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Abstract

In this paper we study a one dimensional model equation with a
non-local flux given by the Hilbert transform that is related with the
complex inviscid Burgers equation . This equation arises in different
contexts to characterize non-local and non-linear behaviors. We show
global existence, local existence, blow up in finite time and ill-posedness
depending on the sign of the initial data for classical solutions.

1 Introduction.

We consider the following non-local equation:

Ohf+(fHf): = 0 on RxR" (1.1)
f(.%‘,()) = f07 (12)

where H f is the Hilbert transform of the function f, which is defined by the
expression
f(y)

Hf(z) = iP-V/ =

One particular feature of equation (1.1) is the relation with the Burgers
equation. Applying the Hilbert transform over equation (1.1) yields (for
more details see [1]),

OHf)+HfHfe — ffe = 0 (1.3)
Hf(z,0) = Hfo(x). (1.4)

Multiplying (1.1) by —i, adding (1.3) and defining the complex valued func-
tion z(z,t) = H f(x,t) —if(x,t) we get the equation

dy.

Oz + 22, =0

2(x,0) = zo(z) = H fo — i fo,
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which is known as the inviscid Burgers equation.

In [2] the authors displayed equation (1.1) as a one dimensional model
of the 2D Vortex Sheet problem using the ideas of [5]. It is known that
a Vortex Sheet is a layer of vorticity distributed as a delta function that
evolves according to the incompressible Euler equations. If we parameterize
the curve, by y(«, t), where the vorticiy is concentrated, we obtain (see [?]),

duyat) = PV / (o) Ealy(en ) -y, £)]lya(e’, 0)do

c

y(Oé, 0) = 3/0(04)7
where () is the initial vortex sheet strength and Ko is the kernel

1 (—x2,71)

In a different context, the equation (1.3) can be obtained, in a first ap-
proximation, from the dynamics of the interface between two fluids, one
with no viscosity satisfying Euler equations and the other satisfying Stock’s
equations (for more details see the appendix).

Another motivation comes from the analogy that equation (1.1) has with
the 2D quasi-geostrophic equation, which was studied in [1].

In [6] the authors studied the equation

ft+5(fo)x+(1_5)waf = 0
f(z,0) = fo(x),

and they show formation of singularities for 0 < § < 1/3 and 6 = 1. Other
proof of the existence of singularities for equation (1.1) can be found in [2]
(notice that in this paper the authors take a different sign for the Hilbert
transform).

The equation (1.5) is also studied in [1] where the authors showed blow
up for 0 < § < 1. By an hodograph transformation an explicit solution for
0 = 1 is obtained over the torus, with mean zero analytic initial data. In
addition they analyzed the equation

ft+(fo)z - _VHf:v (1‘7)
f(.’L',O) = fO(x)v 1

and they showed that the solutions to this equation may also develop sin-
gularities with mean zero analytic initial data and with the condition v <
|| follee. We will study this equation in section 4.

The structure of the paper is the following. In section 2 we show, for
equation (1.1), global existence for all initial data strictly positive in the



class C%%(R) UL?(R). In section 3 we study the case where the initial data
have different sign and we prove ill-possedness in Sobolev spaces, H*(R),
with s > 3/2. Finally, in section 4 we show local existence and blow up in
finite time for equation (1.1) when the initial data fy is positive and there
exists a point g € R such that fy(xg) = 0. In order to obtain the last
result we study the equation (1.7) and we show global existence when the
sum of the viscosity and the minimum of the initial data is larger than zero.
Ill-posedness occurs when this sum is smaller than zero.

Now we will give some comments about the notation.

We will set H*(R), with s € R to the usual Sobolev space,

H*(R) = {f : fis a function and

/R FOPR + &) de < oo}

We denote by A the operator (—A)%. This operator can be defined, using
the Fourier transform by

(AFNE) =€l f (&), (1.9)

and we will use the representation
1 f(x) = fy)
A =—-PV | ————=dy = Hf,(z). 1.10
fa) = 2y [ BT ay — nipo(a) (1.10)
We recall the following pointwise inequality (see [3]) for f € H?(R).

FAF > SAG), (111)

that will be used in the proofs below.

