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GLOBAL-IN-TIME ESTIMATES FOR THE 2D ONE-PHASE
MUSKAT PROBLEM WITH CONTACT POINTS

EDOARDO BOCCHI, ANGEL CASTRO AND FRANCISCO GANCEDO

ABSTRACT. In this paper, we study the dynamics of a two-dimensional viscous
fluid evolving through a porous medium or a Hele-Shaw cell, driven by gravity
and surface tension. A key feature of this study is that the fluid is confined
within a vessel with vertical walls and below a dry region. Consequently, the
dynamics of the contact points between the vessel, the fluid and the dry region
are inherently coupled with the surface evolution. A similar contact scenario was
recently analyzed for more regular viscous flows, modeled by the Stokes [52] and
Navier-Stokes [53] equations. Here, we adopt the same framework but use the
more singular Darcy’s law for modeling the flow. We prove global-in-time a priori
estimates for solutions initially close to equilibrium. Taking advantage of the
Neumann problem solved by the velocity potential, the analysis is carried out in
non-weighted L?-based Sobolev spaces and without imposing restrictions on the
contact angles.

1. INTRODUCTION

This paper deals with the evolution of contact point dynamics between a solid, a
fluid, and a dry region in incompressible flows. The scenario considers fluids in
porous media or Hele-Shaw cells, whose evolution equations are explained below.
A two-dimensional incompressible flow

(1.1) Veu(t,z,y) =0, t>0, (x,y)€R?

confined in a porous medium is modeled by the classical Darcy’s law [33], given by

(1.2) Put.z,y) = =Vp(t,2,y) - gp(0, ).

Above, p is the viscosity of the fluid, v is the permeability of the homogeneous
medium and u the velocity of the flow. This is equation where the forces include the
gradient of the fluid pressure p and the effect of gravity, with g being its constant
and p the density. The fluid bulk is contained within the moving domain

(1.3) Q) ={(z,y) €eR?* |z €T := (—1,1), hylx) <y < h(t,z)},

with boundary 9Q(t) = T'(t) U T (t), which is divided into two parts. The first part
corresponds to the fluid’s moving boundary, given by

(1.4) ['(t) ={(x,h(t,x)) | z € I},
while the second part corresponds to the rigid boundary, a wall, given by

(1.5) Ty(t) ={(£1,y) | hw(£l) <y < h(t,£1)} U{(z, hy(x)) | v € Z}.
1
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FI1GURE 1. Configuration of the vessel.

The stated configuration is for a fluid filtered inside a vessel with a smooth boundary.
The contact points where the fluid, the vessel, and the dry region meet occur along
the vertical lateral walls, as shown in Figure 1.

We assume that the lower part of the vessel boundary is a curve that smoothly
connects to the vertical walls. Within this geometrical configuration, the fluid
domain exhibits corners only at the contact points

f(t) ﬁfw(t) = {(_17 h(tv _1))’ (17 h(t’ 1))}

The regime investigated here is stable, as the fluid lies below a dry region or another
fluid with negligible viscosity.

In this scenario, the main interest is the evolution of the contact points between the
fluid, the vessel and the dry region. Because of that, it is of crucial importance the
effect of capillarity in the model. For the interaction among the fluid and the dry
region, Laplace-Young condition is given as follows

(1.6) p=—ok, on I(t).

Above, o > 0 is the surface tension coefficient and xj the moving surface curvature
given by

(1.7) ot z) = — ) ~( W (t ) ))2)"

(L+ (W(t2)2)%2 N1+ (W(t,x

with prime spatial derivative. The contact points’ evolution are also affected by
Laplace-Young condition as follows

!/

h
1.8 F(0ih)(t,£1) = Fo——(t, 1),
(1.9 @)t £1) = [ F 0~ s (1)
where F' is an given injective function and [v] is a physical constant due to the
three-phase contact points. See Section 1.1 below for more details on the dynamics
of contact points. Finally, the system of equations is closed by giving the kinematic
boundary condition

(1.9) Oh(t,z) = u(t,x, h(t,x)) - (=h'(t,2),1), =z €T,
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FIGURE 2. A possible equilibrium configuration.

together with non-penetration condition on the vessel
(1.10) u-n=0 on TIu(1),

with n the outer normal vector to the vessel.

We appointed this physical scenario as the Muskat problem [77] with contact points.
Remarkably, it is mathematically analogous to the evolution of a fluid in a Hele-Shaw
cell [84]. In it, two parallel plates are close enough together so that the fluid contained
has a two-dimensional evolution. In particular, the dynamics equation modeling this
problem is equivalent to Darcy’s law by comparing the permeability constant with
the distance of the plates. In the setting established in this paper, the vessel is the
Hele-Shaw cell, considering the interaction with the fluid and the contact points.

1.1. Contact points. It is well-known [48,67,86] that in equilibrium configurations
the angle at the contact points is determined by the different surface tensions between
the three phases fluid-solid-dry. More precisely, denoting by ~gq the solid-dry surface
tension and by 7y the solid-fluid surface tension, the equilibrium contact angle weq
(see Figure 2) verifies Young’s law
Vsd — Vsf X [[’7]]
coS(Weq) = . =

In this paper we focus in the partial wetting regime, that is, when the surface does
not touch tangentially the walls but forms real angles. Thus,

Weq € (0, ) or, equivalently, [T] e (—1,1).

On the other hand, regarding dynamical configurations, experiments and simulations
have shown that the normal velocity of the contact point Vi, is related to the
deviation of the dynamical angle w; from the equilibrium angle, that is,

Vep = F (cos(weq) — cos(wy)) .

This type of relation has been derived in several studies [13,32,82,83] using ther-
modynamical, molecular and hydrodynamical arguments. All of them brought to
the same general form of F', which is an increasing function of its argument such
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that F'(0) = 0. For simplicity, we choose here F(s) = os and, writing the previous
relation in our setting, we derive the evolution equation for the contact points

(1.11) Bh(t,£1) = [] :Falfw(t,il).

We remark that this additional evolution equation is due to capillarity, while in the
pure gravity-driven case the dynamics of the contact points is directly determined
by the kinematic condition (1.9). See also [52,53] for mathematical discussion and
Section 1.3 below.

1.2. Main results. In this paper we prove a priori global-in-time estimates for the
one-phase Muskat system (1.1)-(1.11) for initial data closed enough to the stationary
state with exponential convergence. See Proposition 2.1 below for details of the
stationary state. In a companion paper we will provide local-in-time well-posedness
for the system. Both statements together yield global well-posedness and stability for
the contact scenario. Our result allows the contact points with any angle determined
by the stationary state.

In this setting, we disclose a synthesize version of the main result for sake of exposi-
tion. In Theorem 8.2 it is possible to find a detailed version, once the appropriate
formulation of the problem and the detailed functional spaces are explained in detail
below.

Theorem 1.1. Let h(t,z) = hs(x) + n(t,x) and hs(z) be, respectively, the surface
profiles of the dynamical and stationary solution to (1.1)-(1.11). Assume that h and
hs have equal mean in Z. Then, for any t € [0,T] with T > 0, the following bound
holds:

t
E(t) —I—/ D(s)ds < CE(0),
0
provided that £(0) is small enough. Above, the energy term E(t) is given by
2 .
E(t) = gH(t) + Hn(t)”?{s/%é(z) + Hatﬁ(t)\\i[s/z(z), with 5\\(t) = Z H@gn(t)”?p(z),
=0
for any 0 < § <1, and the dissipation term D(t) in (4.8) includes

2
Y@ At 1) + (0 ) (6, 1) + 190352

Jj=0

In addition, there exists X > 0 such that, for any t € [0,T], the following decay
estimate holds:

£)(1) + /Q  JHOP + 06 =)+ @), 1) £ 00,
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Remark 1.2. The solution h(t,z) to (1.1)-(1.11) with the regularity given in the
theorem above has to satisfy the fundamental energy-dissipation equality

d [ /I (Zr3(t,2) + o/ T+ (WP(E2) ) dw — 7] (h(t, ~1) + A2, 1))

it
4 [ uOF + @ -1 + @hP(e 1) =0,
Q)

1.3. Previous results and main novelties. The Muskat problem and the evolution
of fluids in Hele-Shaw cells are classical problems in fluid dynamics [77,84]. Originally
considered to study the evolution of oil and water in oil recovery, it deals with the
interface dynamics among the two immiscible fluids. It models the interaction among
two fluids (two-phase case) and also the surface evolution of one fluid with a dry
region (one-phase case) in a porous medium or a Hele-Shaw cell. It is possible to find
a large amount of recent literature with fundamental results [41] as these interface
evolution problems have interesting dynamics behaviors.

Considering no surface tension and no contact points, the system is local-in-time
well-posed when the Rayleigh-Taylor condition is satisfied [29,30]. It holds due to
gravity when the denser fluid is below the least dense, and the more viscous fluid
pushing the less viscous fluid. Sharp local-in-time well-posedness results in subcritical
spaces can be found in [4,28,71,80] and in critical spaces in [6,7,35]. See also [2,47]
for the evolution of cusps. For small initial data, the lineal parabolic regime is
stronger than the nonlinear terms, resulting in global-in-time well-posedness of the
system [7,19,26,31,40,79]. On the other hand, large initial data provide very different
dynamics in the two-phase and one-phase scenarios. In the two-phase case, initial
data given by graphs develop singularities in finite time with over turning profiles [23]
having loss of regularity [21]. In the one-phase case, large initial graphs do not turn
[5,59] and exist globally-in-time [3,35]. But it is possible to have finite-time particle
collision on smooth interfaces for non-graph initial data [22]. On the other hand,
finite-time particle collision on smooth interfaces is not possible in the two-phase case
[46]. Considering impermeable boundaries, global-in-time regularity holds for small
data [49] as well as finite-time blow-up [88] in similar scenario explored before for
several quasi-geostrophic temperature front models [45,60]. If the Rayleigh-Taylor
condition is not satisfied, the contour evolution problem is ill-posed [30,40]. However,
weak solutions exist developing a mixing zone [20, 72].

Adding capillarity to the model, the system is local-in-time well-posed with or without
satisfying the Rayleigh-Taylor condition initially [24,36,38] in subcritical spaces [78].
This is due to the fact that surface tension adds a higher-order nonlinear parabolic
term to the system. However, initial data with lack of Rayleigh-Taylor condition
produce instabilities related with fingering [37,51,81]. Without gravity, there exist
close to circle global-in-time solutions [24, 25, 85]. Gravity unstable solutions can be
stabilized globally in time with surface tension for near flat solution [44] and near
circle moving bubbles [42,43]. Nonetheless, initial stable solutions converge to no
capillarity solutions as surface tension coefficient goes to zero [8] in subcritical spaces
[39]. Arbitrarily large Lipschitz data with a small critical Sobolev norm have recently
been proven to provide global-in-time solutions for stable two-phase cases [69]. With
impermeable boundaries, there have been an intense study of thin-film models and
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lubrication approximations together with the convergence to the original Muskat
solutions [12,18,27,68] even for gravity unstable situations [16].

The surface tension case with constant points was first considered for the Muskat
problem in [9,10] for scenarios without gravity force. The fluid spreads over a flat
impermeable fixed boundary, where well-posedness is obtained for initial configura-
tions with no moving contact points. Further developments were given in [61,62] for
the same scenario, allowing movement of contact points and having a fixed small
contact angle of size €. The authors proved global-in-time well-posedness, obtaining
uniform estimates in €, showing convergence to a family of thin-film approximation
equations.

