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Abstract

We consider smooth solutions of the Burgers-Hilbert equation that
are a small perturbation § from a global periodic traveling wave with
small amplitude e. We use a modified energy method to prove the
existence time of smooth solutions on a time scale of % with 0 < 0 <
€ < 1 and on a time scale of 57 with 0 < < €2 < 1. Moreover, we
show that the traveling wave exists for an amplitude € in the range
(0,€*) with €* ~ 0.29 and fails to exist for € > 2.
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1 Introduction

1.1 The Burger-Hilbert equation (BH).

In this paper we study the size and stability of traveling waves of the Burgers-
Hilbert equation (BH),

fi=Hf+ ffa for (z,t) € Q x R (1)
f(x,0) = folz). (2)
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where 2 is the real line R or the torus T and H f is the Hilbert transform
which is defined for f: R — R by
1 . ko
Hf(zx) = -PV. 19 4, Hf(k) = —i— f(k).

T RT—1Y ||

In the periodic setting T there is an analogous expression for H f.

This equation arised in [I8] as a quadratic approximation for the evolution
of the boundary of a simply connected vorticity patch in 2D. Later, Biello and
Hunter, in [3], proposed the model as an approximation for describing the
dynamics of small slope vorticity fronts in the two-dimensional incompressible
Euler equations. Recently, the validity of this approximation is proved in [14].

By standard energy estimates the initial value problem for (BH) is locally
well posed in H® for s > % Bressan and Nguyen established in [4] global
existence of weak solutions for initial data fy € L*(R) with f(x,t) € L®(R)N
L3(R) for all t > 0. Bressan and Zhang constructed, in [5], locally in time
piecewise continuous solutions to the BH equation with a single discontinuity
where the Hilbert transform generates a logarithmic singularity. Uniqueness
for general global weak solutions of [4] is open. But piecewise continuos
solutions are shown to be unique in [17] by Krupa and Vasseur.

Burgers—Hilbert equation can indeed form shocks in finite time. For dif-
ferent numerical simulations see [3] and [II] (see also [16]). Finite time
singularities, in the C1Y norm with 0 < § < 1, was shown to exist in [6]
for initial data fy in L*(R) N C1(R) that has a point 2y € R such that
H(fo)(zo) > 0 and fo(xo) > (32| fo|[12)3. Recently, with a different ap-
proach, Saut and Wang [19] proved shock formation in finite time for (BH)
and Yang [21] constructed solutions that develope an asymptotic self-similar
shock at one single point with an explicitly computable blowup profile for
(BH).

In this paper we are concerned with the dynamics in the small amplitude
regime where (BH) can be viewed as a perturbation of the linearized (BH)
equation f; = H[f]. Since the nonlinear term in is quadratic and the
Hilbert transform is orthogonal in L2, standard energy estimates yield a
time of existence of smooth solutions 7" ~ m Thanks to the effect of the
Hilbert transform and using the normal form method, Hunter, Ifrim, Tataru
and Wong (see [12] and [I3]) were able to improve this time of existence.
More precisely, if € is the size of the initial data, they prove a lifespan T" ~ E%
for small enough € (see also [9] for a similar approach with a modified version
of the (BH) equation). The proofs are based in the normal form method
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and in the modified energy method. Furthermore, Hunter [I1] showed for
0 < € < 1 the existence of C'*°-traveling wave solutions of the form

fe(z,t) = uc(x + vt)
with
uc(z) = ecos(z) + O(e?), (3)
ve = —1 4+ O(e?), (4)

Notice that, (%ue(nx) 11)6) is also a C*°—traveling wave solution.

n

1.2 The main theorem.

In the present work we extend the results in the small amplitude regime in
the following way:

1. Size of the traveling waves: we show that the traveling wave exist for
an amplitude € in the range (0, €*) with €* ~ 0.29 and fails to exist for

2

€> =,

2. Extended lifespan from a traveling wave: we prove that a —perturbation
of u, lives, at least, for a time T ~ é, for 0 < 0 < e < 1, and for a
time T' ~ & for 0 < 0 < €2 < 1 (see Figure 1). This is an improvement
compared with the time T ~ % provided by the results in [12] and [13].
Indeed, our main theorem reads:

Theorem 1. For 0 < |e|, § < 1 let (ue,ve) € C°(T) x R be a traveling wave
solution of equation (1) as in and and

1fo = tel[mra(ry < 6.
Then there ezist, 0 < g < 1, T'(€,d) > 0 and a solution of equation
f(x,t) € C((0,T(e,0)); HY(T)),
such that:
1. if § < le| and |e] < eg, T(€,0) ~ %,

2. if 6 K € and |e| < €, T(€,0) ~ 5.
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Figure 1: Logarithmic plot of the lifespan vs the size of the perturbation.

1.3 Sketch of the proof of theorem
Now we briefly describe the proof of theorem [I} Assume that the solution
fla,t) = uc(z +vet) + g( + vet, 1)

is a small perturbation around the traveling wave wu.(z + v.t). Then the
linearization of the Burgers-Hilbert equation is

Leg = —vege + Hg + (uc(2)g)s = 0

so to the first order, the perturbation g solves the equation ¢g; = L.g, with
solution

g(x,t) = etteg(x,0).
Therefore the linear evolution of g is determined by the eigenvalues of L..
The full nonlinear evolution of g is

gt ="Lcg+ N(g,9)
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where N(g, g) is a nonlinearity that is (at least) quadratic in g. We plug in
the linear solution to get

g1 =" Leg(x,0) + N(eg(x,0), e g(z,0))

to second order, which integrates to
t
g(x,t) = eteg(x,0) + etLE/ e e N(efeg(x,0), et g(x,0))ds.
0

Expand (at least formally) the initial data and the nonlinearity in terms of
the eigenvectors of L. as

g(x70) = ZCnQOTL(.T), N(QOZ,QDm) = chanOm
where the eigenvalue of ¢,, is \,. Then

( t) ‘o ( ) e(Al+/\m)t e)\nt ( ) (5>
X ~ E Cn€ " pplx) + E Clmn®Pn T
I n Lm.n )\l )\m )\n l

[REAS)

to second order, provided that the denominator \; + A, — A\, # 0, i.e., that
the eigenvalues are “non-resonant”. Then we can integrate the equation ([1)
up to a cubic error term, yielding the “cubic lifespan”, i.e., initial data of
size € leads to a solution that exists for a time at least comparable to e 2.
This is the “normal form transformation”, first proposed by Poincaré in the
setting of ordinary differential equations (see [2] for a book reference). Its
application to partial differential equations was initiated by Shatah [20].
Unfortunately, non-resonance fails for L. because 0 is an eigenvalue, and
0+ A\, — A\, = 0. The eigenvalue 0 arises from the symmetry of the equation
(). Indeed, the initial data u.(z +6) & uc(z) 4 dul(z) produces the solution

f(x,t) = ue(x + vt + 8) = u(x + vet) + dul(z + v t).

In this case g(x,t) = ou.(z) with g: = 0, so u. € ker L. Also, the initial data
Uers(z) = ue(z) + 60.uc () produces the solution

F(x,1) = ters(x + veist) = uc(z + vet) + 0uc(x + vet) + dvitul (x + vet).
In this case g(z,t) = 00.uc(x) + ovltul(z), so

L.g = 6LOu. = g, = dvlu. € ker L,
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so O.u. is in the generalized eigenspace corresponding to the eigenvalue 0.
These perturbations generate translations and variations along the bifur-
cation curve. We treat them separately using a more sophisticated ansatz

f(x,1) = ey (2 + alt)) + g(x + a(t), 1).

We will show in Proposition [5|that if |ey| and || f — ue, || 2 /|€0| are sufficiently
small, then f can always be put in the form above, with |e — €y|/|€o| also
small, and the expansion of g not involving any eigenvector with eigenvalue
0. This way we removed the resonance caused by the eigenvalue 0 from the
evolution of g.

We also need to analyze the other eigenvalues of L., a first order differen-
tial operator with variable coefficients, and a quasilinear perturbation from
Ly = 0, + H, whose eigenvectors are the Fourier modes e™®. Just like the
Schrodinger operator with potential —A + V', with a basis of eigenvectors
known as the “Jost functions”, giving rise to the “distorted Fourier trans-
form” (see Agmon [1]), L. can also be diagonalized using a combination of
conjugation and perturbative analysis. More precisely, let g = h,. Then

Leg = ((ue(x) = ve)g)e + Hg = ((ue(x) = ve)he + Hh)s

so L. is conjugate to the operator h — (u.(x) — ve)h, + Hh. Let h = ho be
where ¢/ () is proportional to (u.(z) —v.)~!. Then

Leg = ((ccdy + H+ R)h o ¢,

where ¢. — 1 as € — 0, and R, is a small smoothing remainder (i.e., it gains
derivatives of arbitrarily high orders). Thus L. is conjugate to c¢.0, + H + R,
whose eigenvalues can be approximated by those of ¢.0, + H, which are
+(nci—1i),n =1,2,.... The general theory of unbounded analytic operators
developed in [15] allows us to justify this approximation up to O(e%) (see
Corollar ' and to relate the eigenvectors of L, to the Fourier modes (see
Lemmai in the sense that another linear map h — conjugates L. into a
Fourier multiplier whose action on ¢("+s82™)® s multiplication by A, (n # 0).
At the end of the day we have the following estimate for small e:

1/2, 1+m#n,
/2, l+m=n,

|)\l+>\m_)\n‘>{

see Proposition . Because this value appears in the denominator in ({3)), if
g has size ¢, a direct application of the normal form transformation yields a
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lifespan comparable to €2/§%. To improve on this, we will make use of the
structure of the nonlinearity:

N6, ) = b2+ O(Je).

