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Abstract

We study the formation of singularities for the Euler-Alignment system with influence function
1 = £ in 1D. As in [19] the problem is reduced to the analysis of a nonlocal 1D equation. We

S

show the existence of singularities in finite time for any « in the range 0 < o < 2 in both the real
line and the periodic case.

1 Introduction
The Euler-Alignment system for the density u and the velocity v in 1D is given by

Op + (vu), =0

010 -+ v0a = [ w(la = ) (v(a) = o(0))u(w)dy. (1.1)
R
This system is the macroscopic version (see [I5]) of the Cucker-Smale model [10],
dZZ?i (t) L
i v
d’Ui (t) 1 N
o ZN;WW(L‘) — 2 (1)) (vi(t) = v; (1)), (1.2)

which models the behavior of a collection of agents. In (L2), (;,v;) are the position and velocity
of each agent, N is the total number of agents and 1 is the influence function which measures the
strength of the velocity alignment between two agents. In this paper we will focus on the case in
which

ko _2°T (32)

¢(|x|) = W? ko = T (_ ) ) (1'3)

[N]fe]

for 0 < v < 2.
The Euler-Alignment system (.I)-(T3) was studied in the periodic case independently by T. Do,
A. Kiselev, L. Ryzhik and C. Tan in [I1] and by R. Shvydkoy and E. Tadmor in [I7] and [I8]. In these
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papers the authors show global existence of solutions for positive initial density ug > 0 and 0 < o < 2.
In addition, in [19], C. Tan showed the existence of initial data (ug, vo), with ug > 0, such that density
solution of (LI)-(L3), u(z,t) has not uniformly bounded C'-norm for all time.

This paper is concerned with the existence of singularities in finite time for (LI)-(T3). We will use
the same observation than in [T9] which comes from [I1]: by defining G = v, — A%u then (I))-(T3))
can be written in the following form

Opu + (vu), =0,
0G + (vG), =0,
v =G + A%u.
Thus, if initially G(x,0) = 0, G(x,t) must be zero for all time and the system is reduced to the
equation

Ou+ (uA*"Hu) =0 (1.4)
u(z,0) =ug(x), (1.5)

where 0 < a < 2. Here, for 0 < a < 1,

N u(y) _ i)
A “(““’)‘C“/Rm—ywdy’ ‘0 = Umimer (IE)

(1.6)

and

Therefore if one can show the existence of a singularity for (I4]) in finite time one actually shows

a singularity for ([CI)-(T3).
In the real line case, P. Biler, G. Karch and R. Monneau found the existence of self-similar solutions
of (L4) which are C% (R). Indeed, they gave an explicit formula for the profile of these self-similar

solutions, ¢(z) = K (a)(1 —2?)?, where K () is a suitable constant. Their motivation was the study
of the dynamics of the dislocation in a solid.

We will consider the equation (L)) in both the real line R and the circle T (27 —periodic functions)
and the goal is to prove the formation of singularities in finite time from a smooth initial data. In
order to do it we will impose some of the following conditions on the initial data:

H1 In the real line setting : ug is compactly supported and wug(x) > 0.
H2 u(0) = up,(0) = 0.
H3 ug(z) = up(—x).
H4 In the periodic case: ug,(z) > 0 for z € [0, 7).
The main results of this paper are the following:
Theorem 1.1 Let ug € C (R), 1 < a < 2, satisfying H1, H2 and H3 and let
u(z, ) € (0. T): M7 (R)) N C*([0.7): " (R))
a solution of (L), (LH). Then there exist a time T < oo, such that

li )| et = 00.
HH;LIIu( Ngat =00



Theorem 1.2 Let ug € C* (T), 0 < « < 1, satisfying H2, H3 and H/, and let
u(z, 1) € C([0,1); C*7 (R)) N C* (0, 7); C°” (R))

a solution of (AN, ([LH).
Let

/ o "y (x)da
R

be large enough with respect to ||ug||p-~ and L.
Then there exists a time T < co such that

lim [Ju(-, t)][cr = cc.
t—T1T-

The proof of theorem [[.T] will be given in section [3] and the prooof of theorem in section [l

We emphasis that theorem [Tl works in the range 1 < a < 2 and theorem in the range
0 < a < 1. Let us explain why we work in different settings for different ranges of a. Theorem [[T]
could be proven in the range 0 < o < 1 but removing the condition H1. Indeed we would have to
impose the condition ug, > 0 for x > 0, which means that uy does not vanish at infinity. Even one
can guest that equation (4] make sense in spaces including these kind of initial data, the need of the
lack of decay at infinity (infinite mass) is something that one would like to avoid. Because of that we
also prove the existence of singularities in the range 0 < a < 1 in the periodic case where the mass
fT updz is finite. The existence of singularities should be true in the range 1 < o < 2 in the periodic
case without any condition on the monotonicity of the initial data nor on the size of the initial data.
The proof would be given by a combination of the proofs of theorems [[.1] and We do not include
it here for the sake of simplicity.

2 The case a =1

The case a = 1 have already been studied in different context. In [8] D. Chae, A. Cérdoba, D.
Cérdoba and M. A. Fontelos introduced equation [[L4] as 1D model of the Surface Quasi-Geostrophic
equation. They proved the existence of singularities for some initial data with non zero negative part.
In [7] D. Cérdoba and the second author showed global existence and gain of analyticity for ug > 0,
ill-posedness in H 3" for ug with non zero negative part and local existence and singularity formation
for ug > 0 with some zero.

A higher dimensional version of (I4]) with & = 1 was introduced by L. Caffarelli and J. L. Vézquez
in [4] as a model of the dynamics of a gas in a porous media with a non local pressure. They studied
the existence of weak solutions for initial data in L. See also [5] for a proof of a regularizing effect.
In [3], L. Caffarelli, F. Soria and J.L. Vazquez studied the case 0 < o < 2.

In [6] J. A. Carrillo, L. Ferreira and J. Precioso explore the gradient flow structure of (L4l with
a = 1 (see also [13]). For some further results concerning existence and singularity formation for
related equations one can check [I6], by D. Li and J.L. Rodrigo, [14], by R. Granero-Belinchén, and
[1], by H. Bae, R. Granero-Belinchén and O. Lazar, and references therein.

We shall present a blow up proof for equation ([4]) with o« = 1. This result was already proven
in [7] (actually in [7] is proven a more general result) but we will include it here for the clarity of the
exposition.

We take the initial data ug satisfying hypothesis H2 and H3. Thus the solution u(z,t) also satisfies
H2 and H3.