The scenario considered in this paper allows the dynamics of the contact points and
angles of any size, determined by the stationary state, modeled as in Section 1.1
above. A similar contact points study has recently been developed to model the
evolution of a viscous fluid in a vessel using the 2D Stokes equations [52,87] and
the 2D Navier-Stokes equations [53,54]. The authors first developed global-in-time
a priori estimates for the models [52,53] and later the local-in-time well-posedness
theory [54,87] to obtain the stability of the contact points problem.

In this paper, we obtain global-in-time a priori estimates for the Muskat problem with
contact points, and therefore deal with the more singular Darcy’s law to model the
flow. In this setting, we close a scheme of a priori estimates, obtaining a bootstrap
argument from the energy-dissipation control of the time derivatives to higher spatial
regularity via elliptic estimates for the system. The dissipation is obtained through
the potential formulation of the system, taking u = V¢, as shown in Section 2.1
below. In this scenario, the zero Newman condition (non-penetration) on the fixed
boundary for the potential appears inherently, allowing the movement of the contact
point. This is a big difference with the Stokes and Navier-Stokes equation to model
the flow, where a zero Dirichlet (no-slip) condition on the fixed boundary for the
velocity does not allow the movement of the contact points, and therefore in [52,53]
a Navier-slip boundary condition is used. In [52], the authors derived global-in-time
a priori estimates without imposing restrictions on the contact angle w € (0, ).
However, due to the eigenvalues of the pencil operator associated with an elliptic
problem they studied, they are forced to work with weighted L?-based Sobolev spaces
with weight exponent § satisfying

max(O,Q—z) <5<,
w

in order to gain regularity through elliptic estimates. In [53], the authors managed to
kickstart the elliptic gain switching from weighted L?-based spaces to non-weighted
L4-based spaces. In this paper, we perform a priori energy estimates for a Darcy flow
considering the same geometry. An important difference, with respect to these two
works, is that the analysis is carried out in non-weighted Hilbert spaces, while, at
the same time, we allow contact angles w € (0, 7). This is done by taking advantage
of the Neumann problem solved by the velocity potential and the spectral properties
of the associated pencil operator around the corners. We are then able to bootstrap
from the appropriate energy-dissipation control of the time derivatives to higher
spatial regularity via elliptic estimates.
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The dynamics of contact points has also been recently studied for the water waves
problem, that is, for free-surface gravity-driven incompressible Euler flows. A priori
estimates were shown for any dimension in [34] for angles smaller than a dimensional
constant, preventing singularities in the elliptic equations providing the model.
Adding surface tension to the model, a priori estimates were shown for angles less
than /6 [74] and local-in-time well-posedness for angles less than 7/16 [75]. The
authors have recently improved the results to acute angles [76].

For the floating body problem in water waves, the dynamics of contact points was first
discussed in [65]. Recently, its local well-posedness for a fixed object was established
in [66]. In particular, we emphasize a trace theorem for the homogeneous Sobolev
space H! developed there that we use in our approach, see Section 5.1. It allows
us to get control of the mean of the potential and therefore of its L?-norm by the
dissipation, as Poincaré-type inequalities can not be used directly due to lack of zero
Dirichlet boundary conditions. This represents another main difference with respect
to [52, 53], where the Navier-slip boundary condition used in the model permits
to directly have such a control. In shallow water asymptotic models, considering
partially immersed objects with vertical walls [11,14,15,17,55] results in fixed contact
points or lines. In contrast, for boat-shaped geometries, contact dynamics was studied
in [56] and more recently in [57].

1.4. General notation. We denote by Z the interval (—1,1). We write f’ for the z-
derivative of functions f(x) or f(t,z) that spatially depend only on the variable x € Z,
while we write 0, or 9, for functions that spatially depend on (x,y) € R2. We denote
by Ny the outward normal vector to the one-dimensional surface parameterized by
the function f, while we denote by n a generic unit outward normal vector. B, (zg)
and B, (xg,yp) denote the one-dimensional and two-dimensional ball with radius
r > 0 centered in z9p € R and (zg,0) € R?, respectively.

Constants: throughout the paper, C' > 0 denotes a generic constant that can depend
on the parameters of the problem; when necessary, we comment on the dependence
of these constants.

Spaces, norms and traces: we denote by LP the usual Lebesgue space for 1 < p < oo,
by H*® the usual L?-based Sobolev space of order s > 0 and by || - ||zs, || - ||zs their
respective norms. We denote by H? the homogeneous L?-based Sobolev space of
order s > 0 and by || - || z;, its semi-norm. We denote by H? the quotient space H2/R
and by || - || 2 its norm ||V - || 1. For a > 0, we use the compact notation H** that
stands for H*19 for any 0 < § < 1. For the sake of readability, we write functions
defined on domains directly within boundary integrals and boundary norms, rather
than using their corresponding traces.

1.5. Outline of the paper. The rest of the paper is devoted to providing the proof of
Theorem 1.1. Section 2 introduces the potential and fixed-boundary formulations used
throughout the paper. In Section 3, we show the basic a priori energy-dissipation
equalities satisfied by the solution. Section 4 establishes different energies and
dissipation terms of various orders needed to obtain the a priori estimates. In Section
5, we address additional dissipation and a trace theorem required to obtain Poincaré-
type estimates. Section 6 details results on elliptic estimates used to bootstrap
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regularity. In Section 7, the inequalities developed in Sections 5 and 6 are used
to handle the nonlinear terms of the system. Gathering all previous estimates, we
conclude the proof of the main result in Section 8. For completeness, technical
estimates are provided in Appendix A.

2. POTENTIAL AND FIXED-BOUNDARY FORMULATIONS

2.1. Potential formulation. Without any loss of generality, let usset p = v = p = 1.
Using Darcy’s law (1.2), the fluid velocity can be written as the gradient of the
potential ¢ := —p — gy. Writing (1.9) in terms of ¢ yields

(2.1) Oth=V¢- Ny on T(t),
where Nj(t,x) = (—=h'(t,2),1) is the normal outward vector to I'(¢), coupled with
the Dirichlet-Neumann elliptic problem

Ap=0 in Q(t),

(2.2) ¢ =—gh+or, on T(1),
Vo-n=0 on Iy(1),

and the evolution of the contact points

!/

h
(2.3) Bh(t, £1) = [7] F am(t, +1).

We will refer to Dirichlet-Neumann elliptic problems also as “mixed” elliptic problems.
Introducing the well-known Dirichlet-to-Neumann operator DN (see [64], [73]), which
maps the Dirichlet datum in (2.2) to the normal derivative of the solution to (2.2)
at I'(t), (2.1)-(2.2) can be also written as

Oth = DN(—gh +o0k) on I'(t).
The same problem can be described in a different way. Indeed, (2.1) can be understood
as a Neumann boundary condition for ¢ if we think about 0;h as a prescribed quantity.
Then, (2.1)-(2.2) can be reformulated as
—gh+ ok, =¢ on I(t)
coupled with the Neumann-Neumann elliptic problem
Ap=0 in Q(t),

(2.4) V¢ - Ny =0h on I(t),
Vo-n=0 on Iy(1).

We will see in Section 6 that the gain of higher spatial regularity for the potential,
necessary for the closure of the scheme of a priori estimates, strongly relies on
the structure of the Neumann problem (2.4). Moreover, it allows us to avoid any
restrictions on the contact angle at the corners of the stationary domain, in terms of
which we reformulate the free-boundary problem in the next section.
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FI1GURE 3. Plots of the different shapes of hs with zero mean in Z: concave when
[v] < 0, convex when [vy] > 0 and flat when [v] = 0.

2.2. Fixed-boundary formulation. As usually done in free-boundary problems,
we reformulate the problem in a fixed framework. Our choice for the reference domain
in which we recast the problem is the stationary domain. Stationary solutions to
(2.1)-(2.3) are couples (hs, ¢5), with ¢s € R, that solve the elliptic problem

—ghs +okp, = ¢s in I,

2.5) R
( —(£1) = im,

T ()2 o
where kp,, denotes the mean curvature (1.7) of stationary surface hs. In fact, there
exists a unique (smooth) stationary solution and we refer to Figure 3 for a qualitative
description of hg according to the sign of [v].

Proposition 2.1. Let [y]/o € (=1,1). For any M > 0, the stationary problem (2.5)

admits a unique solution (¢s, hs) where ¢s € R and hs is an even C*(Z) function.
In particular, hs and ¢s satisfy

M + [ hy(z)dx
5 .

/Z(hs — hy)(z)dz = M, and os=[—g

Proof. The existence part follows from Theorems F.2 and F.3, while the uniqueness
part from Theorem F.1 in [52]. We point out that here, unlike in [52], the stationary
surface hs is not necessarily a positive function, but satisfies hs(z) > hy(x) for
z el n

We then denote the stationary domain by
(2.6) Qs = {(z,y) ER? | £ €T, hy(z) <y < he(x)},
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where h; is the profile of the unique solution to (2.5). Its fluid and solid boundary
parts are, respectively,

I:={(x,hs(x)) | z € T},
Py = {(£1,9) | hw(£]) <y < ho(ED)} U {(2ho(@)) | = € T).

Note that the partial wetting assumption [y]/o € (—1,1) guarantees that hs is
smooth up to the boundary x = +1, so that ) is a Lipschitz domain and does not
present cusps). In order to reformulate the problem as a fixed-boundary problem,
we introduce a diffeomorphism ¢, : (0,7) x Q5 — Q(¢) such that

(2‘7) (Pﬁ(tv Fw) = Fw(t)7 Son(tﬂr) = F(t> vt e (07T)

and the surface perturbation n = h — hs. In the next lemma we make explicit the
choice of the diffeomorphism and show its regularizing property. To this end, we
introduce a smooth cut-off function ¢ : R — R with 0 < ¢ <1 and
&ly) =0 for y < maxhy + (minhg — maxh w)/4,
T T

2.
(28) &(y)=1 for y > minhg — (minhg —maxh w)/4.
A A

Lemma 2.2. Let n € H3?T(I), € be as in (2.8) and E be a bounded extension
operator from H*(Z) to H*(R) for any real s > 0. We define the mapping

(2.9) ealtsyy) = (w,y+ ' (t.y)
where nf(t,x,y) = P * En(t,z,y — hs(z)) and
1y
Pley) = ———9
(@,y) =~~~ e

is the Poisson kernel and * denotes convolution with respect to x. There exists o > 0
such that, for (0| gs/2+ () < a, the mapping ¢, is a Cl-diffeomorphism of Qs to Q(t)
verifying (2.7). Furthermore, the diffeomorphism is reqularizing: for any s > 2, there
exists a constant C = C(s, hs) > 0 such that if n € H>Y2(I) then

(2.10) 1"y < Clinllgs-1r2(2)-

Proof. First, we show that the determinant of the Jacobian J, of ¢, is monotone on
y and bounded for a fixed z, that is,

(211)  csdet(ly) =1+ €Wy + € ) S 5, (wy) €N,

for some constant ¢ > 0. From the definition of 1T and using the change of variable
z =y — hg(x), it follows that

1"l 2= (020) < 1P * Bnpl| oo ez -

Applying the convolution theorem and using the Fourier transform ]3(C Y) = evlel
yield that

[P+ En(sy)llLoe ) < 1P * En(,y)llpiw) = H@yHE?”LI(R)
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for any y € R_ and, after writing
—~ 1
E - -
‘ 7’(0| (1+ |<‘|2)1/4+E

for € > 0 arbitrarily small, Cauchy-Schwarz inequality implies that there exists C' > 0
such that

(1+[¢[%) Y4+ | En(¢)|

[P« En(-, y)llLe®) < ClEN| g2+ )
for any y € R_. Thus, thanks to the boundedness of the extension operator, we
obtain that

(2.12) In'llzoe(00) < CINENI g1/2+ @y < Clinll e+ 7y
Moreover, after computing that

89377T(t7$7y) = 81EP * En(tax7y - h5($>) - h;(x) 8yP * En(tvxay - hs(fI,')),
Ayn'(t,x,y) = 9, P * En(t, =,y — hs(x)),

we combine the previous argument with the fact that ﬁD(C JY) = (éi)eym and find
that there exists C' = C(hs) > 0 such that

IV || ooy < Clinll sz (-
It follows from (2.11) that
(2.13) 1 - Cl||77||H3/2+(I) < det(Jy) <1+ 02H77HH3/2+(Z)

for some constants C1,Cy > 0 (depending only on £ and hs), so that there exists

a > 0 such that )
<det(Jy) < —,
C(Oé) e ( 77) C(CE)
for some c() > 0 when 7] ys/2+(7) < a. From the definition of the Poisson kernel,
we have that

(2.14) 0 (t,z, hs(z)) = P* En(t,z,0) =n(t,z) for zel,
which implies
(2.15) on(t,x, hs(x)) = (x,h(t,z)) for x eI,

while using the properties of the cut-off £ yields
@n(t,l’,hw(l‘)) = (2, hy(z)) for z€Z,

on(t, £1,y) = (1, y+&(y)n'(t, £1,y)) for y € (hw(F1), hy(E1)).