The first term is the usual product-style nonlinearity, which imposes the
restriction [ + sgnl + m + sgnm = n + sgnn, and implies that [ + m —
n = £1 # 0, so the normal form transformation can be carried out as
before. The second term is of size |¢| and gains a factor of 1/|¢| in the
lifespan. Thus the usual energy estimate can show a lifespan comparable to
1/|ed|, and the normal form transformation can show a lifespan comparable
to |e|/d%. This decomposition of the nonlinearity into one part satisfying
classical additive frequency restrictions, and another part enjoying better
estimates analytically was first used in Germain—Pusateri-Rousset [10] to
show global wellposedness of the 1D Schrodinger equation with potential
(see also Chen—Pusateri [7]). Our result shows that this approach can be
adapted to quasilinear equations and to the case of discrete spectrum.

1.4 The outline of the paper.

In section [2| we study the traveling waves solutions for ([l). For sake of
completeness we sketch the proof of existence which follows from bifurcation
theory. In addition we analyze the size of the traveling waves. In section
we study the linearization of equation (1)) around the traveling waves. In
section [4] we introduce a new frame of references which will help us to avoid
the resonances found in section [3] Finally, in section [5] we prove theorem

2 'Traveling waves

The existence of traveling waves for (1) was shown in [I1]. Here we will study
their size after we give some details about the existence proof. We look for
solutions of in the form

fe(x,t) = uc( + vet),
thus we have to find (u., v.) solving

Hu, — veul + ueu., = 0. (6)



If (ue,ve) is a solution, so is (ul(x),v?) = (uc(nz)/n,v./n). Thus from one

solution we can get n-fold symmetric solutions for all n > 1.
To solve () we can apply the Crandall-Rabinowitz theorem (see [8]) to

F : (u, ) = Hu+uwu' — (=1 + p)u,
HH(T)xC = H (T,

where

HEH(T)

= {2m-periodic, mean zero, and even functions, analytic in the strip {|Im(z)| < r}}

endowed with the norm

||f||Hff’+(T) = Z (£ i) ey,
+

and

HE(T)
= {2m-periodic, and odd functions, analytic in the strip {|Im(z)| < r}}

endowed with the norm

171

HE(T) = Z (i) || zecry-
n

Here || - || (1) is the usual Sobolev norm, and it is enough to take & > 1 and
r=1.
We just notice that F'(0, ) = 0 and the derivative of F' at uw =0, u = 0,

D F(0,0)h = Hh + I

just has a non trivial element in its kernel belonging to H%*(T), namely,
h = cos(x).

Thus, the application of the C-R theorem allows to show the existence
of a branch of solutions (uc,v.) € (H,"", R), bifurcating from (0, —1), for (f)
with the assymptotic

uc(z) = ecos(z) + O(e?)
ve = —1+ O(e).



We remark that we obtain a bifurcation curve

€ — (Ue, Ve)
={z€C: |z|<dé} — (Hf "7, R) (7)

which is differentiable and hence analytic on By for 4 small enough.

The rest of this section is devoted to prove further properties of these
solutions.

Introducing the asymptotic expansion

=3 talwe” 5)
= Z vp€”, 9)

taking u; = cos(x), A\g = —1 and comparing the coefficient in €” we obtain
that

Lo
ul, + Hu, = —v,_1sin(z) + Z VU, — 5835 Z Up— U = —Vp_1 SIN(T) + fr,
m=1 m=1

forn=2,3, ...

We notice that in order to solve the equation Hu + u' = f we need
(f,sin(z)) = 0. Therefore we have to choose v,_1 = L(sin(z), f,). This gives
us a recurrence for (u,, v, 1), n > 2, in terms of {(Up, vm_1)}"_. In order
to study this recurrence we will introduce the ansatz

Uy = 3 U cos(ka). (10)
k=2

By induction, one can check that the rest of coefﬁcients in the expansion on
cosines of w, must be zero. In addition, if u.(x) solves @ (x + m)
also a bifurcation curves in the direction of cos(x) and then by unlqueness,
ue(z) = u_.(x + ), which yields u, ; = 0 if n — k = 1, mod(2).

Comparing the coefficient of sin(kxz), with £ = n mod(2), and 2 < k < n,



we have that

n—k min(m,k—1)
(1 - k)un,k + k Z UnUp—m,k — Z Z U, 1 Un—m, k—1 (11>
m=1 m=1|=max(1,k—n+m)

n—1 min(m,n—m—k)

— g Z Z Um I Un—m k+l = 0.

m=1 =1
And comparing with sin(z) we have that

—1 min(m,n—m—1)

n—1 (
1
Up—1 = = Z Z Um | Up—m,1+1- (12)
m=1 =1

Up to order O(e*) we find that

\)

2 3
ue(xr) = ecosx — € cos2z + > cosdz + O(e),

62
Ve = —1- Z + 0(64).

The recurrence — allows us to prove the following result.

Theorem 2. The radius of convergence of the series and @D, with the
coefficients given by the expression , and 15 not bigger than %

Proof. From and ( . we have that

n—1
1
(1 — n)unn = 5 (n - k’)uk,kunfk,nfk'
k=1
Let
o0
y=y(x) =+ "
n=2
Then

/ ]‘ /
y—ay = 5yry,

(2z + zy)y' = 2y,

2+yy 1
2
Iny+y/2=Inx+ C,
ye¥'? = Cx.
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Since y ~ x for small x, C'=1, so

ye!’? =,
y = 2W(z/2),

where W is the Lambert W-function. Since the radius of convergence of
W at 0 is 1/e, the radius of convergence of y at 0 is 2/e, so the radius of

convergence of and is at most 2/e. [

In addition we can get a bound for how large the traveling wave can be.

Theorem 3. The series and @, with the coefficients given by the ex-
pression , and converge for any € < x* ~ 0.29.

Proof. This proof is based on the implicit funtion theorem.

Firsly we will introduce the spaces L*~ = {odd functions f € L?*(T)},
H'" = {even functions f € H'(T)}. The space X will the orthogonal com-
plement of the span of cos(z) in H'". We will equip L*~ with the norm

1 s
lulfe = [ Ju(o)Pds, (1)

—Tr

in such a way that || sin(nz)||z2- = 1, for n > 1. We also define

=5 [ (W@ + o) - 20 hu() de. (1)

—T

Thus || cos(nz)||x =n — 1, for n > 2. The reason why we take these norms
is technical and it will arise below. Finally we define

X=XxR

equipped with the norm

(@ v)llx =/ llall% + v
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Since u. = ecosz — 3€? cos 2z + O(€®) and v, = —1 4+ O(€?), we can let
_ 1 € »

G(e,u,pu) = 5 F | ecosx — ECOSQJZ—FE U, €l

€

1
= — <sinx— Esian—i—elHﬁl)
€ 2

€
— (cosx— §C082(L’+61~L) (sinx — esin 2z — et’)

(1 + ep)(sinx — esin 2z — eil’)

a |

= Hu+ e(cosx(siHQ:U + ')

1
+ (5 cos 2z — ﬂ> (sinz — esin 2z — eﬂ’))
+ @ — p(sinz — esin 2z — et’)

map R x X to L?~.
Because the existence of traveling waves we already know that there exists
¢* such that for every e € [0, €*), there exist @, and p,. satisfying

G(€, T, pe) = 0.
In addition we have that

dG (e, U + s, 1+ sv)
ds

= dG@ae’#(’l}, V)

s=0

1
= Hﬁ—l—e(@'cosx — O(sinz — esin 2z — et’) — € <§cos2x —71) 27')

+ 0 — v(sinx — esin2x — et’) + eut’

maps (0,v) € X linearly to L*~.

Thus as far as dG.a, . (U, p) is invertible from X to L*>~ for € € [0,z*)
we will be able to extend the solution (u., p.) from [0,€*) to [0,2*) by the
Implicit Function Theorem.