By using the identity

1 1
H(uHu) = 5 (Hu)* — §u2



we get
OeAu + (Au)2 + HuHugy — Uty — (um)2 =0.
By evaluating at x = 0 yields
A Au(0,1) = — (Au(0,1))*  (Aug(0) < 0),

thus Au(0,t) become infinity in finite time.
We shall emphasis that we have used hypothesis H2 and H3 to yields the inequality

[ e, L ([ )

To show theorems [[LT] and we will prove a generalization of the previous inequality for oo £ 1. We
remark that this inequality is also valid in the periodic case.

3 Thecasel <a<?2

In this section we will prove theorem [}
We will take 5 = o — 1 and then we consider

Oyu + (uA'@Hu)m =0

for 0 < B < 1.
We take ug € C*#7 (R) and we assume that there exists a solution u(z, t) € C([0, 00); C1+" (R))N

C1([0,00); CO" (R)). It can be checked that, then, u(z, t) satisfies H1, H2 and H3 for all ¢ € [0, 00).
Multiplying equation (4] by 2z~ (2*8) and integrating from 0 to co we have that

d [* u(z) > (u(z)A’ Hu(z)) ° u(z)AP H(u)
E o x2+6d:17:—/(; RS da?:—(2+ﬂ)/c; Wd:r. (3,1)
Inspired by [9], where A. Cérdoba, D. Cérdoba and M.A. Fontelos showed the inequality
% Hu(z)ug(2) u(x) 2
_/O Tdiﬂ > Ks /]R 2240 dx R (3.2)

for an even C'-function compactly supported and 0 < § < 1, we will deal with the last integral in
BI) by using the Mellin Transform. Actually, in the following we will deal with a kind of endpoint
of (32). Let us remind the definition and Parseval’s identity of this transformation:

Mu)(X) = /000 Az de,

/0 T @ = [T M o) TR Oy

r 2T J_

Thus

 w(x)APH (u B e
—(248) /0 %dm _ _% L Ml AT ()M ] ()

for any 0 < e < 8T — 8.



We will use that AP Hu = AP~*AHu = —AP~u,. Thus

Mz AP HuU)(N) = —/ e AET2NA Yy (1) da
0

_ iIAte—2

=—c x Uy (y) < — ) dydx
5/0 /0 Y lz—ylf Jz+ylf

_ iAte—2

= —c U T — dxd
5/0 y(y)/o <|$_y|6 |$+y|’6) Y

_ _ iAte—F—1 iAte—2 _
/o v “y(y)"ﬂ/o v (|x—1|5 |x+1|ﬁ)dxdy
=m(\ e, B)(iX+e—1— B)M[z= 1) (N),

where
R 1 1
. IAte—2 _
m(A,a,ﬂ)—Cﬁ/() x <|$_1|B |x+1|ﬂ>dx. (3.3)
Therefore
< w(z)APH(u 2 + el
—@+ﬁ{/ (L%ﬂ( ﬁ/’ B(Ae, B)Mz==1=Fu](\) Mz~ u](N)d),
0
where

B(\e,B) =m(\ e, B)(IA—e+1+0).
Lemma 3.1 Let u € CP7 (R) such that u(0) = u,(0) = 0 and
U\ e, ) = M= =Pul () M= Pul(3),

with 0 < B <1 and 0 < e < B+ — B is a bounded function.
Then

oo oo

lim [ B\ B)UNe,B) = 21(1 + £)BesU(0,0,8) + / Bo(\, A)U(X,0, B)dX

e—0t ) _ —o0
where By(A, 5) > 0.

Corollary 3.2 Let u(xz) be an odd function satisfying the assumptions of lemmal3dl. Then the fol-
lowing estimate holds

* w(z)APH (u) < u(z) , \?
Proof:

We will split the integral

I(e) = /oo B(\ e, B)U(N e, B)dA (3.4)



in two parts

Ii(e) = /00 B(\ e, 8)U(X,0,B)dA, (3.5)
and
I(e) = /:)o B(\e,8) (UM e, B8) —U(NO0,8))dA, (3.6)

thus I(e) = I;(g) + I2(g). Here we recall that U(),0, 8) = |[M[z~17Pu]|?()\) is real and even function
on .
We first pass to the limit e — 07 in [;(g). We split B(), ¢, 3) into two parts

B()\,E,B)z(i)\—a—i—l—i—ﬁ)/oo...dx
0

=(iA—e+1+4+p5) (/2 ,,_dx_i_/oo',,d:c) = Bi1(\ g, 8) + Ba(A g, B).
0 3

With B; we proceed as follows. We first write

AN—e+1+p0

Bihe ) = e

3 .
/ Dpx~ M1 P (2, B)da,
0

where P(z, 8) = ¢ (m - W) is a smooth function on z € [0, 4]. Then, taking into account

that P(0,8) = 0, an integration by parts yields

. 1 .
A —e4+ 1+ [ 2= M1 B) da + l)\—5+1+52i,\—a+1p

1
) S Tateo1 (34):

Integrating again by parts we have that

iN—e+1+4p LR iN—e+1+p - 1
B = * EP zzd - A . 21 EPx a0
1(h.e:6) (—z’)\—l—s—l)(—i)\—i-s)/o ! R ey vy 2"
—Z)\—E‘i‘l"'ﬁ id—et1 1 _
m2 P 2;[3 —Bll()\;aaﬂ)+Bl2(/\757ﬁ)v

with

A e+1+48 T e e (1
BuheB) = T TR TS (/0 2 P2, B)puda — 27 P, <§,[3>>,

iN—e+14+8_i\_. 1
Buaihe) = o e (8).

Next we consider the term in I3 (¢) involving By;. Since Bi; is an odd function on A (and U (A, 0, 3)
even) we have that

oo

/ T Biu(he AU, 0, B)dA = / Re (Bi1(\ ¢, 8)) U\, 0, B)dA.

— 00 — 00



‘We notice that

N—e+1+8 1 8 1
(—id+e—1)(=iX+¢) I e (—id+e—1)(—iA+¢)
€+iA A2 +iX2e—1)+e(e —1)
eyt A2+ (e —1)2)(A\2 +£2)
B € A +e?—¢ ) A A2 -1)B
__)\2+52+ﬁ(z\2+(a—1)2)()\2+52)—H<_)\2+52+()\24—(5—1)2)(/\24—52))

. 5 © T @emns o e
= (1+)\2+(1—5)2> el “(_1+A2+(s—1)2) e e noe sy

Using this last expression we have that

Re (Bll (/\7 g, ﬁ))

- — <1 Ty ([j — 5)2) 2 i52 </0é cos (Alog(z)) 27 ¢ Py (v, B)dz — cos(Alog(2))2 ¢ P, (%ﬁ))

+ <—1 + )\2(3—5(_5 1_)?)2> 2 j\|—52 (/02 sin (Aog(x)) 2™ ° Pyo(, B)dx + sin(Alog(2))27° P, <%,B)>

