from a patch supported in a disk which solves weakly
(CI). Our motivation to study the current problem comes from the aforementioned patch setting,
where the vorticity is a characteristic function of a time-dependent set (). This property is conserved
in time. Local existence in this class of solutions (assuming C17 regularity of the boundary) was first
shown by Chemin [I0] and then simplified by Bertozzi-Constantin [5] (see also [26]). A classical
theorem of Yudovich [27] asserts that if the initial data is in L' N L°°, then there is uniqueness
within that class. In a very recent preprint, [16], the L' assumption can be dropped upon having an
appropriate symmetry (m-fold) condition.

The existence of uniformly rotating m-fold patches (also known as V-states) started with the
numerical work of Deem and Zabusky [15]. Burbea in [6] proved the existence of V-states and C'°-
regularity for its boundary was proved by Hmidi at al. in [19]. It was shown in [9] that the boundary of
these solutions is actually analytic. The doubly connected setting was studied in [14]. The existence of
V-states was established for the generalized surface quasi-geostrophic equations in the range 0 < o < 1
in [I7] and in 1 < & < 2 in [7]. We note that a desingularization from a Dirac distribution into a
patch allows Hmidi and Mateu to prove the existence of corotating and counter-rotating vortex pairs
in [I8]. In fact, our strategy is inspired by their paper.

In [§], we constructed for the case o = 1 a family of 3-fold solutions that rotated uniformly by
looking at perturbations from a smooth annular profile (as opposed to a desingularization of a patch).
In that case, the velocity is more singular than in 2D Euler. We had to overcome the following
difficulties:

e The study of the linear problem was a functional equation, as opposed to a scalar equation



(which was in the patch case). Even the existence of nontrivial elements in the kernel of the
linear part was not evident a priori.

e There was no algebraic formula for neither the eigenvalue nor the eigenvector, not even in an
implicit way (such as in [9]). This made the proof of the dimensionality of the kernel much
harder since we had to show that the eigenvalue was simple and have some control of the rest
of the eigenvalues. In order to do that, we resorted to a computer-assisted proof to rigorously
bound the operators arising in the calculations.

The paper is organized as follows: section 2lis devoted to the reformulation of the equations (L)
in new variables and the statement of the main theorem. In section [B] we check that our equation
satisfies the hypotheses of the Crandall-Rabinowitz theorem. Finally, in Appendix [A] we compute
some basic integrals used in the calculation of the linear part and Appendix [Blis devoted to prove
some estimates used along section Bl We note that since a@ < 1 and the velocity is less singular than
for & = 1, we have been able to remove the computer from the estimates, as opposed to [§].

The proofs of the theorems rely on the Crandall-Rabinowitz theorem. We recall here the statement
of this theorem from [13] for expository purposes.

Theorem 1.1 (Crandall-Rabinowitz) Let X, Y be Banach spaces, V a neighborhood of 0 in X

and
FiVx(-1,1) =Y
(ry p) = Flr, pl
have the properties
1. F[0, u] =0 for any |u| < 1.
2. The partial derivatives 0,F, 0, F and af”f exist and are continuous.
3. N(0,F|0,0]) and Y/R(d,F[0,0]) are one-dimensional.
4. 07,.F[0,0]rg & R(0,F|0,0]), where N'(8,F[0,0]) = span ro.

(Here N and R denote the kernel and range respectively). If Z is any complement of N'(8,F(0,0)) in
X, then there is a neighborhood U of (0, 0) in R x X, an interval (—b,b), and continuous functions

¢ (=bb) =R Y (=bb) = Z
such that ¢(0) = 0,4(0) =0 and
FHO)NU = {&ro +&0(€), (#(€)) = €] <byU{(£,0) : (£,0) € U}.

2 The equations

In this section we will obtain the equation for the level sets of the vorticity of a global rotating solution
of the 2D Euler equation. We assume that at time ¢ = 0 these level sets can be parameterized by

x(a, p) = (o, p)(cos(a), sin(a)) (2.1)

where r(a, p) is a scalar function o € T and p € RT. Since the level sets rotate with constant angular
velocity the level sets of the solutions, z(a, p, t) satisfies

w(z(a, p,t),t) = f(p) (2.2)



for some scalar function f (which does not depend neither on « nor on t), and can be written as
follows,

S, p, ) = OBl p),  O(t) = < _CZTIE?Z) 5283 > (2.3)

By using the Euler equation and ([Z22]) one can obtain that (see [§] for details)

fo(p)

1 _
(—v(z(a, p, 1)) + ze(a, p, 1)) - 25 (o, p, t)m =0
where )
olant) = o= [ Jowllo — )V wly. )
™ JR2
and by a change of coordinates we have that
1 o0 s
Wl = 5= [ [ log(lz(aunt) — (0’ 0 £ alal 0l (2
0 -

Thus equation ([Z4) can be written in terms of z(a, p) in the following way
1 o0 us
Nafarp) ol p) + g (n)- [ [ gl g (n(asp) = e, ) ) (e ) dyf = 0. (25)
0 -

for « € T and p € supp (f,).
In terms of the function r(a, p) we get

]:f[rv )‘] (2'6)
= svtappratanp) + S5 [T g tonlln(a )~ afal ) costa = e el
B rola,p

- ) /000 : Folp) log(|z(a, p) — a(e/, p)]) cos(a — o' )r (e, p')de dp!

o [ e ouletanp) = a(el, ) snter = @) ran (e )+ i )l !
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fora € Tand p € (1—a, 1+a) and |z(a, p)—z(a/, p')| = /r(a, p)? +r(a/, p')? — 2r(a, p)r(a/, p') cos(a — o).
We discuss the kind of f we will use in this paper.
First we define the profile F'(p)

1 p € (—o0, —1]
F(p) =4 1+ [T o(p)dp  pe(-1,1)
0 pE[l,00)
where f_ll é(p')dp' = —1 and ¢ € C2((—1,1)). Then the function f%(p) (we make explicit the

dependence in the parameter a) will be given by

f*p)=F (p_ 1)

a




and it is easy to check that supp(f;) C (1 —a,1+a). We also remark that f; (1 + as) is independent
of a, a fact that will be used later.

The parameter a will be used as the bifurcation parameter in order to find solutions for (2.6]).
Indeed the angular velocity A will depend on a (we will make explicit this dependence later). Thus,
we will solve the equation

Flr,al =0 (2.7)
with Fr,a] = Fra[r, AM(a)].

2.1 Rescaling equation (2.0])

In order to find solutions we start by rescaling the equation (Z6). Changing variables, s = £=1

—, one
obtains that
Aa)r(a, 14+ as)rqa(a, 1+ as)
1
rla,1 +as) / / Nog(|z(a, 1 + as) — x(a’, 1 + as’)|) cos(a — &) (', 1 + as’)da’ds’
a 1 + a’S / / !/ / !/
Nog(|z(a, 1+ as) — z(a’,1 + as’)]) cos(a — a’)r(a’, 1 + as’)da'ds
/ / s log(|z(a, 1+ as) — x(a/, 1 4+ as’)]) sin(a — &' )r(a, 1 + as)r(a’, 1 + as’)da’ds’,
/ / s log(|z(a, 1+ as) — x(a,1 4 as’)]) sin(a — &) ro(a, 1 + as)ro(a’, 1 + as’))da'ds’,
(2.8)

for a € (—m, 7] and s € (—1,1).

The equation we will try to solve is the one we obtain dividing (Z.8) by a? and by replacing r(a, 1+
as) by 1+a%(s+7(a, s)) (we will solve in @ and 7), in such a way that r(a, p) = 1 —a+ap+a*7(a, 1)
will be a solution of (27 for any a # 0. This equation reads

Ma) (1+a*(s +F(a, 5))) Fa(a, s)
”“ a5 / L §') log(A[F, a]) cos(ax — o )fa(a, 8')dads’

_ TQ(OZ,S / / ') log(A[F, a]) cos(ar — o' )(1 + a2(s' + 7(a’, 8')))da’ds’
: / | /_ log(A[ a)) sin(a — o' )da'ds’,

1

. ™

+ i / ya F,(s")log(A[F,a])sin(a — ') (s + 7, s) + 8" + 7(/, 8'))da'ds’,
a2 1
+ [ [ R gl a sinta — @) (alass)alels) + (54 ) + 7o) de'as’ =0,

-1

with



Alr,a] = AlF,al(s, s, o, a)
=(1+a*(s+7(,5)? + (1 +a*(s + 7, 8)))* = 2(1 + a?(s + 7, 5))) (1 + a*(s' +7(/, 8"))) cos(a — )

— o A
= 4 sin? <¥> +4a®(s + 7#(a, 8) + 8 +7(a’, s')) sin? (a 5 a >

A

+a* (4(5 + 7o, 8))(s" + (o, 8)) sin® (a 5 a ) + (s +7(a, s) — s —7(a, s’))2> .

Since A[F,0] = 4 sin® (Q_TO‘/> we have that

/ /_W log A[F, a]) sin(e — o' )da/ds’
dr /_1 /_w FP(SI)E o (ﬂ: SD sin(a — af)da’ds’

Therefore we need to solve the equation

Glr,al =0 (2.9)
with
g7, al
= Xa) (1+ a’(s + (o, $))) Falo, s)

1+ a%(s +7(a, 8))
_l’_
4dr

1 ™
/ F,(s")log(A[F, a]) cos(aw — ') o (e, s")da' ds’

ra(a,s / i F,(s")1log(A[F,a]) cos(a — ') (1 + a (s +7(a,8")))da'ds’

_/ /,,, Fp(S/)—2 log (j{;: SD sin(a — o )da'ds’,

/ /7 "Y1og(A[r,a]) sin(a — /) (s + (e, 8) + " + 7(a, 8" )da’ds’,

/ /7 Nog(A[F,a]) sin(a — o) (Fo(a, 8)Fo(af, 8") + (s + 7, 8))(s" + (', 8"))) da/ds’,
(2.10)

We now state the main theorem of this paper:

Theorem 2.1 Consider the domain
Q={(a,s) : a€eT, -1<s<1}.

and let the function ¢ be as in section@ Let m > 2 be an integer and A(a) = Am(0) + L (0)a, with
Am(0) = 2=L and %(O) # 0. Then there ezists a branch of nontrivial smooth solutions, with m— fold

symmetry, of equation Z3), in H*3(Q), bifurcating from 7#(a,s) = 0 and a = 0.

The proof of Theorem 2] consists of checking the hypotheses of Theorem [Tl This is done in the
next section.



Corollary 2.2 There exist global rotating solutions for the 2D-Euler vorticity equation with C?-
reqularity with compact support, with m-fold symmetry for any integer m > 2.

Proof: We fix a > 0 small enough in such a way that 7(«, p) is the solution of ([Z9)), given by Theorem
20 for that a. Then r(a, p) = 1 —a+ap+a?7(a, £1) is a solution of equation (Z7). In order to check
that the vorticity defined through the equations 2.1), [22) and 23] is a C? rotating solution of the
2D Euler equation we just need to check that d,r(c, p) > 0 (in order to have that z(«, p) is one-to-one
imnaeT,pe[l—a,l+al. But dor(e,p) = a(l + (9s7)(a, ”%1)) and since we are bifurcating from
7 = 0 the result holds for small enough a. O

Remark 2.3 We notice that that the sufficient stability condition [Z7), equation (3.10), p. 116] may
not be satisfied by our solutions (take for example any positive f%(p)).

3 Checking the hypotheses of the Crandall-Rabinowitz theo-
rem and proof of Theorem 2.1

3.1 Step 1. The functional Setting and the hypothesis 1

The beginning of this section is devoted to defining the spaces we will work with. After that the main
purpose will be to prove lemma [3.1]
Let us also define the spaces H*3(Q) as follows:

3

re Y o cre LX)« |Irll32q) + 10371320 + D 087 05r|[F2iq) < oo p - (3.1)
j=0
Moreover, we will say that r € Hf;;?wm (resp. 1 € Hsfodd) if r € H*3, has m-fold symmetry and

is even (resp. odd).

Lemma 3.1 Let G be as in (ZI0). Then there exist numbers § > 0 and ag > 0 small enough such
that

g : A% (—ag,a0) — Hgfodd(Q)7

(r,a) = G[r, al.

where
VO ={re H*Q) : ||r||Hi§;3wm(Q) <0}
Proof:
We will use the following notation. Given any function f(c,s) we will write

f :f(avs)
[ =fla—d,s—5.