Hence, C'-regularity and monotonicity of ¢y together with (2.15)-(2.16) prove that
¢n is a Cl-diffeomorphism from €2, to Q(t) that satisfies (2.7).

We now show that ¢, is a regularizing diffeomorphism. Since {14 is bounded, using
Holder inequality and (2.12) we have that

(2.16)

7'l 200y < 196201 oo (@s) < Cllnll g2+ zy-

After the change of variable z = y — hs(z) and thanks to the smoothness of hg, we
have that
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Ehg(z)
IV ey < [ [ 0P « Entay — Ehufe)Pdyda

) Ehg(x) )
(1 W) [ [ 10,P « Balay - Bhu(w)Pdyda

SC// |VP*En(:U,z)|2dzda::C'||VP>1<E17||%2(R2).
)R 2

Passing to Fourier coordinates in the variable x, using Plancherel identity and the
boundedness of the extension operator yield

HVP*ET]HQLQ(RD :/R_/R (gi)eydfg\n(o

- /R CHENQPAC < 1Bl < ClinllZ e

2
dedy = /R /R 2/¢ 26241 | B(¢) 2 dydc

Arguing in an analogous fashion, we can estimate also the H*-norms for any integer
k > 0. More precisely, for any integer k& > 0, there exists a constant C' = C(k, hs) > 0
such that

V0 e,y < Clinll sz -
The non-integer version of (2.10) is derived by interpolation using the equivalence
of the fractional Sobolev-Slobodeckij spaces H**¢ with s € (0,1) and the Sobolev
spaces defined as interpolation spaces. ]

With the diffeomorphism (2.9) at hand, we reformulate the free boundary problem
(2.1)-(2.2) in a fixed framework. Let us define the matrices

—é"am??T

It f
(2.17) Sy i=Jy T = e 1+ o],

1+ &t + &oynt
L+ €t + €0yt ~E0un'!

(2.18) Ay = det(Jy) B1 8, = o 1+ (£0,nT)?

o L+ &t + €0t
Then, (2.1)-(2.2) transforms into
(2.19) 8h=%,V®-N, on T

coupled with the mixed elliptic problem for the transformed potential P = ¢ oy
V-(4,V®) =0 in Q

(2.20) b =—gh+okp on T,

$,V0-n=0 on Ty,
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In fact, (2.19)-(2.20) can be reformulated as a perturbation problem. We know from
Proposition 2.1 that the stationary solution (hs, ¢s) solves (2.5). Writing ® = ¢4+ @,
h = hs + n and plugging into the equations, we find that the perturbation (7, ®)
solves the evolution equation

(2.21) om=%,V®-N; on T
coupled with the mixed elliptic problem

V-(4,V®)=0 in €,
/

/
Ul
XpVe-n=0 on I.

Note that in the right-hand side of the second equation in (2.22) we have expanded
kp, at first order in 7’ and the remainder is given by the smooth mapping

Z1 + 29 21 29
2.23 R(z1,22) = — — .
(2.23) (21, 22) Sitita? Vit 1+2)7

Moreover, the evolution equation for the contact points (2.3) becomes

/

(2.24) om(t,+1) = Fo < 57 + R(h;,n’)> (t,£1).

o
2

(14 (h5)?)

3. BASIC ENERGY-DISSIPATION EQUALITIES

In this section we derive several energy-dissipation equalities that will be the basis of
the scheme of a priori estimates for (2.21)-(2.24). Sufficiently regular solutions to
(2.1)-(2.3) satisfy the fundamental energy-dissipation equality

d
3.1 —E(h V|2 + (0:h)2(t, —1) + (8;h)?(t, 1) = 0,
(3.1) dt()+/ﬁ(t)| o|” + (Ouh)°(t, —1) + (9:h)°(¢,1)

with the physical energy E(h) given by

E(h):/I<‘gh2+m/1+(h’)2>dx[[7]] (h(t,—1) + h(t,1)).

In the expression of the physical energy, in addition to the standard energy contribu-
tions related to the gravity and the surface tension, a localized energy term appears
due to the interaction at the contact points. Instead of showing the details for the
derivation of (3.1), we prove an equivalent energy-dissipation equality in terms of
the perturbation (®,7).

Proposition 3.1. Let hys be the stationary surface as in Proposition 2.1 and (®,n)
be a regular solution to (2.21)-(2.24). Then, the following equality holds:

il L+ S G+ rotton ) ]

n / det(,)| S, VB[ + (0m)2(t, —1) + (Bm)2(t.1) =0,

E]

(3.2)



14 EDOARDO BOCCHI, ANGEL CASTRO AND FRANCISCO GANCEDO

with Qo(hl,n') = fon/ R(h,, z)dz and R given by (2.23).

Proof. Since @ is regular and solves the elliptic problem (2.22), we have that

0= v-(Anvq>)<1>:/ AnVCI>-n<I>—/ det(J,)| S, VD2
Qs 09 Qs
(3.3) :/ det(Jn)znvqmznnqn—/ det(.J,) |2, VO[?
Qs s

N
_/znvth@—/ det ()|, V|2,
r | Nh, | Q.

where Np,_(x) = (—=h/(x),1) is the normal outward vector to I'. In the last equality,
on the one hand, we have used that

Yyn=mn on I
and the Neumann-type condition in (2.22) to derive that the boundary integral over
Iy vanishes. On the other hand, the chain rule applied to (2.14) implies that
N, Np

det(Jn)Zn’Nh | = N, on TI.

Taking the L?(Z)-scalar product of (2.21) with gn, employing the Dirichlet boundary
condition in (2.22) and (3.3) yield

d g 9

77/ ;o '
=— [ X.V®. — —_—
(3.4) /F nV N, ] +/IU((1+(h's)2)3/2 +R<h3777)) Omdx
/

!/
— 2 n

We focus on the second term in the last line. By integration by parts, it can be
written as

n '
/IO' (<1 OB +R(h;,n/)> Oyndzx

1 /

n
ol + R Jons

—1 s

/\2
= (@t~ @ (e.1) ~ g [ o (G T + Qulti) ) ds

where in the second equality we have used (2.24) and the chain rule

R(h,,n" )0 = 02, Qo(hs, n' )0 = 0(Qo (Y, 1))

=0 <(1—|—(hg)2)3/2 +R(h;777,)> atn
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Remark 3.2. Equivalently, Proposition 3.1 can be proved starting from the energy
equality (3.1), expressed in terms of the free surface h. Indeed, it can be showed that

E(h) :E(h3)+/ g7724-EL+0’QO(M,17’) dzx.
T\27  2(1+ ()32 ’
Hence, (3.2) follows writing the integral over 2(¢) in (3.1) as an integral over 2, and

using the time-independence of the stationary energy E(hs).

We point out that (3.2) offers, as much, a control of the H'-norm of 7. In order to
propagate higher regularity we will take derivatives on the equations and try to find
an analogous version of (3.2) for them. Due to the presence of different boundaries
and in order to maintain the structure of the equations, we apply differential operators
that are tangential to the boundaries, which turn out to be only time derivatives in
our context.

We then need to study time-differentiated versions of the problem (2.21)-(2.22).
Applying one time-derivative, we find that (9,®, 9;n) solves the evolution equation

(3.5) on=%,Vo® Ny, +F on T

coupled with the mixed elliptic problem

V- (A,V0®) = F; in Q,
A '
30) a0 =g+ o (o aRUL ) o T
2, V@ -n=F; on Ty,
with
(3.7) F =0(SINy)-V®,  Fy =-V-(04,V®), Fj =-9,5,V®-n.

The system is completed by the evolution equation for the contact points

(14 (h})?)3/2
We will derive an energy-dissipation equality for the time-differentiated problem
in the same fashion as for (3.2). However, we will face a structural difficulty that
prevents to control the new nonlinear terms due to the lack of regularity. Then, we

are led to apply second-order time-derivatives to (2.21)-(2.22) and study the twice
time-differentiated problem. We find that (92®, 927) solves the evolution equation

(3.9) opn =%, Voi® - N, +F? on T
coupled with the mixed elliptic problem
V- (A,VO0i®) = Fy in Q,

82 / !

Y, VP e, =F; on Ty,



16 EDOARDO BOCCHI, ANGEL CASTRO AND FRANCISCO GANCEDO
where

F} =20,(S]Ny) - VO, + 07 ()N, - VO,
(3.11) F} = -V - (20,4,V0,® + 0} A, V®),

Ff = — (9,8,VO,® + 0;5,V®) - n

completed by the evolution equation for the contact points

2,/
(3.12) opn(t,+£1) = Fo <(1+?ZZ7)2)3/2 + af(R(h;,n’))) (t,+1).

We then derive the energy-dissipation equalities associated with the once and the
twice time-differentiated problems.

Proposition 3.3. Let hs be given by Proposition 2.1, let (afq),@gn) be a regular
solution to (2.21)-(2.24),(3.5)-(3.8) and (3.9)-(3.12), respectively, for j = 0,1,2.
Then, the following energy-dissipation equality holds:

d 90952, 9 (81{77/)2 NIV
pn Z<2(3577) +§W+Ugy(hsﬂl) dx

+ / det(Jy)[S, VA @” + (8] T'n)*(t, —1) + (0] ')’ (1, 1) = S,
Qs

(3.13)

where the source terms are Sy = 0 and

sz—/ Fga{q>+/ det(J,)F]d] ®
Qs w

(3.14) 1
/|NhS|FJ8j<I>+/ oF;(Wyn)de,  j=1,2
with
f (h/ ) (6t77) 82 ( /)7
(3.15)

Fahy,n') = 5(@ 0 )20 92, R(Wy, ) + 070 (Om') 02, R (M, ).
The residual energies are given by

(0en)?
2

,’7/
(W) = / R(H, 2)dz,  Qu(Mlr) = Do R(M, 1)),

(9
Qs (hlyn) = ( ) D R(We 1) + 020 (8202 R (K., 1)).