Note that

dGooo(0,v) = Ho+ 7' — vsinx
is an isometry from X to L*»~ under the norms given by and .
Therefore one can compute

dGe,ﬁe,,ue - dGa,l,O (]I + dG(il,O (dGEﬂe,Me - dG070’0)) .
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By Von Neumann series and the fact that dGo g is an isometry, dG g, .
will be invertible, as far as, ||dGeq. 4. —dGo0,0||x—r2- < 1. In order to show
this last inequality we will bound

HdGe,ﬁe,ue - dGO,O,OHXﬁ\L?v— = A,

in terms of ||@.||x and pu.. After that we will bound ||u.||x and p.. To do it
we will use the information we have about 0.t and 0, ..
Along the bifurcation curve,

dGE:ﬁevﬂe (aﬁaﬁ? Mé) = _aﬁG(EJ aea Ne)

= cosx(sin 2z + @) + MY (cos 2z — 21,) (16)

— €(cos 2z — 24, ) (sin 2x + 4.) + pe(sin 2z + a)).

Thus
(Oetic, pe) = dG 5, (—0:G(e, Tic, pic))

€,Ue, e

Therefore

_ 1 .
\/||3eue||§< e < 77 190G (e te, el 2- (17)

In addition we have that, for r. = \/||@||% + |ie|?,

Ore < \JlIocadl i + ]2 <
re < 0B+ i < =

||86G(67 ﬂea Me)“LQv*-

Thus, explicit estimates for A, and ||0.G (€, Ue, pte)|| 2.~ in terms of r. and
e give a differential inequality for r. which can be used to bound A..

We will need the following lemmas to bound A, and the norm ||0.G (e, @, fte)|| 2.
where 9.G(€, G, p) is given by the right hand side of (16]).

Lemma 1. If f € X then ||fsinz — f'cosz|[r2 < Y52 f| x.

Proof. Let
f= Z fncosnx.
n=2
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Then
fsinz — f'cosz = —(f cosz)’

/
1 [e.e]
=3 <f2 cos + f3cos2r + E (frno1+ fn+1)005n$>

n=3

1 o0
=5 (fgsinx+2fgsin2:c—|—2n(fn1 ~|—fn+1)sinna:) )

n=3
Then

1F sin(a) — ' cos(@)l[3a = £ | 3+ 47+ 3 n2(fur + funr)?

And we have that

e’} 00 00 [e's}
Zn2(fn71 + for1)? = ZTLZ o1t Zfiﬂ + QZRanflan-
n=3 n=3 n=3 n=2

In addition

Zn foi= Z (n+ 112 =93 +16f; +25/7 + 36/ + Y (n+1)°f7,
n=2

n=>6
Zn 2= (n- )f2—9f4+16f5+z 2
n=4 n=>6

and

2 Z W fucifapr =2 9fofs+2- 16 fs f5 + 2 Z 1 fuet ot
9
<9 16
Uf2+0f4+ 'Yf3+ f5+§ —{—Zn nt1

9 6 -
=902+ (; +25> 2416712+ (7 +36> 2+ Zrﬁfﬁ,l +Y 0l
n="7 n=>5

=90 f3 + <§+25) [+ 167f7 + (17—6+36> BAY (n+12f4> (n—=17f
n=6 n==6
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Thus
A+ 0 (far + fan1)
n=3
< (104 90) f3 + (20 + 167) f5 + (59+§) fi+ (88+%) :
- (n+ 1)
+2§ (1+ n 1)2) (n—1)2f2.

Since, for n > 6, we have that EZJ_FBE < % we finally obtain that

f2+4fi+ ZTLQ(fn—1 + fa+1)
n=3
< (10+90) f3 + (20 + 16) f3 + (59 + 2) fi+ (88 * ?) fs
49 =
12 <% + 1) ;(n —1)%f7.

We have to compare

10 + 9o,

1422
4 ’ 9 7’ 16 +

20 + 1 59 4 2 88 4 16 4
0+ 167 + = S and 2( 22)

9
The minimum in o of max (10 + 90, 59:;“ ) is attached when 10490 = % —i—%

and it is 11.373. Then minimum in 7 of max (5 +4v,5.5 + %) is 11.5. Finally
2(1 4 49/25) = 5.92. Therefore

1f sin(a) — f'cos(a)> < SVITS|Flx.

Lemma 2. If f, g € X then [|(f9)'ll> < Bl fllxllgllx, where

w2 869
B=\/—+— ~3.05.
3 +144 305
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Proof. Let

f= ancosnx— Zf‘n‘e ,g—Zgncosmj— Zgwemxe

Inl>2 \n\>2

Then

nl>1  |ml|>2,ln—m|>2

= _% Z n Z Jim|9in—m| SinnT

n>1l  |m|>2|n—m|>2

so by Cauchy—Schwarz,

2

1(f9)'II72 = Z n Z Jim|Gn—m|

\n\>1 |m|>2,|n—m|>2

P> (Im| = 1)2(7;2— m| —1)?
[n|>1 |m|>2,|n—m|>2

x> (ml =D fn(n —ml - 1g_,

Im|>2,In—m|>2

ST w0l -1,

[n|>1|m|>2,|n—m|>2

—_

oo

C
= Sl fllxlglx
where

C =supC,,

n=1

2

Co= D G Pn w1

Im|>2,|In—m|>2

n—3 TL2 o) n2

_ 0N "
; -k =22 ; K2(k + n)?
N B; EZ J
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D,, # 0 only when n > 4. We have that Dy = 16 and when n > 5,

2m? R4 (n—k—2)7 =1
D, < _ 1
_(n—2)2k:1 k2(n — k — 2)? (n—2)2 kz::l@
4n? w2 1 50(7? — 2)
< (L _ < .
“(n—=22\6 n-2)7 27
For E,, by partial fraction decomposition
n? 1 2 2 1
—— = - +
E2(k+n)?2 k2 kn (k+n)n (k+n)?
SO
— ™ =1l 21 K1
I T O BE B
— k +n) 6 et k n = k 3 — k
so when n > 5, E, < 3(n* —4) so
682 — 172
Co=Dy+2E, < — =2 <185
27
and when 1 <n < 3,
2 2
anzEn<%—2<5.
For n = 4 we have
72 205 13 272 869
Cy=D 2B, =164+2——— ) ——=—+— > 186
S +(3 144> 23 7
% 212 869
00 s
C = C,=0C4=— =282
e SRR
and finally

C
1Cf9) ez < A/ S o gl = Bl N gl
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Lemma 3. If f € X then ||2f sin 2z — f' cos 22|12 < 0.8V7| f| x-
Proof. Let

f= Z fncosnz.
n=2
Then

1
2fsin2x — f'cos2x = —(f cos2z)" = —§(f3 cosx + fycos2x + f5cos3z)

- % (Z(fn—Q + fnt2) cos nx)

n=4
1
= §(f3 sinz + 2 fy sin 2z + 3 f5 sin 3x)
R )
+ 3 (; n(fro2+ fn+2)smnaj> ,

and

1 o0
|2f sin 2z — f'cos2x = —(f cos 2z)'|| 2 = 3 [34+4f2+9f2+ E n2(fn-2 + fut2)?
n=4

We have that

Z n*(fr-2 + for2)® = Z n’f2 o+ Z n’fi,+2 Z 0 fra foio

n=4
Zn+2 f2+Z f2+2ann 2fns2

We also can bound

22” fn—2fn+2 <Zn Onafr_ 2"‘2” 4o

oo

(n +2)%0,f? +Z n =220, af.

n=2
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Therefore

BAAR+ILZ+D) 0 (fas+ fara)’
n=4

< RO 0+ o) -2 (14 )
s — n—4

= 16(1 4 02) f2 4 (14 25(1 4 03)) 2 + (4 4+ 36(1 + 03)) f2 + (9 + 49(1 + 05)) f2

+§:(n+2) (1+0,) + (n — 2)? (1+0n14 )fﬁ

n—=

=16(1+09) f2 4+ (1 +25(1 4 03)) f2 + (4 4+ 36(1 + 03)) f2 + (9 + 49(1 4 05)) f2

( (1+ o) +16< +i>)f§+<81(1+a7)+25(1+i>)f72
(100<1+08)—|—36( )) fa+ (121(1+ag)+49( )) fo

+Z (n+2 (1+0,) + (n—2)? (1+0n1_4>)f3'

n=10

We take o, = 1 for n > 6 to get

fi+ A2+ 9f3 +Zn (faz + frs2)?

<16(1 + 09) f2 + (1+25<1+03))f3 (4+36(1+03))f7 + (9+49(1 + 035)) f2

(e L)) (oo )
(emem(e ) men(o ))

+ ) ((n+2)°+(n—2)) .

One can compute that (n +2)% + (n — 2)? = 2(n? + 4) and that

2
ot 104
(n—1)2 81

19



Thus we have to compare

144
16(1 —
a?é%),(u< (L+oz), 55+
and
. 26 N 25 187 N
max | — + —o3, —
osel0,1] \ 4 4% 36
and
40 36 236
max | — + —oy, —
o4€[0,1] \ 9 9 49
and
58 N 49 291 N
max | — + —o5, —
osc01] \ 16 16 " 64
and 104
2— < 2.6.
81

16
250’2

Then the maximum of these all numbers is the first one which is < 17. Thus

V17

17
|2f sin 2z — [ cos 2|2 < THJFHX

]

Now, with the lemmas [I} 2] and [3] we are ready to bound the right hand

side of (|16)). Indeed,

1
|| cos x sin 2z + 3 sin x cos 2z — € cos 2x sin 2z || 12

|4, cos x — @ sin x| 2
24, sin 2o — . cos 2x|| 2
€

12| = 11((@e)*)'ll 2
|| pte sin 22| 12

et 2

20

1
:ZHZS sin 3z + sinx — 2esin4x|| 2

V10 + 4¢2

9

4
<V11.5/2|ac x,

(Lemma [1))
<V17/2ac] x.