2 Global existence for strictly positive initial data.

In this section we study the equation (1.1) with initial data fo(x) > 0, which
imply that the solution will remain strictly positive, f(z,t) > 0. The main
result is the following:

Theorem 2.1. Let fo € L*(R) N C%%(R), with 0 < & < 1 and fo > 0
vanishing at infinity. Then there exits a global solution of equation (1.1) in
C'((0, 00; Analytic) with f(z,0) = fo(x). Moreover, if fo € L*(R)NCH(R)
the solution is unique.

Proof: We denote the upper half-plane by

M = {(z,y) €R* : y >0}



and the upper half-plane including the real axis by

M = {(z,y) € R* : y >0}

Let
1 v 1 =z

R =2e ad R = 2o

be the Poisson kernel and the conjugate Poisson kernel respectively. Then
we denote the convolutions of a function, f(x), with these kernels by

Pf(l‘,y):(Py*f)(I,y) and Rf(x,y)z(Ry*f)(a:,y),

We recall that with this notation the complex function g(x,y) = Pf(z,y) +
iRf(x,y) is analytic on M and

lim g(z,y) = f(z) 4+ iH f(x). (2.1)

y—07T

Other properties of the Poisson kernel, that we will refer below, are the
following;:

o If f € L?, then

Rf(r,y) = PHf(z,y) on M

e If f € L and vanishing at infinity, then

lim Pf(z,y) =0 VzeR,

y—+oo
and

lim Pf(z,y) =0 Vy>0.

xr—+00

o If f € L™, then Pf(x,y) is a bounded function on M.

Consider the equation

Oz(x,t) + z(z,t) 2z (2, t) = 0 (2.2)
2(2,0) = 20(z) = Hfo(x)—ifo(x), (2.3)
where z(z,t) = g(z,t) — if(z,t) is a complex valued function and ¢ and

— f its the real and imaginary parts respectively. Equation (2.2) written in
components can be read

o f + (gf)x =0 f(:Z:?O) = fO(:L‘) (2'4)
X9+ 99: — ffe = 0 g(z,0) =H fo(x). (2.5)



We set the inviscid complex Burgers equation on the upper half plane
Z(w,t) + Z(w, ) Zy(w,t) = 0 on M (w=x+iy) (2.6)
Z(w,0) = Zo(w) = Rfo(z,y) —iPfo(z,y), (2.7)

where Zg(w) is an analytic function over M, lim,_ o+ Zo(w) = H fo — iP fo
and fp > 0.
We introduce the complex trajectories

X(w,t) = Zo(w)t + w, (2.8)
which in components reads
Xi(z,y,t) = Rfo(z,y)t+=x (2.9)
Xo(z,y,t) = —Pfo(z,y)t+y. (2.10)
Thus, if Zp(w) is analytic in wy and %(wo, t) # 0 we can define the function
Z(a,t) = Zo(X (1),

with the property to be analytic on an open neighborhood of X (w,t) and
Z(a,0) = Zp(a). Consequently

Z(X(wo,t),t) = Zo(wo)-

Therefore,

dZ(X (wo,t),t)

7 =0=0Z(X,t)+ Zo(wy) Zx (X, 1)

— 8,2(X, 1) + Z(X, 1) Zx (X, 1).

Follows immediately that Z(«,t) is a solution of the complex inviscid Burg-
ers equation on a neighborhood of X (wy,t).

Now we shall show that there exists a suitable analytic inverse function
for the problem. First we prove the following lemma:

Lemma 2.2. For all (X1,X3) € M there exist a unique pair (z,y)
such that (2.9) and (2.10) holds for all t > 0. In addition, if X (w)
then (1 +t0,R(z,y)) # 0.

e M
eM

By fixing Xo > 0and t > 0, for all z € R, there exist a point y > 0 such
that the equation (2.10) holds. This is true since P fy(x,y) > 0 is bounded
and we have that y > X5. Now we will prove that this value y is unique by
a contradiction argument:

Let us suppose that there exist y; > y2 such that

y1 — Xo = Pfo(z,y1)t
y2 — Xo = Pfo(z,y2)t.