In addition either we will omit the dependence of the A[7, a|(s,s’,«,a’) on 7, a, s, s’, « and &’ or we
will only make it explicit with respect to the parameters we are interested in. Also

A= Alr,a)(s,s — s',a—d).

We will use the following convention to take derivatives: % means either 9% or 8§.



It will be convenient to alleviate the notation to use the function u(w,s) = s + 7(«, s) in such a
way that

Glu — s,al
= Aa) (1 + a*u) uq

1 2 g
+ au / F,(s — ") log(A") cos(a/)ul,do/ds’

(s — s") log(A") cos(a/) (1 + a*u’))da’ds’

/ L
o
/

i F,(s— ') log(A4")sin(a/)(u + u')da’ds’,

a?

F,(s — s')log(A")sin(a) (uqul, + uu') da'ds’,

5

= Z Gi[r, al. (3.2)
i=0

The proof of the estimates on A that will be used to prove the lemma are left to the Appendix

We will bound the terms G;[F,a] in the equation ZI0) in H?(Q2). The bound for Gy[F,a] is
straightforward since H*3 C 2, as it is proven in [8, Lemma 4.1].

The proof for G;[F, a], with ¢ = 1,2, 4,5 is similar. We will give the details only for G;[F, a]. Finally
we will bound Gs|[7, a].

The L?— norm of Gy [u — s,a] it is easy to bound by using Lemma [B.I}-2, then, in order to bound
Gslu — s,a] in H3, we take three derivatives to obtain

DGilu — s,a] = i /OO /F cos(a)(1 + a®u)F,(s — s")ul,0* log(A")d/ ds’
/ / (9° (log(A") cos(a) (1 + a*u)F,(s — s")ul) — (14 a’u)F,(s — s")u,0° log(A")) do'ds’.

Remark 3.2 Actually we also need to take mized derivatives, as for example 920,. We will not
compute explicitly these mized derivatives but similar arguments with small modifications apply to
them.

To estimate the first term in the right hand side of the previous expression we use lemma [B.5l and to
bound the second one we use [B.4]

We now bound Gs. The estimate of the L?—norm follows from lemma[B:8 Then we are concerned
with the bound in L? of 83Gs,

03Gslu — s, al / F (s — &')sin(a ) 83 log(A")da'ds’

= /_ Z /_ ] (83 (F,,(s ') log ( A‘f‘[']» ~ Fyls — ) 50 log(A’)) sin(a’)da’ds'.

To estimate the fist term in the right hand side of the previous expression we can use lemma [B.5l To
bound the second one we can use lemmas and [B.4] We remark that we could use the cancellation



given by the factor sin(a/) in the integrand of Gs but actually we do not need it to prove the estimate
of gg in HB.

In addition we need to prove that G[F,a] is continuous with respect to a and 7 in (—ag, ag) x V°.
In the next section we will prove that, in fact, it is C! in this domain.

Therefore, in order to prove that,

GV x(=1,1) > H2 ()

we just need to show that if

and

for n € N, then

and
2nm
g (O&—F —ap> - g(oz,p)
m

for n € N. These two properties are easy to check.

The last part of this section will be to check that the hypothesis 1 in the C-R theorem holds. This
fact is a consequence of radial functions being stationary solutions of the Euler equation but let us
check it on (ZI0). If we take 7 = 0, the only term in ([ZI0) that is not trivially zero is G3[0,a]. If
a # 0, then it is immediate following from the oddness of the integrand in o’. If a = 0,

lim G50, a] =1 / /_F j;[lo) [0] 0] sin(a — o')da’ds’,

where the integrand is also odd in «’.

3.2 Step 2. The derivatives
Lemma 3.3 The derivative 0,G[u — s, a] is given by:

d\
0.Gu — s,a] = T

%/ / F,(s— ') log(A4") cos(a/Yul,da’ds’'
TJ—ood—7

1+a2u [* [T Du A’
+ —Z:u/_ /_ F,(s— ") T cos(a)ul,da’ds’'

oo us i
_ Yo / Fo(s— s')ai;l cos(a’)(1 + au')da/ ds’

(a) (14 a®u) uq + 2aX(a)uuq




a“a ) / F,(s — s')log(A") cos(a)u'da’ds’
_ i /Z . Fy(s— 80, (% log (ﬁ)) sin(a)da’ds’,
! /00 3 Fy(s )BAA sin(a)(u + u')da’ds’,
a2 /Z B Fl(s )6/;1 sin(o) (ut + uqul,)da'ds’,
2 LOO L,, Fy(s — s')log(A") sin(a) (ut’ + uqug)da'ds’, (3.3)

Moreover this derivative is continuous in H3.

Proof: We will give the details of the differentiability with respect to a of the term
1 oo T
Giilu — s,a] = oo / Fy(s — §') cos(a’) log(A")ul,da’ ds’
T JeooJ—7
and of Gz which are the most singular ones. First we notice that for a # 0 the formula

0aG11[u — / / ") cos(a )8Af} ul,da’ds’'

holds. In addition, by using lemmas [B.10 and [B.11] we obtain that, for a # 0, 8,G11 € H? and that
gu[u Sh]hg11[u SO] — O in H3

limg 0+ 0uG11[u — s,a] = 0 in H3. It remains to prove that limy_,q+
This is a consequence of lemmas [B.12] and [B.13]
Next we compute the derlvatlve with respect to a of G3 at the point ¢ = 0. First we show that

1 oo ™
lim Gs[u — s,a] = — / / F,(s—§")(u+u)sin(a/)da’ds’
a—0 A J_ o) &

This is done by using lemmas [B.15] and [B.16
Thus

Gslu — 5,0] — Gl — 5,0] = - /Z /: Fy(s— &) (a_12 log <ji—g> —(u+t u'>> sin(a’)do’ ds’

And we can check that
lim Gslu — s,a] — Gs[u — s,0]

a—0 a

in H3 by using again lemmas [B.15 and [B.16]
In addition we have that

i/m " Fys— )00 (5 Tog (e ) ) sin(a’)da’ds’
. pS S a a2 og A’[a:O] S« o as

is in H? for every a # 0 and that

=0

in H3 by lemma [B.18 and [B.19

10



Finally we will prove the continuity with respect to u. Let us focus on the term

0aG11[u — s,4a] / 3 F(s—s)cos( )ajl[[]]u da'ds’.

We want to estimate the difference ||0,G11[u — s,a] — 8.G11[v — s, a]||gs, with u, v € H*?. Here, the
most singular terms are

_ 1 S T ’ / 6aAl[u] 3 6@14/[’1}] 5 .
Jy = H47T /_OO _FFS(S s)cos(a)( Al O3ul, o] 23!, ) do’ds ,

e e (o () - (50 )

L2
In J; the most singular terms come from the differences
030, A [u] o 030, A’ [v] o
Alfu] % Af]
and
Do A [u)ul,0? L D A [v]v, 0® !
e U
We will focus on
1 [ (" 030, A’ [u] D30, A [v]
Jop = ELOO LW Fy(s — §') cos(a) < Aal ul, — A0 v(’l) do'ds’ L
We will deal with this term by splitting
o5, A'u] — — 5P, A'[o]
A'fu] A’[ ]
_ug 3 a3 / 3 / Ug, _ U4
= Wi (00T = P9 A]) + 00 Al i = 75
We will give the details of the bound of
J211 / / S—S COS( ) (838 A/[ ] 838(114/[1)]) do/ds/
47T - [ ] L2

We notice that
!/
D30, A'[u] — 020, A'[v] = 8ad>(u + ') sin ( 2) +4 ( un') sin? (%) +83(u—u')2>

8a0?(v + v') sin® (2>+4a (483 vv’) sin <%>+83v—v )

and the most singular terms here are

a/
8a0®(u — v +u' —v')sin? (5)
!
+ 4a® (4 (W Pu—v'0%v + ud*u — v0*') sin® (%) +2(u —u )P (u —u') — 2(v — )P (v — U')) :

11



and it is enough to consider the terms

«

8ad®(u — v+ u' —v') sin? (%)
+ 4a® (4 (W' 0% (u — v) + ud®(u' — ")) sin® (%/) +2(u—u)P(u—v— (u — u’))) :

Then we have to estimate

O/

U 30, I a2 [
‘—A’[u] <8a8 (u—v+u —v")sin <2)

1a? <4 (/0 — v) + ud(u’ — o)) sin (%> -G -y - (- ”/)))) ’

/

’

where we have used lemma [B.Jl Then by applying lemma we can obtain a suitable estimate for
J211. The term J can be bounded in a similar way.
This concludes the proof of lemma 3.3

Lemma 3.4 The derivative 0:G[r, alg = 0,G[u — s, a] is given by:

uGu — s,alg = a®A(a)gua + Ma) (1 + a’u) ga
2 )
/ / F,(s — ') log(A") cos(a)u,da/ds'

1 2 e O A
+ a1 / F,(s—4) — 3 ©GuA)lg] cos( )ul,da’ds’
1+ au [

+ / F,(s —s")log(A") cos(a’) gl da’ds’

— 0o

o
_OO / " Fy(s — o) log(A") cos(a’)(1 + a*u')do’ds’
/

_ E/OO "
v [~ (94

A /—oo | Fols =) cos(a) (1 + a%u)dol ds!
Uq /°°

F,(s — s")log(A") cos(a’)a*g'da’ ds’

= (0uA) ] N
47Ta2 /OO 3 F,(s —§)——= T sin(a’)da’ds’,
oo !
! /OO /_7r F,(s (9 i’)[ J sin(a’) (u + u') da’ds’,
+ 4i / / F,(s — ') log(A")sin(a’) (g + ¢') do/ds’,
T J—ood—7
2 o] /
@ /7 [ F,(s— s/)% sin() (uu' + uqul,) do’ds’

12



9 oo
@ / / F,(s — &) log(A")sin(a’) (gu’ + g'u + gauly, + ghua) do'ds’.
T J—ood—7x

Moreover this derivative is continuous in H?>.

Proof: We will focus in the derivatives of the terms G; and G3 which are the most difficult ones.
In order to differentiate G; with respect to u we notice that thanks to lemma [3]in order to prove
Lemma [3:4] is enough to compute the derivative of the term

Giilu — s,a] = % / / F,(s—s")log (A") cos(a )ul,da/ds’.
T J—ooJ—7

Thus we need to show that

g Juilu g — s, a] —ufu—s.aq _ 4W/ " Fyls — o) log (A'[ul) cos(a!)ghda’ds’

t—0
//_W (s =) i/[]COS( " do ds’

is in H3 for g € H®, with ||g||s = 1, and that this derivative is continuous. We have that

G u—l—tg—s al — Gi1[u — s, al

/ [ (s — s') cos(a) (log (A'[u + tg]) (u' +tg")a —log (A'[u]) ul,) da’ds’.

Taking 3 derivatives yields

o (Gi1[u+tg — s,a] — Gi1[u — s,a])

_ .3 o L Z L : cos(a’)d <1og <%[Z]tg])> 05 (Fy(s — s')ul,) do/ds’

—i—tZ Z—;_ /00 /: cos(a’)0? (10g (%)) 0> (F,(s — s')gl,) do'ds’
- o [T N aj / —j N IS

+t;E/_OO/_WCOS(a 17 (log (A'[u])) 9% (F(s — &')gl,) dads’.