(Lemma (3))
<B||t|3, (Lemma [2)
§|Ne‘
<2| el e x,



by Cauchy—Schwarz,

|right-hand side of (L6))]|72 < (V11.5/2 + V17/2¢)||tic||x + Be|tic||%
+ el + 2l el x

< V10 + 4e€2
- 4

V10 + 4€2 N
4

+ 24/ Naclli + [uel® + V17/2¢]| ]| x
+ Bellte|x + [laellX + [pel*.
Turning to the other side, we have that
(dG (i) — AG0,0,0)) (0, V) = e(f/ cosz — O(sinx — esin 2z — €tl)

e (% cos 2z — u) 17’) (18)

+ ev(sin 2z + @) + ep 0.

Since
|0 cos — Dsinz|| 2 < V11.5/2|0|x, (Lemma [1])
6 sin 22 — %@' cos 2| 1= < V/IT/4]15x, (Lemma 3)
108 + @t || 2 = |[(@0)' |22 < Bllae]|x[[o]x,  (Lemmal2)

[ (sin 22 + @) |2 < [v|(1 4 2[|dc]|x),
et L2 < 2|peel [ 2]l x

|[left-hand side of (I8)]z2 < (V/3e + V17/4€* + Be?||ic||x + 2¢pe])||0]| x
+e(l+ 2fac]x)[v]
so by the Minkowski inequality,

1dG (c,aen0) — AG(0,0,0) | x xR L2
S\/(\/ 11.5/2¢ + 2¢|pe| + V17/4€® + Be?||t.||x)? + €2(1 + 2|t x)?

<\ (VIT5/2¢2 4+ ) + 26y |2 + % + VIT/4€2 + BE i x

<2€ 4 2eq/ | 11?2 + ||| % + V17/4¢% + Bé||a||x =: A..
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Since dG 0,0y is an isometry, the Von Neumann series (1 — 7)™ = ZZOZO T
shows that if Ac < 1, then dG(cg, ,.) is invertible, and HdG(_Elﬂé ue)H < (1-
A7 so

el + el + V17/2€] e x

_ 1 V10 + 4€2

+ Bellac % + 1@k + |ucl?).

Let e = \/||t]|% + |1e|>. Then
A, < 2e + 2ere + V17/4€* + Bé*r,,
ro = 0 and

V10 +4€2 + (2 + V17/2¢)re + Ber? 4 r?

<
- 1 —2e—2er. — /17/4€? — Bé?r,

/
/r.€

By the comparison principle, r. is bounded from above by the solution to

dy V10 + 422 + (8 + 2v/1Tx)y + 4Bay® + 4y
v~ 7 4 — 8z — 8xy — /1722 — 4Bx?y

with y(0) = 0. Integrating

V10 + 422dx + (8 + 2v/17x)ydx + ABxy?dx + 4y2da
+8zdy + 8zydy + V17x2dy + 4Bx?ydy = 4dy

gives

V2?2 4+ 2.5 4 2.5sinh ™' (vV0.42) + 8zy + V1722 + 2Bx?y? + 4xy® = 4y + c.
Since y(0) =0, ¢ =0, so

(2Bx? + 4z)y? + (82 + V1722 — 4)y + 2v/22 + 2.5 4+ 2.5sinh ! (v/0.4z) = 0.

When x > 0, the quadratic coefficient and the constant is positive, so this
equation has a non-negative root iff

8z + V172 —4 < —\/(2Ba;2 + 4z)(zV2? + 2.5 + 2.5sinh~ (V/0.4z))
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whose solution is x < x* &~ 0.29, according to Matlab. Hence the solution
can be extended to € = x* ~ 0.29. In order to achieve this last conclusion
we just notice that the solution to (£2)), with y(0) = 0 can be extended only
if A, <1, since 1 — A, arises in the denominator.

The above argument shows that for ¢ € (—z*, *), the bifurcation curve
produces a traveling wave u, = ecosx — 5 cos 2z + €2, which travels at
speed v, = —1 — €. Since all the operators involved are analytic in all its
arguments, the bifurcation curve is analytic in € on (—z*, 2*). It may be the
case, however, that the power series for u. and v, around € = 0 has a smaller
radius of convergence than z* (for example, the function f(z) = (2® + 1)~}
is analytic on the whole real line, but the radius of convergence of its power
series around 0 is only 1.) We now show that the radius of convergence of
the power series for u. and v, are indeed at least z*.

We note that the above argument also works if € is replaced with ee™®
(a € R), so the bifurcation curve (u,,v) is also analytic in a neighborhood
of {ee' : ¢ € (—x*,z*)}. Hence the curve is analytic in the disk of radius z*
centered at 0, so the radius of convergence of its power series around 0 is at
least x*. O

3 Linearization around traveling waves
In this section we will analyse the spectrum of the operator
Leg = —VcGs + Hg + (ue(‘r)g)z

corresponding to the linearization of equation around the traveling wave
(te,ve) bifurcating from zero in the direction of the cosine studied in the
previous section.

Actually, let

flz,t) = fe(z,t) + g(x + v, t).
with fo(z,t) = uc(z + vet). Then

ft(ma t) = 8tf€(x, t) + (Uegx + gt)(x + UJ? t)
and, since equation for f(xz,t),
(Hf+ ffo)(@,t) = (Hf+ fOufo)(x,t) + Hg(x + vet, t)
+ 0. (fe(z,t)g(x 4+ vt b)) + g(x + vet, 1) 0pg(x + vt t).
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Then the equation for g(z,t) is
Ohg(x,t) = —veg(@,t)e + Hy(x, 1) + (ue(z)g(2,1))0 + g(2, 1) g (2, t)a-
The linearization around g = 0 is
09 = Leg

where

Leg=—vego + Hg+ (ueg)e = Hg+ g+ » " ((u —0™)g),. (19
g 9o+ Hg+ (ueg)e = Hg+ g.+ Y €" (( )9). . (19)

S

n=1 e
Lg L(”)g

All along the paper we will assume that the initial data f, has zero mean.
Since the equation preserves the mean,

/—77: f(z,t)dx =0

for all t. Since in the construction above u, also has zero mean,

/: fla,t)dz =0

for all ¢.

3.1 The eigenvalue 0

The action of L on the Fourier modes is

F(Lg)(m) = i(m — sgnm)g(m)

with eigenvalues 0 (double), 44, £2i, ... (on L*(T) with zero mean). We
first study the perturbation of the eigenspace corresponding to the double
eigenvalue of 0. By translational symmetry, for any 6 € R, u.(x + §) is also
a solution to

Hu —veu+uu' = 0.

Differentiation with respect to § then shows that
Lo, = Hu., — veul + (ueul) = 0.
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Also, since u, lies on a bifucation curve, we can differentiate
Hu. — veul + ucul =0
with respect to € to get
Locue = Houe — (Ov)ul + ucdeul + udoue = (0.0 )u,

so on the span V, of . and d.u., L. acts nilpotently by the matrix

0 0.,
0o 0 )°

3.2 Simplifying the linearized operator

We want to solve the eigenvalue problem
Leg = ((ue = ve)g)' + Hg = Ae)g.
Let g = h’. Then the antiderivative of the above is
(ue — v )W + Hh = Ae)h  (mod 1). (20)
Let h = h o ¢, where ¢, satisfies

;2w o dy -
e ) 2

(ue — ). (W 0 ¢) + H(hod.) = Ae)hop. (mod 1).
When ¢ is small enough, ¢. is a diffeomorphism of R/27Z, so

Then

o </027r u(y‘i—y_v) h W+ H(hog)od t = Ae)h (mod 1).

By the change of variable z = ¢.(y),

H(ho 606 (0) = - [ bodu))cor 2Dy
_ % O W;L(Z) cot (¢e (37) ; ¢; (Z)) (qb;l)’(z)dz



The convolution kernel of the operator
Reh = H(ho o) oo, —

18

K.(z,2) = cot (¢6 (z) - O (Z)) (67)(2) — cot ™ Zand  (22)

the e-derivative of the kernel is

0K (z,2) = — csc? <¢€ (x) — ¢c (Z)> Od (@) ; Octe(2) (o) (2)

2
(cb;l(x) ; ¢>;1(z>) 0. (61 (2).