Dividing both expressions we have

Pfo(z,y1)  Pfo(,ye)

Y1 — Xo yo — Xo '

which is a contradiction since the product

Y 1
y—Xo y?+ (v —s)?

is a decreasing function with respect to y (for y > X5) and fo > 0. We
will denote by yx,(x) to be the solution of the equation (2.10) with fixed
X9 >0,t>0and x € R (the time dependence will be omitted), hence

yx,(z) — Xo = tP fo(z,yx,(z)) (2.11)
Differentiating implicitly the expression (2.11) with respect to z (fixed X3)

we obtain
dyX2(x) _ axpfo(xvaz(:E))
dx 1 —t0y P fo(z,yx,(x))

Since fy € €% N L? follows that Hfy € L™ and therefore Rfy(z,y) is a
bounded function over M. Furthermore

(2.12)

lim Rfo(z,yx,(z)) +z==+c0 VXy2>0.
z—+o00

In addition, by differentiating with respect to x the expression

Xl(xvaQ(Jj)) = RfO(*TayXQ(J:))t + T,

and using Cauchy-Riemann equations

8mpf0(xay) = 8ny()(.’IJ,y)
8ypf0(x7y) = _azRfO(x>y)7

we obtain from (2.12)

dX (2,yx,(2)) _ (1 +t0:Rfo(z, yx,()))* + (9u P fo(2, yx,(x)))?

dx 1 +t8zRf0(xqu2(x))

In the next step we shall prove that if X9 > 0 then 0 < w < 00,
which is equivalent to show that

1+ t@meO(a:,y) #0 V(Xl,XQ) €M. (2.13)

Suppose that for ¢ > 0 we have 1 + t0, R fo(z,y) = 0. Then

1

%uRfo(z,y) <0 and it = 5pem s



The time employed by the trajectory X (x + iy,t) to reach the real axis,
X2 =0, is
Yy

b= Pf(](x’y),

On the other hand we have
1

=0z Rfo(w,y) = (0 Ry * fo)(x) = 7T/R (;yﬁzx(x _)S))

1 y? + (x — 5)? 1 1 _ Pfo(z, y)
<w/R<y+< sy ols)ds = /<y+< sz fole)ds ===

5 fo(s)ds

We now observe that on the hypothetical points (x,y) € M where 9, R fo(z,y) <

0 satisfies

8&;Rf0(x7y) ~ Pf()(l’,y)
Hence, we have shown that ¢, < t and consequently 1 + t0,Rfo(z,y) #
0 V(X1,X2) € M. The lemma (2.2) is proved.
By the Complex Variable Inverse Function Theorem and by lemma (2.2),
there exist an analytic inverse function, X ~!(w,t) and an open set O; C C,
time dependence, such that

(2.14)

X7t : O — M,

with M C Oy Vvt > 0.

In fact, Z(w,t) = Zo(X (w,t)) is an analytic function that satisfies
the complex inviscid Burgers equation over M and Z(w,0) = Zo(w). Fur-
thermore Z(w,t) vanishes at infinity V¢ and the restriction z(z,t) = Z(x, t)
satisfies (2.2).

Note that the real part of Z(w,t), RZ(w,t), is a harmonic function,
vanishing at infinity and with an analytic restriction to the real axis, Rz(z, t).
But PRz(x,y,t) is a harmonic function with restriction to the real axis equal
to Rz(x,t) and vanishes at infinity. Then RZ(w,t) = PRz and by unicity
of harmonic conjugate we can write

z(x,t) = HRz(z,t) — iRz(z,1).

The proof of the existence follows from substituting the previous expression
in equations (2.4) and (2.5).

In order to prove uniqueness we will suppose that f! and f? are two pos-
itive solutions of the equation(1.1) such that f(z,0) = f2(z,0) = fo(z) €
CY% N L2, Then the difference, d = f' — f? satisfies the equation,

od+ Hfld+ f?Ad + Hf'd, + f>Hd = 0. (2.15)

Multiplying by d and integrating over R we obtain,

df|d H
—— 5 < CIH 3| + [[Hf e + || f7 ]| 2)ld] 7,



where we have integrated by parts and we have used inequality (1.11). By
applying Gronwall’s inequality uniqueness follows.