Then it is enough to prove that

e (e (558 -5 -], .
3.4
lim /_Z /_: cos(a/ )’ (log (%)) ¥ (F,(s — §')ul,) do'ds’ , =0 (3.5)

for all j. These equalities 4] and B3] are a consequence of lemmas [B.22] and [B.23
For G3 we have that

Gslu+tg — s,a] — Gs[u — s,a] = i / / F,(s— s’)% log (%{Z}W]) sin(a’)da/ds’

13



and then we have to show that

. T 4 1../1 A'lu + tg] A [g]\ .
3—j N2 Aail = _ / N _
%gr(l) [m . O*IE,(s—s )ba (t log ( AT AT sin(a)da’ds L 0.
for j = 0,1,2,3. This is also a consequence of lemmas [B.24] and [B.25 O

The proof of the the continuity in H? follows similar steps to those in lemma .3

Lemma 3.5 The derivative 0,0,G[u — s,alg is given by:

dX
da

(s — s")1log(A") cos(a’)ul,da’ds’

N
— /OO /_7r F,(s— s’)iuﬁl)[g] cos( )ul,da’ds’
I

0u0aG[u — s,alg = aQQ( Ygua + —(a)(1+a u)ga + 2a\(a)guq + 2aX(a)ugq

F,(s—s")log(A") cos(a’) gl da’ds’

2 [ee]
+ 49 / b(s — s’)aj;l cos(a’)ulda’ds’

F,
A J_oo J—n
2 oo ™ /
1 —z; U ‘/_OO /_7r FP(S . S/) ((6uail),A 9] . aaA(jZl/tQA)[g]) cos(o/)uflda'ds'
1+G2U e T / 6aA/ N g0
- ] F,(s—s") T cos(a’)gl,da’ds
_ g_a > T o a A / !
e /_WFP(S s)—— T cos(a’)(1 + a*u’)da’ ds
o0 us ! ! I
_ Z_; _OO/ F,(s— ") (O 6 A _ %4 (jZA )[g]) cos(a’)(1 + au’)da’ ds'

Uy [
- /_WFP(S_S) T cos(a’)a*g'da’ds’

- (;& / F,(s— ') log(A") cos(a/)u'da’ ds’
™ —7

— 00

oo by /
B % ) Fy(s — 3/)%,)[9] cos(a)u'da’ds’
AU g, 0 T ) / o o
T on Fy(s — ') log(A") cos(a’)g'da’ds
0o T ,
— ﬁ / FP(S — S/)aa (%W) Sin(a’)da’ds’
0o T , , )
- 4i / FP(S B S/) ((auaj;l )[g] - 6aAA6'72A [g]) Sin(a/)(u + Ul)da’dsl
v R
oo T ,
+ i / / FP(S - 5/)8—:141,4 Sin(a/)(g + g/)do/dsl
a? ™ (0.0.A]g] 0. A (0u)A'[g]

+ E/ / F,(s—4") ( u v _ G ) sin() (uv’ + uqul,)da’ds’

14



2 [e'e}

/

yp / / F,(s— —sin(a’)(gu’ + g'u + gauy, + gou)da’ds’
+ 2i / / F,(s —s")log(A") sin(a’)(ug’ + gu’ + uagl, + ul,go)da'ds’
T J_
A/
% [m / F,(s A’[g] sin(o) (uu’ + ugul,)da’ds’.

Moreover this derivative is continuous in H?>.

Proof: We will give the detail of the differentiation with respect to u of the terms

/

0aGrlu — s,a] = / F,(s—4") ai;? cos(a/)ul, da’ds'

and

0aGalu — s,a] = /:: /_: F,(s— 50, (a_12 log <ﬁ>) sin(a/)da’ds’.

We will split 9,Gs into two terms 0,G> = H1 + Hs with

oo s I
H, = /_ 3 Fy(s—s") (—% log (jﬁ) + %(u + U’)) sina/da’ds’

1 8,4[a 2 , o
= / Lﬁ <a2 Ala] _E(U+U))Smadads.

Next we differentiate Ho with respect to u

and

H [u+t9]—H2[ ]

1 0,4 [u + tg] 1 9, A'u] 2 / . / .
/ Lﬁ <a2t Allu+tg]  a®t A'lu] a(g +yg )) sin(a’)da'ds

In order to prove the lemma we need to show that

1 0, A [u+ tg] 1 9, A [u] 2 , . / W
/ /_F (Em_%m—a(g—i—g)) sin(a')da’ds

1 90,0,A'g] 1 0.A'[g]0uA'[g] 2 NN o N g g
- do'd
[ e (E - R R )t
tends to 0 in H®. In order to check this fact we write
) 1 (10, A u+tg] —0A'u] 00 A"gl . o i\
= [ome-0m (Pt A ) (s de

T e (8 ) )

= Ho1 + Hao

15



Then

o pm / _ Ml /
Ho, :/ / F,(s — S/)i2 <%8¢1A [u +tg] A,([?Z:l_ [Z;]] 10,0, A [Q]) sin(a’)dads’

§) 1 9,0,A4[g] . ) o
/ /777 azm (A'[u] — A'[u +tg]) sin(a’)da'ds’.

Then we can apply lemma[B.27in order to prove that Hoy — 0 when ¢t — 0 in H3. To show an analog
result for Hoo we write

1 6aAl[g] / / / . / 70
Hap —/ /_7r )= TATulA'Tu £ tg] (A'fu] — A'[u + tg] + 10, A'[g]) sin(a)da’ds

+ /_ - F,(s— s’)%% (A'[u + tg] — A’[u]) sin(a/)da’ds’.

and apply lemma [B.27 O

In order to differentiate H; we proceed as follows

And we would like to show that

o 21 A'lu + tg] 2 0 A [u]\ .
[m [ﬂ Fy(s—5) <_$¥ log <T[u] + PR sin(a’)da’ds’'
tends to 0, as ¢ goes to 0 in H3. In order to do it we apply lemma [B.26

Finally we differentiate 9,G1[u — s,a] with respect to u. Let us call J[u] = 9,G1[u — s,a]. We
have that

Jlutt] = Jlu] tg / - " (s — s QeAlut gl A’fﬁ“ﬁgﬁ"] cos(a/)(u, + tgl,)de/ ds’
! / /_ ] A'E;L/[Jr]tg] cos(a’)da/ds’
[ e (e s
N
We need to show that
R (S

/ /,7, - A’[ [?] cos(a’) g, da’ds’,

tends to 0, when t goes to 0 in H?>. This means that

[ oty (1 (it DAY 0] AN oy
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[ o (Bl )

tends to 0 when ¢ goes to 0 in H>. Thus, it is enough to prove that, in H?3,

A oy (L (QuAluttg]  OAT | 0u0aA'lu] | 0.A[u]0.Au]
gl—% oo Fs(S )( ( A’[u—l—tg] A/[u] ) A’[u] + A’[u]2

) cos(a)ul,da’ds’ = 0.
(3.7)

—T

In order to prove [B7) we will consider two terms separately

00 T / _ I /

n= [ [ re=snat (G (g - am) e )

In addition we will split J; into two terms

’ M, /
I = / / (s — &) (8 WA [u+ tg] — 0 A'u] — 10,0, A [u]> cos(a )l da'ds’
. Alu + tg]

/ 1 _ 1 NS 3T g
/ [ﬂ "0u0, A" [u + tg) <A’[u 1] A’[u]> cos(a)uy,da’ds
=Ju + Ji2.

and

The term .Ji; and Ji can be controlled by using [B.28
In order to deal with Js we also split it into two parts

o VAT~ At 1] + 10, A'u]
Iz = / Aﬁﬂs‘“aA[] Au + 1g]Aa]

n OaA'[u]0, A'[u] 1 1 NV
+/_oo _WFS(S_S) A'lu] (A/[u+tg] - A/[U]>COS(O‘ Jupdads

cos(a’)ul,da’ds’'

=Jo1 + Joo.

We control the terms Jo; and .Jos by using the lemma [B.28
The proof of the the continuity in H? follows similar steps to those in lemma B3
This concludes the proof of lemma

3.3 Step 3. Analysis of the linear part.
3.3.1 One dimensionality of the Kernel of the linear operator.

We will start computing a nontrivial element of the kernel of 97G[0,0]g = 0, which is given by:

8;9[0, 0]9 = /\(O)QQ(OZ, S)

1 U 1
— / / F,(s")1og(2 — 2 cos(a — o)) cos(av — ') ga(a, s")da' ds’
ga @5 / / "Y1og(2 — 2 cos(a — ') cos(a — o' )da/ds’

17



1 U 1
o /_ g F,(s")sin(a — a’)g(a/, s")da ds’

1 ™ 1
— / F,(s")sin(a — a’) log(2 — 2 cos(a — a'))g(a, s")da' ds’
T J—nJ-1

We make the decomposition

E gn(8) sin(na)

and project onto the m-th mode. For each m we get the following system of equations:

0 = —mgmn(s)A(0) sin(ma)
-z / ! / " () lo(2 — 2.cos(a — ') cos(a — ' )gm (5') sin(ma’ ol ds’
4 Mgm(s) sin(ma) /4/ s") log(2 — 2 cos(a — o)) cos(a — a)da’ds’
e[ / )sin(ar — ') (s') cos(ma)do/ds’
/ / oY sin(a — o) log(2 — 2 cos(a — a))gm (') cos(ma’)da/ds’

= —mgm (s)A(0) sin(ma)

1
_ 42 Fo(s")gm(s") / log(2 — 2 cos(a — o)) cos(a — o) sin(ma’ )da ds’
™

—1 -

mgm(s) sin(mao)

1 ™
+ = / Fp(s’)/ log(2 — 2 cos(a — ') cos(a — a')da' ds’

4m —1 -

1 1 ™
+ - / Fp(s’)gm(s’)/ sin(a — ) cos(ma’)da' ds'
T J-1

1 1 ™
+ / Fp(s')gm(s’)/ sin(a — a’) log(2 — 2 cos(a — ')) cos(ma’)da’ds’
T J-1

= g NO) ~ T (20" [ R

+mg’” 27T/F ds+— —2m)— 1/F )gm (s')ds’

= (N0 + 3 [ B gm(s’ - %“ [ s (3.5)

We will use now the following lemma:

Lemma 3.6 Let m € N and F,(s) be such that f F,(s)ds = —1. Then, for k € N, the equation

18



has solutions:

| ifk=m
9’“(5)_{0 ifk#m
where ¢ is any real number.

Proof: Since the RHS does not depend on s, the only possible solutions are the constant ones. Setting
gk (s) = ¢ and substituting into the equation yields the result. O

m—

Rearranging terms and using the fact that A(0) = Q—ml and that F), has integral equal to -1, we
are left to solve

m 1
or(s) =~ | Fplsan(s)ds'

By the lemma, there exists a nontrivial solution only whenever k = m, and in that case, it is given
by a constant function c¢. This shows the existence of a nontrivial kernel of dimension 1.

3.3.2 Codimension of the image of the linear operator.

We now characterize the image of 9-G[0,0]. We have the following Lemma:

Lemma 3.7 Let

1
Z = {q(s,a) € H;?;L vdd 4 qu sin (ko) / Fo(s")gm(s")ds" = O}.
—1

Then Z = Im(07G0,0]).

Proof:
We start proving that Im (9;G[0,0]) C Z. This follows easily from (B.8) since the m—th mode of
Im (07G[0,0]) g is given by

1
9o (3) + 1/ F,(s)gm(s")ds’,
2 2/,
yielding zero after multiplying by F(s) and integrating over [—1, 1].
We now prove the other implication and show that Z C Im (097G [ 0)).
Let q(s, ) € Z. We want to show that there exists a g(s,a) € Hﬁl?’even such that 9:G[0,0]g = q.
It is enough to show that g(s,a) € H*? since the m-fold property and the evenness follow trivially.
Let us project g into Fourier modes as
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o0 oo

g(s,a) = Z gk (8) cos(ka), q(s,a) = Z qr(s) sin(ka).

k=m,k|m k=m,k|m

This yields the following system of equations:

(o) = k() 4 5 [ F(an(sas + R, (3.9

which implies that gi(s) has to be of the form gx(s) = Agqr(s) + By for some constants Ay, B.
We distinguish two cases.
If & = m, then equation ([B.9)) yields:

1
+%/_1 F,(s")gm(s")ds'

1
= Aqum(S) + % ‘/_1 FP(SI)QW(S/)7

and the only solution is A,, = 2, B,, € R, under the additional constraint

| 11 Fo()m () =0,

and no solution otherwise. If k # m, then we have to solve

N =

qm(8) = gm(s)

k:A kB A, 1 B
e P2 F(sa(s)ds' — =E

2m  2m 2 ), 2

2m 2m? !
Ay =—, By=—"— F,(s "ds'
k = o | Bt
for any g (s). This shows the existence and the uniqueness. We discuss the regularity now. To do
so, we compute the H*3 norm of g(s, a):

& 4

m

o0 S 3 ol (1-+ 142 <3 bl RO Y el + 4
k=1 k=1 k=1,k#m

o0

S D NawllZrs (1 + 5% S llal Fro.s.
k=1

This concludes that Z = Im(9;G[0,0]) and in particular shows that the codimension of the image
of 0:G[0,0] is 1, as we needed.
O
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3.4 Step 4. The transversality property 4.

This step is devoted to show the transversality condition. We start writing out the calculations since
everything is explicit, including the characterization of the image done in the previous subsection.
Based on that, we only need to compute the m-th Fourier coefficient of 070,G|F, a]g.