4B —X et /%cos (Mog(2)) 2 Pyo (2, B)dz — cos(Mog(2))2 P, ( =, 8

z))x zx\ Ly xr — x| 5
N+ (-2 1e2) | s & 2
We will split ReB1; into two terms, denoting

Bﬁl(/\vgvﬁ)
S <1+ 5 > c /%co (Mog(x)) 2~ Puy (z, B)dz — cos(Alog(2))2 ¢ P <1 ﬁ)
B A+(1-e)2) N+e2\ ), ® BUT)) L~ Faalls P)OT S\ATog T\

_ p €
- (1 s 6)2> ey eomheh).
Biiy(\e,6)

=+ (—1 + )\2(3—5(_5 1_)?)2> 2 j\i-(s? (/05 sin (Alog(x)) 27 ° Pyy(x, B)dx + sin(Alog(2))27° P, <l,ﬁ)>

2

1

—A% 4 €2 2 . . 1
+ ﬁ(/\Q TR T ) (/0 cos (Alog(x)) ™ Pyy(x, B)dx — cos(Alog(2))27° P, <§,ﬁ)>

Next we will pass to the limit in the term inside of I;(¢) involving B, (), e, B)

(oo}

: B £
i, - (1 T (1- 6)2> A2+ g2 b (e AU 0, B,

oo

: B £
- 81—1>%1+ - <1 + A2 + (1 _ 5)2 )\2 _i_&_Qbi%ll()\)‘C‘\a/B)dA X U(())O?ﬁ)

o0

+ 81_1)%1+ - — (1 + AQ T ([j — €)2> AQ ifz bﬁ](/\agaﬁ)(U(/\7076) - U(0,0,B))d)\

oo

: B 1
= 81_13(1)1+ - (1 + T _e2) T 1bﬁ1(£/\,£,ﬁ)d)\ x U(0,0, )




o0

. g 1
—+ hm — (1 + 52)\2 + (1 — €)2> )\2 + 1b111(5)\; g, ﬂ)(U(EAv Oa ﬂ) - U(Oa Ovﬁ))d)\

e—=0t J_o

By dominated convergence theorem (DCT) we get that

= —(1+ B)mb13,(0,0,8)U(0,0,5).

In addition

[N

bﬁl(ovoaﬂ) :/ me(xvﬂ)d:p - P, <%aﬂ> - _Px(oaﬂ) = _256[3-

0
Therefore
. o B € _
Elir(% N (1 + N (1) e bi11( A, &, B)U(N, 0, B)d\ = 27 (1 + B)cgBU(0,0, B)

The rest of terms in Re (B — Bfi;) (A&, 3) are bounded by a constant uniformly in ¢ and A except

by the term Bia(\, e, 8) which is bounded by C(1+ |A|)?" uniformly in e. In order to check these two
facts are we notice that Ba(\, e, ) can be bounded by a constant in a trivial way and that the only
factor in Bi12(A, €, 8) which can give some trouble is

. i . </0— sin (Alog(z)) 27° Pya (2, B)dx + sin(Alog(2))27 P, (%B)) . (3.7)
However,
_ > sin (s2log(x)) sin(e2 log(2)) . /1
an then

A)? 3
&) < % ( | sl Pro(e, 81 + lox() P, (%5)) <c

For By()\, ¢, 3) we have that

oo

Ba(h e, B) =(iA—e+ 1+ B) / 52 Py B)dy

2

leo

(iIN—e+1+0) /2 2P (x, B)de + (iX — e+ 1+ ) /Oo =M ET2 P B)

1 3

2 2

= Ba1(\ e, 8) + Baa(A g, B).

In Baa(A, e, 8) we can integrate by parts to get

iN—e+B+1 [* i iN—e+B+1 /3 M 3
B A i iMe=lp (4 BYdg — L ETPT (2 r(23).
nhe®) = S (¢ B — PO (2 28

from where we see that |Baa (), €, 8)| < C uniformly in e.



For Ba1 (A, g, ) we have that

o

Bor(M\ 2, B) =(iA — e + 1+ B) / N T

2

55

—(iIA—e+1+p) / a2 4 ) Pdx

1

2

= B211()\,E,/8) + B212(A757ﬂ)'

Bs12(), g, 8) can be bounded in the same way than Bas (), g, 3) above.

With Bai11(\, €, 8) we proceed as follows. For || < 1 it is clear that |Bs11(\, €, 8)| < C uniformly
ine. For |\ >1

—iA\ 1

: 3
Bsi11(A, €, B) ZM/ O (27 = 1) 2" 2|z — 1| Pdz

2

(Z}\—€+1+ﬁ)/g i e—2 B

—iX : (z7 1) G- Dp 1™

+ M/Q (27 - 1) (2—e)a" %z — 1| Pdx
—i 1

1 3
+ boundary terms at x = 3 and x = 3

The boundary at x = % and x = % and the second term in the last equality of the last expression are
bounded by a constant uniformly in . Finally

3

3 3 —iX
2 ia e—2 B g+ /2 |‘T - 1| e—2 B
-1 ——dx| < |\ d
/ i R A v e T e R
where )
|x71)‘ — 1| < C
NPT e — 187~
uniformly in A and z € [1, 2] for T < 1. In addition
oo 2 1 o0 2
_ ix—B—2 _ ix—1-58
1
S k (ﬁ,ﬁ+||u||c1,support ’LL) m
Therefore, DCT applies to get
lim Re (B — Bi11) (A &, 8)U(X, 0, B)d\ = / lim Re (B — B111) (A, &, 8)U(\, 0, B)d\
e—=0t ) _ oo €0
— [ B mUO0.5)an

where the real function By(A, 8) is given by

Bar ) = (1+ 1255 (/O A (0, e 4 LD (1,13))

A 2



W;H) (/0 cos (A\log()) Pea(, B)dz — cos(A1og(2)) Py (%g))

2

-p

Next we prove that lim,_,o+ I2(¢) = 0. Since Re(U(\, ¢, 8)) is an even function on A, proceeding
as before we find that

oo

lim B(A,a,ﬁ)Re(U()\, g,B) = U(\, O,ﬁ))d)\ =0,

e—=0t ) _ o

then we just have to check
o0

lim iB(\, e, 8)Im (U(\ g, 8))d\ = 0.

e—=0t J_ o

Since Im(U (), €, 8)) is an odd function in A and Re(B(\, ¢, 3)) is even we just need to prove that

im [ Im(B(\, e, B))Im(U (A, ¢, B))dA = 0.

e—0t ) _ o

We will use that

—iAt+e—2—p _ —iAte—1-p
T u(z)de = ——— T Uy ()dx.
/0 (z) iN—e+1+p /0 (=)

thus

7i>\+sflfﬁuw(x) eri)\fsflfﬁuw(x)dx

1
Uhef) = — dp——
(Ae.f) M—s+1+ﬂ/ x—i)\—l-a—l-l—l—ﬁ/o

(- zA—s+1+ﬂ)(z/\+a+1+ﬁ hme
T2+ (1+B—s)) +(1+8+¢e)? / / () (@)™ s @) y)dody

+ (14 B)% — % — 2ieA
JCRE 1+ﬂ—€) YA+ (148 +¢€)?)