3 Ill-posedness for an initial data with different
sign.

In this section we analyze the existence of solutions of the equation (1.1) for
an initial data, which has positive and negative values.

We denote f~ to be the negative part of a function f. Let Ny be the set
of points where a function f is strictly negative, i.e.

Ny={zeR : f(z) <0},

and |Ny| will denote its Lebesgue’s measure. The theorem that we shall
prove is the following;:

Theorem 3.1. Let fy € H®, with s > 3 and |[Ng,| # 0. Then, if fo(z) is not
C™ in a point xg € Ny,, there is no solution of equation (1.1), satisfying
f(z,0) = fo(x), in the class f € C((0,T), H*(R)) N C((0,T), H*"1(R)),
with s > % and T > 0. In addition, fo € C* is not sufficiency to obtain
existence.

Proof: We will proceed by a contradiction argument.
Let us suppose that there exist a solution of equation (1.1) in the class

C((0,7), H*(R)) N C*((0,T), H*~'(R)) with f(z,0) = fo(z).
Taking the Hilbert transform on equation (1.1) yields

OHf+HfHfy — ffe=0.

Now we define the complex valued function z(z,t) = H f(xz,t) — if(z,1),
that satisfies
Oz + 2z, = 0.

We set the complex function Z(x,y,t) by the expression (we omit the time
dependence):

Z(:Cayat) :Rf(as,y) *’LPf(SC,y) :P(Hf—lf)(l‘,y)7

so that, Z(x,y,t) = Z(w,t) (w = x+1iy) is an analytic function on M. Now
we shall prove that this function satisfies the complex Burgers equation on
M. In order to do that, we take the time derivative of Z

O0Z = 0Pz = P(Oyz) = —P(22y).

Now we have to check that Pz0,Pz = P(zz,). We note that the restriction
of the function P(zz;) and PzPz, is the same, namely zz,. In addition



both functions have the same behavior at infinity. Taking modules:

1

|Pzzy| < P(|2]|20]) < (|H falfoe + | faloe)2 P(12])
1

|P2Pzy| < (|H falfoe + | fol7)2 P(I2]),

yields that both functions vanish at infinity.
Since H f and f € L* we have Pz, = 0, Pz and

P2Pay = %((Pz)Q)x.

Since the function P(zz,) is harmonic on M, we have to prove that (Pz)?
is also harmonic on M. Applying the Laplacian operator we obtain

% A((P2)?*) = PzA(Pz) + (0:P2)* + (9, P2)?

= (0. Rf)?—=(0:Pf)*+(0yR[)* = (0yPf)*—2i(0, PfO Rf +0, P fO,R[) = 0,

where we have used the Cauchy-Riemann equations. Therefore the analytic
function on M, Z(w,t), satisfies the inviscid complex Burgers equation,

OZ(w,t) + Z(w,t) Zy(w,t) =0 over M
Z(w,0) = Zp(w)

Let us define the complex trajectories

dX(w,t)
— = Z(X(w,t),t)

X(w,0) =w =z + iy,

where we choose w so that y > 0 and P fo(z,y) < 0. For sufficiently small ¢,
by Picard’s Theorem, these trajectories exist and X (w,t) € M. Therefore,

dZ(X(w,1),1)
dt
and we obtain that X (w,t) = Zy(w)t + w.
Now we take a sequence w® = x + iy for each x € Ny, such that y© > 0,
Pfo(z,y¢) <0 and lime_oy¢ = 0. Since X (z,t) = Zp(x)t + x € M , Vit > 0,
then

= Z(X,t) + Zx(X, ) Z(X,t) = 0,

Z(Zo()t + ) = lim Z(X(wf, 1)) = lim Zo(w) = H fo(x) — i fo(x)

Taking one derivative respect to x in both sides of the previous equality
we obtain

dZ(X(z,1),t) D
- dZo(z) '
dXx 1+ %20



Taking two derivatives we have the equation

PZ(X (1)) T2
(dX)? (1 + 920y
And for n-th derivatives,
" Zo ()
an — J.n
(X(,t), t) = dz + lower terms in derivatives
(dX)n ( dZo( )) +1
1+1¢ n

d"Hfo(@) _ ;d"fola)