Near x = 0, cscz — 1/2* and cotx — 1/z are smooth, and (¢ 1)’ is smooth
everywhere, so when x — z is small enough, up to a smooth function in (z, 2),

+ cot

0Kz, z) (007 (2) =007 ()0 )'(2) | 0o )'(2)
2 (ot (2 ) ¢ (2))? ¢t (x) — o1 (2)
— 01 (2)) = (0ed ' (x) = 0b ' (2)) (0 1)' ()

O (o) (2) (o ' (2) — 7
(9! (x) — o1 (2))?
D6 (2)(x — 2 [ (1 — 167 (1 — t)= + )t
(ot (z) — o 1(2))?
(61 (2)(x = 2)* [ (1 = )A(d7)" (1 — 1)z + ta)dt
(ot (z) — 9 1(2))?

which is itself a smooth function of (x, z) when = — z is small enough (because
¢! is smooth). Then

10 RA™ || i Sk P22y, kym =0,1,...

where the constant does not depend on ¢, for all h € H™ /(1), or, equivalently,
10RD| e Sk Bl froms  kym =0,1,..., (23)
where, again, the constant does not depend on e.

Definition 1. We say an operator is of class S if it satisfies . We say
a family of operators is of class S uniformly if for each k and m there is an
implicit constant that makes true for all operators in the family.
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Thus 0. R, is of class S uniformly in €. Since Ry = 0, R /¢ is also of class
S uniformly in e. 3
Now the eigenvalue problem for h is of the form

(ccOp + H 4+ R)h = Ae)h (mod 1)
or, equivalently,

(0p + ¢ *H + 'R = ¢ 'A(e)h  (mod 1) (24)

o= o ( / " #) (25)

and R./e is of class S uniformly in e. Note that since u, and v, are analytic

functions of € on a neighborhood of 0, with uy = 0 and vy = —1, so are ¢,
R, and ¢, with ¢g = I, Ry =0 and ¢y = 1.

where

3.3 Spectral analysis of the linearization
The eigenvalue problem is a perturbation of the eigenvalue problem
W+ Hh =M (mod 1)
with explicit eigenvalues
0 (double), ni, n=+1,4£2 ...
and eigenfunctions

et gilntsenn)z o 4] 49

They form an othorgonal basis of H*/(1) for any nonnegative integer k.

Definition 2. Let T : H*(T) — Hk('ﬂ"), for k € N, a linear operator. We
will denote

1T := HT||Hk(TrHHk(T)-

The resolvent (9, + H — z)~! is also a Fourier multiplier whose action on
Fourier modes is

(0p + H — 2) LeF DT — (£ — z) etttz -y — 0 1, ... (26)
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The circle
I,={z:]z—ni|=1/2}, n==£1,4%2,...

encloses a single eigenvalue +ni, and the circle
Fo={z:]2| =1/2}

encloses the double eigenvalue 0. On I, and 'y we have that

|z —mi| >1/2, meZ (27)
so by ,
10, +H—2)" <2, z€l,, neZ. (28)
Moreover the projection
1 -1
Po=—— [ (0, +H—2)"dz, n==1,42,...
27t Jr,

is the projection on the span of ¢("*582™)% and the projection

1
Po=—— [ (0, +H—2)"dz
211 To

is the projection on the span of e and e~*.
Now when € is small enough and z € I',,, we have that

Op+c'H+c'Re— 2= (0, +H—2)(1+ (0, +H—2)"'R))
where
R =0, +c'H+c'R) — (0, + H) = (c.* —1)H + ¢ 'R, (29)

is analytic in € near 0, with R} = 0, thanks to the analyticity of c.. Taking
the inverse gives that

Op+c'HHc'Re—2) ' =1+ 0+ H—2)'R)y " 0, + H—2)""

and the Von Neumann series

(140, +H—2)'R)™ = i((@z—l—H—z)_lR;)" (30)

n=0
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converges because
10 + H — 2) 'Rl < 2| Rel S < 1
when € is small enough (depending on k). Moveover,
11+ (0 + H—2)'R)™ = 1| Sk e

and so
10, +c'H+c,'Re—2) ' — (0, + H—2)"Y S e

uniformly for z € I',,. Hence the projections

1
Qnle) = ~5-7 Oy +c.'H+c'R.—2)'dz, necZ (31)
i Jr,
exist and satisfy

HQn(G) - Pn” Sk €, nc Z (32>

uniformly in n. Then by Chapter I, Section 4.6 of [15], when € is small
enough, @,(¢) is conjugate to P,. Thus dimran@,(e) = 1 for n # 0 and
dimran Qg(€) = 2. So 9, + ¢, *H + ¢, ' R, has a single eigenvalue enclosed by
I, for n # 0. In section we showed that the action on the range of Qq(¢)
is given by a nonzero nilpotent 2 by 2 matrix. If z is outside all these circles,
then still holds and the Von Neumann series still converges to show
that 0, + ¢.'H + ¢.'R. — z is invertible, so it has no other eigenvalues.

3.4 Analyticity of eigenvalues and eigenvectors

By and ([27), (0, + H — z)~! is analytic in (z,€) for z in a neighborhood
U of U,ezl'y, and € near 0. By , R! is analytic in € near 0, so the series
shows that (0, +c.'H + ¢, 'R, — 2)~! is analytic in (z,¢€) for z € U and
¢ near 0, and the integral shows that all the projections Q,(¢) (n € Z)
are analytic in a neighborhood of 0 independent of n.

Let ¢, (€) be the corresponding eigenvectors to @, (€) for n # 0. Thanks
to , a good choice is ,(€) = Qn(e)e’" ™ ™® which is nonzero and
analytic in a neighborhood of 0 independent of n. Then by ,

Qn(e)(896"‘0;1(H+R6))ei(n+sgnn)x = (8I+C;1(H+Re))wn(€) = CzlAn(e)wn(e)-
On the other hand, the left-hand side equals

(n + sgn n)iQn(e)ez‘(n-l—sgnn)w + Cg_lQn(E)(H + RE)eii(n-i-sgnn)a:
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which is another vector analytic in € near 0. Then by the next lemma, all
the eigenvalues ¢!\, (€), and hence A, (¢), are analytic in a neighborhood of
0 independent of n.

Lemma 4. Let u(e) and v(e) be two vectors analytic in € € U satisfying
u(e) # 0 and v(e) = Ae)u(e), €€ U.
Then A(e) is analytic in € € U.

Proof. Without loss of generality assume that 0 € U. Since the result is local
in e, it suffices to show that A(e) is analytic in a smaller neighborhood of 0.

Since u(0) # 0, we can find a linear functional f such that f(u(0)) # 0.
Then f(u(e)) # 0 in a neighborhood of 0, and so

is analytic in a neighborhood of 0. O

Regarding the double eigenvalue 0, in section we showed that u. and
O.u are two generalized eigenvectors of the operator L.. Using the relation
given in section , they correspond to two generalized eigenvectors v, (€)
and g (€) of the operator 9,+c. ' H+c ' R, via the relation (¢ (€)og.) = u.
and (g (€) 0 ¢.) = deue. Then clearly 1T (¢) are both analytic in e.

From the analyticity of the eigenvalues c¢_ '), (€), it is easy to derive
bounds on their Taylor coefficients.

Proposition 1. For k > 1 and n # 0, the coefficient of €* in c-1\,(€) is
bounded in absolute value by C* for a constant C > 0 independent of n,

Proof. At the end of section [3.3] we showed that when € is in a neighborhood

of 0 independent of n, the eigenvalues ¢, '\, (¢) are enclosed in the circle T',,.
Then
It \u(e) —ni| < 1/2, n=41,42,....

The result follows from Cauchy’s integral formula for Taylor coefficients.
]

Corollary 1. For k > 0 and n # 0, the coefficient of €* in \,(€) is bounded
in absolute value by |n|C* for a constant C > 0 independent of n,

Proof. Since c, is analytic in € near 0 with ¢y = 1, and \,,(0) = ni, the result
follows from Leibniz’s rule. O
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3.5 Conjugation to a Fourier multiplier

We have conjugated the eigenspaces of T'= 0, + ¢, 'H + ¢ 'R, (and also of
c.0y + H 4+ R.) to Fourier modes via the operator

L+ W= P.Qule)

nez

where P, is the projection onto the span of e (Qy(e) is the projection onto
the span of ¥ (€), P, is the projection onto the span of e!"*snmz Q) (¢) is
the projection onto the span of ¥, (¢), n = £1,£2,....

We will view T as a perturbation of 9, + ¢,'H and follow the proof
of Chapter V, Theorem 4.15a in [I5]. In the process we will extract more
information from the fact that R, is of class S. Since

Pr%:Pn’ an:]-; (33)
nez
we have that
We =Y P.(Qule) — Pn) (34)
nez

and Wy = 0.
Proposition 2. W, /e is of class S uniformly in e.

Proof. We bound each term on the right-hand side separately. By Chapter
V, (4.38) of [15],

Qu€) — Py = —c.'Qu(€) R Zn(€) — ¢,  Z! ()R Py

where
1 -1 N\ —1 -1 -1
Zn(€) = 2—/ (z—=(n+ (1 —c")sgnn)i) " (O, +c.'H—2)""dz
i
and )
Py s 1 -1
Z,(6) = 5 /F ()T - )

We now bound the operator norms of the right-hand side, with uniformity
in € and decay in n, in order to show that the sum in n converges.