S (e Qe (5)) o (v (5))) () e Ptonctons

Therefore

m(U(A e, B8)) (3.8)

I
e [ [ (o () 2 b
_(A2+(1+B—€)22;(/;2+(1+ﬁ+6)2)/o f (o2 (5))) (5) o Puctontipan

By making the same splitting B = By + By, By = B11 + Bia, B11 = Bi11 + Bi12, we see that, by
applying DCT,

oo

lim Im(B(\, ¢, 8) — Bii(\ &, A)Im(U (A, &, A))dA

e—=0t ) _ o

10



= /00 lim Im(B(\,¢e,8) — Bi11(\ e, 8)Im(U (X, e, A))d\ = 0,

oo E—0T

since lim,_ g+ Im(U(\,e,3)) = 0. And now the Im(B11()\, e, ) contains harmless terms but those
ones which contain either the factor

A
AgiEQ sin(Alog(z)  or the factor 7= cos(Alog(z).

It easy to see that the term which contains the factor ;7= sin(A log(x) gives 0 in the limit ¢ — 0T

because the sin(Alog(x)) in it. However to deal with the factor %LLAQ we need either the factor
sin(Alog(z/y)) in the first term of ([B.8]) or the factor A in the second term of ([8). In any case we
can show that DCT can be applied in order to get lim,_,o+ I2(¢) = 0.

Finally we will prove that By(\, &) > 0. We notice that, for fixed A > 0,

. . © a1 1
BO(A’ﬁ)ZQL%RQ(CB(M_HHM/O o 2(Iac_1|ﬁ_|1+ac|ﬁ)d$>'

Thus to show that Re(Bg)(A, 8) > 0 is enough to show that Re(B)(\,e,8) > 0 Ve > 0 and YA # 0.
In order to do it we first write m(\, e, 8) in the following way

m(\ e, 3) :cﬁ/ g —2te (|x — 1|_ﬂ — |z + 1|_6) dz
0

1 e
:CB/ poiA—2Fe (|l,_1|—6_|$+1|—[3) dx+05/ A 2te (|x—1|_3—|x+1|_6)daz
0 1

1
05/ (I7i>ﬁ2+s +$i)\+675) (|$ _ 1|76 _ |:E + 1|7ﬁ) dx
0

e /01 cos(Mog(z)) (z72 +277¢) (Jla — 1|77 — jz + 1| ?) da

—cg /1 sin(Alog(x)) (272 — 2?7 (lo = 17% = |z + 1| 77) da

0

where we did the change of variables 2/ = 1/2. And then
Re((iA+1+ 8 —¢e)m(\e,B)) =cs /01 cos(Aog(z))(1+ B —¢) (22 +277¢) (la — 1| P — jz + 1| #) da
+cp /01 Asin(Alog(z)) (27T — xﬁf‘i) (|= — 177 =z + 1|75) dx.
Integrating by parts in the second integral in the previous expression we have that
Re((iA+1+ 5 —e)m(\,e,8)) =cp /01 cos(Alog(z))F (x,¢e, 8)dx

with

F(z,e,8) =1+ B—¢) (x> +2°7%) (la — 1| 7% = |z + 1| 7F)
+0, (a7 =259 (jo — 1P — |z +1|7P))

11



Integrating again we have that

Re((iN+ 1+ 8 —e)m(\ e, B)) =— CTﬁ /0 sin(Alog(x))0, (v F(x, e, 8))dx.

Let us call G(x,¢,8) = 0, (xF(x,e,5)). In order to be able to pass to the limit in ¢ we split
1

1 B
/ sin()\log(:b))G(:v,s,B)d:v:/ sin()\log(x))G(x,a,ﬁ)dx—i—/ sin(Alog(2))G(z, e, 8)dz.
0 0 B

It is straightforward to pass to the limit in the second term of the previous equation. In the second
term we will integrate by part. Since G(z,¢,b) ~ c;x~ 17 4+ cozt € for  ~ 0 we have that

5 5
I i\ _ iAte) .1—¢
m/o 2"G(z,¢e,8)dz = Im (i/\+5/0 Oy (%) z G(%E,B)dw)

3

= Im< " >5G(5 B,e) —Im /5 =0 (' °G(z,e,B)) d
- Z.A—i— 3 3 O x 3 Y

and we pass to limit, € — 0. After that we can pass to the limit 6 — 0, and since the pointwise limit
Go(z,B) =lime0 G(z, g, B) (for = > 0) satisfies G(x, B) = O(x) for x ~ 0 we have that
1
c .
By(\, B) = _TB sin ((Alog(x))) Go(z, B)dx.
0

In addition and integration by parts yields,

1
Bo(\, ) = %/0 (1 — cos(Mlog(2)))0z (2Go (, B))dz

Then, in order to prove that By(\, ) > we have to show that Go(z,8) + 20, Go(z, 5) > 0. Since
G(0,8) =0 it is enough to prove that 9,Go(x,3) > 0. Direct computations yields

0.Go (i, ) = 2

x

(f(.%',ﬁ) - f(—ZC,B)) ’
where

f@,8) = (1=2)777 (24 (3 + B)a(=2+ 2+ B)2) — (1+8)(2 + B)ala**7) .
In order to check that 0,Go(z, ) > 0 we can write

1

£0.8) = f(-w.8) = [ L f(swB)ds

—1

and check that
Osf(sz,B) = (14 B)(2+ B)(3+ B)s*x*(1 — sz)~*7 (1 — |s|’z?) > 0

forx >0, -1<s<l1.

By applying corollary [3.] we have that

dat J, xuﬁd‘f > (2+B)(1+ B)esB (/0 x“ﬁdx) .

Therefore [ I"Q(—f?;d:r must blows up in finite time. However [~ ::;—f;d:r < kg, g+||ull cript -
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4 The case 0 < a < 1 in the periodic setting

We take ug € C*(R) and we assume that there exist a solution u(z,t) € C([0, 00); C*(R))NC([0, 0); C(R)).
It can be checked that, then, u(z,t) satisfies H1, H2 and H3 for all ¢ € [0, 00). Also, and very impor-
tant in this case, we will take ug satisfying H4. As it was proven in [I9] the solution also inherits this
property, i.e.,

Oru(z,t) >0, for x € [0, 7] and ¢t > 0.

In order to prove the existence of singularities we will use a similar strategy to one that in section
Let us first recall the following facts of the operator A®~1 in the periodic setting.