= — dz" dz™ | Jower terms in derivatives
(1 + 42 yn i1
X

Indeed, if on 29 € Ny, the n-th derivative of fo or H fo is not continuous we
get a contradiction. In addition, if zg € Ny, and fén) (xg) = 0 Vn but fj is
not constant we have that
dZ(X(x,t),t) _ dZ(X(z,t),t) _ dRZ(X1, X2 t) N Z_dSZ(Xl,XQ,t)
dX dX1! dXx1 dx?
dHfo(x) -dfo(x)

dH . T
(1+t 0) zd;’

Therefore
d%Z(X1 (x0), X2(a:0), t)

dx?
Continuing this process we obtain that all derivatives satisfy

d"SZ (X (x0), X*(20))
(dxt)r
But $Z(x,y,t) is analytic on (z,y) = (X' (x0), X%(z0)) , then SZ(z, y, t)
is constant over the line y = X?(zg) and this is a contradiction. Similar

result can be obtained if g € Ny, and Lf(xo) = 0 Vn but the initial data
fo is not a constant.

=0.

=0.

4 Local existence and singularities for positive ini-
tial data.

The aim of this section is to prove local existence for equation (1.1) with
positive initial data. Furthermore, we shall prove blow up in finite time if
there exist o € R such that the initial data satisfies fo(xg) = 0.

The argument of the proof requires the introduction of a viscous term.
The equation that we shall study is the following

ft+(Hff)z - _Vfo (4‘1)
f(2,0) = folx), (4.2)

10



where v > 0.

We will divide this study in two subsections. First we analyze the case
fo+v > 0 and we will show global existence. In the second part we study
the case fo + v > 0 and we will show local existence and blow up in finite
time.

4.1 Global existence for fy+ v > 0.

Here we shall prove the following result:

Theorem 4.1. Let be fo € L>(R) N C%(R), with0 < § < 1 and fo+v >0
vanishing at the infinity. Then there exits a global solution of equation (4.1)
in C1((0,00]; Analytic) with f(x,0) = fo(z). Moreover, if fo € L?>(R) N
C'(R) the solution is unique.

Proof: This proof is essentially based on the proof of the (2.1)which we
sketch below. The complex transport equation that we have to consider is
the following:

OZ(w,t) + (Z(w,t) —iv) Zy(w,t) =0

Z(w,0) = Zy(w) = Rfo(x,y) — iPfo(z,y).

In order to obtain global existence of this equation over M the only modi-
fication respect (2.1) is the inequality (2.14). In this case we find that

— xr— S 2
R fo(z,y) = % / (yzy:(i —3)2)2 Fols)ds

™

)

2 8)? »
: / (ygﬁzag_s)z)p(f()(s) +v)ds < P(fo +y )(z,y)

where we have used ) )
/ SYEST
(y2 + 52)2

Remark 4.2. Ill-possedness occurs in equation (4.1) if the addition of the
minimum of the initial data fy plus the viscosity is larger than zero. In fact,
we have the following theorem:

Theorem 4.3. Let fo € H*, with s > 3 and |[Nyy1,| # 0. Then, if fo(x)
or H fo(x) is not C* in a point xog € Ny,4., there is no solution of equa-
tion (1.1), satisfying f(x,0) = fo(z), in the class f € C((0,T),H*(R)) N
C((0,T7), H*"Y(R)), with s > 3 and T > 0. In addition, fo analytic in all
point where fo+ v < 0 is not sufficiency to obtain existence.

Proof: The proof follows the steps of the theorem (4.3).

11



4.2 Local existence in the limit case.

In this subsection we analyze the equation (4.1) with initial data fo > —v.
We will use energy estimates and the techniques used in the article [1] for
the control of the L*-norm of the solutions. The theorem that we shall
prove is the following:

Theorem 4.4. Let fy € H? and
mo = ming fo(z) <0,

such that mg + v = 0. Then there exits a time T > 0 such that the equa-
tion (4.1) has a unique solution in C([0,T]; H*(R))NC([0, T]; H(R)) with
f(,0) = fo(z).