Proof. The case j = 0 is exactly Proposition 3.1, while for j = 1,2 we argue in the
same fashion. More precisely, taking the L?(Z)-scalar product of (3.5), respectively
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(3.9), with gdn, respectively gd?n, we obtain

d/g . . . N, 1 S
— | (Y de:—/aﬂqmvahb- +/ N nFdx
it Jz2' %" T N AT G

81{77/ J ot / J+1 J
+/IU W+at(n(hsan)) (@ U—F1)d$

:—/ det(Jn)\Envaf‘l)\z—/ F5’8{<1>dX+/ det(J,) F1o®
Qs Qs r

w

L sieri U N Py e
/r N, e +/IU ((1 ¥ (hL)2)32 + 0 (R(hs, ))> o) nda

where in the last equality we have used time-differentiated versions of (3.3). In-
tegrating by parts and using the evolution equation for the contact points (3.8),
respectively (3.12), the second term in the last line can be written as

LY, R L
/IO-<(1_|_(;L,/,7)2)3/2+8£(R(h5777))> & nda

r=1

67?77/ J I j+1
=0 WJF@(R(}LS,U)) N

r=-—1

8j/ ] /A ) /
—/ZU (M%Q)WJF‘%(R(}IS;U))) ot d

= —(& )2t —1) — (@ )2, 1) — d/ o ()’

at J; 2 (01 ()™

- / O O (R(H, o)) de.
T

We show that the last integral can be written as the sum of a time-derivative and
other terms. To do that, we shall distinguish the cases 7 =1 and 7 = 2. When j =1,
using the chain rule yields

/Uafn’f?t(R(hé,n’))dx = / %@(61577’)262273(1%;,77’)61%
T A

d o
=5 | §emro.ru s - |

| SO0 R )

When j = 2, we have

[ oot o RO = [ 00t R o) 0 o

(3.16) 1 z

+ / 00n' 0., R(hs, 0O de = T + I1.
T
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We write the first term as

1_/ 2/ (9202, R(W,, ) dar

- 2/10(0377’)2@77’53273(12; i )dz — /Iaafn'(am’)?’@?ﬁ(h;, ),
and, using again the chain rule, the second term as

II_/ —04(021)20.,R(h., 0 )dx

-2 / (O8O, R (W — [ (0 202 R

Thus, the left-hand side in (3.16) reads

[ oot (R, )
v

d 1
=a )’ (2(0377')282273(%,77’) + 8317’(@77’)26327%(]1;,77’)) da

5
= [ (S atPam o2 R o)+ 38 @uf PO R o) )

Gathering all together and introducing the residual energies Q,;(h},n’) for j = 1,2,
we obtain (3.13). O

4. ENERGIES AND DISSIPATIONS

In this section we address the different energies and dissipations of the problem we
are studying. Before introducing their definitions, we recall the method of improved
energy and dissipation used in [52] that permits to close a scheme of a priori estimates
when the structure of the nonlinearities does not directly allow it. More precisely, let
us consider a system of PDEs that admits an energy-dissipation equality of the form

(4.1) dEH( t) 4+ Dy(t) = N(t)

dt
with some basic energy & > 0 and some basic dissipation D > 0. We assume that
the nonlinearity A has a structure that prevents a bound of the type

NV(®)] < CE(H)Dy(t) with 6> 0,

which would be necessary to obtain a standard parabolic a priori estimate. The
impossibility to work directly with the basic energy and dissipation requires the
search of an improved energy £(t) = &(t) + £.(t) and an improved dissipation
D(t) = Dy(t) + DL (t) for which the analogous bound can be obtained, that is,

(4.2) V()] < CE()D(t) with 6 >0,
and such that the additional energy and dissipation £, and D, verify the bounds

(4.3) %Q(t) <Dy and D) <O (DY) + (WD)



2D ONE-PHASE MUSKAT PROBLEM WITH CONTACT POINTS 19

Indeed, the basic energy-dissipation equality (4.1) combined with (4.3) and the
control (4.2) imply that

LE(1) + OD(1) < OE*(1)D(1).

Consequently, assuming £(t) sufficiently small then yields the desired parabolic a
priori estimate

(4.4) %S(t) +CD(t) < 0.

The crucial point of this improved energy-dissipation method is to find suitable
additional energy £, and dissipation D that obey the structure (4.3). Note that
the first bound in (4.3) can be reformulated in the case when & is a finite sum of
squares of Hilbert norms. Indeed, given a Hilbert space H endowed with the norm
| - [[% and the scalar product (-,-)y, Cauchy-Swartz and Young’s inequalities yield
the bound

d
@5 = 20£(8), 0 f () < [ F O3 + 10uf ()3
Therefore, we can replace the first bound in (4.3) by

1F @3, + 196 ()13, < CD(2).

One way to verify the previous bound is to consider an improved dissipation that
contains both £, and its time-derivative analogous. Nevertheless, in the case that
these terms are not already contained in the basic dissipation D), they have to verify
the second bound in (4.3).

The goal of this paper is to derive an estimate of the type (4.4). As a first step, we
reformulate the energy-dissipation equations, obtained in the previous section, in the
form (4.1). To this end, we introduce the basic energy

2
(4.5) (1) =Y _llofnt)l7n 1)
=0

and the basic dissipation
2 . .

(46)  Dy(t) =Y (IV )20 + 107 0t~ D + 107 n(t, 1))

j=0
Note that the norms in these basic energy and dissipation are not exactly the ones
appearing in (3.2) and (3.13). We will show later that the two formulations are
equivalent, allowing us to work directly with the quantities in (4.5)-(4.6). From
Proposition 3.3 we know that

%SH(t) + DH(t) = Sl(t) + SQ(t)

with S; as in (3.14). The structure of these terms will require a higher regularity
than the one provided at the basic level. Our strategy is to bootstrap from the
control of & and D to higher spatial regularity by employing elliptic estimates,
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derived in Section 6, necessary to close the scheme of a priori estimates. This extra
control is encoded in the improved energy

(4.7) E(t) = &(t) + () 3724 (1) + 100() 31372

and in the improved dissipation

2
(4.8) D) :=Dy(t) + Y (10/2(1) 32y + 10O po/27) ) + 102Dz g
7=0

5. ADDITIONAL DISSIPATION

5.1. Control of the L?-norm of 0! ®. The energy-dissipation equalities derived
in Section 3 show that using the equations we can control only the transformed
Dirichlet norm of the velocity potential but not its L?-norm. Although the latter
is finite since we are dealing with a bounded domain, we cannot apply Poincaré
inequality to control it because neither the potential vanish on the boundary 9€
nor it has zero-mean in Q. Differently from the Stokes case studied in [52], here
we do not have a condition on the tangential component of the potential on the
boundary that gives an additional term in the basic dissipation and allows to obtain
the desired control. Nevertheless, we are able to control the L?-norm of the potential
with the entire basic dissipation D by estimating the mean of the potential in the
fluid-domain using the Dirichlet boundary condition at I' and resorting to a crucial
homogeneous trace inequality. This type of trace inequality has been recently studied
in [70] for infinite strip-like domains and in [66] for the floating structures problem
with a bounded or unbounded fluid domain. The authors showed that the range of
the trace mapping defined on the homogeneous space H' do not coincide in general
with the homogeneous fractional space H/2 but depends on whether the boundary
is bounded or not. Since 02 is bounded, the answer is positive. More precisely, let
us consider the homogeneous fractional Sobolev space

HY2(T) = (@ € LMT), (. ha() € HY2(T))

endowed with the semi-norm

/2
| (z, he(x)) — B2, hy('))]? !
Hq’HHl/z(r (// $_x,|2 dx'dx .

We then have the following continuity result for the trace mapping on I':

Proposition 5.1. There exists a constant C > 0, depending only on hg, such that
||‘I’H}L'11/2(r) < CHV‘I’HB(QS)-
In addition, the trace mapping is onto and admits a right inverse.

Proof. The proof follows from [66, Theorem 1] and the smoothness of the stationary
surface hs. Indeed, in [66] the authors derived the homogeneous trace inequality
in the case when the boundary is a part of the horizontal line {y = 0}. We then
introduce the function ®(xz,y) := ®(x, hs(z) — y), which is defined on a suitable
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domain © contained in the upper half-space. Applying the theorem at the boundary
', ={x €Z, y=0} implies that

121 a2y = 112l e,y < CIVEI 2@y < C (lhsllwroe @) IV r2(a,).
where in the last inequality we have used the chain rule. O

Remark 5.2. Although this result is analogous to its non-homogeneous counterpart,
it ceases to hold when dealing with unbounded boundaries. Indeed, in this case, the
range of the trace operator defined on H! is the so-called screened homogeneous
Sobolev space of order 1/2, which is strictly larger than H'/2. For instance, in the
case when 7 = R, it is defined by

HY2(D) = {¢ € LL.(T), ¢(-, hs(-)) € HYV?(R,)},

endowed with the semi-norm

1/2
. _ [¢(2', hs(2)) — ¢z, hs(2)) ,
H(bHHl/Q(F) — (/]R+ /]R+mBl(x) ‘x, — $|2 dx dac) s

where Bj(z) is the one-dimensional screening ball centered in x with radius 1. We
refer the interested reader to [66,70] for the definition of homogeneous Sobolev spaces
in a general framework and for their properties. We know from [66, Theorem 1] that
the trace mapping from H'(Q) to H'/2(T) is continuous and onto in the unbounded
case. With such a result at hand, one might expect to to extend our analysis to
unbounded configurations, for instance when the fluid touches one vertical wall at
x = 0 and it is free to flow in the right half-space x > 0. However, this is not possible
because classical Sobolev embeddings, which we strongly use in the estimates of the
nonlinear terms, cease to hold for these screened spaces and our analysis cannot be
carried out. Indeed, there exists a function in H'/2(T") that does not belong to LP(I)
for any 1 < p < oo, see Theorem 3.11 and Remark 3.12 in [70]. As suggested by
the authors, embeddings into other types of spaces, for instance weighted Lebesgue
spaces, may hold but, up to now, this interesting question is open.

We now show that the L?-norms of the velocity potential and its time-derivatives
are controlled by the basic dissipation.

Proposition 5.3. Let (8/n,8®) satisfy (2.22)-(2.24), (3.6)-(3.8) and (3.10)-(3.12),
respectively for j = 0,1,2. If n has zero mean in I, then there exists a constant
C > 0, depending only on the domain g, such that

(5.1) 121720, + 18:@[172 (o) + 1871172,y < CDy.-
with D) defined in (4.6).
Proof. First, using the Dirichlet condition in (2.22) and (2.24), we have that

/ r=1

/Z<I>(a:, hs(z))dx = —g/In(x)dx +o <(1+(Z§)2)3/2 + R(K,, n’))

= —g/IT](l')dIE — aﬂ](t, _1) - atn(ta 1)

r=-—1
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Let us denote by f the mean of a one-dimensional function f in Z. Then, the
zero-mean assumption on n implies that

(5.2) (@) < 0m(t, 1) + (. ).
Note that both 9;n and 9?1 have zero mean in Z since i has zero mean in Z. Then,

we combine the Dirichlet conditions in (3.6) and (3.10) with (3.8) and (3.12) to
obtain that

28, ko ()| < [9n(t, 1) + [6Fn(t, 1),
(5.3)
F0(- b ()] < |0 (t, ~ D] + 9]n(t, 1)

Since for any (z,y) € Qs we can write

hs(z)
O(x,y) = O(x, hs(x)) — / 0.0 (x, z)dz,

Y

integrating the identity above over (), and using the boundedness of hy — h,, yield

that
/ ®(z,y)dzdy
Q.

hs(z) hs(x)
_ / (2, hs(2)) (hs — hu)(w)d — / / / 0.0 (x, 2)d=dydz
T T Jhw(z) Jy

= [ (8 ula)) = AT (1 = b))

+MJM»/@ m-// aﬁ@ ®(x, z)dzdydx

< o ([[200 1) ~ A, + [T + 1900200,

L2(T)

with Cs ., > 0 depending only on hg — h,,. Note that

o) TRy, = 7 | [ @bt = B ata')

i X X)) — fL'/ .'E/ 2 l’,.fl?
<7 [ [19n@) - o6 ne)Pad

(I) s ANV
<c// (2 hs()) = @', hs(a')] dz'dz = C||®||%, o p)

/’2

2
dzx

where in the last inequality we have used that, for any x,z’ € Z, there exists a
constant C' > 0 such that |z — 2/|* < C with @ > 0. Combining the last two
inequalities with (5.2) and using the homogeneous trace inequality in Proposition
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5.1, we obtain

/ ®(z,y)drdy < C (||q)|p||]'{l/2(r) + [0 (t, =1)| + [0m(t, 1)| + HV‘I>||L2(QS))
(5.4) 79
< C (V| 120, + 10em(t, =1)| + |8en(t, 1)]) .