By setting a = 0,7 = 0 in (30]), one obtains:

- dA
afaag[ra a]g|r:O,a:O - %(0)901

We now take g(a, s) = cos(ma) and extract the contribution to the m-th mode. We get that it is
equal to

—m—(0) sin(ma)

da

Testing the coefficient in front of sin(ma) against F,(s) and integrating in [—1, 1] we obtain

dA
m%(O),

which is different than 0 as long as %(O) 2 0, thus satisfying the transversality condition.
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A Basic integrals

In this section we will outline the basic integral identities used in the spectral analysis of subsection
5.9
The first three lemmas follow easily from [9, Lemma A.3]

Lemma A.1

/ log(2 — 2 cos(’)) cos(a’)da/ = —27

—T

Lemma A.2 Let m be a positive integer. Then:

/Tr log(2 — 2 cos(a’)) cos(a’) cos(ma’)da’ = { (_27T)7’T”;n_1 me 75 !
5 ifm=1

—T

21



Lemma A.3 Let m be a positive integer. Then:

/F log(2 — 2 cos(a’)) sin(a’) sin(ma’)da’ = { (_27%’”211 Zzz i 1

—T

The next two integrals are obvious but we state them here for convenience:

Lemma A.4 Let m be a positive integer. Then:

/w COS(O/) Cos(mo/)do/ _ { 0 me 75 1

T ifm=1

—T

Lemma A.5 Let m be a positive integer. Then:

/ sin(a'>sm<ma'>da’—{2 A

—T

B Estimates on A’

In this section we will assume the following:
1. The function 7 = u — s € V°, i.e. ||7||gas <3 .

2. C(6) will denote a finite positive constant that just depends on ¢, that increases with ¢ and such
that C'(0) = 0. Also ¢(d) will be a constant that just depends on 0 and such that ¢(6) > > 0
for all 6 € [0, dg] and dp small enough.

3. The parameter a € [—ayp, ag], for some small enough ag and § € [0, o] for some small enough dp.
4. C and c will be constants such that C < co and ¢ > 0.
5. 0 means either 9, or Js.

We also recall that given any function f(c«,s) we will write

f :f(avs)
[ =fla—d,s—5.

We want to obtain estimates on Glu — s, a] in ZI0). In order to do it we will set b = a?.

Lemma B.1 The function
o o/ o/
A’ = 45in® <3> + 4b(u + u') sin® (7> + b? (4uu’ sin? (3) + (u— u’)2)

satisfies

1.

/
A >c (sin2 <%) + b2$’2> ,

/
log(A’) < log(sin® (%) +b%s") + C,
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/
0A" < Cbh (sin2 (%) +bs'2> ,
/! !
D?A' < Cb (sin2 (%) +b ( sin (%) ’ + 8’| + 3'2)>

Proof: Using that ||7||ga.s < 0 and the Sobolev embedding we have that

/ / /
|A| > 4sin? (%) — bC(6) sin? <%> — b2C(5) sin? <%> + 0% (u— ')

In addition,

Then

/
|A'| > ¢ (sin2 (%) +b2s’2) :

In order to show the second statement we notice that

|log(A")| < |log(B)| if 0<B<A <1
[log(A')| < |log(B)| if 1< A'< B

Since

A <C

/
|A'] > ¢ (sin2 (%) +b25’2>

we have that

I\ 2
|log(A")| < log (Sin2 (%) + b2s/2> )

Just a computation shows that

! !
QA" = 4b(du + Ou’) sin® (%) +v? (4 (u'Ou + udu’) sin® (%) +2(u—u')(Ou — 8u')> .
Taking modulus we have that

/ /

0A') < C(8)bsin® <%) + C(6)a? sin® <%) + C(8)b?(sin? (%) +57)

!
< Cb (sin2 (%) + bs’2) .
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Taking two derivatives on A yields

0? A" =4b9*(u + u') sin? ( 5 )
2 <482(uu/) sin? (%) +2(u — u")0*(u — u') + 2(0u — Ou) >

Taking modulus we obtain
2 47 .o 2. oo 2
|0°A"] < C(0)bsin ) + C(6)b” sin 5 +C(0)b

sin ( 2/>‘ + s |> C(6)b? (sim2 (%) + s’2> :

O

Lemma B.2 The following estimate holds for b >0
| |k Cbm+l—2l m < 2l -1
dads < C’log(%) m=2—-1 |,

/ / ‘Sln %
a l -
- sm 5 )+ b2s 2) C m>2—1

withl>1,kkm>0andk+m+1—-20>0

mk

Proof: First we notice that
k
il 7dads = C / / sinfa
(sin? + b2s2)!

I_/ / |sin (2) "
- s1n % + b2s 2

[0,7/2], we have that

————————dads

and using that ca < sin(«)
m k

1<cC L —— C [ _amst
< —
/ / a2 +b2 2 aas bk+1 /0 ‘/0 (QQ +52)l

Making the change of variable
s =rcos(d)

a =rsin(fd)

yields

s
2

C arctan(%) %
Lo
0 0 arctan(%

PETIO)
) / ’ ) rEEm =2 gin™ (9) cos® (0)drdf.
0

I'<s e

On one hand

arctan( ) #
/ - / O pherme -2 sin™(0) cos” (#)drdf
0 0
1) arctan(l) m
tan™(0) cos® ~2(0)df = CpFTmT2A / ’ tan—z(e)ldg
0 (14 tan®(9))!—1

bk+m+272l /arctan(%

T k+m+2-20J,
1 m

:Obk+m+272l/ Y dy < pF+m+2-21 1+/
o 14y = :

s

26
ym2ldy> )
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Thus

us

arctan( ) ﬁ
/ " / O pheEm =2 G (0) cos (0)drdd
0 0

Cbk+m+2—2l(1 + log ( )) ifm=20-1
=L (L b ((%)m 1)) tmA -1

CoFtllog (&) ifm=20—1
Cbk+1 ifm>20—1
Cbktm+2=20  f < 2] — 1.

On the other hand

s
2

3 PETO)
/ )/ Ve -2 sin™(0) cos” (0)drdf
a 0

rctan(%
—c [ cot® () sin22(9)do < C | cot* (6)do

arctan( %) arctan(%)

=C —— dy<C “k=20y = CHF T
/1 P12 = / Y Y

26 26
Lemma B.3 The following estimate holds for b >0

™ 1 CY/
/ / log (sin2 (—) + b2s’2>
. 2

Proof: We just have to notice that
!
< |log (sin2 (%))} + C.

!
log(sin® (%) + b%s'?)

Next we will use lemmas [B.1] [B.2] and [B.3] to prove the following

do/ds' < C

Lemma B.4 Let f(a,s) € L*(Q) with supp(f) C T x [~1,1] and b > 0. Then

H/O; /: log(A) f'do’ds’'
- ]
T
H/Z /. (83 og() - 257 ) Fdolds’
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L2

/
8Afd 'ds’'

< Cb[f]|z>-

< Cbf|f]]2-
L2

< CBl|fl]2-
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where we remark that C' does not depend on b.

Proof: To prove [Il we first use Lemma [B.1}-2, then Minkowski inequality and finally Lemma [B.3] to

obtain that
T 2 O/
< c||f||L2/ / <| log(sin? <5) +b%5")| + C) do’ds’ < C.
L2 —mJ =2

H/ / log(A") f'dd’ds’

To prove 2] we first use Lemmas [B.I1-1 and [B.1}-3, then Minkowski inequality and finally Lemma

to get
L] e

To prove Blwe first use Lemmas [B.1}-1, [B.1}-3 and [B-11-4 to obtain that

sin? (%) —i—b(‘sm( ) + |8 + s? )
<Cb -
- sin? (&) +b2s2

, sin* (%/) + b2g
< Cb*— . (B.2)

2 b sm +bs’2)
<C da'ds' < C .
=0l [ [ e e e < Ol

0?A

Then we can use Minkowski inequality and Lemma [B.2] to yield
Finally we provedl First we notice that

PA OAPRA (DA
AT =3 A2 T A8
and that by lemmas [B.11-1, [B.1}-3, [B.1}-4, we have that

93 log(A") —

0A 92 A’
a7

’ ’ 3 ’ ’
sin? (%) +5b ‘sin (%)‘ + bsin? (%) (|s'| 4 5"?) 4 bsin? (%) s"? + 25"

sin (%)‘ +b25"2(|s'| + s?)

< Cb? ;
- (sin? (&) +b2s72)2
N (314/)3 <O sin® (%,) + b3s/6
AB | T (sin® (%) + b2s/2)3
Thus we can apply Minkowski inequality and lemma to prove [l O

Lemma B.5 Let f(a,s) € L=(Q) with supp(f) C T x [-1,1] and b > 0. Then

H/ /_FaSA/fd’ds

Proof: Taking three derivatives on A’ yields

< O[] o
L2

/
D3 A" =4b93(u + u') sin® (%) +
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Of/

+ b? <483(uu') sin? < 5 ) +60%(u — u)d(u —u') + (u —u')(Pu — 83u')>

Then
-2 (o 2 [«
83A/ Sin (?) S11 (7)
< Cb—s———2——(0Pu+ ) + OV ————2—— 0 (ut
‘ A | T sin® ($)+ b25’2( " ) sin? (%) + b2s2 ()
L0 e
+Cb : Cb : 0%u — 0°u'|. B.3
sin? (%) + b2s2 sin? (£) + b2s’2| " vl (B-3)
Then by applying lemma [B.2] we achieve the conclusion on the lemma. ([

Lemma B.6 The following estimate holds:

A (4 — Cb) sin? (%/) + cb?s" (4 + Cb + Cb?)sin® (%/) + Cbh?s"™
‘log( >‘ < |log + |log

A'[0] 4sin® (%) 4sin® (%)

Proof: We notice as in Lemma [B.I}-2 that

44+ Ch+Ob?)sin? (L) + Cb2s"2
( 5

" (4 — C(6)b — C(6)b?) sin? (%) + cb?s”?
10g< )’ < |log + |log

A'[0] 4sin® (%)

4sin”® (%)

since

/

>(1-— — sin o + cb?s
4> (1 - C@p - o) sn? (&
as we checked in the proof of lemma [B.I}1 and

!
A <C ((1 + b+ b?) sin? (%) + b2$'2> .

Lemma B.7 The following inequalities hold for b > 0.

™ 2 (1 —b)sin? (%) + b%s"
/ / log 2(2’1) dads’ < Cb
Y P sin (“7
(

T 2 (1 + b) sin®
/ / log —
—rJ—2 S

dads’ < Cb

Proof: We notice that

2.2
sin (%)

< [log(1 = b)| +

b2512
°8 * sin? (%)
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Then the estimate follows from

T b2
/ 10g 1 + < 2 o\ dOé/ = 47T arCSinh(b).
o sin (%)

In addition, the second inequality follows from

T 2
/ 10g<1+b—|— b( )>da—4wlog(b+\/1+b+b2)
e sin® (5

O
Lemma B.8 Let f(a,s) € L? with supp (f) € T x [—1,1]. Then
oo us 1 A/
-1 — | flddo’ds’ <C .
| e (i) e, < e
Proof: This lemma is a consequence of Lemmas [B.6] and [B.7] and Minkowski inequality. O

The following lemmas will be used to show the differentiability of the functional G and the conti-
nuity of its derivative.
Here we recall that

l N «in?2 o 3 ! @in2 o 2
0, A" = 8a(u + u') sin - +4a” | uu'sin 5 + (u—u')

Lemma B.9 The following estimates hold:

1.
/
WA | < Cla +a?)sin? () +a252).
0.A') < Cla] (1 +a?)sin? (2
2. ,
|00, A" < C|al <(1 + a?)sin? (%) + a2s/2) .
3.
o o
|9°0,A'| < Clal ((1 + a?) sin? (3) + a? [sin (7> ’ +a® (8| + 3'2)) :
Proof: The proof of this lemma follows similar steps as the proof of Lemma [B.1] O

Lemma B.10 Let f(a,s) € L*(Q) with supp(f) C T x [—1,1] and b > 0. Then

Oy A/
\[ [ %Fracas| < culisios
2
oo us aA/
\[" [ 0% raas]| < clalifiee
—00 J —T L2
3 A
\[" [ e racas| < cuifiee
- L2
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QA" _ D0 A" 0. APA
H/ /4 (83< ) A A2 >fd 'ds’ L < Clal||f]lzz-
Proof: In order to prove 1 we notice that by Lemmas [B.1} and [B.9-1
2 (o 2.2
Do A’ sin ( )+as o
ar | = Cle <C s B.4
| < Ol ) e < Ol ol oy (B.4)

Therefore we obtain the first inequality in lemma [B.9] by applying Minkowski’s inequality and Lemma
B2

To obtain 2 we proceed as follows

0u A" 00,A" 0, A0A

9 A AT A2
Then, by applying Lemmas [B.1}1, [B1}3, B9+ and [B.9-2, we have that
o, A sin? (%/) + a?s’? sin* (%/) +a*s"
02| < ot Claf 2
A sin® (&) +a's (sin® (%) + as”?)