Remark 4.5. In the case v = 0 this theorem asserts local existence of solu-
tions of equation (1.1) in the class C([0, T]; H2(R))NC*([0, T]; H'(R)) when
the initial data fo(z) > 0.

Proof: By theorem (4.1) we consider global solutions of the equation

ft+(Hff)x:_€fo (4'3)
f(z,0) = folx) € H> and e+ mg >0, (4.4)

First we will compute two estimates of the L°°-norm of f, and H f, which
are uniform with respect to e > —my

Lemma 4.6. Let fo € H?, with my = mingeg fo(r) < 0 and mg + € > 0.
Let f be the solution of equation (4.3) given by the theorem (4.1). Then, if
we define

m(t) = min f(z,1),

we have that
m(t)+e>0 Vt>0.

Proof: From theorem (4.1) we know that f € C*(]0,0) x R), in partic-
ular the function m(t) is differentiable almost every ¢. There always exist a
point x,,, € R (which depends on t) such that m(t) = f(x.,(t),t). Using the
same argument as [4] we obtain

m/(t) = fi(xm(t),t) at almost every t.
Therefore
m/(t) = —H f(xm(t), t) fo(zm(t),1) — H fo(@m, 1) (f (@m (), 1) + €)

= —Hfo(xm(t),t)(m(t) + ¢).

12



an by integrating

(m(t) +¢€) = (mo+e) exp(—/O Hfo(zp (1), 7)dT).

e L, [ 1) - 1)
r)—J\Y
Hf,(z)=-pv. | 22—\ g
fola) = 2pv. [ KDL,
we have that —H fz(x,(t),t) > 0. Therefore
m(t) + € > mg+ € > 0.

Lemma 4.7. Let fo € H?, with mo = mingeg fo(x) < 0 and mo + ¢ > 0.
Let f be the solution of equation (4.3) given by theorem (4.1). Then, if we
define

= Iafcflelﬂlgf;p(-f,t) = fx($m(t)at)

= I;lgé(fx(fat) = fx(xM(t)ﬂt)
— Ig‘crlelﬂrngm(l',t) = Hf:v(xj(t)’t)
= Iilé%ﬁ(Hfm(nyt) = fa(2s(t),1)

we have that

2
=
Y

=
=
IN

.
—~~
~~
N~—
vV

<

=

IA

=

=
|

Therefore

sup (|[fo(t)[|zee + |[H fo(t)][ L) < 00
te(0,7)

1
if T<T,=—-——= VYe>—my.
3(0) ’

Proof: We know that f, € C([0,00) x R) and Hf, € C*([0,00) x R).
Therefore

m/(t) = Opfx(zm(t),t) M'(t) = Oufe(zas(t),t)
§'(t) = OuH fu(xj(t),t)  J'(t) = OuH fu(w (1), 1).

13



and

(1) = =52() + (f)* (1), 8) + (f(25(0), ) + €) faa(zj (1), 1)

Using the following representation

oty = Ly [ B L),

we have that f,.(x;(t),t) > 0. Since j(t) is negative yiels

3(0)
1+4t5(0)

i) =
Now we shall study the evolution of m(t).

m/(t) = —mt) H fo(zm(t), 1) = (f (2m(t),t) + ) H faw(@m(t), 1).

H o / Jol2) = Jalt) g,

we have that H fy(zm(t),t) < 0. We know that m( ) < 0 then
m'(t) = —2m(t)H fo(zm(t), t) = —2m(t);(t),

and the following inequality holds

m(0)
(L+5(0)t)2

Operating in a similar way we obtain that

m(t) >

M(0)

M®) < T5002

Finally we have that

J'(t) = =J2(t) + (fu) (2 (£),8) + (f (2 (1), 1) + €) fuu (s (1), 1) < MP(2).
Therefore 2(0)
3 M=(0
J(t) < J(0) — - .
N 0N RO
Next, we shall check that the L?-norm of f is bounded. Multiplying
equation (1.1) by f and integrating over R we have

1d|lf (1)
2 dt

b [Hps e [ HEfda

14



;wu 2. ‘/fﬂfﬁdx+e/fu¢Mx
d 2
;\U;m/_(/Hfﬂ m+5/HnMx
LIS
— 5l ey [Hafac e [ Hpopdn =0