First note that it is clear from the frequency side that when € is in a
neighborhood of 0 independent of n and z € U,czl',,, for all m > 0, the

31



operator (9, + ¢, 'H — z)~! is bounded from H™ to H™, uniformly in ¢ and
z. Since R /e is of class S uniformly in € (see and notice that Ry = 0),
it follows from the Von Neumann series that |[(T — 2)7Y| gm_, jgm is finite
and only depends on m. Since |z — (n+ (1 — ¢. ) sgnn)i| and |z — ¢\, (€)]
are uniformly bounded from below, both Z,(¢) and Z! (¢) are bounded from
H™ to H™, uniformly in € and n. Since Q. (€) is given by a similar integral
(31)), it also has this property, which is also trivially true for P,. Now for all
n,m,k €Z, mk>0andh € L2

1Z(€) RePahll g Sic | RePabill g S el Pl jy-rn-2

o3 (35)
Sk el (1 + [n]) 21l g

because P, is the projection onto very specific Fourier modes. For the first
term we have

1B Za( Ol g St el Zu( )l g S lelllBall g

To introduce the action of @), (¢€), note that the image of @Q,(¢) lies in the
eigenspace of the operator c¢.0, + H + R, with eigenvalue A, (¢€), so for n # 0
and u € Im Q,,(¢) we have

u = N\, (€) e + Hu + Reu)
s0 [l e Sk (A (€)1 lull geer S Il lull gosr . Hence
1Qu(ORZa(€)ll g Sk 02 1RZu(€) | e S lel(L+ )2l g-rn- (36)

This also holds for n = 0 because R, /e is of class S uniformly, so W, /e is of
class S uniformly in € thanks to the convergence of >~ (14 |n|)~2. O

Now for £ = 0,1, ..., there is a neighborhood of 0 such that when € is in
this neighborhood, ||W,||zr g+ < 1,80 1+ W, : H* — H* is invertible. By

and it follows easily that
(1+W)Qu(e) = P,(1+ W) (37)

so the eigenspaces of T is conjugated to the (span of) Fourier modes, and
hence T' is conjugated to a Fourier multiplier.
We have proven the following lemma:
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Lemma 5. For e small enough, there exists an operator W, such that W, /e
1s of class S, uniformly in €. Moreover,

1. 1+ W, : H* = H* is invertible,
2. (1+W)Qnule) =P,(1+W,), neZ,

3. If 1 is in the closed linear span of the eigenvectors ¥,(€) (n # 0) of
Oy + H+ R, then

(1+ W) (chp + H+ R)Yy = A(1+ W)y
where A, is a multiplier such that

AT — )\ (T = 11 4

3.6 Taylor expansion of eigenvalues

Now we Taylor expand the eigenvalues A, (¢) for n # 0. To do so it is more
convenient to study the eigenvalue problem for h:

Leg = ((ue = ve)g) + Hg = Me)g.
Recall the operator L = Ly = d, + H whose action on the Fourier modes is
F(Lg)(m) = i(m — sgnm)g(m)

with eigenvalues 0 (double), +i, +2i, ... (g mean zero).
Since (u,,v,) is analytic in € on a neighborhood of 0, and

1B l[L2 < W'+ Hbll2 + [|HAl 22 = [[Lh|z2 + (B 2,

by Chapter VII, Theorem 2.6 in [I5], L. is a holomorphic family of operators
of type (A), so by Chapter VII, Section 2.3, all the results in Chapter II,
Sections 1 and 2 apply, and we can compute the Taylor coefficients of A(e)
as if L. acted on a finite dimensional vector space.

We start with computing the resolvent of L:

R(z)=(L—z)"
whose action on the Fourier modes is

F(R(2)g)(m) = (i(m — sgnm) — z)~'§(m).
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Around the eigenvalue ni (n = £1,42,...) we have the expansion
R(z) = (ni = 2)" Pt 3z = mi) sy
k=0

where P, is the projection on the span of e(»*5e"™)z and

F(Sng)(m) = - m # n + sgnn. (38)

By [15] (11.2.33),
A(€) =ni+ > AP, =142,
k=1

where

k
A — Z (=1 Z Tr L) §0w) ... [(o1) g(h)

n

w1+ top=n
v;>1
hi+-+hp=p—1

where S = —P, and for h > 1, S = S*  with S, defined in (38), and
L™ is the coefficient of €’ in the Taylor expansion of L.. Note that the

constraints in the summation imply that there is some j € {1,...,p} such
that h; = 0 and so Sr(th ) = — P, so every summand is a finite-rank operator

whose trace is thus well defined.
Lemma 6. If A is a finite-rank operator, then Tr AB = Tr BA.

Proof. By linearity we can assume A has the form A(-) = f(-)v for some
(not necessarily continuous) linear functional f. Then Tr A = f(v). Since
AB(-) = f(B-)v and BA(:) = f(-)Buv, it follows that Tr AB = f(Bv) =
Tr BA. O]

Using the lemma above, we can simplify the sum in AP a little. Indeed,
there are p circular rotations of the tuple (hy,...,h,). Since (Zj h;,p) =1,
the p circular rotations are all distinct, so we can choose the lexicographically
smallest one as a representative. For such a representative h; = min; h; = 0,
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so S = —P,, so we only need to act L(“p)S,(Lh") o L) o eintsenn)z gnq

take the (n + sgnn)-th mode to compute the trace. Thus

k
AD =S ot ST FILEISI - Ll sgn ).
p=1 U1+'“;"ip:k
h1+~~~+zp=p—l
(h1,-shp)

is a representative

(39)
Let us compute some terms )\gf) by using the formula . We have that

AD =Ty WP, =0
because L, shifts the mode by 1, and

AY =Tr(L®p, - LW, LVP,)
Put s = sgnn. We extract the (n + s)-th mode of each term:

Tt LOP, = FIL@ 2097 4 5) = L0 15)

iLWs,
2

LM ' |
— T((n 454 D)l the (4 g  1)eilnts=De)

LS, [Miln+s)a _

(n+ s+ 1)emtsthe (45— 1)elnts—br)

TV 1Op _ints+)(n+s)—ilnt+s—1)(n+s) i(n+s)

SO
\® — iln+s) 2i(n+s) i(n+ s)

" 4 4 4
We can further compute that

_ €i(ln+s) 1leYi(n+s)  52Tie(n + s) .
Ml€) =in—— = = T s T O

forn =41,£2,43,....

Proposition 3. Forn = +1,42,...,

A0 — {o, 2tk

ic®(n+sgnn), k<2n|+2
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where ¢®) is the k-th Taylor coefficient of c. as defined in .
When k > 2|n| + 4, AP s still purely imaginary but the formula AP =
ic®) (n +sgnn) does not hold in general.

Proof. Firstly we notice that, for n = +1 the coefficient of €% in Ay;(e) is,
2 11 4, 2 6,
Ai(e) =i — %Z - 122 — 53ZZZ + O(€"),
which does not hold A\ = £2ic(®),

Next, we prove the fist part of the lemma. In each summand of , all
the coefficients are real, except that each operator L brings a factor of i to
the Fourier coefficients (via the operator 0,), and each operator S, removes
a factor of i (see (38))). Hence each summand is purely imaginary, and so is
AP,

In each summand of , the operator Sflhj ) is a Fourier multiplier that
does not shift the modes, while the operator L™ g = ((u(m) — v(m))g)/ shifts
the modes by at most m because u(™ only contains modes up to e
Also the amount of shift = m (mod 2). Thus when acting the sequence
L(”P)S,(Ih”) - L) on €97 the mode is consecutively shifted by at most
U1, V2, ..., Uy, and the total amount of shifts = Zj v; = k (mod 2). Since
in the end we are taking the (n + s)-th mode, the total amount of shifts

must be 0 in order to count, so when £ is odd )\ﬁlk) = 0. When £k is even,
the mode €'™+% can only be shifted as far as e!(+s*k/2)7. otherwise it can
never be shifted back. Hence when k& < 2|n| + 2 = 2|n + s|, the frequency
always has the same sign as n or becomes 0. In the former case we can take
sgnm = sgnn in , while in the latter case the derivative in L kills it, so
it does not hurt if we still take sgnm = sgnn in (38)). Either way we can
take sgnm = sgnn in (38). Thus the action of S, is the same as that of S/,
where

g(m)
ilm—mn—sgnn)’
For n > 0, the operator S/, is the analog of S,, for L™ with

F(LTg)(m) = i(m — 1)g(m),

F(Sp9)(m) = m # n + sgnn.

ie., Ltg = ¢ — ig. Hence AP remains the same if we replace L with L*.
Now we have that

Lig:=Ltg+Y e'LMg=—vg —ig+ (ug) = ((uc—v)g) —ig

n=1
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whose eigenvalue problem is

((ue —ve)g) —ig = A" (e)g.