Finally, after denoting the mean of ® in €5 by ®q_, we use Poincaré-Wirtinger
inequality and (5.4) to get

1 2

121720,y = 12 — ®a, 720, + ]

/ ®(z,y)dzdy
Q.

< C (IV®32(q, + 19im(t, ~ D + 9m(t, 1)) < CD.

Arguing in the same way using (5.3), we derive the analogous bounds for the mean
of 9;® and 9?® in Q4 and, consequently,

10:]13 5., < C (||vat<1>|ri2ms) + 1070 (t, 1) + 97 n(t, 1)|2) <CDy,

|089022(q,) < C (IV0F®I32(q,, + 0Fn(t, ~1) + 08n(t, D) < OD.
This concludes the proof. ]

5.2. Higher regularity for /1. We focus now on the elliptic problems in I" solved
by 8/n for j =0,1,2. Our aim is to gain spatial regularity taking advantage of the
ellipticity and using the control on the time derivatives.

Let us consider the abstract 1D elliptic problem

Y/ ’ .
ovte <(1 + (h’s)2)3/2> ~ Vet i
v
(1+ (R)?)3/2

It is clear that the operator associated with (5.5) is uniformly elliptic. We then have
the following regularity result:

Proposition 5.4. Let ¥ € H'(Q,), g3 € HY?(T) and g € R. Then, (5.5) admits
a unique solution v € H/2(T) and there exists a constant C > 0 such that

1ellioroz) < € (1€l + lgsllanseqr) + Loz | + 1 1)

Proof. Since ¥ € H'(Q), we know that its trace v € HY2(T"). Standard elliptic
regularity theory then implies the existence and uniqueness of the solution @ €
H®2(T') to (5.5). Moreover, there exists a constant C' > 0 such that

1l g2y < € (1015 + gall ey + oz | + g 1)

(5.5)
(t,+1) = g7.

< C (1l @) + lgsll vz + oz | + 197 1) -
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We want to apply Proposition 5.4 to the elliptic problems in I' solved by 812 n for
j =0,1,2. The elliptic problem solved by /7 is formed by the second line in (2.22)

with (2.24) for j = 0, the second line in (3.6) with (3.8) for 7 = 1 and the second
line in (3.10) with (3.12) for j = 2. They can be all written in the form (5.5) with
Y =08/n, ¥ =20!® and

(56)  gs=—0@R(L,N)) . g =FO 0t £1) — o0 R(h,n)(t, £1)

for j = 0,1,2. We then state the following elliptic regularity result:

Proposition 5.5. Let R(h},n') be given by (2.23). For j = 0,1,2, the elliptic

problem (5.5) with data (5.6) admits a unique solution 81{7] € H52(T). Moreover,
there exists a constant C > 0 such that

H77||12L15/2(I) + ”81&77"1%15/2(1) + ||az€277H12L[5/2(I) <C (DH + 5D) :

Proof. We start by estimating the terms in (5.6) in the case j = 0. By means of the
chain rule, we have that
g3 = =00, RN, — 00, R(W,,n' )n".

Using the critical product estimate in Lemma A.1 then yields

9511201200y < € (101 R 1By |2y + 10 RO 1) s 1 2

for some constant C' > 0. Applying again the chain rule and combining the bounds
in Lemma A.2 with the smoothness of hs, thanks to the continuous embedding
H?/?*(T) ¢ CY(T) we obtain the estimate

lgsll2p ey < C (1672 12a) + 10 1By ) < Cllnl3ssoe iy ey < CED.
Using again the same embedding and Lemma A.2, we infer that
|93 1* < 10 (t, £1) > + Cl' (¢, £1)|* < [8en(t, £1)* + Cllnllggs /21 (1) < Dy + CED
Due to the chain rules
OR(hy,n') = 02 R(hiy 1) Ot
and
atzR(h;’ 77,) = 8§2R(h;’ U’)(atU,)Q + 822R(h;7 ”7/)815277/?
we use again the bounds in Lemma A.2 and argue as in the case j = 0 in order to

derive the same type of bounds in the cases 7 = 1 and j = 2. In addition, combining
Proposition 5.3 with the trace inequality yields

(5.7) 10/ @1 1120y < 107 @11,y < CDy for j=0,1,2.
Therefore, applying Proposition 5.4 we obtain that 8,{ n belongs to H/ 2(T) for

j=0,1,2. In particular, due to the previous bounds, there exists a constant C' > 0
such that

(5.8) H77||§{5/2(I) + ”8t77H§15/2(I) + ||at277‘|i15/2(1) <C (DH + 5D) .
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6. ELLIPTIC ESTIMATES IN €

We know from Section 5.1 that the improved dissipation provides a control of &{ ® in
H(Qy) for j = 0,1,2. To estimate the nonlinear terms in Section 7, the controlled
regularity is not sufficient to derive bounds having the desired structure £9D with
0 > 0. However, we manage to gain the necessary regularity by leveraging elliptic
estimates for both the potential and its time derivative in the same spirit as [52].
Here, the fluid domain €2, is only Lipschitz due to presence of corners and standard
elliptic regularity theory [1] cannot be applied. Instead, we rely on the theory in
[50, Section 4] for elliptic boundary value problems in non-smooth domains. The key
tool will be Theorem 6.4 where solvability in H? of the Neumann problem in convex
curvilinear plane domains is derived. This result was already used in [34, 66, 76].
Here we detail the proof for the sake of completeness.

To this end, given a bounded domain D C R?, we introduce the quotient space
H2(D) = H2(D)/R endowed with the norm

H\I/Hﬁﬁ(p) = ||V‘I/||H1(D)-

6.1. Neumann problem in a polygon. First, we look at a simple model of this
problem to understand how the opening angle at the corners affects the formation
and behavior of singularities in the solution. Let P be a plane bounded domain
with a polygonal boundary with angles w; at each vertex. We denote by I'; for
Jj=1,..., N the sides of the polygon and by n; the outward unit normal vector to
I';. We consider the case of an exact polygon, that is, n; is not parallel to n; 1 for
all j. This excludes the case of mixed problems on a flat boundary. We consider the
Neumann problem

(6.1) {A\I/ =f in P

V\I'-nj =g; on Fj.
In the next proposition, we state a second-order regularity assertion:

Proposition 6.1. Let f € L*(P) and g; € Hl/Q(Fj) for 5 =1,..., N satisfy the
compatibility condition

N
(6.2) szg/rjgj.

Assume that w; € (0,7) for all j. Then, (6.1) admits a solution ¥ € H%(P), unique
up to an additive constant, and there exists a constant C' > 0 such that

N
(6.3) 19020y < C (1 z20) + D Ngsll e )
j=1

Proof. The existence and uniqueness up to an additive constant of a variational
solution ¥ € H'(P) to (6.1) are standard and hold regardless of the sizes of w;. The
H?-regularity directly follows from Theorem 4.4.3.7 and Corollary 4.4.3.8 in [50] for
the solvability of (6.1) in H?(P) with homogeneous and non-homogeneous boundary
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conditions, respectively. Indeed, it is shown there that the variational solution admits
the decomposition

(64) v = ‘ljreg + Z Cj,mS()\j,m).
1<j<N
—1<A;,m<0

Above, U,e, € H?(P) is the regular part and S(\;,) € HY(P) \ H%(P) are singular
functions that depend on the eigenvalues A;,, of an operator associated with the
Laplace operator, also called pencil operator [63], that captures its behavior at the
corners. These eigenvalues depend on the boundary conditions considered for the
Laplace equation and, in the Neumann case, they read

(6.5) ANjm =m—, mezZ, j=1,... N

W
Since w; € (0,7) for all j, the summation in (6.4) disappears and ¥ € H?(P). Once
we have established the existence of a H?-regular solution, unique up to an additive
constant, provided that the compatibility condition (6.2) holds, we know that the
image of H?(P) through the operator A,, = (A,n1-V,...,ny-V) is a closed subspace
of codimension 1 in L?(P) x H§V=1 H'/2(T;) and that the mapping

An:  H*(P)—ImA,

is a continuous isomorphism of Banach spaces. Then, by applying the bounded
inverse theorem, we obtain the regularity estimate (6.3). t

Proposition 6.1 implies that the solution to the Neumann problem belongs to H? in
convex polygons. In general, the same regularity is not achieved when we consider
mixed Dirichlet-Neumann boundary conditions, even if the data are regular. In this
case, the eigenvalues of the pencil operator read

Njm = (2m+1)2i, meZ, j=1,...,N.

Wy

Then, the summation in (6.4) disappears only if w; € (0,7/2), while singularities
arise if w; € [r/2, 7). Therefore, the solution is H%-regular only for polygons with
acute angles, otherwise it is only H'-regular. In this sense, we infer that the mixed
Dirichlet-Neumann problem is more singular than the Neumann problem.
We would like to apply the previous regularity assertion for the transformed Neumann
problems that the potential and its time derivative solve. The gain of H?- regularity
will be sufficient to derive bounds for the nonlinear terms in Section 7 necessary
to close the scheme of a priori estimates. However, Proposition 6.1 deals only with
plane domains with polygonal boundary; this is not the case in our configuration, as
I' is curvilinear close to the contact points. For this reason, in the next section we
study the Neumann problem in the curvilinear domain €.

6.2. Neumann problem in ;. Here we argue as in [50, Section 5.2] and [52, Section
5], where solvability for the Dirichlet problem and the Stokes problem in curvilinear
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domains were studied, respectively. Our goal is to derive a second-order regularity
estimate for the Neumann problem

AT = f n 0,
(6.6) VAR ‘%—Zzl =g on T,

VU .-n=g on I'y.

In order to obtain such an estimate, we introduce the following map, which transforms
the neighborhood of the contact points of Q4 into a neighborhood of the vertex (0, 0)
in the polygon G previously introduced. Due to the symmetry of €, with respect
to the y-axis, we do this only for the point (—1,hs(—1)). Let us consider the plane
cone of opening w € (0, )

_ 2 T _r
(6.7) le—{(a:,y)ER | 0 <r < oo, 2<9< 2+w},
where (r,0) are standard polar variables, with sides
7r T
(6.8) F_:{r>0,9:—§+w} and r+:{r>o,9:—§}.

We define the angle w € (0, ) formed by the stationary surface at the corners of €
through the relation

(6.9) —cotan(w) = hl(—1).

Note that the assumption [y]/o € (=1, 1) in Proposition 2.1 guarantees that h’(—1)
is finite, which, in turn, implies that w € (0, 7).