Then we can use again Minkowski’s inequality and Lemma [B.2] to yield 2.
Taking one more derivative yields

DAl OP0,A D0, NN 0, NPN 09,A(DA)?
R e - R AT

By using Lemmas [B.1}H, [B.1}3 and [B.93 we can estimate

82

< Claf?

00, A DA
A/2

(sin? (%) +ats?)?
By using Lemmas [B.1}, [B.91 and [B.1}3 we can estimate

(Sln2 ( 2’) + a2s’2)3
(sin® (%) 4+ ats’2)? —

D, A (DA)?
A3

< Clal®

By using Lemmas [B.I} and [B.9F3 we can estimate

(sin2 (%) +a? ‘sin (%,) +a® (|s'| + 5’2))
< Clal .

sin® (%) + ats'?

020, A
A/

Finally, by using Lemmas [B.1}, [B.1}3 and [B.9}1 we have that

9.2 A 3(sin2 (%) +a?s'?) (sm (2) ‘sm( )‘—i—a (|s'|+s’2))
2 <o
A2 - |a| 81 (%) + ats /2)
’ ’ 3 ’ ’ ’
3sin4 (%) +a? ’sin (%)‘ + a?sin® ( ) (|s'] 4 8%) + a? sin® (%) s? +at ‘sin (%) s+ ats(|s'| + s?)
< Cla|

(sm2 (7) + a*s’?)?
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Then by applying Minkowski’s inequality and Lemma [B.2] we achieve 3.
In order to prove 4, we start taking 3 derivatives:

30, A" 030,A"  0,APA 020, A'0A 00,A'0% A’
9 A A + A2 =-3 A2 -3 A2
88 WA (0A7)? O, A0?A'0A! 0, A (0A")3
+ 6

A3 A3 o A4
By using Lemmas [Bl1, [B}3 and [B.93 we can estimate

020, A’0A
A/2

o (5) ) () i (5] 01 )

sin +a’s sin + a® [sin +a® (8| + s

o5 ; P)|+at (51457

- G (5) + 157

sin? (%)—i—a ‘sm (%)‘ + a?sin ( )(|s’|+s'2) a?s'? sin? (%)—i—a‘ls’2
(sin? (% /)+a4 12)2

sin (%) ‘ +a*s(|s'| + s™)
< Cla?

By using Lemmas [B.1}1, [B.114 and [B.9}2 we can estimate

00,A’0% A’
—ar |

and this term is done as the previous one.
By using Lemmas [B.1}1, [B.1}3 and [B.9}2 we can estimate

s 2 (o + 2 ./2 s
| o () )
< Claf’ sin’ (%) at IG)

(SmQ (%/) + a4s’2)3 ’

By using Lemmas [B.1}1, [B.4}3, [B.1}4 and [B.9F1 we can estimate

DA ADA
e

7 2 7
(sin2 (%) + a2$’2) (sin2 (%) +a?
< Claf? :

2
(sin4 (%/) + a4s'4) (sin2 (%/) +a?
< ClaP 2
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5
’ ’ ’ ’
sin® (%) + a? |sin (%)’ + a? sin* (%) (|s'] + 5™) + a*s'* sin? (%) +abs"

(sin2 (%’) + a*s’?)3

sin (%/) ’ +abs™(|s'| + s)
< Claf’

By using Lemmas B, B4l3 and [B.9}H we can estimate

Da A/ (DA)? . (sin2 (%,) + a23'2)
TaZ W) | <
At < Clal (sin2 (%) + ats?)4
sin® (2) 4 858
S C|a|7 — (% ) )
(sin (%) + a*s’?)4

Finally, by applying Minkowski’s inequality and Lemma we conclude 4.

Lemma B.11 Let f(«,s) € L>(Q) with supp(f) C T x [-1,1] and b > 0. Then:

] ™ 3 /
I[ 2w

e’} ™ 3 A/ /
N

Proof: We start computing

< Clalllflze-
L2

and

< Clal|lf]lze-
L2

O/

/
D30, A" = 8ad®(u + u) sin? <%) + 4a® (83(uu’) sin? < 5 > +60(u —u)o*(u —u') + 2(u —u)d*(u — u’)) .

Then, by using Lemma [B.1H1:

oo -2 (o
99,41 (%) o )
— < 7 0°(u + +C 7 0
P2 — o (sin® (%) + a%s?) 19%(u + )l la (sin® (%) + a4s’2)| (w)]
sin (%/ ‘ +1¢ ’sin (%/)’+|s’|
+ Cla® ; + Cla® - P*u — 0|,
la (sin® (%) + ats?) Ja (sin® (%) + a4s’2)| =]

and we can conclude as in Lemma[B.5l This shows the first estimate. In order to prove the second

one, we use (B.3) and (B4). O

Lemma B.12 Let f(a,s) € L2(Q) with supp(f) C T x [~1,1] and h # 0. Then
>~ " 1 A/[h] !/ / !/
[ e () e
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H/ /28214 fraolds|| < CIRIS e
H/ / (aQA;L ‘(82;[[};3])2>f’da’ds’ Sl
| (orostarmy - 55 pawas| < cmiine

Proof: The inequalities Pl Bl and @ follow directly from lemma [B.4] by making b = h2. Then it remains
to show [l In order to do it we notice that

110 (A’[h]) - h/l 4(u + u') sin? (%,) + 4h%uu/ sin® ( ) +h2(u—u')?
& A'0] ) )y 4sin® (%) +4ph?(u+u') sin? (%) + 4phtun sin (%) + pht(u —u')?

dfi.

Similar computations that those ones to prove B} yield

/ !
4 sin? (%) + 4ph®(u + ') sin® (%) + 4ph*uu’ sin? (%) + pht(u —u')? > ¢ (sin2 (%) + (\/ﬁh2)2 5’2)

(B.5)

And we can estimate

1 A’ [h]) ’ 5 /1 812

—lo <Ch+Ch d

’h g(A’[O] = o sin® (Z) + (Vuh2)zs?
Then we achieve [ by using Minkowski’s inequality and lemma O
Lemma B.13 Let f(«,s) € L>(Q) with supp(f) C T x [-1,1] and b > 0. Then

> T 1 63AI / / /
— < oo
\[ ] 35| <cuin

Proof: This lemma follows from lemma [B.5] by making again b = h2. O

Lemma B.14 The following estimates hold
1.
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0 (%bg (%) - (u—i—u'))‘ ngSin2 ( ) T ’Sm( )’ 15

sin® (%) + b2s72

4.
3
o? <% log <%> —(u+ u/)) <[1) 8A/[1[]a] - P(u+ u’))}
(sin2 (%/) + bs’2) (sin (%) +5b (|s1n( ) + 8%+ |s’|))
< Ch
(Sin2 (%,) + b25’2)
sin? (&) + bs'
()
sin® (%) + b2s72)
5.
2 (o 2
1 83A[a] . ) sin (7) + bs 5 )
‘E Ald] -0 (u+u) <C’bSlr12 (%/)+b2 = ‘8 (u—l—u)‘
sin® (%) ‘sm (7)‘ 5] ‘sm (%,) + 19|
3 li 3 ’
@) w7 Oy e [ Ol O ey e
Proof:

1 A[a]_lld o (o N2 (& 2 roo o 72
glog(m>—g/o ﬁlog(élsm 5} + 4bu(u + ') sin > + b p | 4uu’ sin 5 + (u—1u) dpu

1 4(u + u') sin? (%) +b (4uu’ sin? (%,) + (u— u/)z)
B /0 Asin® ( ) sin?

du.
) + 4bpu(u + o’ (%) + b2 (4uw’ sin® (2) + (u—u')?) a

Then

llo (M>—(u+u')—b/l 4u'u/sin2(%l)+(u—u) +4N(U+u) SIHQ(%,)

b\ A - Jo 4sin® (%) + 4bu(u + /) sin? (%) + b2p (duw’sin? () + (u — u!)
! i (u+ ') (4un’ sin® (u—

+b2/ s ( ( ) )
o 4sin® (%) T

+ 4bp(u + u) sin® (%) + b2p (4w sin® (%) + (u—u’)Q)du'

Therefore

2

1
< Cb
- /0 sin? (

/N

%) + 5
,) + b2 ps’? dp-

o () o1

Q
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Taking one derivative we have that

o) (% log (%) —(u+ u')) = %ajaﬁ] —O(u+u)

40(u + ') sin (%) ( uu') sin (0‘_’)+2(u—u’)6(u—ul))
4b(u

" 4sin? (%) + + ') sin (%,) + b2 (4uu' sin (0‘—,) + (u—u')?) ~Out )
( uu') sin? ) —u')0 u—u)) O(u—+ ') (4b(u + u') sin? (%/) + b2 (4uu’sin2 (%/) —I—(u—u’)Q))
B 4sin® (%) + 4b(u + w/) sin® (%) + b2 (dun’sin® (%) + (u — u/)?)
Therefore

02 (o 2
1 Alal / - (7) e
071 ~ 9 <Ob—grit
’ b Og(A[(ﬂ) (b )| < by T iem

Taking two derivatives we obtain
1 Ala] 10%4[a] 1 (0A[a])”
2 (= i el | _ / —— _ - _ 92 /
0 (b1°g<A[O]> (““‘)) b Al b Az 0wt
On one hand

1 9%Ald]
b Ald]

— 0*(u+ )

40%(uu') sin® (%) +2(u —u')0*(u — u') 4+ 2(9(u — u'))?
Ala]
40%(u 4 u') sin® (%/)

=b

* 4 sin® (%) +4b(u + ) sin® (%) + b2 (4w’ sin® (%) + (u— u')?) — -
462 ') sin® 0‘7)—1—211—11 10%(u — ) + 2(0(u — u'))?
Ala]
, (4(u + ') sin® (%/) + b(4un’ sin® (%/) + (u— u’)2)) 0% (u+u')
Alal
And we have that
2 sin? + s + |sin + ||
‘baA/[la[]a]_y(u—i_u) s ( )sm (2)‘—|—b2(’2)‘

On the other hand

2

(0Ala))? , (45(u + /) sin? (%,) +b (46(uu’) sin? (%) +2(u —u')O(u — u’)))

Ala? Afa]?
and then
(0A[a])2 (sin? () +bs")
} Ala]? = sin? (%) =+ b25’2)
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Taking three derivatives yields

1 Ala) A\ 10°Ad) . 30%A[a)0Ala] 2 (8A[a))?
ok (§log (m) —(u—i—u)) =3 Al —63(u+u)—5 Alal? t3 Al

The inequalities [B.1F3 and [B.1} yield

‘l@A[a]&QA[a] o (sin? () +05) (sin® () + 0 (1sim (%) + 52 +1571))
poAen (s () + 025)’
and
3
1(9A[a))? ) (sin2 (%) + bs’3)
‘E Ala]? = (sin® (%)+b23/2)3

And [B.14}4 is then proven. To prove [B.145 we notice that

3 N oain2 [
19 Ala] ; / 748 (u+ u') sin (7) ; /
b Afa) —P(u+u) = Al — 0% (u+u)
40° (uu') sin® (%/) +2(u — u)o(u — )
+b Ald]
60(u — u')0*(u — u')
+0 Al .
And we can compute
403 (u + u/) sin® (% A(u+u)sin® () + b (dun/sin? (L) + (u— o)
(2)—83(u+u'):—b (2) ( (2) )63(u+u').
Alal Ala]
Thus
40°(u 4 u') sin? (%,) sin? (%,) + bs'?
_ 93 / 3 /
Alal O utu) SCbs1n2 (%) + b2s? ’(’“) (u—i—u)‘
Therefore
18] e o] o B
‘E Ald] O utu)) < Ob51n2 (%) + 0% 0% (u+ )
sin? (%) ‘sm (%)‘ + 19| ‘sm (%)‘ +1¢'|
3 (0 3 '
¢ ’6 (uu )} * Cb81 ? (al) + 0252 }(’“) (u—u )} * Cbsm2 (%) + b2s2

Lemma B.15 Let g € H*? with ||g||g+s = 1 and f(a, s) € L*(Q) with supp(f) C T x [-1,1]. Then
the following estimates hold:
1
< Cblog <—> ,
L? b

L L Gre() o0 0)

for 7=0,1,2.