Using the same change of variable as in Section [3.2] the problem above can
be transformed to 3 3 3
B —ic.th = c AT (e)h
whose eigenvalues are
M(e) =n'cd —1i.

Since when € — 0, A\,(€) — ni and ¢, — 1, we must have that n’ = n + 1,
and so
M(€) = (n 4 1)cd — i+ O, (™).

For n < 0, note that since L preserves real-valued functions, its eigen-

values come in conjugate pairs, so A,(€) = Aj(€) = —Ajy(€) has the same
property. ]
Corollary 2. By Proposition[3 and Corollary[1, when € is small enough,
|An(€) = (n 4 sgnn)cd +isgnn| < |n|(Ce)"H < '8, n e zZ\{0},
N (€) — (n+ sgnn)dec.i| < |n|(Ce)*mH3 < O, n e z\{0}

for some constant C', C' > 0 independent of n.

3.7 Time resonance analysis
For m, n and [ € Z we consider
A (€) F A (€)+N(€) = (m+n+1)ci+ (sgnm+sgnn-+sgnl)(c.—1)i+O(e0).

Proposition 4. If m, n, | € Z and mnl # 0, then when € is small enough,
A (€) + An(e) + Ni(€)] > €2/2.

Proof. By and ,

_ —1
C. 2 dy 1 B 27 dy 3
e ([T M) ) 0@
2m o U(y) — v 0 l+ecosy—Scos2y— S

2

27 2 -1
= (/ (1—ecosy+620082y+6—0052y+6—) dy) + O(€%),
0

2 4
ce=(14+3/4) +0(®) =1 — 36 /4 4+ O(%).
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We distinguish three cases.
Case 1: m+n+1+#0. Then |m+n+1] > 1. Since ¢, — 1 < €2,

A (€) + An(€) + Mi(€) = (m +n + e + O(€%).
Since ¢, = 1 as € = 0, |Ap(€) + An(e) + Ni(€)| > |m +n +1|/2 for small e.
Case 2: m+n+ 1= 0 and mnl # 0. Then

Am(€) + An(€) + N(e) = —z(sgnm +sgnn +sgnl)e?i + O(e®).

Since | sgnm| = |sgnn| = |sgnl| = 1, we have that | sgn m+sgnn+sgni| > 1,
80 [Am(€) + An(€) + Ni(€)] > €2/2 when € is small enough. O

When m +n+1 =0 and mnl = 0, since \,(¢) is odd in n, it follows that
Am(€) + A (€) + Ai(€) = 0. We do have time resonance in this case. We will
eliminate this case by choosing a new frame of reference.

4 A new frame of reference
Recall that the traveling wave solution
fe(z,t) = ue(x + vt)

satisfies

atfe = er + feazfeu

ie.,
veu, = Hue + ueul.

Now we aim to find a new reference frame. Let P; (¢) be the projection
on the 1 dimensional space spanned by the eigenvector o7 (¢) = d.u and
w0y (€) = —e !, respectively. Then we aim to rewrite

f(x7t) = ue(t)(x + a(t)) + g(x + a(t)7t)

where €, a € R and P;*(e(t))g = 0. We first show that it is always possible,
provided that f is close to a traveling wave.
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Proposition 5. There is an absolute constant r > 0 such that if |ey| < r and
I|f — uellg2 < rleol, then there is e € R, a € R/27Z and g € L* such that

f(@) = u(r +a) + g(x + a), (40)
Py (e)g = 0, (41)
e — ol + llgllaz S f = ueoll a2 (42)

Moreover, €, a and g depend smoothly on f.
Proof. Define the map F : (—r,7)> = R? (e,a) —~ (y™,y~) with
Py (e)(f(z — a) —uc(x)) = y=¢p (e)- (43)

We now find the solution to the equation F(e,a) = 0. Since P; (e) is uni-
formly bounded in L? and ||¢5 (€)]| is uniformly bounded from below,

[F(e,a)] S |If(x —a) —uc| 2. (44)
The total derivative of is

— P.(f"(z — a))da — @5 (€)de + (Do) (f(x — a) — uc(x))de (45)
=p¢(e)dy™ + g (e)dy™ + y T 0epd (€)de + y~ Oeipy (€)de. (46)

Since || f|| g2 < [Jtey ||z + 7]€0| < |€o], we have that

[f(z —a) —ucllg < |[f(x —a) = f@)lm + |f — el + [[ue — vel| 0
< |aeo| + rleg| + € — €0l (47)

Since both P, and 9, P. are uniformly bounded on L?, and u. = —ep, (¢),
1(5) — e ()da + ¢if (e)del| 2 < (laco| + rleo] + |e — eol )(|dal + [de]).
By and ,
ly*0eeq ()2 < [F(e,a)] < lacol + rleo] + le — col
SO

1(6) — g ()dy™ — g ()dy™ |22 < (lacol + rleol + le — eof)|de].
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Hence the equality between and gives an estimate of the differential

1 0
HdF(e,a) - (0 —e) H < |aeo| + rleo| + |€ — €ol-

We assume that the solution (e, a) satisfies |e — €g| + |aco| < 7o|€o|, where
1o is small enough. This in particular implies that |ey|/2 < |e|] < 2|¢p|. Then

1 0
HdF(e,a) = (0 _€O> H < (ro + 7)ol

is also small enough. Let

o-te a3 2) (s 4)

1 0
oo} )

G —=T|| Sro+r.

If o and r are small enough, then ||G|| and |G| < 2.
Let (e1,a1) = (€9, 0) — dF (€, 0) " F(€o,0). Then (recalling (44)))

le1 — €o] + |areo] S |G F(eo, 0)] S |F(€0,0)] S I — ueollz2 S 7leol-

Since |02F| and |0,.F| < 1, and |02F| < || fllz2 < leo|, by Taylor’s theorem,

Then

and

|F(er,a1)| S ler — eof? + |er — eol|as| + |eol|ar|* S 7| F (€0, 0)].

Hence the iteration (6,11, an11) = (€n, an) + dF (€n,a,)  F(€,, a,) converges
when r is small enough. Moreover |e, — €| + |aneg| S |F(€o,0)]. Then
(€,a) :=lim, o (€n, ay,) satisfies F'(e,a) = 0 and |e — eo| +|aco| < |F(€,0)| S
r|€o| < roleo| if r is small compared to ry.

Let g = f(z —a) — u.. Then and clearly hold. Moreover,

g1l = llg(z + a)llaz = £ (x) — ue(z + a)|| 2
< = teollm2 + [luc(z + a) = uey (#) | 2
S = ueollaz + [ = €of + |aco|
S = ueollaz + [F (0, 0)| S NS — teo || 2

showing . The smooth dependence of €, a and g on f is also clear. [
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By translation symmetry, if f is r|e|-close to ue,(z + a) for some a €
R/27Z, we can reach a similar conclusion. Then we can write

fx,t) = uqp(x + a(t)) + g(z + a(t), t).
We will obtain an energy estimate for g. Combined with local wellposedness
of the equation and Proposition , we can show that the solution extends
as long as the energy estimate closes itself, see the end of section [5.2
To get the energy estimate, we first need to derive an evolution equation
for g. Since f is differentiable in ¢, so is €(t), a(t) and g, and we get
fi(z,t) = d'(t)(u, + go)(x + a(t)) + € (t)Ocuc(x + a(t)) + ge(x + a(t),t)
and
(Hf + ffo)(@,t) = (Hue + ueue)(x + alt)) + Hg(z + a(t), 1)
+ Ou(ue(x + a(t))g(x + alt), 1)) + (99:) (x + a(t), 1).
The equation for g is then
ge = vetle = ' ({) (e + go) — €/(t)Detic + Ho + (ucg)e + 99
= Leg + (ve — a' (1)) (ug + gz) — € (1) Octic + ggar-
Since P; (€)g(t) = 0, we have that Pi~(¢)g, = —¢'(t)0.P§ (€)g, so the action
of the projections P§ () on the above equation is
(ve — a,<t)>P(;|—(6)gfv + e’(t)(@EPJ'(e)g — Oeue) + PJ(E)(ggw) =0,
(ve — (1)) (ug + Py (€)gz) + € ()0 (€)g + Fy (€)(992) = 0.
Since Pi"(e) are bounded on L?, we have that || P55 (¢)gullz2 < |lgllmr. Since
P;(€) are analytic in €, we have that ||0.P; (€)g|lz2 < |lgllz2. Since P (e) is
a projection, we have that Pi"(¢)? = Pj (). Taking the derivative in € and
using the constraint Pi"(e)g = 0 we have that Pi(€)0.Pi(e€)g = 0P (e)g,
i.e., 9P (€)g is in the 1-dimensional space spanned by @7 (¢). Hence

|1P5(€)g2/ 5 ()| < Nlgllzre, 10:F5(€)g/ 5 ()] < Nlgll e

Thus, dividing the two equations by i (€) we get

(2 o) votaten) (o) = (G i) | e

Assuming ||g(¢)||z1/|€| is small enough we have that
ve—d'(t)) _ (OUlg(®)lI3:/leD)
(eo”) = Cofain) )
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4.1 Diagonalization