Proposition 6.2. Let w be as in (6.9), Ky, '+ be as in (6.7)-(6.8) and

hs(—1) — maxz hy, }
5 :

(6.10) 0<T<min{1,

There exists a smooth diffeomorphism T : K, — T (K,) C R? satisfying the following
properties:
(1) T is smooth up to K.
(2) I'. = Tﬁl{(xay) eR?:z= -1,y < hs(_l)};
(3) T HTNB.((—1,hs(—1))) CT4NBR(0,0) and T H(QsNB,((—1, hs(—1)))) C
K., N Br(0,0) for R = \/2r2 + 204 |2
(4) 4= (VT)~T is smooth on K,, and all its derivatives are bounded;
(5) det(U) = 1 and 041 + Oythio = 0, fori=1,2;
(6) UTSL is uniformly elliptic on K ;
(7) UTU—T, U~T are supported in K,,NSa, with Sop = {(x,y) € R? |0 < x < 27},
and satisfy the bounds

1478 = Tl e e 00)) <

||L[— HHCO’V((?ICWQSQ,«(O,O)) < Cr with 1/2 <y< 1
Proof. We introduce the diffeomorphism 7 : KC,, — T (K,,) C R? given by
(6.11)  T(z,y) = (z — L,y + hs(=1) + x(2) (hs(=1 + ) — hs(=1) — hy(=1)x)).
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where x : [0,4+00) — R is a cut-off function with 0 < x < 1 such that x =1 in [0, r]
and x = 0 in [0, +00) \ [0, 2r], where r satisfies (6.10). The associated matrix-valued
function U = (VT)~T : K, — R?*? reads

1 _(X<$)(h5(—1 + .CC) — hs(_l) _ h;(-l)x)y) |

(6.12) Wz, y) = (0 )

Properties (1)-(6) are direct or can be shown as in Proposition 5.5 in [52]. Due to the
behavior of y, we have that 478l — I and 4 — I are supported in K, N Sa,. Moreover,
I — 4 vanishes on I'_ and, thanks to the Taylor expansions

1hs(—1 4 ) = hs(—1) = hi(=1) - || zoe(02r) < CT?,

||h{9(_1 + ) - h{s(_l)HLC’o(O,Qr) <Cr,
we find property (7). O

We first prove an a priori estimate in H? for a general boundary value problem in
a bounded open domain G C R? whose boundary is a curvilinear convex polygon.
For simplicity, we address the case where G has only one corner at (zg,(x¢)), that
is, G \ (z0,(z0)) is smooth. Moreover, we assume that 0G is the union of the
vertical line {z = ¢} and the surface parametrized by a smooth function I(z) in a
neighborhood of (xg,1(zg)). We consider the boundary value problem

V-(ATAVY) = f in G,

6.13
(6.13) Avm-‘j}—%l: on G,

where N is jhe normal outward vetcor to 0G and A is a smooth matrix-valued
function in G with all its derivatives bounded such that A(zo,(z0)) =T and AT A is
uniformly elliptic in G.

Proposition 6.3. Let f € L*(G) and g € H'/?(0G). There exists a constant C > 0
such that a solution ¥ € H?(G) to (6.13) satisfies

(6.14) 191726y < € (If11z20) + lgll i 20 ) -

Proof. The proof is an adaptation of Lemma 5.2.3 in [50] to the Neumann case

with non-homogeneous boundary data. Let us consider the smooth diffeomorphism
O: K, — O(K,) C R? given by

O(z,y) = (x — z0,y + l(zo) + n(z)(I(z0 + x) — l(x0) — I'(20)))

where 7 : [0, +00) — R is a cut-off function with 0 <n <1 such that n =1 in [0, 7]
and 7 = 01in [0, 400)\ [0, 2r], with 7 sufficiently small. Note that O is analogous to the
diffeomorphism 7 introduced in Proposition 6.2, hence the corresponding properties
also hold for O. From properties (2)-(3), we know that O~1(0G N B,.(x¢,(z0))) is
the union of two straight segments contained in K, and O~1(G N B,.(zo,(z0)))
coincides with ICy,, with —cotan(w) = I’(x¢), near (0,0). Then, we introduce a smooth
cut-off function x : G — R with 0 < x < 1 such that x = 1 in B, /4(w0,(20)), x = 0
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in G\ B,/2(w0,l(z0)) and dpx = 0 on 9G. Note that the support of x is strictly
contained in G N B, j5(wo,1(20)). Then, ¥* = (x¥) o O solves the Neumann problem

AV = f*+ V- ((I—- DTD)W*) in P,
(6.15) {VU*-n=g"+(Z-O)V¥* - F+ VI (Z-9O)n on IPNIK,,
VU n =0 elsewhere on 9P,
with 9 = (VO)™T, f* = (V- (ATAV(x®)) + V- (1 - ATA)V(x¥))) 0 O and

g = (AV(X )+ vy + (T= V) - 457 + V(x¥) (ﬁ N %» "0

where P is a convex polygon such that P C O~1(G N B,.(—1,hs(—1))), P contains
the support of U* and 9P coincides with 9K, near (0,0). Thanks to the smoothness
of A and 9, the one-dimensional product estimate

1P1hal sz < Cllhallcon lhzll gz for 1/2 <y <1

and a trace theorem, the right-hand sides in (6.15) belongs to L?(P) and HY2(9P N
OK.,), respectively. Since all the angles of P are less than 7, we use (6.3) and obtain

12N g2 py < C U N2y + 19" L r2opon,) + IVE | 2p)

+ 1= 97O o (prsu ) V2 [ L2(p) + 1T = Dllcomopron.nsen VI 11 (2))

where C' > 0 is a constant independent of r. Note that we have used the fact that
OT9O — T and O — T are supported in Sa,.. Due to property (7) in Proposition 6.2
choosing r sufficiently small yields that

19l 2y < € (1 2oy + 67 L s2gomriy + IV L 22m))
and changing coordinates back to G implies that

Xl 26y < CUIY - (ATAVO)) 126 + IAVO) - 225717200
1L = AT Al e o) [V 00 L 2(0) + IV G0 120)

+ (H]I - AHCOW(suppxﬁﬁg) + |||7]]t77| \.AN| ”CO’Y (suppxNdG) )HV(X\II)HHl(g )

Exploiting the fact that A is smooth and A(xo,l(z¢)) = I, we choose a possibly
smaller r and obtain

X%l g2 gy
< C(IIV - (ATAVOD)) [ z2(g) + V(D) - 47 12 000) + IV (X0 22(g)) -

Since 0G is smooth away from the corners, we know from standard elliptic theory
that (1 — x)¥ € H?(U) where U is a C*-domain contained in G whose boundary
coincides with G away from the region {x = 1}. Moreover, we have that

1= )] gy < C(IV - (ATAV((1 = X)¥)) 125

AV = )®) - 23 2006y + 19100 12(g)).
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Gathering the previous estimates together yields that
(6.16) 19126y < € (I lz2(0) + 9l z1/206) + IV ¥ 22g))

and combining (6.16) with a standard variational estimate gives (6.14). O
We now state the solvability result for the Neumann problem in H?(Q).
Theorem 6.4. Let f € L*(Qy), g1 € HY2(T), go € HY*(I'y,) satisfy

Lo

Then, (6.6) admits a solution ¥ € H?(S) to (6.6), unique up to an additive constant.
Moreover, it satisfies the reqularity estimate (6.14).

Proof. The proof is an adaptation of Theorem 5.2.2 in [50] to the Neumann case.
The existence and uniqueness up to an additive constant of a variational solution
U € H(€y) to (6.6) are standard. Since 9€ is smooth away from the corners, we
use standard elliptic theory [1] to infer that ¥ € H?(U) where U is a C?>-domain
contained in Qs whose boundary coincides with 02 except close to (%1, hs(£1)).
We now address the regularity issue near the corners of ;. Let x : 3 — R be
a smooth cut-off function with 0 < x < 1 such that x = 1 in B, /4(—1,hs(-1)),
X =01in Qs \ B, /2(—1, hs(—1)) with radius r satisfying (6.10) and J,x = 0 on 9.
Note that the support of x is strictly contained in €25 N B, /5(—1, hs(—1)). Then,
U =¥ € HY(W) satisfies

AV = f in W,
{V\TJ ‘m=9¢ on OW,
with f = A(x¥) € L2(W) and § € HY/2(dW) such that
g=xg1 on OWNIL, g=xg2 on OWNT,, g=0 -elsewhereon JW,

where
Qs N Byja(—=1,hs(=1)) CW C Qs N By (=1, hs(—1))
is a curvilinear polygon of class C? with only one angular point such that its
boundary coincides with 9Qs near (—1,hs(—1)). We now consider the smooth
diffeomorphism 7! introduced in Proposition 6.2. From properties (2)-(3), we
know that 7-1{(TNW) c Ty, T T, NW) C I'_ with T'y as in (6.8) and 7 (W)
coincides with K, with w as in (6.9), near (0,0). Then, ¥ = W o T € HY(T1(W))
satisfies
V- @(TUvle) = f in TL(W),

6.17
(617 UVT - iy =9  on 9T (W),

where N is the normal outward vector, 8 = (V7)™ given by (6.12), f = foT €
LT YW)) and § = go T € HY>(OT~*(W)). Denoting by Ly the operator
associated with (6.17)

Ly i= (V- @T4v), 8- 4v) : HAT (W) = LT (W) x HY2@7 (W),
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the properties of 4l imply that the principal part of Ly with coefficients frozen at
(0,0) is exactly the Neumann operator
Ay = (An-V): H(TYW)) = LAT Y (W)) x H2(0T1(W)).
We now focus on the boundary value problem
AV=f in THW),
VU.-n=g on 8T L(W).
Arguing as before, we introduce a smooth cut-off function ¢, such that ¢ = 1 near
(0,0) and 9,¢ = 0 on T ~1(W), and choose its support small enough in such a way
that (1 — )V € H2(T1(W)) and ¢V € H(P) solves
{A(g@) =(f+ACT+2V(-VT in P,

(6.18) ~
V(Y)-n=(g on 0P,

where P is a convex polygon that coincides with 97 ~!(W) near (0,0). Clearly, the
data in (6.18) belong to L?*(P) and H'/2(P), respectively. Applying Proposition
6.1, we have that (¥ € H 2(P) provided that the data satisfies the corresponding
compatibility condition. We conclude that ¥ € H2(T~1(W)) provided that

(6.19) / f= / g,
T-1(W) aT—1(W)

and it is unique up to an additive constant. Thus, the kernel of Ay is one-dimensional,
the image of H?(T ~1(W)) through Ay is a closed subspace of codimension 1 and
its index is
(6.20) ind Ay = dim KerAy — codim ImAy =1—-1=0.
Returning to the boundary-value problem (6.17), let us introduce the family of
operators from H?(T~Y(W)) to L>(T~*(W)) x HY2(dT 1 (W))
A(r) =1Ly + (1 —71)Ayn, 7€]0,1],

that continuously depends on 7. Proposition 6.3 yields that dim KerA(r) =1 and
that A(7) is a semi-Fredholm operator for all 7 € [0,1]. Hence we known from
Theorem IV.5.17 in [58] that its index is independent of 7 and (6.20) yields

ind Ly = ind A(1) = ind A(0) =ind Ay = 0.
Since dim KerLy = 1 due to Proposition 6.3, we obtain that the image of H2(7 (W)
through Ly is a closed subspace of codimension 1 in L2(7—1(W)) x H'/2(dT~1(W))

formed by the pairs (f, g) that satisfy (6.19). Changing coordinates back to €1, this
implies that ¥ € H?(W) provided that

L~ L

Due to the symmetry of €2g with respect to the y-axis, after introducing a reflection,
the same analysis can be developed in a neighborhood of the contact point (1, hs(1)).
Gathering together with the regularity assertion away from the corners, we conclude