/
sin <%) ‘ flda’ds’
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oo ™ /
H/ / (83 (llog<M>—(u+u’)>—Z(s,s',a,o/)) sm( ) flda’ds’|| < Cb
S - b [0] L2
where
83A[ ] 3 /
Z(s,s',a,a') = b ATa] — 0 (u+u)
Proof: The proof follows from Lemma [B.14] Lemma and Minkowski’s inequality. O

Lemma B.16 Let f(«,s) € L>°(Q) with supp(f) C T x [=1,1]. Then the following estimates hold:

H/ / (o, ss)sm( )‘fdads §0b10g<%)
-7 L2

where
10%Ala
Z(a,d s,8') = baA[[]]—ag(u—i-u’)
Proof: The proof follows from Lemma [B.14] Lemma and Minkowski’s inequality. O

Lemma B.17 The following estimates hold:

1.
1 Ald]
o (s ()|
1 L sin? o 1 2
gca/ : (%) . du+0a3/ 1 —dp
o S (3) + (VD)2 o S (3) + (V)
sin? (%/) 2
. \*) 3 5
+ Casin2 (%’) 4 b2s’2 +Ca sin® (%’) + b2s’2
1 sin? ("—l) + 5?2
d
—I—Ca/o sm( ) (VEb)%s 2
sin? (7) + 52
+CGT
sin (7)—1—1725’2
2.
2
sin? (20) + 52 sin? () + bs?
o0, (Lve (40))| o )2 g o (8) o)
[0] sin® (&) + b2’ (sin? (%) 4 b2s72)
3.




. a/
s (7
2

(i () + 27) (i (5) + 257’

+S/2 4 |S/|))

CCu (sin2 (O‘%) + bs’2)2 u (sin2 (%/) + bs'z) (sin2 (O‘z) + b(

2
o (sm (%) + bs'2)
¢ (sin® (%) + b28/2)3 '
4
7o (s (365)) + 50— d A
o (810 (3 (£) s ()] 4 1)
' (i (5) + 1242)°
(sm2 (%,) + bs’2)3 sin? (O‘ ) + bs’2)2 (sin2 (%) +b ( sin (%)} + 52+ |s’|))
O () sy (o7 (%) + 0257)°
(81112 (%/) + bs’2)4
oo (sin® (%) + b2$’2)4
5.

3(’“)3/1[(1] B i(’“)3(9aA[a] n iaA[a]83A[a]
a?> Ala) a’>  Alal a?  Ala]?

e}
sin (?)
7

sin? (%) + b2s’2 asin2 (7) + b2s"2

+ 15|

+ Ca

Proof: First we notice that
1 Ala) 2 Ala) 1 0,A[d]
o (s (1)) = 1o (361) *

~ 2 1og (A[a]) _ 2t Beru)s” () + 0 (dwu'siv® (5 ) N
a3 a3 Jo 4sina’ + 4bp(u+u')sin® (%) + b2u (dun’sin® (

1 —81 (u+ /) sin® (—) —2a (4uu'sin2 (%) +(u—u')2)
- /0 4dsin® (%) + 4bp(u + ') sin® (%) + b2p (4w sin® (%) + (u — w)?) -

We have that

Al0]

- d
e

In addition

1 9,A[d] 84 (u+u)sin® (%) +4a (4uu’ sin? (%’) + (u— u’)2)

a? Ala) Ala]

37



1 0,Ald]

1
+
/0 4sin®

() 1
a 2 ) Jo \4sin® (%) + 4bp(u + u') sin® (%)

1
A[O]) T AL

+ b2 (dun’sin® () + (u — u/)?)
—2a (4uu’ sin? (%,) + (u— u’)Q)

_|_

() + ol ) () + 2 (s (5) + (a— )

4a (4uu' sin? (%/) + (u— u’)z)

8 o, (d
= _sin (2

ot (3) <4sm21< ) Am'

— sin? <ﬁ/) /1 !
a 2 ) Jo \4sin® (%) + 4bu(u + ') sin® (%)

+ b2 (dun'sin® (%) + (u — u/)?) a A[a]) an

Ala)

1

We will split the first term of the right hand side of the previous expression in the following way

1

) /0 <4Sin2 (%’) + 4bp(u + u') sin? (%')

+ b2y (4w’ sin? (%) + (u—u')?)

And we can estimate

1
<2
- /0 4sin®

§sin2 (a—l> /1 !
a 2 ) Jo \4sin® (%) + 4bp(u + ') sin® (%) '

+ b2 (duw' sin® (%) + (u — u/)?) ~ 4sin? (

dap(u + u') sin? (%/) +ap (4uu’ sin? (%/) + (u— u’)z)

d
)+ ot ) i () + P (s () + =)

1 psin? (%/)
< C'a/
o sin® (

1 o (sin2 (%/) + 8'2)
- d,u—i—CaB/

2 . ; 5 ——dp
)+ (V) o s (3) + (VIO 57

1 psin? (%/)
< C'a/
0 sin® (

1 2
/ s—dp + Ca® / 7 £ s—dp,
5) + (Vi) 2 o s (%) + (V)2

where we have used (B). In a similar way

o (5) (e )

In addition we have that

1
/0 4 sin? (%) + 4bu

1 sin? (%,) + 572
< Ca/ :
0 S

—2a (4uu’ sin? (%,) + (u— u’)2)

7 d
(u+w)sin® (%) + b2 (duw’ sin® (%) + (u —u')?) s

dp

() + (VP
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sin® (%,) + 52
<Cog—s"-~>t——
~ 7 sin? (%) + 02527

da (4uu sin? ( 5 ) + (u— u')z)
A

and we have already proven the first inequality of the lemma.
Taking one derivative we have that

00 (i og (M)) __20Al) 109,Ala) _ 1 .Ala]9Ala]

0] @A @ Al @ AP

On one hand, we can compute that

2 A[d] N 1 90,Ala) 2@48(uu/) sin? (%’) +2(u —u)d(u —u')
a3 Ala] a2 Ala] Ald]

and then

sin (%) + 52
31112 (%) + b2s72°

’_EBA[(L] + L 1 09, A[a
a® Ala] = a? A[a]

On the other hand

)y
(i () + )

Therefore

R D ES N I G R
@\ g2 <

7 + Ca .
AJ0] sin? (%) + b2g/2 (sin2 (%’) + b25’2)2

Taking two derivatives we have that

9 [a] 2 0%°A[a) 2 0A[a)* 1 8%0,Ala] 2 00,A[a]0Ala]
70 ( 1°g< m)) ST AW @ ARE Y@ AW @ ARP

1 0.A[a)0%Ala] 2 9, Ala]dA[a]2
T2 AdZ @ AP

And we can estimate

2 A 323(114 sin? o + [sin + 52 4 |S/|

_a_23 A[a[]a] * a_12 A[a][a] = C’a( ( 2 )sin (%)(+le’2 )
2

2 oa?| _ ., (0" (%) +57)
a? A[aC]LQ =co (sin® (%) + b2s ’2)
2 99, A[a)0A (sm (%/) + bs’2)2
a? A[aP - (sm (%) +b2s2)"
1 9, Ala)d? Ala] (sm (%/) + bs’2) (sin2 (%/) +b ( sin (%/)‘ + 52 + |s’|))
a? Ala]? (sin2 (%) + b25’2)2 ’
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2 9, Ala)0A[a)?
a2 Ala]?

(sin2 (%/) + bs'2)3
< Ca® (sin2 (%) N b25’2)3

This proves the third inequality.
Taking three derivatives yields

1 Alal 2 0%A[a) 6 0*Ala)0Ala] 4 (8A[a))® 1 8%0,A[d]
o () 3540 243

AJ0] a3 Ala)? a3 Ala)3 + a?  Ald]
3 020,A[a)0A[a] 3 00,A[a)0%Ala] 6 99,Ala] (DA[a])® 1 8.A[a)dPAla]
a2 Ala)? a2 Ala)? a Ala? a2 Ala?
6 0A[a)0*Aa]0Ala] 6 DaA[a] (DAa])’
a? Alal? a? Ala]* '

And we can estimate

E(?QA[a]aA[a] e (sin2 (%/) + bs’z) (sin2 (%/) +b ( sin (%/)’ +8? + |s’|))
a®  Ala]? ¢ (sin® (%) + 1723’2)2

L @A | _ 0 (0 (%) +0?)

& Aap | < (sin? (%) +0257)°

3 920, A[a)0Ala] i (2)

a? A[a 2 (Sin2 (%/) + b28’2)2

3 00, Al*Ala]| _ .. (sin? (%) +bs2) (sin® () +0 ([sin ()] + 52 +151))
@ Ala]® (Sin2 (%’) + b28/2)2

6 00,A[a] (0A[a])?
a2 Ala?

6 DuAla)0* Al)0Ala] | _

a? Alal3

6 2,Ala] (9A[a])’
a? Alal*

Then we have proven the fourth inequality.
Finally we notice that

‘ 2 93 Ala) ia?’aaA[a]

> ‘33(uu’)|

a3 Al @ Al sin® (%) + b2s
sin (& )|+ |¢/] sin (& )] +|¢]
+C ‘ 2(5/)‘ ‘ 2((5)‘ |63(u u/)l
sin® (&) + b2 sin” (%) + b2
1 9,A[a]03Ald]
a2 Ala]?
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sin® (%) + bs'? L (o , )
,—sm — |07 (u+u

s (g) eo” i (3) %)+ cad ot () o (

s1n2 R ) + b2s'2 sin? (%) + b2s"2

sint () + 052 < sin (%)‘ n |s'|> 0% (u — o).

wn2 (& | p2a2 a_’ 2 o2
sin 2)—i—b

1 9,Aa)9*Ala)

a2 Al

a/
sin <?> ‘ + |s’|)

vo| 2

m
=
]
o
LN 2N
M|Q

Lemma B.18

|/ (oavos (55 o () ], = o (5)
for j=0,1,2

Proof: The proof follows from Lemma [B.17, Lemma and Minkowski’s inequality.
Lemma B.19

| L e (G ) o (5 )] = e )

Proof: The proof follows from Lemma [B.17, Lemma and Minkowski’s inequality.

Lemma B.20 Let g € H*? with ||g||g1.s = 1 then the following estimates hold

1.
|A'[u +tg]| > ¢ (sin2 (%) + b25’2) .
2. )
10,A4"[g]] < Cb (sin2 (%) - bs’2) .
3.
/
A'lu + tg] — A'[u]| < Cbt ( sin® a +bs? ).
| 9 5
/.
U _ / 12 o‘_/ 2
|0A"[u + tg] — 0A'[u]| < Cbt | sin 5 +bs" ).
5.

/
|? A'fu+ tg] — O A'u]| < Cbt <sin2 <%> +b <

an ()] +191+47)).
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/
|A'[u+ tg] — A'[u] — t0, Alg]| < Ct*b? <Sin2 <%) + S/2> .

/
|0A [u+ tg] — 0A'[u] — tD, Alg]| < Ct*b* (sin2 (%) + s'2>

() )

!

0% (A'[u + tg] — A'lu] — td,A'[u])| < C+20? (sin2 (%) + 5%+

Proof: We recall that

Allu +tg

/ !
=4 sin? (%) +4b (u+u' +t(g+ g'))sin? (%)
!

+b? (4(u +tg)(u' 4 tg') sin® (%) +(u—u' +t(g - g’))2>

=A'[u] +t (b(g + ¢') sin? <%/) +4 ((ug’ + u'g) sin? (%) +2(u —u)(g — g’)> b2)

/
+12b? <4gg/ sin? <%> +(g— g/)Q) .

/ /
A'lu+tg] > A'[u] — te(b + b%) sin® (%) — ct?V? (sin2 (%) + s’2> .
And for ¢ small enough (b € [0, 1])
!
A'lu+tg] >c (sin2 <%) + b25'2> .

To prove the second inequality in the statement of the lemma we recall that

Therefore

/

8, A'[g] = b(g + g') sin (%) + 4b? ((ug’ +4/g)sin? <%) F2%u—u)(g — g')>

/
0.4 < C (bsin2 (%) + b2s'2> .

The third, fourth and fifth inequalities are straightforward. Taking two derivatives we have that

and then

O*A'lu +tg] — 9*A'[u]

/
= thd*(g + ¢') sin® (%)

O/

w102 (02(ug’ +lg)sin? () + 208w =)o = o) + 400~ )0lg — ) + 20— )09 ~ o)
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Oél

+t%p? (482(99') sin? ( 5 > +2(0g — 99')* +2(9 — ¢")9*(g — gl)>

and we can bound

2 41 2 41 s 2o
|0 Allu + tg] — 9 A'[u]| <t ( bsin 5 +b° ( sin 5 +

!
+ 122 <sin2 <%) +

To prove 6, 7 and 8 we just notice that

!
sin%’ + 52 + |s'|>)

/
sin%‘ + 5%+ |s’|) .