By the expression (1.10) we can estimate the last two terms of the equality

[t @i =~ [ P PV/f

_ 1 ) (f(z) = f(y) + fQ(y)(f(y) —f@) g
=5 /RP.V./ (m—y)Q dyd

_ (f (@) + fW)(f(=) = f(y)?
— RP.V./ @ =) dydzx,

" /fofd:z_ /f PV/f? yJ;y dydz
_%/RP'V/f - zzl)_y)gy)(f(y) fz ))dydw
/PV/ 2 5 dydz
Therefore
1/fof2dx+e/fofdx
47T/PV/ +2e ()J;’( )_f(y))zdydeO,

and we can conclude

@2 < I follz2

In addition we have one a priori estimate of L?-norm of f,,. Taking two
derivatives to the equation (1.1), multiplying by f,, and integrating by f..
we obtain

1

All the terms of the right side of (4.5), except

15



can be controlled in a simple way by

OISOz + 1H fo(O)l 22| faa 72

To bound (4.6) we will use the inequality (1.11) as follows

_/(f + e)Hfmmxfm:dx = —/(f + G)Afm;fm;dx
R R

< G U+ O < GUH Ll ol

Therefore

d”f:r:a:|’22
— = S OOl + [ H fo(®)l[00)]] faallL2-
Finally, integrating in time, we get the estimate

faz(®llz2 < [|foaallz2 exp(C sup (|[fa(t)]|Lee + |[[H fo(t)][L)T)
te[0,7

Indeed we have that the H?-norm of f is bounded over [0, T with T' < T,
and this estimate is uniform in €. The rest of the proof is straightforward .
We take the approximating problems

fi+ (Hff)2 = —eHf;
f(z,0) = fo(ac)EH2 and e+ mg > 0,

and using the established uniform estimates and the Compacity Rellich The-
orem we obtain the existence of a solution in the class C([0,7]; H*(R)) N
C([0,T); HY(R)) of the equation

fe+ (Hff)e = moHfs
f@,0) = fo(z) e H?

by taking the limit ¢ — —mg'.

Theorem 4.8. Let fo € H? and fo(x) > —v such that there exist a point
xo where f(xg) = —v. Then the solution f(x,t) of the equation (4.1) given
by theorem (4.4), develops a singularity in finite time.

Remark 4.9. Theorem (4.8) assert blow up in finite time for equation (1.1)
when the initial data is positive and there exist a point zg € R such that

f[)(ﬂ?o) = O

16



Proof: We proceed by a contradiction argument. Let us suppose, that
given an initial data fo € H?, the solution of equation (1.1), by theorem
(4.4), exist for all ¢ > 0. We set the trajectory X (xg,t) by

dX (370, t)

dt :Hf(X(xmt)’t)

X(l’o, O) = Z9.

This trajectory exist for sufficiently short time by Picard’s Theorem. If we
evaluate the solution over that trajectory we obtain

df (X (o, 1), 1) dX

dt :8tf(X7t)+Efx(Xﬂt)

= —(f(X(z0,t),t) + V) H fu(X (w0, 1), t).

Therefore,

t
f(X (o, 1),t) +v = (f(X(ivo,U),O)JrV)eXp(—/o H fo(X (x0,7),7)dT) = 0.

Evaluating the Hilbert transform of f over that trajectory we obtain,

dH f(X (xo,1),t)
dt

= (f(X(z0,1),t) + V) fo(X (z0,1),t) = 0.

= O Hf(X,t) + HfHf.(X,t)

So that
Hf<X($07t)7t) - Hfo(l'o),

and
X(CL‘(), t) = Hf[)(ﬂ?o)t + xg.

If we evaluate the first derivative of the solution over that trajectory we get

df (X (x0,1),1)
dt

= —2f.(X(xo,t),t)H fo (X (z0,t),t)
Since for(zo) = 0, by the characteristics of fp, yields

= 8tfx(X7 t) + Hf(X7 t)foc:c(X) t)

fo(X(x0,1),t) = fo(X(x0,0),0) exp(—/O Hf,(X(xg,7),7)dT) = 0.