For a 2m—periodic function u(x) such that [ u(x)dz = 0, the operator A** with 0 < o < 1 is
defined through of the Fourier transform

Ao=Tu(n) = [n|]*"a(n) 0<neN. (4.1)

The operator A“~! defined as (@) admits the representation

Aal

I:v - yl“
with ¢, as in ([LL6) and, for an even function u, A1 Hu can be written as

. /Omu(y)<sign(w—y> Lo ) . o, _ Dle)sin (%)

|z — y[* |z —yl*

o0 u(x)

We will look at the time evolution of f —1ra dz which is given by

8,5/000 u(x)dx:—(l—l—a)/ooow

{E1+0‘ x2+o¢

dx
—

- (1+a) /OOO ™ u(x) e AT Hu(r) —

Instead of u(x) and A%~ ! Hu do not decay, the functions 2=+ u(z) and 1T A%~ 1u(z) have enough
decay at infinity (for € small enough) to apply the Parseval Identity of the Mellin transform to get

o u(.I) o 1+a I —a— E’UJ IflJrs a—1 ulz
o / _ / A T Mz~ A Hu(z)] (A)dA,

xl-i—oz

where

Mz~ Fu(z)|(\) = /000 g ATy (1) de

Mz " TEA" Hu(2)](\) = /000 eI N () d
Since Hu(z) is an odd function of z, we can write

Mz A Hu(x)] (A ZEa/ u(y / g Ete <51gn(:v ) + ) dxdy
[ (@)](V) ) ) z—ge e

-z X Aatel R sign(z — 1) 1
=7y, Y u(y)/ x ( — + — | dxdy
/o 0 EESCRRNFEST

=mp(\ g, )Mz~ u(z)](N).
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Therefore we finally obtain that

e /Ooo U(I)A;;;{u(x) i

__1ta / T O e, ) o u (A M [r = (\)dA (4.2)

2r ) o
We will denote
AN e a) = —mp(A e, @)
and
U\ e, a) = Mze=cu](\)M[z =5~ %u]()).

In order to prove the a lemma analogous to lemma 3] in section [3] we will need some preliminary
results

Lemma 4.1 Let |\ >2,0< a<1. Then
1. [Im(A(\ e,)) | < CA|7He.
2. |Re(A(N e, @) | < CIA72F.
In both cases the constant C' does not depend either o and €.

Proof: Let 0 < § < % At the end of the proof we will take § = A~1. Let us call p(z,a) =

Si‘g;f”llfll) + ‘1_1”&. To prove 1 we split
A\ o0
I[=Im <%> - / sin(Alog(z))a~ 2 p(z, a)dz(2?) (4.3)
. ;

1—6 1+6 o)
0 1-6 1+6

Integrating by parts we have that
1o —1te 1 —l+e
L= 3 0y (cos(Alog(x))) x p(z, a)dx = =3 cos(Alog(1 —4))(1 —9) p((1=19), )
0

—14e [0 1 [0
y / cos(Alog(z))z 2T p(z, a)dx + X / cos(AMog(z))z T 0,p(x, a)dx
0 0

= I + L2 + It3.

— _ 2 1=
Ly = ( 1)\+ £) sin(AMog(1 — 6))(1 — 6)~"*p((1 — 4), ) — %/ sin(Alog(z))z =2+ p(x, a)dz
0
_1 + 1=9 . _ c _1 + 2
_ ( = 5)/0 sin(Alog(x))x 1+ up(z, )dx = I o — ()\725)]1 + Iyoo.

Thus

—1+¢)?
<1 + %) I = Iy + 13 + L1201 + L1920.

14



We now manipulate I13 and Ij2o.

1-5
Iis = %/ cos(Mog(z))z " T 0,p(x, a)dx = % sin(Alog(1 — 6))(1 — 0)0.p((1 — §), )
0
5
a2
= Iiz1 + Iis2 + T3s.

1-6 1—-6
. lte 1 : .
/0 sin(Alog(z))z ' T 0,p(x, a)dx — ﬁ/o sin(Alog(z))z*2p(x, o) da

We integrate by parts in I132 in such a way that

1-96

9 . J S € £
Lisy = /. sin(Alog(x))z T 0,p(x, a)dx = e cos(Alog(1 — d))(1 — 6)*0zp((1 — ¢), a)dx
L2 16 . 10
+ B / cos(Aog(z))z 1T 0,p(x, a)dx + e / cos(Alog(z))z®02p(x, a)dx
0 0
&2
= Ligo1 + ﬁflg + T1322

Then

2
<1 _ F) I3 = 1131 + 11321 + [1309 + I133.

For 159 we have that

Liay = —()\7:6) /o sin(Alog(z))z 1T 0,p(x, a)dr = % cos(Alog(1 —9))(1 = 6)°0ep(1 — 6, )
- ()\#/ cos(Alog(z))z 1T 0,p(x, a)dx — ()\#/ cos(Alog ()2 07p(x, a)da
0 0

= Ii221 + L1222 + I1203.
In I1599 we integrate by parts to obtain that

T1999 = —(/\%k/ cos(Alog(z))z 1T 0,p(x, a)dx = —(/\%)E sin(Alog(1 —8))(1 — 6)°0p((1 — §), @)

0
_1 2 1—6 _1 1—6
+ % / sin(Alog(z))z T 0,p(x, a)dx + ()\%)E/ sin(Alog(z))z®02p(x, a)dx
0 0
2
=I12221 — ﬁfmz + I12222.
Then
o2
(1 + ﬁ) Too = I1201 + T12221 + T12222 + T1223.

And now we can check that |11221| < C|)\|7357170‘, |112221| < C|)\|7457170‘, |112222| < O|/\|7457170‘
and |I1903] < C|A|[7367 1. Therefore |I122] < C|\| 72+ if we take § = || L.

In addition |1131| < |)\|—25—1—o¢7 |11321| < C|)\|_36_1_6, |Il322| < C|)\|_36_1_6. Therefore |113| <
CIA|7H if we take § = |A|71.