Allu+ tg) — A'[u] — t0,A'[g] = t*b* <4gg’ sin? <%/> +(g— g’)2> .

Lemma B.21 The following estimates hold:
1.
1 A'[u + tg] OuA'g]
s (Canr®) -
bsin? () + 5252 [ bsin? (L) + b2s2 sin? (20) + 572 sin? (20) + 52
<C ,2(,2) .2(,2) +t2b2,2(,2—) +Cb2t,2,2—).
sin (%)+b23’2 sin (%)—i—b?s’? sin (%)—i—b?s’? sin (%)—l—b?s’z
2.
1 A'lu+tgl\  ,0uAlg]
o108 (“3ir” ) 0%
sin? (20) + bs? sin? (20) + 572
§C’tb2( (2) )2+Otb2.2(,2)
(sin? (%) + b2s72) sin” (%) + b2s”2
3
sin? (&) + bs' sin? (2 ) +bs3) (sin? (2 + 52
o ) (5) ) () o0)
(5 () + 0252) (s (%) + #2)
3.
1., Alu+tg]\ . 20uAlg]
0 1oe (Zigg )~
o () 00 (0 () 0 () 0 1)
- (502 (5) + 2"
2 3
sin? (20) + bs'? sin? (20) + bs'?
sin? (O‘—) + b28’2) (sin2 (%) + b2$’2)

sin (%/)‘ + 82+ || (sin2 (%/) + bs’z) (sin2 (%/) + 5’2)
2 (ol 2 o/2 + Cbgt / 2
sin (7) + b%s (sin2 (%) + b25’2)
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sm( )’+S'2+|s|))

o[ )

(sin® () +b2s2)° (sin® () +0°57)
L () ()| 110 2)) vy
e (sm ( )+ ) (Sm <?>+S >

+ oyt 5 2(% +0s2)° < ) >

(sm + b2s ’2

Log A'lu +tg] 304 Alg]
o os (™)~ | <
sin? (£ ) + bs'
Cb (/2) 2
(sm2 (%) +b25’2)
!
X <btsm2 2) 10°(g9 + )| + Cb°tsin? ( > |0°(ug’ + gu')|

Sm(2 )‘ + s’ ) 0°(9 - ¢)]

<
sin (%)‘ + |s’|) 10 (u —u)| + bt (

-~ ,
@l
(i (5) + 25’
+ KERNEL,(o/, §).

where
||KERNE’Lb||L1(Qa) < Cbt
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Proof: First we focus on the inequality 1. We have that

/ /

!/
W =b(g + ¢') sin® <%) +4 <(ug’ +u'g) sin” <%) +2(u—u")(g — g’)> b?
a/
+2tb* <4gg’ sin? (?) +(g— g/)2>
!/
=0,A'[g'] + 2tv? <4gg' sin? (%) +(g— g')2) .

In addition

and therefore

Ay O A’
T (Sr) - S
1 [ 0,A[g] + 2b%tu (4gg’ sin? (%,) + (g9 — 9/)2) duA'lg]
-/ AT+ thg) T an |
DA’ VA — A'lu Lo , !
=l | 2 (sag'sn? (5 ) 4 0= [ g

By using lemma [B.20}H and [B:220}3 we can conclude

bsin? (%/) + b%s'?
< Cut
s

sin® (%/) + 52
+ Cpt?h? —

in? (%’) + b2s/2 sin? (%/) + b2s/2

‘ Allu + tpg] — A'lu]
A'lu + tug]

and therefore

BuA'lg] (1 A'[u] = A'[u+ tpg) bsin® (C; ) + 0% f bsin® (Oé ) + 75" 2,2 sint (Oé ) +s”
dp| < C——— ; +t%b .
A'lu] Sy A'lu 4+ tug) sin® (%) + b2

In addition

/ 1 i
20°t ( 494’ sin” i) +(g—¢ 2) / P gl < Co*t—g e
‘ ( gg s ( ) (g g) 0 A’[u—i— t,ug] = sin2 (%) T+ b2s72

Then by using lemma we can conclude the inequality 1 of the lemma.
To prove the inequality 2 we take one derivative

L (Auttg)\  L0.AYg) 1 (0ATu+tg] A\ duAlg]
3! ( ATu] ) 0 ( ) avum (B.6)

Al ¢

¢ ATuttg A

10N+ tg) DA _ 90, AN) 1, 1 DA .
ot ( Allu+ tg] ) A'lu) taA[ ] <A’[u +tg] A’[u]) + Al[u)? DuA'lg]
1 , , 1 1 10A [u+ tg] — 0A[u] — t3d,A'[g]
‘?wAW+w“*M“m<Am+m{‘mm>+¥ um
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DA [u] 1 1 8,Ag]
T <AW+@‘A%T”A%P)

= = (OA'[u + tg] — OA'[u]) (A'u] — A'u+ 1))

1
Au+ tg|ATu]
| L0A'u+ tg] ~ 0A[u] — 109, A'lg]

t A'lu]

1 OA[u] , , 9
T AP Al + tg] (A'[u] = A'[u + tg])
10A[u]

T AT (A'[u] — A'lu + tg] + 10, A'[g])

=J1+ o+ J3+ J4.

And we can apply [B.20 and [B-2] to obtain

2
: - A sin? (&) + bs'2
LA+ tg] — 0AT] — w00, Ag)| ., S (%) +57
21 = |3 < Ot —g e
t Al[u] sin (%) + bh2s2
3] = OA'[u] (A'[u+ tg] — A'[u])? o (sm (%) + bs’z)
3 t A'u2A'u +tg] |~ (sin? (%) + b252)
L”_aﬁMWM—WW+m+@MM
e t Alfu)?

< Ot (sz (%) N bslg) (SmQ (%) * Sl2)

(i () + )

In order to prove the inequality 3 we compute two derivatives to obtain

(DA [u + tg] — DA [u])?
A'lu + tg]A'[u]

o — L0 (A'fu+tg] — A'fu]) (A'[u + tg] — A'fu])
YT A'lu + tg]A'u]

— 2 (OATu+ tg] — OA'Tu]) (A + tg] — A'lu]) D

L1
t
1
A'lu + tg]A'[u]
=Ju + Jig + Jis.

Since

9 1 B 1 <8A’ [u+tg] OA[u] )
Allu+tg]A'fu] — A'lu+tglA'u] \ A'fu+tg] — A'ful

and therefore
sin? (%/) + bs'?
(i (5) + 0257

1

——E
O Xt tgama | = ©°

(B.7)
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we have that

+ |S/| —I—S/Q))

|J1a| < Cbzt(
(sin2 (

)

)

in? (%/) +bs’2)
' )

(sm
|J13] < Cb3t
(sin2 (%) + b2s/2

In addition

102 A'[u+ tg) — P A'lu] — 100, A'lg)  OA'[u] 04 [u + tg] — HA'[u] — 199, A'[g]
t A'lu] t Alul?
= Jo1 + Joo.

0Jy =

And we can estimate
2 (a : o’ 12 /
sin (7) + ‘sm (7)‘ + 5% 4 ||
sin® (%) + b2s'2

|Jao| < CH3t (Sin2 (%/) + bS/Q) (sin2 (%/) + 512)
o (sin® (%) +b25’2)2

|Jo1| < CH*t

Y , OA'[u] OA u] (A'u) — A'u + tg]) (DA [u] — A [u + tg])
0Js = (Aluct ty) = AW e ros + 25 AT ATu + tg)
= Js2 + Js
Since
0A[u] 0% A [u] OA' u]0A [u +tg] 5 DA [u)?

Aluttgl A~ ATu+tg AT Afu+tgPAP — ~Au+tg] ATul?

we can estimate that

o (sin2 (%) +b (‘sin (%) ‘ +52 4+ |s'|))

(sin2 (%/) + 1723’2)3

And we have that

3

-2 (o 2

Tl < CB (Sm (2 ) + )
= e ) ey
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| J32| < Cb%t (sm2 (%) +b(

i () 5+ 1) | (0 () +0) (s (%) +57)’

t = 2 (af 1
(Sln (%) + b2s /2) (sm (%) +b25’2)
_ OA[u] OA'[u] — A [u + tg] + 10D, A'[g] DA [u] / / /
o= A'Tu]? +3<A,[ B > (A'Tu] — A'[u + tg] + t0, A'[g))
= J41 + J42,

where Jy1 is the same than Jos. Since

) (8A’[u]> _ PN (A )’

Alfu)? ) Alfu)? Al[u]3
and then
OA'[d] (sin? () +0 (fsin (5 )\*'S"“’z)) (sin? () + bs™?)?
o (G )< (G () + 125)” o e B9

Jual < Ot (sin2 (%/) +b ( sm( ) + 15| + 5’2)) <Sin2 <%/> . 5’2>

(s () + 0257)°

2 ([« 12 2
S 2)+b !
L OBt ( in (?) S ) _ (Sin2 (ﬁ) —|—s/2)
i () om0\ 2
Finally we compute 3 derivatives. We have to differentiate Ji1, Ji2, J13, Jo1, Jo2, J31, J32 and Jyo.
For Jy1 we have that

o, = LOATuttg] — P A)) (A'Tu +tg] — A'Tu]) 1 (02A'Tu + tg] — 0*A'lu]) (94'u + tg] — 0A'[u])
N Alu + tg]A[u] t Alfu + tg]A'[u]
1 2 Al 2 A/ / / 1

- (0% A'lu +tg] — 9°A'[u]) (A'lu+tg] — A [U])3<W)

= Jin + Ji2 + Jis.

In order to bound this terms we notice that
PA [u+tg] — 3 A [u] = 4btd3(g + ¢') sin® <%/)
+ b2t (483(ug’ + gu’) sin® <%/> +2(g— ¢ (u—u) +2(u—u)o3(g — g’))
+b%t (60(u — u')0*(g — g') +60(g — ¢')0*(u — u'))
w02 (10%g s () 4400 = 0% - ) 4120 (g~ )%~ ).
Thus

/ /
|0° A'[u + tg] — ° A'[u]| < Cbtsin® <%> |0°(g + ¢')| + Cb*t sin® (%) 07 (ug’ + gu')|
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+ Cb%t <

, !

o (5| ) e (o (§) 1) 0
, /

(5| ) vt (5)

And using lemma [B:20] and [B.7] we obtain
sin? (%,) + bs'?
(o () + )

/ /
X (btsin2< ) |0%(g9 + )| + Cb°tsin? (%) |0° (ug" + gu')|

+ b2t ( sin< ’ + |s’) ’83(u—u’)’ + b2t ( sin ( 5 >‘ + |S/|> ’33 9—9 )’
+b%t ( sin (%) ' + s ) + b*t% sin? (%I) !83(99’)\)
stz 8 1) (0 (5) 1 )] )

+ Cv%t <

[J111] < Cb

o w[R

[\

~

(sin2 (%/ +b2s /2)
sl < OBt (sin2 (%/) + b5/2)2 (sin2 (%) +b ( sin (%)‘ +|s'| + 512))
13| <
(

(sin? (%) + b2s2)”
For J12
_ 2(0A[u+tg] — 0A'[u]) (0*A'lu+tg] — 0*A'lu]) 1 , o2 1
0Ji2 = ; A’[u n tg]A’[u] — ; (8A [U + tg] — 0A [u]) 8—14/[’(1, n tg]A’[u]
= Ji21 + Ji22,

where J121 is equivalent to Ji12. Then we just need to bound Jy22. By using lemma [B220 and [B.7 we
have that

, 3
(sin2 (%) + bs’2)

|J122] < CH*t - 5
(sin2 (%) + b23’2)

For J13
05 = 7 (°A'Tu+tg] — P A'Tul) (A'fu+ tg] — A'Tu) am
1 / / 2 1
1 / / / / 2 1
+ g(aA [u+tg] — 0A'[u]) (A'[u+tg] — A'[u]) O Au+ g AT

= Jis1 + Jiz2 + Jiss,

where Ji31 is equivalent to Jy13 and Jy32 is equivalent to Jy22. Then we just have to bound Jyss.
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Since

92 1 _ 5 1 OA [u + tg] n 0A[u]
Alu+tglAlu] " AfuttglAfu] \ Alu+tg]  A'fy]
B 1 88/1’ [u+ tg] 88/1’ [u + tg]
A'fu+tglA'lu] \™ A'lu + tg] A'lu +tg]
Then using (B1)), (B:2), (B.Z) and lemma [B.I] we obtain
2 1
A'lu+tg]A'[u]
2
sin? (2 + bs'2 sin? (<) +b ([sin (2)] + |s'] + 52 sin? (2) + bs'2
SObQ( (?) )4+Ob (2) ( ,(2)’ ¥ )+Ob2( (?) -
(sin® (%) + b2s"2) (sin® (%) + b%s72) (sin® (%) + b%s72)

and thanks to lemma [B.20]

/ 2
| J133] < Cv*t (sin2 (%) + bs’2)

’ 2 ’ ’ ’ 2
(sin2 (%) + bs’z) sin? (%) +b ( sin (%)’ + s+ 3’2) (sin2 (%) + bs’z)
b? +b + b2

(sin? (%) + b2s2)" (sin? (%) + b2s2)” (sin? (%) + b2s2)

X

13A u+tg) — 93A'[u] — 1930, Alg]
0Jo1 = -
t Al[u]

+ L @24+ tg) — 024~ 10°0,41g]) 0

L
Allu]
= J;ll + Jo1o.