Finally we evaluate H f, over the trajectory and we obtain

dHf:c(X(an t)7 t)
dt

— atHfm(X>t) + Hf(Xa t)foz(X7 t)
= _(HfI(X(x()?t)?t))Q?

17



Which implies

H fou
H fz(X (20,1),1) = H{EL)‘%'

Moreover, we can write

HﬁAmQ:iRV/V%@»_hwuyzlPV mo = Jolw) g, g,

zo — y)? T (zo — y)?
if fo # 0.
Then H f,(x,t) blow up at time ¢t = —(H f.(z0))~! at the point z =
Hf(l‘[))t + xg.

5 Appendix.

Here we give, in a first approximation, the formulation of the dynamics of the
interface between two fluids, one with no viscosity satisfying Euler equations
and the other satisfying Stock’s equations. We assume that the interface can
be parameterize as y(x,t) = (z1, h(z1,t)). We locate the viscous fluid above
of the curve y(x1,t) satisfying

vAv+Vp, = 0
v.’U =

where v is the velocity of the viscous fluid, p, the pressure and v > 0 the
viscosity. The ideal fluid, which is underneath of y(x,t), satisfies

u+ (u-V)u = —Vpy
V-u=0,

where u is the velocity of the ideal fluid and p, the pressure. As a contour
condition over the interface we will impose the conservation of the normal
component of the stress tensor, i.e

—pul = —puTt + VT, (5.1)

where all functions are evaluated over the interface, 77 is the normal vector
to the interface and T = Vv + (Vv)t. We take a initial condition where the
vorticity is concentrated over the initial curve yo(x), i.e.

wo(z) = Y0(71)d(z — yo(z1)),

where yo(x) = y(z,0) separates both fluids. We will suppose that the so-
lution of the problem continues being a delta distribution over the curve
y(xht)v

w(z,t) = y(z1,t)0(x — y(x1,1)).

18



Therefore, using the Biot-Savart law, we obtain that the velocity of the total

fluid V is

V(z) = /C’Y(H?l)Kz(a?—y(xl,t)!y(xl,t)!dﬂ?l-

Under our hypothesis both viscous and ideal fluid are potentials, then

= Vv
u = Vo,

and the incompressible conditions provide
AUV =0 and AP =0.
Therefore we have that,

pw = 0
1

Evaluating (5.3) over the interface and using (5.1) we get
1 2 - =
0r® + §|V<I>| =viln.

Finally we obtain the system of equations

1(3;1(75)7 h(@i(t),1)) = V(@1 (t), h(z1(t), 1), 1)

dt

l’(O) = X0 h(.r(), 0) = h()(xo)

1
0P + §]V<I>|2 =viT7n on the interface
Y(z1,0) = y0(21)

where

V(@) = [ 1) Ka(e = o, Olylar, Olda

C

V& =V underneath the interface
T =VV + (VV)' above the interface

Conversely a solution of this system provides a solution of the equation

Av=0 v=V above the interface

Ou+ (u-V)u=—-Vp, uw=V underneath the interface
V-V =0 except in the interface

VXV =75(z1,t)0(z — y(z1,t))

p=—vnI7 on the interface.
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We study this problem, in a first approximation, despising the terms in
|he, (71,1)], we obtain for the velocity u = (u',u?) in the interface of the
ideal fluid

1

1 —_—
u 57
u? ~ =Hn.

In addition, since (5.5) we have
Oth(x1,t) = u*(x1,t) — u' (21, t)he, (21,1) ~ u?(21,1).
We denote the function ((x1,t) by the expression
C(x1,t) = ®(x1, h(x1,t),1),
therefore
Coy (21, 1) = ul(z1,t) + u? (21, t)hy, (21, 1) ~ ul(21,1).

Furthermore
Oy =G — U2ht ~ Ct - (U2)2-

Introducing these relations in (5.4) and differentiating with respect to z1 we
obtain )

dpul — 5((Hu1)2 — (uh?)y = v, (ATT).
Approximating the velocity in the interface given by the viscous fluid and
defining u! = H f we get finally

Hfi+HfHfy — ffo = VH fya,

which is equation (1.3) in the limit v — 0.
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