32 EDOARDO BOCCHI, ANGEL CASTRO AND FRANCISCO GANCEDO

that the image of H?(f,) through the operator (A ‘N N -V,n- V) is a closed

subspace of codimension 1 in L?(2,) x H'/?(T") x H'/*(T',,) formed by the triples
(f,91,92) that satisfy

(6.21) /SfZ/Fgl-i-/wgz-

In other words, there exists a solution ¥ € H?(Q;) to (6.6) provided that (6.21)
holds. Moreover, by Proposition 6.3 it is unique up to an additive constant and there
exists a constant C' > 0 such that

190200,y < € (If 2@y + lotllmzqey + N9l mvaqe, ) -
O

6.3. Transformed Neumann problem in ;. We now consider the transformed
Neumann problem

V- (A,V¥)=f in Q,
(6.22) X,V¥-Np=g1 on T,
XpV¥.-n=g9 on I,
with ¥, and A, given by (2.17)-(2.18). Throughout the rest of this section, we

assume that n € H3/2+ (Z). The following second-order regularity assertion holds:

Proposition 6.5. Let f € L*(Qs), g1 € H/2(T"), go € HY?(',) satisfy

[ [ [ asc

and w € (0,m) be as in (6.9). There exists a > 0 such that, for ||n||ys/2+z) < o,

(6.22) admits a unique solution ¥ € H?() up to an additive constant. Moreover,
there exists a constant C > 0 such that

(6.23) Wl g2, < € (Hf”L?(QS) + g1l g2y + H92HH1/2(1"M)> :

Proof. Let us define the mapping
L H*Q,) — L*() x HY2(T) x HY2(T,,)
AN <A\If VU -y VO n)
Then, (6.22) can be recast as the Neumann problem

(6.24) L(V) = (F(V), G1(T), G2(V))

with
FU)=f+V-(I-4,)V¥),

G1(¥) = (5 (91 + T =) VY- Ny + 0,0 1),

Gz(\l’) = g2+ (]I — En)v\lf “n.
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For ||| gs/2+(7) < @ with « as in Lemma 2.2, we know from Lemma A.1 and the
regularizing property (2.10) that

Ue HX Q) = (F(¥),G1(0),Ga(W)) € L2 () x HY(T) x HY?(T,,).

Since w € (0, ), we apply Theorem 6.4 to (6.24) and obtain that £ is an isomorphism.
Hence, (6.24) is equivalent to

(6.25) U =L F(P),G1(P),Go(T)).

Moreover, Lemma A.1 and a trace inequality yields the existence of a polynomial P
with non-negative coefficients and P(0) = 0 such that

IEW) 200 + 1G] /2y + G2 () |1z,

(6.26)
< fllzz2.) + Cllgrllgrzey + 920l gz, + PUnllgsze o) 1Y g2,
and
[F(V1) = F(Y2)r2(0,) + 1G1(¥1) — G1(Y2)|[ g1/2(r
(6.27)

1G2(¥1) = G2(¥2) [ g1r2r, ) < Pl gsrze ) 191 — Pall gz (q,)-

Due to (6.26)-(6.27), choosing a possibly smaller o implies that the mapping
U L7H(F(V), G1(P), Go(V))

is a contraction. Then, (6.25) admits a unique fixed point in H2() or, equivalently,
(6.22) admits a unique solution ¥ € H?(Q) up to an additive constant. In addition,
combining (6.25) with (6.26) yields the regularity estimate (6.23). O

6.4. Elliptic estimates for ® and 9,®. We want to apply Proposition 6.5 to the
elliptic problems in €, for ® and 0;®, respectively. Recall that the elliptic problem
solved by ® is given by (2.21), the first and the third lines in (2.22), namely,

V-(4,V®)=0 in €,

(6.28) X,V - N, =0mn on T,
XpVP-e, =0 on Iy
We directly obtain the following second-order estimate:

Proposition 6.6. Let w € (0,m) be as in (6.9) and assume that ||| gs/2+ g < @

with « as in Proposition 6.5. Then, the solution ® to (6.28) belongs to H*(s) and
there exists a constant C' > 0 such that

@l < C¢).

2
H2(Qs)
Proof. Combining the definition of & in (4.5) with Proposition 6.5, it follows that
® € H?(Qy) and there exists a constant C' > 0 such that
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Recall that the elliptic problem for 9,® is given by (3.5), the first and the third lines
n (3.6), namely,

V- (A, VO®)=F} in Q
(6.29) 2, Vo® - N, =09~ F' on T,

Y,V e, =F5 on Ty,
with F! as in (3.7). Then, we derive the following second-order estimate:

Proposition 6.7. Let w € (0,7) be as in (6.9) and assume that ||| gs/2+ 1) < @

with o as in Proposition 6.5. Then, the solution 0,® to (6.29) belongs to H?(Qs)
and there exists a constant C > 0 such that

|]8t<I>HH2(Q <C (D” + SD) .

Proof. On the one hand, combining the product estimate (A.1) with the regularizing
property (2.10), the fact that ||n| gs/2+7) < c, and Proposition 6.6 yields

15 720,y = IV - (0:4g V) 120,y < 0143V DI3 g,

< Cl|0eA |+ IV 2l (@) < ClON 12+ ) 121 o,

< CHathiw/Q-‘r(Z)H(I)||§{2(QS) < CED.

On the other hand, arguing as before but using the product estimate (A.2) instead
of (A.1) gives the estimates

VES ey = 1020V @ 0l 2y < ClOEl 2z ooy IV 2z

< Cllon 2+ o) IV @I (0, < Clloenl Gz )1 211,y < CED

and
||F11||?{1/2(1") = ||at(Z£Nh) ’ v(I)”Hl/Q(F)

< C (110N 21 gy + 1Z0 N 2021 1)) IV @22
< C (10 2+ ) (1 + 0135121 2) + 1 12 o N0 s v ) ) IV @031

< C (1 120 ) 1901000 ) |81 22 ) < CED.
Furthermore, we recall that Proposition 5.5 yields the control
HathHiﬁ/Q(I) <C (DH + 5@) .

Thus, applying Proposition 6.5, the solution 9;® belongs to H?(Q) and there exists
a constant C' > 0 such that

HatQH%IQ(QS) < C(HFQIH%Z’ 00 T [F2; HH1/2 )t 107 n — F11H12L11/2(r)) < (D) +£D).
]
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7. TERMS IN THE ENERGY-DISSIPATION EQUALITIES

With the bounds derived in Sections 5 and 6 at hand, we now estimate one by one
the nonlinear terms appearing on the right-hand side of the basic energy-dissipation
equations in Section 3. For the sake of brevity, we will assume throughout the section
that n has zero mean in 7 and

(7.1) 71l g3 /24(7) < @
with « as in Proposition 6.5.

Proposition 7.1. Let S; be given by (3.14). Then, there exists a constant C > 0
such that

S1] < CVED.

Proof. Recall from (3.14) that

(7.2) S = —/ F218t(1>—/F118t<I>+/ det(Jn)F§8t¢>+/a]—"l(hg,n’)da:
Qs T w T

with Fjl as in (3.7) for j = 1,2,3 and F; as in (3.15). We proceed by estimating

each term. Using Holder inequality, the explicit expression (2.18) of A, and the
continuous embedding H'(€s) C L*(£2,) yield that

/ F}0,® = / V- (0,A,V®)0,®

0, 0,
< (IV0: Al 120 ) IV @l L3 + 10 Al La (0 V2@l 12(0s)) 10:@ ] 2400,
< Clom | 520 IV 1 (0 10:@ | 1.0, -

Using the regularizing property (2.10) for s = 2 and the control provided by Proposi-
tion 6.6, we find that

| Fo@dx < Clomls 19l 520, |00 m e,y < CVED.
Let us write the second term in (7.2) as the sum of two terms, namely,

/F}a@:/at(zgzvh)-thcp

(7.3) r r

= / OS] Ny, - VOO, P + / SYONy - VOO,® =1+ I1.
r r

Recall that Nj, = (—(hs +n)',1)7, so that ;N = (—91/,0)T. We combine the
continuous embedding H'/2(I") ¢ L3(I"), the product estimate (A.2) on T, the trace
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inequality in H'(£)s) and the regularizing property (2.10) to obtain
11| < 05 Nall @) IV 231y 106 @ 23
< Cuatngh”Hlﬂ(r)HV‘I)”HU?(F)”atq)HHW(F)
< ClINl g2 (10| g2y IV @ 1 00) 10: @ | 111 (2,
< C+ nll g+ )00 2@ ) 191 2 ) 10 @ 111 2,
< CNOnll gsr2 o 1@ g2 101 @l 11 02, < CVED.
Note that we have used the smoothness of hs and (7.1). Analogously, we have that
11| < OS5 0eNall 1720y I V@ 120y 186 oy
< CIZy |l vz @) 1000 |z 2 ) IV @ 1 (000 106 @ | 11 24
< Clln"l 2+ ) 10mll a2 ) 2l 2 ) 106111 2,
< Clnll gsrz+ 10l a2 )| @1l o o, 10:@ N 11102,y < CVED.

For the third term in (7.2), we combine the product estimate (A.2) on I'y, with the
previous arguments to derive

/det(Jn)F?}at@:/ det(J,) 02, V® - n0,®

< CHdet(Jn)athHHlﬂ(rw)HV‘I)HHl/?(Fw)Hatq’”Hl/Z(Fw)
(7.4) < Clldet(Jp)l| g+ @) 10: 51 (@) IV | 1. (0,) [10:@ | 102,

<C(1+ HnT”HQ*'(QS))HatnTHHQ(QS)”(I)Hﬁﬂ(QS)Hatq)HHl(Qs)
< O+ |l gs/z+ @Ol g2 )| @l g2 o) 101 @ 1,y < CVED.

Thanks to Lemma A.2 and the continuous embedding HY/?(Z) ¢ L*(Z), the last
term in (7.2) has the control

3
[ oFitttian = [ o 02 Rt i
i T

< Clloo | 2106 1 z) 105, R| oo ez
< Clloll () |00l s 2y < CVED.

0

Proposition 7.2. Let Sy be given by (3.14). Then, there exists a constant C > 0
such that

Sa| < C(VE + E)D.



2D ONE-PHASE MUSKAT PROBLEM WITH CONTACT POINTS 37

Proof. Recall from (3.14) that
(7.5) 52:—/ F§3§¢—/Ffa§q>+/ det(Jn)F??afcb+/af2(h;,n’)dx.
s r w T

with Fj2 as in (3.11) for j = 1,2,3 and F» as in (3.15). To estimate the first term
n (7.5), we combine the continuous embedding H'(Qs) C L*(€s), the regularizing
property (2.10) and the trace inequality to get

/ F392® = — / (2V - (0,4, V0, @) 4+ V - (07 A, VD)) 97 @

S S

C (10eAy | i1 () IV 0@ 1 ) + IV O Al () IV @l 1r1(02,)) 107120,

C (10200 196® g,y + 1080 200 1B g, ) 193 1

IN

C

/-\/-\/\

10l 52190l g + 10272y 191 ) 192 v
<C (@+ J@?) 1079 10,y < CVED.
Let us write the second term in (7.5) as the sum of two:
/FFfé)f(I) = —/F (20:(STNy) - VO + OF (ST Ny) - V) 07 = T + I1.
Since I has the same structure as (7.3), we infer that
1] < Cllmll 22 |00 | g2 0, 107 @l 111 (2,) < CVED.