Finally |I11], |[T121] < C|A|7167. Thus |I1] < C|A\|717% with a constant C that does not depend
either € or a.
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The term I3 is easier to bound than ;. But, if we want the constant C' independent of «, we still
have integrate by parts twice to get

I3 = /100 sin()\ 1og(:p)aj_2+€p(x, Oé) = %COS(/\ log(l + 5))(1 + 5)_1+€p((1 + 6)7 a)

+5
-1 o I
n (-1+¢) / cos(Mlog(z))z 2+ p(x, a)dz + _/ cos(Alog(z))z ™" 0,p(z, a)da
2\ 146 146
= 131 + I32 + 133-
And
(—14e) [ e —1+4¢ —2+¢
Iy = =—5— | cos(Mog(a))a™*"*p(z, a)dx = —— 57— sin(Alog(1 + 9))(1 + ) *p((1 + 9), )
146
- %/ sin(Alog(x))z > p(z, a)dr — (1)\7:8)/ sin(Alog(x))e ™ 0,p(x, a)da
146 1+4
—1+¢)?
= I307 — (T)Izas + I322.
Thus

—1+4¢)?
<1 + %) I3 = I31 + I321 + I322 + I33.
And we have that |131| < O|A|715ia, |1321| < |/\|72570‘7 |1322| < |)\|72570‘ and |133| < |)\|71570‘. rI‘hllS7
by taking 6 = |A\|~! we have that |I3] < C|A\|~'T with a constant C that does not depend either on
Qor .

The term I» can be bounded by CA§2~% 4+ C§ independently of a and e. This bound comes from
the estimates

1+5 ot 1
sin (Alog(x)) z™ "¢ dr < C§
[ sin g

and from

1+6 .

-1

/ sin (A log(z)) z 2T sign(z — 1) )dx
1-5 [z —1]*

5
= /0 (sin (Alog(1 +z)) (1 +2)**° —sin (Alog(1 — 2)) (1 — 2) ™) 2™ “da
<O,

Thus, by taking § = |[A|7! we have that |Iz] < C|A\|7'T with a constant C' that does not depend
either on « or ¢.
We have already proven 1.

In order to prove 2 we notice that we have an extra integration by parts on z for the real part.
Indeed,

J:/ cos (A og(x)) x~ 2 p(x, a)dx
0

(1—-¢)

= T/ sin (Alog(z)) x> p(x, a)dx — %/ sin (Alog(z)) z~ 0, p(x, a)dx
0 0
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=J1+ Js

We have that the integral in J; coincides with I in (@3]). Then we have already proved that
|J1| < CIA[72T. We just have to deal with J,. We have that

1 ) o 1-6 1+6 oo
Jy = __/ sin (Alog(x)) x71+581p(a:,o¢)da: = — / ...dx—l—/ ...da:—l—/ ...dz
A Jo A \Jo 1-5 146

= Jo1 + Jog + Jas.

In Jo1 we can integrate by parts twice to get

(_1 + E) =0 —1+e 1 =0 £02
Jo1 = — e cos (Alog(x)) x Opp(x, a)dz — v cos (Alog(x)) °0;p(z, a)dx
0 0

1

+ 2 cos(Alog(1 —8))(1 —6)%0p((1 = 6), @)
(14, (“1+e) [ -2

=_ 32 Jo1 — 6 | sin(Alog(z))z®0zp(x, o)dx

_ 1-5

- % sin(Alog(1 —6))(1 — 6)0.p((1 — 6), ) — %/ cos (Aog(x)) 2°02p(x, o)dx

0

1 . —1+e¢

+ 33 cos(Alog(1 —0))(1 —0)°0up((1 —6), ) = — 2 Jo1 + Jo192 + Ja121 + Jois + Ja11.

Thus

—1+¢
(1 + T) Jo1 = Jo11 + Ja121 + J2122 + Jo13

which implies

Jo1 = <1 + ﬁ) (Jo11 + J2121 + J2122 + J213) (4.4)
We have that |J211| < C|)\|7257170‘, |J213| < O|/\|7257170‘, |J2121| < O|/\|7357176 and |J2122| <
C|A|735—1 — 4. Therefore by taking § = |\ ~!| we see from [@4) that Jo; = Jo11 + J213 + R with
|R| < O\ 72t
Now we need to add Js; and Jos to find a cancellation between them. First of that, we integrate
by parts on Jo3

1 [ 1 [
Jos :—2/ cos(Alog(z))z 1T 0,p(x, a)dx — —2/ cos(Alog(z))zf02p(x, a)dx
A Jiss A* Jigs

1
abY] cos(Alog(1l + 9))0.p((1 —9), ) = Jaza + Joss + Jas1.
We have that |Jaza| < C|A| 7257,
To bound Jo11 + Jo13 we can use that |cos(Alog(1 +6)) — cos(Alog(1 — §))| < CA283 thus |Jo11 +
Jors| < C6%=. For Ja13 + Jass3 we can use the same fact. We just need to focus on the integrals
£ g
— /0 cos(Alog(z))x mdm + /1+5 cos(Alog(z))x mdm

_ /6 cos(Mog(1 + 2))(1 + :v)sde + /1 cos(Alog(1 + z))(1 + 2)° L
§

1 |2+ |2+
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1
= /5 (cos(Alog(1 + x))(1 + 2)° — cos(Alog(1 — x))) (1 — ;v)gm%dw

Thus |J213 + J233| < o2,
It is remained to bound Jos where

1 i
Jog = _X/ sin (Alog(z)) 20, p(z, a)dx
1-6

We notice that it is enough to the study the decay of the integral

« 144 1+ 1
— 1 - €
H—X/ sin (Mog()) &~ o dv

/ sin (Alog(1 + z)) (1+$)’”E|x|1+adf

:% / (sin (\log(1 4 z)) — sin(Az)) (1 4 z)~1+¢ dx

|x|1+a

/ sin (Az) (1 +z)" ' —1) m%dx

>/|Q

Since
|sin (Alog(1 + ) — sin(Az)| < C|\|z?

we can conclude that
|H| < C&* >+ C|A| 16t
O

Lemma 4.2 Let u € CY(T) an even function such that, u(z) > 0, uy(x) > 0 for x € [0,7] and
u(0) = 0. Then

/Oo :E_i’\_l_o‘u(x)d / -y, )dac 4 MHUHLW T
0 \/A2 + a2 VA2 + a? @

Proof: First we will integrate by parts to get

/0 eIy (2)de = T—i—a/o A%, (2)d.

We will use that u,(z) is a 2r—periodic function to write

00 ) s 2m(n+1) 27
/ z= Ay, (2)dr = Z/ A, (z)dx = Z/ (z + 27mn) T Uy (x)dx.
0 n=0"2

™™

and because u(z) is even

2 ™ 2
/ 2™ Ay, () de = / (z 4 27n) A, (x)dx + / (z 4 27n) A"y, (x)dx
0 0 ™
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2m
/ x + 2mn) A%, (2)dx + / (z + 27 (n + 1))~ %, (z)de
0 —T

= / z+2mn) A — (—x + 27(n + 1))71}70‘) Uy (z)dz.