We can estimate by using lemma [B.20)

M|Q

0%(99") + Cb2tM + Cb%M 0%(9 — ¢)|

| Jo11| < Cbt o (%) B
211 = ) sin2 (%’)+b28/2 sin2( )+b28/2

() 1
in2 [ ”2
' ! sm (—) + bs
| Jo12| < Ctb? (sin2 (%) + |sin (%) ’ L2y |s’|> : 2

sin? (%’) + b25’2)2
For Jy5 we have that

w|Q\

1 1 1 1
00 = 0% i (OATu t-1g] — 04 [u] 100, A'lg) + 10y (Al + ta] = 9*A'Tu] — 15°9,.4'l)
= Joo1 + Jo22,

where Ja9s is equivalent to Ja12. Then we have to bound Jao;. From [B.9 and lemma [B.20] we have

that
/
|J221| < OtbQ <sin2 <%) 4 bs/2>
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(@), wier)

(s () +0252)° (s () + 1252)

For J31 we have that

_ 2 aAl[u] / I / /
dJ31 = 28 (m) (A'fu] — A'[u+tg])(0A [u] — A [u + tg])
1o OA[u] ’ ’ 2

+ ga (W) (A'lu] — A'[u + tg])

= J311 + J310.
We notice that

5 OA[u) B 03 A'u] _6 02 A [u)0A[u) B 0?2 A u]oA [u + tg) 6 OA [u]3
AluPA'lu+tg] — A'uPAlu+tg] AfuPA[u+tg] Al[u]>A’lu + tg] AluPA’[u + tg]

N 46A’[u]2aA’[u +tg]  O0%A'[u+ tgl0A[u] 2aA’[u]aA’[u +tg)?

AP ATu+tg? A Au+ tg)? Allu]? A'lu + tg]?
By using lemma [B1] we obtain that

03 A [u] sin” 3 , sin? <& /
‘m = (2 )(+ b) 7 0% (u + /)| + CF? o~ (%)(+ 225/2)3 |
+ Cb? (%) o (%) o 3 ‘33(u—u1)‘.
(sm (%) +b2s 2) (sm (%) +b257)
and
92 OA[u] B 03 A [u] < OB (sm (%) (‘Sln (%) + s+ ¢ )) (sm (%) + bs' )
A gl At A (s () + 1257)]

+Cb2(sin2(%)+b(‘51n( O]+ 1511+ ))(Sm (%) +bs )+c (s () + 02’

(sin® (%) +02s2)° (sin® (%) +02s2)"

5)
o (2) 0 (s ()| 1+ ) s (£) <)

(57 (5) +0257)° (s () + 1257)’

+ 8’|+ ¢ ))

+
Q
S
o
—
2
=]
W
—
|2
~
+
S
&
N
~
w
+
Q
(o
o
—
2
B

o1



And we can estimate

|J311| S Obgt (Sin2 (%/) + b(

’ ’ 2
sin (%) + 8%+ |s’|)) (sin2 (%) + bs’2)
3

(sin? (%) + b2572)

sin’ (%) (5)
x| b—F = |07 (uw+u)| + b2 T 5 |07 (uu)|
o (9) + 57 (o () +09%)
a’ / a’ ’
e e
e () + ey " G () 1 o)

L (5) 1 (fin () [+ 191 7)) (0 () +0°)

(sin2 (%/) + b25’2)4
(sin? () + b5/2)3 p (sin? (5) +0 (Jsin ()] + 11+ 572) ) (sin” () + s
(Sin2 (%,) + b23/2)5 (sin2 (%/) N b28'2)4

)2 11 ) o (5)0)

i () + )’

For J35 we have that

0J3z = %8 <A’[u]a$> (A'[u] — A'lu+ tg]) (A [u] — OA'[u + tg])

24[u + tg]
2 A , )
2 Ay

¢ AT g A1~ Al ) (O Au] — 9 A'Tu + tg))

= J321 + J322 + J323,

where J321 = J311. Then we need to estimate using lemma [B.]
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Finally for .J42 we have that

(LN, a1 N1 g4
0Jiz = 0 ( 1) 7 (A Aot ig] +10,410]) + 0% (g ) 5 (04— 049 + 19, Aly)
= Juo1 + Ja20,

where Jy20 = Jo21. And then we just have to bound J21. We notice that

1 03 A’ [u] O? A [u)0A[u] OA [u)?
° = - +6
Allu)  A'lu]? Allul? Alu]?
And using lemma [B1] we have that
34 sin? (& sin? (&
8Aj4[§]<cb (2) 3 |0% (u+ )| + CbP— (2) > [Ouu’|
[u] (sin ( ) + b%s72) (sin® (%) + b2s72)
<+ 19 sin ()| + ¢/
+Ob2 (?) 5 (,2) 2‘83(11,—’(1,/)‘
(sin? (&) +b%s ’2) (sin2 (&) +b%s7)
82 A [u] A [u] or (sin2 (%/) +b ( sin ( )’ + 2 + |s’|) (sm (%/) + bs’2))
Allul? B (sin? (%) + b2$’2)
PAI[U]B < op (sm (%) + bs'2)
Allu* | — (sin® (%) + b2s72)

/
|Jaz2| < CH*t (sin2 (%) + 5/2)

sin? o’ sin? o
< (b (2) 0% (u+ )| + b2 (2) S 103 (uut)|
(sin

2 (%) +b2s7?) (sin? (%) + b2s72)
(%) + s sm( )’—H | ‘83(u_u’)‘
(Sm @) 4 p2e2) (sin2 (%) +b2s2)”

in ()] -+ 4) (e () 7))

b
(sm (7) + b2$’2)
(sin2 (O‘—l) + bs'2)

2
(i () + )’

This finishes the proof of the lemma. O

Lemma B.22 Let g € H*? with ||g||g+s = 1 and f(a, s) € L*(Q) with supp(f) C T x [-1,1]. Then
the following estimates hold:

1.
11 G (i) - 255
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Lot ] <
. A[u] L2
forj=0,1,2
H/ / (83 (1 (A’[u—i—tg]) - BUA'[g]> - Z(a,a',s,s')) f(d,s"dd'ds'|| < Cbt
-7 Al[ ] L2
where

Z(o o 5.5') 1 (03A [u+tg] — O3 A'[u]) (A'lu+tg) — A'lu]) 1034 [u+tg] — O3 A'[u] — td*0,A'[g]
, &, 8,8 :g -

A'lu+ tg] A’ [u) t Al[u]
OS] (A'fu] — A'fu + tg])”
t A[ul2A u+tg]
4.
/
H/ / <33 (A u—i—tg]) W(oz,o/,s,s’)) do’ds’ < Chbt
- [ ] L2
where
1 1 (OPA[u+ tg] — 9®A'[u])
! N _ A3 A/ _
Wiesatons) =010 (o )+ AT
Proof: The proof follows from Lemma [B.2I] Lemma and Minkowski’s inequality. O

Lemma B.23 Let g € H3 with ||g||gas = 1 and f(a, s) € L>=(Q) with supp(f) C T x [-1,1]. Then
the following estimates hold:

H/ / Z(a,ad,s,8") f'da’ds’

(03A'lu+tg] — O®A'[u]) (A'lu+ tg] — A'lu]) 183A’[u +tg] — 3 A'u] — td30,A'[g]

< Cbt
L2

where

1
Z(a, ) s,8') = 7

Au+ tg Afu] o Al

0P A'[u] (A'[u] — A'u + tg))”

t A'u2A [u +tg]

H/OO /7r W(a,d,s,8)f(a,s")dads’ < Cbt
P L2
where

Y 1 1 (0P A'[u+ tg] — 0°A'[u))
W(O&,OL,S,S)—&SA [u] <A'[U+tg] N Al[u]> + A'Tu+ tg] )
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Proof: The proof follows from Lemma [B:2]] Lemma and Minkowski’s inequality. O

Lemma B.24 Let g € H*? with ||g||g+s = 1 and f(a, s) € L*(Q) with supp(f) C T x [-1,1]. Then
the following estimates hold:

T ik (Lon (Alettgl _ oA oo (] praaras 1
o \a - - < -
H/_OO /_F(? 5 (t log( AT] ATl sin { 5 flda'ds LS Cbtlog ;)
for 5 =0,1,2.
- "1 3 1 Al[u—‘,-tg] I / 1 . o o r g 1
b t A ) - - < !
H/m/ﬂb (8 <t10g< Ad] 0uA'[g] Z(a,a’,s,8") ) [sin 5 f(a,s)da/ds L2_C’btlog 7
where

(0°A'[u+ tg) — O3 A'[u]) (A'Ju+ tg] = A'Tu))  10°A'fu+ tg] — 9P A'[u] — 18°0, A'lg]

1
Z(a,d,s,8') = n

A'lu + tg]A[u] t A'u]
O3 A'[u] (A'[u] = A'lu + tg))”
t A'u]?2 A [u + tg]
Proof: The proof is as in lemma [B.22] but using the extra sin (%) of this term. O

Lemma B.25 Let g € H*3 with ||g||g+s = 1 and f(«a,s) € L>(Q) with supp(f) C T x [~1,1]. Then
the following estimates hold:
/
sin <%) ‘ flda’ds’

H/ / Z(a,d ) s,8)

(03A'lu+tg] — O®A'[u]) (A'fu+ tg] — A'lu]) B 183A’[u +tg] — B3 A'u] — td30,A'[g]

< Chbtlog <1>
L2 b

where

1
Z(a, ) s,8) = 7

Allu+ tg]A'u) t Al[u]
O3 A'[u] (A'[u] = A'lu + tg))”
t A'u]?2 A [u + tg]
Proof: The proof is as in lemma [B.23| but using the extra sin (%/) of this term. O

Lemma B.26 The following estimate holds

Lo (s (™) + ) st = cave ()

Proof: The proof is similar to that one in lemmas |[B.24] and [B.25 but you have to divide between a,
because we are taking a derivative in a. 0

Lemma B.27 The following estimates hold

T 1 (10,A[u+tg] — 0,4 [u] — 10,0, Alg]\ | .
H/Oo 7ﬂFp(3_5/)§ (; [ ]A’[u—i-z[fg]] 9] |sin(a)| dads’
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< Calog (%)

H/ /_w S ;2 ,Ly[ii—t% (A'[u] — A'[u + tg]) [sin(a’)| do/ds’

H/ [W ;%z%%%naM%FA%+M+WM@mmmwmm'
H/ /_F ) ;%(A/[u—i-tg]—A'[u])|sin(a’)|da'ds’ < Calog (%)

Proof: The proof is similar to that one of lemmas [B.24] and [B.25| but dividing by a because we lose a
derivative in a. O

Lemma B.28 The following estimates hold

H/ /77r (s &) <8 W A'Ju + tg] A%i/z]] - tauaaA’[u]> cos(a . dol ds’

1 1
+ H/ / Fy(s — §')0,0, A" [u + tg] (A’[u i A’[u]) cos(a/)ul, da’ds'

H3

< Calog (1)
H3 b

o 1 A'u) — A'u + tg] + 10, A'[u]
H/ - fs(s —8")0aA[u] n A ut 9] A'Ta] cos(a’)ul,da’ds’
8 WA [u]) 0, Al [u] 1 1 o 1
- da'ds'|| < Calog | — | .
H/ Lw A'lul Hlutig] ~ A ) O\ uaderds’]| < Calog {
Proof: The proof of this lemma is similar to the proofs of lemmas [B.22] and [B.23] but dividing by a
since we are taking a derivative in this parameter. O
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