Note that 9;%,9; Ny, = (0,0)” and 62N, = (—0?n',0)T. Hence we use the continuous
embedding H'/?(T") ¢ L*(") and argue as before to get the estimate

(1] = ‘/F (0rs) -V — 0fn/0,®) 0}

< C (1028l 3 IV @l Loy + 1070 | 2310 @ £3ry) 107 @1 231y
< ¢ (1020122 + 1080l 72y ) IV @ a1 107 2 L
< Ol 1l g2z 1@ g2, 107 @ 11 0y < CVED.
The third term in (7.5), given by the boundary integral on 'y, reads
/ det(.J,) F;0}® = —/ det(J,) (0,£,VO, @ + 07 L, V®) - ndj® = I + I1.

Note that the first term of the sum has the same structure as (7.4), hence we have

111 < Ol gs/22) 1908l 2 . |07 2 1712,y < CVED.
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The estimate of the second term follows using the product estimate (A.2) on I'y, and
arguing as before:

11| < C||det(Jn) 07 Syl g1z r ) IV /ey 107 @l ive e,
< C||det(Jy) | g+ (00 107 Sl 5. () IV @ 211 (00 1107 @ 111 60,
<C(1+ ||77T||H2+(Qs))||at277T||H2(Qs)Hq)HH?(QS)HatZ(I)HHl(Q )

< O+ [Inll a2+ )N 372 191 2 0, 107 @ 111 2,) < CVED.

Gathering the last two inequalities together gives the desired bound for the third
term in (7.5). Thanks to Lemma A.2 and the continuous embedding H/?(T) c L4(T)
with 1 < ¢ < 0o, we estimate the last term in (7.5) by

A@RﬂQﬁﬂmZAo«fﬂﬂ%ﬁQMAmﬁ+fﬁ@#W&R(;Wﬁm
<o (H8t77/||L2(I)HatQT]/H%‘l(I) |]332RHL00(R2) + HafﬂlHLZ(I)||at77/H?iG(Z) HaiRHLoo(Rz))

< C (I0enll @ 120132z, + 1080l 1Ol ) ) < CVE +E)D

8. MAIN RESULTS

In this section we close the scheme of energy estimates and show the main results of
the paper. First of all, let us define the following energies and dissipation

Z/( o U(lia(;?)) )3/2> Z/UQ] o)

Z/ det(J,))|2, VO] @2 4 (3] n)2(t, 1) + (9] 'n)%(¢, 1),

(8.1)

with

n "2
Q) = [ Rz, @) = P 0, R0

15)
Qy (M) = ( m) 0, R(BL, 1) + 07 (0202, R(K,, 1),

with R given by (2.23). Note that, thanks to Propositions 3.3, 7.1 and 7.2, we derive
the estimate

(82) 9 (e(t) + 500 +0(1) < 0 (VED + () D)

From (8.2) we see that, in order to close the energy estimate, we need to compare
the improved energy £(t) with €(¢) + F(¢) and the improved dissipation D(t) with
D(t). This is done in the following lemma, whose proof follows steps similar to those
in Section 8 of [52].
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Lemma 8.1. Let &(t), §(t) and D(t) be given by (8.1). There exists a constant
o > 0 such that, if

sup £(t) < o,
te[0,7

then, for any t € 0,7,
(83)  €@) S &) S €EF), D) SDYE) SD(t) and [3()] < %(’3(75)‘

Proof. The first chain of inequalities in (8.3) is directly derived from the fact that
the stationary surface hs is smooth. For the second one, we know from (2.13) that
[ det(Jn) — Lz () < Clinll sz (2

and, arguing similarly, also that
135 = Ul Lo,y < Clinll gsres (z)-

Since H77(t)||?{3/2+(z) < &(t), there exists o > 0 such that, if sup,cjo ) E(t) < o,
then

1 1
(8.4) | det(Jy) — 1| Lo (0,) < T 137 = Il zee(q,) < T

Together, these two inequalities yield the second chain of inequalities in (8.3).
Finally, we prove the third inequality in (8.3). Combining the first bound in Lemma
A.2 with the continuous embedding H3/?*(Z) ¢ W'*°(I), we estimate the term
with Qg by

Ac%mwww<cém%w<cwmﬂmWﬁm>

< C|‘77HH3/2+(I)||77/||%2(I) < C\/Ef/’”
Analogously, other bounds in Lemma A.2 yield

[ @ithtras < ¢ [ wlioafa < ovee,
z 7

/IQQ(hsm/)dﬂU < C/I (In'1077')? + 1079 ||0en'?) da < C\/ggn-
Note that in the last inequality we have used the continuous embedding H'/4(Z) C
L*(T) together with an interpolation inequality to obtain the bound
1867 1242y < CHatU/H}qu/zz(I) < N0 |2 @ 106 | 172y
< Clomnllar@)ll0ml mar2)-

Gathering all estimates and considering a possibly smaller o* yields the third in-
equality in (8.3). O

We now state the main results of the paper, which consist of a global-in-time higher-
order bound and a decay estimate.
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Theorem 8.2. Assume that n have zero mean in L. Given T > 0, there exists a
constant o > 0 such that, if

(8.5) sup E(t / D(t)dt < a,
t€[0,T

then, for any t € [0,T],

+ /0 D(s)ds < CE(0).

In addition, there exists a constant A > 0 such that, for any t € [0,T],

£(t) /|v<1>r @)t —1) + (0m)*(t.1) < C&(0)e .

Proof. Define & = min(«, o) with o and o* as in Proposition 6.5 and Lemma 8.1.
After integrating (8.2) in (0,¢) with ¢ € (0,7'), we obtain that

/@ ds<C’< /(F+5) d),

and, due to (8.3), we get

(86) &) /D ds<C’(8” /(FJF& )) D d).

Recalling that
2

D) =Y (I0/0(0) 13y + 10N 27) ) + 102Dz g

j=0
a consequence of Propositions 5.3, 5.5 and 6.7 is that
(8.7) D(t) < C(Dy(t) + E(t)D(1)) -

Combining the last inequality with (8.6) and the bound (8.5), up to taking a smaller
@, we infer that there exists C'= C'(a) > 0 such that, for any ¢t € (0,7,

(8.9) &(t) / D(s)ds < C&(0).
We know from (4.7) that the improved energy £ = £+ & with the additional energy
given by

€1 = InlZas ) + 1972z,

As mentioned in Section 4, exploiting the fact that H3/2*(Z) and H3/?(Z) are Hilbert
spaces and using Cauchy-Schwarz inequality, we find that
d

%61_ (777 atn)H3/2+(Z) +2 (atna 81527]) H3/2(T)

< ‘|77qu3/2+(1) +2||3t77”§{3/2+(1) + Hat277”§13/2(z) <2D



2D ONE-PHASE MUSKAT PROBLEM WITH CONTACT POINTS 41

and integrating the previous inequality in (0,t) yields

(8.9) EL(t) < £1(0) +2 /0 "D(s)ds.

Gathering (8.8)-(8.9) together gives the desired higher-order a priori estimate, namely,
for any t € [0, 7],

£(t) + /OtD(s)ds < CE(0).

We now derive the decay estimate. Combining (8.2) with (8.3), (8.7) and the smallness
condition (8.5) yields

d

7 (€(t)+3(t)+CD(t) <0.

By definition, we directly have that € < C'D and since the third inequality in (8.3)
implies

(3.10) SE() < €(1) +5(1) < e

N W

for any t € [0, 7T, we infer that there exists a constant A > 0 such that
d

T (€(t) +F(1) + A (€1) + (1)) <.

After integrating this differential inequality in time and using again (8.3) and the
first chain of inequalities in (8.3), we end up with the decay estimate

(8.11) (‘:H(t) < C(‘:H(O)ef)‘t

for any t € [0,7]. In addition, we know from the energy-dissipation equality (3.2)
that

[ det() 1,0l + @~ + (@t

=— 0, +0Lm/+072(h’ "o’ | dx

Therefore, using Lemma A.2 and the continuous embedding H*/?*(Z) ¢ L™(ZT), we
get the estimate

/ det( T[Sy VP + (0m)*(t, —1) + (Oem)*(t, 1)
(8.12) .
<C(1+ ||77/”L°°(I)) )l & )l Ol gy ) < C (1 + \@) & < g,

where the last inequality follows from (8.5). Gathering (8.11) and (8.12) together
and employing (8.4), we conclude that, for any t € [0, 7],

E1() + V()72 + (Fen)?(t, —1) + (9en)*(t, 1) < CE(0)e ™.
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APPENDIX A. TECHNICAL ESTIMATES

Lemma A.1. Let D C R? be a bounded Lipschitz domain and F € H'(D), G €
H'(D) be scalar functions. Then, FG € H'(D) and there exists C = C(D) > 0
such that

(A.1) Gl py < CIE g oy |Gl a1+ (-

Let v C D and f € HY?(v), g € HY/?>T () be scalar functions. Then, fg € HY?(v)
and there exists C = C(D) > 0 such that

(A.2) 1fall 2y < ClFll a2 @pllglmres )

Proof. First of all, note that V(FG) = VFG + FVG. Hélder inequality and the
embedding H'* (D) C L*>°(D) imply

|Gl r2py + [IVFG| 120y < CIF|| 1 (o)l Gll oo (py < ClIF g1y |Gl 1+ (0

where C' = C(D) > 0. Furthermore, we recall the embedding H®(D) c L*(1~9) for
any ¢ € (0,1) and the embedding H'(D) C L(D) for any q € (1,00). Therefore,
using again Hoélder inequality with exponents (2/e,2/(1 — ¢)) yields

I1FVG 20y < 1F N p2r2(py IVGll p2r-2) iy
< ClIF|l vy IVGllme 0y < CIF| a1y |G| 1+ () -

Thus, (A.1) is proved. Let us now introduce the extensions to D of f and g,
respectively denoted by f and §. Then, f € H'(D), g € H'*(D) and

HJ?HHl(D) < Clfllmrzey)s 191+ () < Cllgll g2+ (-
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The first part of the lemma implies that fg € HY(D) and the product estimate (A.1)
holds. Since (fg). = fg, we conclude that fg € H'/?(v) and

|y
19l 120y < CUEGN D) < CUENm (Gl () < ClFllsrr2y 9] 12+ ¢4y,
which proves (A.2). O

Next, we state the estimates for R in (2.23) that we have used throughout the paper
to bound the source terms in (3.13) and to derive elliptic estimates.

Lemma A.2. [52, Proposition B.1] Let R be the mapping given by (2.23). Then,
there exists a constant C > 0 such that

1 22 ) 7 ] |
3/ R(z1,s)ds| + R(Z12’ 2)) 02, R(21, 22) " ‘3 17'\’,(,;1 29)
23 Jo z5 29 22

8317?,(21, 22)

2
23

+ 821 0Z2R(21, 22)

+ ’8?27?,(,21, zg)| + o

+ ‘8§2R(21’Z2)‘ + }83282173(21722)‘ <C

for any (21, 22) € R

Proof. We observe that
21+ 22 I 2
\/1+(Z1+Z2)2 \/1+Z% (14 22)3/2
can be also written in the integral form
1 1 1 9
R(z1,22) = —z%/ s/ (21 + spz2) ( 5 — 2) duds = 22 r(21, z2),
0 0 (1+ spzz)2 1+ 27

where |r(21, 29)| < C for any (21, z2) € R?. Using analogous integral versions for the
first-order derivatives of R, we obtain that

R(z1,22) =

0:R(21,22) = 22 11(21,22), 02, R(21,22) = ra(21, 22),
where |r;(21, 22)| < C for i = 1,2 and any (z1,22) € R%2. The rest of the bounds
follows by repeating the same argument. O
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