0

Thus
oo . 1 ™
—iA—1l—a .
T u(z)dr| = ——— Z (N4 o, x)u, (x)dx|
| =) ‘ =l A Jus (@)

where

Z(iA+a,z) = Z(x +2mn) T —(—z 4 27m(n + 1))

n=0

%)
71)\ @ Z $+27Tn —iA—a (—I+27T7’L)71>\ a

A=« — i A—« - x T T\ T
=z + (2m) Z(n—l-%) —(n—%)

n=1

Let us write Z*(iA+ o) =7, (n—l—;r L7
0o N T\~ T\ A
B 5 (00 8) () )
' n—1<n+2ﬂ' " 2m TL+27T
. 0 T\ —iX T\ A €T\ T
55 (o802 -2

Since 0 < 5~ < % we have that |Z;| < C' where C does not depend on neither o nor z. For Z5 we

have that
ZSZi( :v)—a (cos()\log(”"’ %))—cos(/\log(n—%)))

+z'§:1 (n— %)7 (sm (Mog (n+ g)) —sin ()‘log (n_ %)))

The estimation of the imaginary part follows same steps. Using

n=1

We will bound the real part of Z3.
elementary trigonometric formulas we can write

L)oo (J10n (0 52) (- 32)) )i (3100 (21E)).

Re Z; = 2 (——
€22 ngln 2T 2T

We notice that
n + %

n= gz ~ 2
and that for all 0 < 8 < 1, |sin(z) < |#|%, thus
x B Az B B
A + 5 A + 5= A
sin | — log DT oy < |=log R o < 2mn <C|-—
2 n— = 2 n— 5 1— 5= n

2w




Taking =1 — a + € we have that
IRe Z| < C|A[1-o+e Z ’n— L e < g Aot

Proceeding in a similar way with ImZj we have that |Z*(i\ + )| < C + C|A\|*7Te.
This fact allows us to prove that

/ 0y (0 de ‘ / @ g ()] de 4 CH G [T
o m : VRt a2

But since u,(x) > 0 for « € [0, 7], we can remove the absolute value inside the integral to get

/ x—ik—l « ( )dCL'
0

To finish the proof we notice that

|ug ()| da

C—I—C |)\|1 a+te
L (2)dr + =t |ull~.
\//\ + « VA

Z(a,z) =a" %+ Z ((x + 27n)~* — (—z + 27n)~*)

is a positive function that satisfies
7 < Z(a,x) + C.

Therefore
[e%s) L C+C|)\|1—o¢+e
iIA—1l—a €
T u(z)dz (o, ¥)ug(x)de + ————|u|| L=
/0 () m/ () N+ o2 || ||L
C + C N te
S [ ol + R
\/ A+« VA2 + a?
Then we can achieve the conclusion of the lemma just integrating by parts.
O
Now we can prove the main lemma of this section
Lemma 4.3 Let u € CH(T) satisfying, H2, H3 and Hj. Then
hr(rJl+ A\ e, )U(\ g, a)d\ = 21ac, U(0,0, «) +/ Ag(A, a)U (N, 0, )d.
e —00 —00
where
P1.

< ) -1 1
Ag(\, ) = =G, lim Re/ g AT 2e (529”(30 ) + ) dx  for |[A] > 0.
0

=0+t | — 1]« |x 4+ 1]«
P2. Ap(\, ) <0 is a bounded function.

Proof: The proof of this lemma is similar to that one for lemma[£3]in sectionBl The main difference is
that in L3 we could use that the integral [° #*~2~Fu(z) decays as [A| 7! and then U(\,e, 8) decays
as |A\| 2. Since this is not the case now we have to use the decays in lemmas 1] and to get that

A\ &, @)U\ g, )| < Cc [Nt ote (4.5)
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with C. independent of a and ¢, € arbitrarily small and |[A\| > 2. Thus

/OO A\ e,)U(N\ g,a)d) = Re </OO A()\,a,a)U()\,a,a)d/\)

:/_00 Re (A(A\ g,a))Re (U e,a)) dX — /_OO Im (AN e, ) Im (U(\ e, a)) d.

Now we can split the integrals in fM|>2 ot fIM<2 d\. Because of ([@H) we have that

lim Re (AN g,0))Re(U(N\ e, ) dX = / Aog(N, @)U (N, 0, )dA,
e=0F J)A1>2 [A|>2
and
lim Im (AN g,0)) Im (U(\ e, ) d\ = 0.

e—0+ IN|>2

For the integral on the region |\| < 2 we can perform similar computations to that one in lemma 3]
to achieve the conclusion of the lemma. In order to make shorter the proof we will skip some details
and we will use a®(\) ~ b%(\) if

im [ (@) = () S = / (NS

e—0+ [Al<2 [N <2

for any smooth function f and with ¢(\) a bounded function.
We focus on the integral

oo 3
/ P72 e p(z, a)dr ~ / A2z, a)da,
0 0

with p(z, o) = sign(z — 1) — 1|7 + |z + 1]*.
And integration by parts yields

/O% 22 e (2, ) de = ﬁ271‘)\+176p(271,a) _ ﬁ /0% 219, p(2, a)dx

~ _i/\l_ 1 /0% T (@ o) = — 53 i 202 )+ Ml— ) 1+ e /0% o Oup(@, a)da
- _i/\l_ 1ﬁ2i>\+€8mp(2_17a) + i)\%li/\ia /0% wi’\+58§p(:v,a)d:v

~ _ﬁiAngiA@P(Tl’o‘) + ﬁv\ig /0é 7 05p(r, )

Then

T incae € L ~1 : 2 92
Re (/0 A2t p(x,a)dx) ~ ETeTe e (cos()\log(2))8m (274 «) —/O cos()\log(x))azaxp(x,a)dw) .

From this last expression we can conclude that

lim AN e, )U(\ g, a)d\ = =7, 0.p(0,)U(0,0, ) + / Ao\, @)U (N, 0, ar)dA,
e=0" J1nj<2 IA|<2
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where Ag(a, ) is a bounded function and 9,p(0, o) = —2av.
In addition we have that

~ A
iA—2+4¢€
Im (/0 T p(x,a)dx) ~ o )\29()‘)

where g()) is a bounded function. To pass to the limit in
/ (A, &, 0))Im(U(A, &, a)dA
[A|<2
we take advantage of the fact that Im(U (A, e, a)d\ < C|\|. We finally have that

lim Im(A\, e, @))Im(U(\, e, a)dX = 0.

e—0+ IN<2

Finally we prove that negativity of Ag(\, «). This proof follows similar steps that the proof of the
positivity of Bo(\, ) in lemma [£3] We have that, for A > 0,

I = /Ooo cos(Alog(z))p(z, o)dx _/0 cos(Alog(x))F(x, e, )dx,

where
Flz,e,a0) =272 (—(1—2) *+ (14+2)"*) +2* (1 —2) 4+ (1+2)").
We integrate by parts to have that

I= ! sin(Alog(2))0, (2 F(z, e, a)) dax.

AJo
For A > 0 we pass to the limit as we did for By(A, 8) in lemma [43l This yields
1/
lim [ = —X/ sin(Alog(2))G(z, a)dx,
0

e—0

where G(z,a) = 9,(xF(x,0,a)) is positive and its derivative 0,G(z, «) is also positive. Then an
integration by part shows that lim. oI > 0. Since Ag(\, @) = —, lim,_,o+ I we have achieved the
last conclusion of the lemma. O

Remark 4.4 The main difference between the ranges 0 < a < 1 and 1 < o < 2 is that in lemma[31]
the function By(\, «) is positive and in lemma []-3 the function Ao(\, «) is negative.

Applying lemma [£3] to [2) yields
* u(z)A* " Hu(z)

1+«
T o

(C(a)U(O, 0,a) + /O:o Ao\, )U (N, 0, a)d)\) , (4.6)

where

2
U(MN0,a) =

/ e A1y (x)dx
0

Unlike the function By(\, «) which is positive, the function Ag(), ) is negative an then we have
to work further to be able to conclude the blow up of solutions.
We will need the following lemma
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Lemma 4.5 Let 0 < a <1 and |\ > 2. Then

C
Ao\, )] < ——
| 0( )l = |)\|27o¢
where C' is a universal constant which not depend on c.

Proof: This lemma is a consequence of lemma [£.1]

From (&4]) we find that

d [Tuled),, 059y 0z </OOO e dx>2

dt J, alte 27 alte

+ %‘/_O:O AO()‘va)

2
dA.

/ xT Iy (g da
0

Applying lemma yields,

/:: Ap(\, ) /OOO 210y (1) da 2d/\ > - </_O:O |AO()\,Q)|ﬁ2a2d/\) </O°° ;Ll(_fi
— |Jul| e (/R|A0(}"O‘)|a(c+C€|)\|1_a+€)d)\) /0"0 u(x) d

)\24—042 rlto
>0 C + CA[1-ote)?
~ [fullf (/M|A0<A,a>|( Yo L)

By applying the maximum principle for solutions of (L4]) we conclude that

d - ’U,(.I,t) > u(x) ? € 2 €
@ J, e =G| [ e |+ lluollz=Ca(e) + fluollz~ Cs(a).

where

1+ _ > 2
Ci(a) = 2: <2m+ / Ao(a,)\)ﬁd))

- [ a(C + C =)
Cito) = [ 1o(n o) M

. 0 (C + Cﬁl/\'l—a+e)2
Cie) = | Al

where we took into account that Ag(a, A) < 0.
We firstly analyze C§(a) and C§(«). We can split

c;(a):/ ...d/\+/ .
[A|<2 IA|>2

And we can bound, for € < 1,

l1—a+te
[ AT ) o [ St s
[A]<1 A + « ‘>\|<204 +/\
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In addition, by lemma [0 for € < 1,

l1—a+te 1-a+te
/ |A0()\7a)|a(c+§6|A|2 ) S C |)\|—2+a%d)\ S Ce'
[A]>2 A+« [A|>2 AN+ o

Therefore C§(«) can be choosen less or equal than a constant C§ uniformly in @ and € < 1.
For C§(a) and ¢ < 1 we have that

(C+OE|A|170(+€)2 OE
Ao(a, A X < —=
[ Mol I e a <
and, by lemma [L.5 and e < %
C Ce A 1—a+te 2
/ |A0(a,/\)|( + 2| | - ) d\ < Os/ |)\|727a+2sd/\ < C.
IA[>2 A +a IAI>2

Therefore, taking e = % we have that

C
Cs(a) < Cy,  C(a) < 33

where Cy and C3 are universal constants.
In addition for C;(«) we have that, by applying lemma B3]

_ ° o? . ° o?
2w aCy + / Ao(a, /\)md/\ = Elir(% . A\, o, a)md)\.

— 00

And we can compute by Fubini

° a? o sign(z — 1) 1 < . a?
A(N _— -2 A —d\d
/_oo edaie / ’ ( o — 1] +|:fc—1|a)/_oo”” oz e

= —ag.T /OO o—allog(x)| ,—2+e (Sign(w —1) L1 ) "
0

le =1z -1

ven (/01 pa—te (_ 5 j@a n (le)a> dx + /100 gma—+e ((I _11)a + (a:+11)a) d:v) :

Thus

o) 2
2wty + / Ap(a, /\)ﬁd/\

— 00

= — 0Ty </01 202 (—(1 _1:6)& + (:c4—11)0¢> dx+/loox_o‘_2 ((x_ll)a + (x_,_ll)a> da?) .

This last expression is positive for 0 < o < 1. In order to check it we change variables to get

oo 2
27TCYEO¢ + / AO (a, )\)ﬁd}\

~—azun ( / (e ) / (o7 * ) )
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21704
—14a

/ ((1—1x>a * <x+11>a>d””</ol ((1 et <x+11>a) =i

Thus, we obtain Cy(«) > 0 for 0 < o < 1. It turns that

The first integral in the last expression is equal to and since o > 0 we have that the second one

satifies

oo oo 2 oo 2
Y TIC PR (/ u(a:,t)dx) —CZHuO”Loo/ u(e.t) ) Colluolfe
0 0

a 0 rlta rlta rlta a
Since fooo x7 17 % (x)dx can be chose arbitrarily large with respect to ||ug||z, %(a), é, Cs and C5
fixed 0 < a < 1 we can conclude that there exits ug such that fooo x 717 (x,t)dz blows up in finite
time. This is a contradiction since [~ 27!~ ®u(z,t)dz < C|lul|c:.

Remark 4.6 The size of the constants Co and C3 affect to the size of fooo x7 17 (2)dx to be chosen
in order to have blow up. The size of these constants can be reduced by a improvement of lemma[{.3
Although this reduction is not in the scope of this paper let us comment something about this fact. The
function
; —iA—a . €z . x

Z(iA+ a) = (27) (Q (2)\+a,1+2ﬂ_) C(M—i—a,l 2#))’
where C(iX + a,x) (x > 0) is the Hurwitz Zeta function (HZF). The HFZ is related with Riemann
Zeta function (RZF) and one can use similar ideas used for the RZF in order to bound the HZF. We
will give here some indications about how to get decay for the HZF. All of these indications are due to
Fernando Chamizo. The bound [((iX + o, z)| = O (|]A*=%) can be reached by using Euler-Maclaurin
summation formula (the constant in O(|A\|!=%) degenerates to a log(|\|) for a=1).

By using the Poisson summation Formula one can get the estimate (3)-[12] which can be used to
yields the bound |C(iX + o, z)| < O(A|"=%) for 1 <a <1 (the constant in O(|A[*~%) degenerates to a
log(|A]) fora=1).

By using Van der Corput type techniques one can get [((\, x)| < O(log(|A||A|kTa), for 3 <a<1.
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