To find the evolution of other modes, we diagonalize the equation for g.
Let ¢ = h, and h = h o ¢., where ¢, satisfies . Recall from that
Leg = —Vefy + Hg + (Ueg>z7 Y

1
hy = —vchy + Hh + uch, — €(4)0.U. + (ve — a'(t)) (ue + he) + Ehi (mod 1)

where U, is a primitive of u.. Differentiating h = h o ¢, with respect to € we
get R R

hy = hy o ¢e + El(t) <a€¢e)(h$ © ¢e)
On the other hand,

(=vehe + Hh + uchy)o = Leg = ((cc0s + H + R)h) 0 ¢)s
S0
he = (ccOp + H + Ro)h — € () (et © ¢ Yy — € (1)O.U, 0 ¢t
+ (ve — a'(#))(ue + hy) 0 71 + %hi o¢ ' (mod 1).
By the chain rule, hy = ¢ (hy 0 @), 50 hy 0 ¢-1 = (¢ 0 ¢-)hy, and
hy = (ccOp + H + R)h + chy — € (£)0.U. 0 ¢, ' + (ve — d(t))uc 0 6"
+ %(cbé oo ')’h;  (mod 1),
P = —¢(t)(Dctpe 0 O ') + (ve — /(1)) (& 0 &),
Using the operator W, from lemma [5| we have that

(14 W) (cedys + H+ R) = A1+ W)

where A, is a Fourier multiplier whose action on the Fourier mode e*("*+senm)=
is multiplication by A, (€). Since W /e is of class S, uniformly in ¢, for any
smooth function F', the operator

b Re(F)h = (1+ W.)(Fhy) — F((1+ W)h),

is of class S, with the implicit constants depending on the C* norms of F.
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Let h = (1 4+ W.)h. Then

(1+Wohy = Adh + @b, — € ()(1+ W) (0.U, 0 )
+ (ve — d' (1) (1 + W) (ue 0 ¢.1) + Neb, ] + Re(®)h  (mod 1)

where ]
Ne[b, b] = 5 (0L 0 o (1 + W) ')z (49)

Both R (Dc¢pe © ¢71) and R (¢, o ¢! — 1)/ are of class S, uniformly in €
when € is small. Moreover, since W, is analytic in € with Wy = 0, so is
R(1) with Ro(1) = 0. Hence R.(1)/e is of class S uniformly in €, and so is

Ro(d] 0 6, e

Since O.u. and w. are in the generalized eigenspace of L. associated with
the eigenvalue 0, we have that 9.U.o¢_ ! and u.0¢_ ! are in the corresponding
space of ¢.0, + H + R, so (1 + W.)(0.U. 0o ¢ ') and (1 + W,)(uc 0 ¢ ') are
in the space spanned by sinz and cos x, according to Lemma [5|

Now we have

be = (1 4+ Wo)h + € (£)0.W.h
= Ab+ @b, + NJb,b] + Rest (mod 1,sinx, cos )

where N[, b] is given by and
Rest = € (1) (0. W.)h + R(Po)h

(50)

is also of class S uniformly in € when € is small.
Recall that €'(t) and a'(t) are chosen such that Py(e)g(t) = 0 for all ¢,
where Py(e€) is the projection onto the span of J.u. and u.. This implies

that Qo(e)h(t) = 0 for all ¢, where Qy(€) is the projection onto the span of
dUco¢ " and ucop ', Since 14 W, maps the span of d.U.o ¢ and ucop !
to the span of sinz and cosz, we have that h(1) = h(—1) = 0 for all ¢.

5 Energy estimates

Since h(1) = h(—1) =0 for all ¢, for k = 0,1, ... we define the energy

1 2 ]- 2
B = 5101z = 10116 0.con

and aim to control its growth.
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Using the evolution equation for h and the anti-selfadjointness of A,
we get

—Ek(t) = F3(t) + En(t) + Fresi (),
E@(t) :< Ehxv >
En(t) = (Neb(t), b(D)], 5()) g, )
Erest(t) = (€ ()0Weh(t) + Re(P)h(t), H(1)) -

Recall that ¢ = hy, h = ho ¢, and h = (1 + W.)h. When € is small
enough, the last two are bounded operators with bounded inverse between
H* k=0,1,..., 50

gl =k 12l e =i 1l s =i (10 s (51)
Since R (0.0 0 ¢71), Re(¢. 0 ¢71) /e and W, are of class S uniformly in e,
1€ ()W = € (OR(Depe © o NI g Sk g7 1) | g1 S Ba8)2,
I(ve = @' ()R, 0 o VD)l Sk (g7 /)ell L) Sk (1)
SO
| Brest ()| Sk Ba(1)*2 ()2, (52)
To bound Eg we use and to get
12llox Sk Mgz + (g @) 70 /leD)lel Sk Ea(t)-
Since Fp loses only one derivative in b, we have that
| Ba(t) — (20;70(1), 050(t)) 12/ Sie Ea(t) En(t). (53)

For the sake of bounding this term, since the inner product is taken in the
space L?/(1), we can without loss of generality assume that §(0) = 0 (which
is not true in general) and integrate by parts to get

2m 2
2(®0;710(1), 05h (1) 12/ =/ 0.0,(9;b(t))*dw = —/ O (0;h(t))*dx
0 0
so again by and ,

|Ea ()| Sk Eo(t)Ex(2). (54)
Combining , and shows that
d
B ~ Ex(0)] S BB, (59
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5.1 Normal form transformation

To bound Ey we recall the expression of N, from . Since N, does not de-
pend on the constant mode of b, we can also assume without loss of generality
that h(0) = 0. We further decompose

En(t) = En1(t) + Ena(t),

2
Pt =3 | o000 -
[lc/2]+1
= > [ anaEnan()
Jj=2 k/

where ¢;; € R are constants and we integrated by parts to get rid of the
terms with k + 1 derivatives falling on a single factor of h.

We use the normal form transformation to bound them. Define the tri-
linear map

2m
f f ,f / f (m 1 sen m)ei(m—l—sgnm)x
b= 3 ST b
X foln + sm n)e“"*sg“ D7 fy (1 + s el 0y
and put
Diyj(t) = Den[03(t), 0,2 77h(t), 076 (2)].
Then

@D 1s(t) = (0D (1), I (1), &2h (1))

dt
+ De[0;0:h(t), 0, 77b(t), 01h(t)]
+ De[0h(t), 07 9,b(t), 01h(t)]
+ De[0;h(t), 07770 (t), 0L0:6(1)].
Note that Exi(t) is a linear combination of the last three lines on the right-

hand side, with 0; replaced with A, so < Ek/g]ﬂ cikD1 g j(t) — Eni(t) is a

linear combination of

¢()(0:D)[0:h(t), 077 h(t), 0] h(t)] (57)
D[95 (0 — A)h(t), 0,2 77b(1), 01h (1)), (58)
D[9;h(t), 0,727 (9, — Ad)b(t), 9ib(2)], (59)
D[0;5(t), 0,7 77b(t), 00, ) @)]- (60)
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We estimate these terms one by one.
By the definition of D,

N (N0) + My (0) + Xi(e
BD =0 2 30m@+ Al Mt

% 6(” + sgnn, t)a£+2*jei(n+sgnn)x6(l +sgnl, t)@iei(”sg“l)xdx,

27
?)2 / 6(m+sgn m,t)aigei(mﬁgnm)x
0

We first bound the fraction. By Corollary [2, when € is small enough,

Mo (€) + N (€) + Nj(€) = (m +n + 1 +sgnm + sgnn + sgnil)dec.i + O(e)
S(m4+n+1+1)e. (61)

On the other hand, the integral vanishes unless
m-+n+1+sgnm+sgnn+sgnl =0 (62)

in which case m +n +1( is an odd number, so is non-zero. Then by Case 1 of
Proposition []

[Am(€) + An(e) + Ni(€)| > Im +n+1|/2 (63)

() + X6 + X0 _
R+ a6 T MO ™

€] (64)
Then for k > 3,

(BEDI S le()e' ()] Y |(m+sgnm)*h(m + sgnm,1)

mnl#0

(62)
X (n+ sgnn)* 2770 (n + sgnn, t)(1 + sgn 1) h(I + sgni, t)|

27
~ le(t)e ()] / OFH (2, )0" > H (2, ) H(x,t)| dx
0

S e(t)e O H (2, )16 [1H (2, )|y 2100 S le(t)e (O H (2, 1)
(65)
since k > [k/2] + 2, where

H(x,t) = |6(m + sgnm, t)|ei(m+sgnm)x

m##0

BN
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satisfies
IH (2, )| e = 1600 S Ew(t)"?

so by and ,
(B <n lelBo(6)Br(0). (66)

To bound the other terms ., . and (| ., we use the evolution equa-
tion of b, which loses one derivative in b, so

10 = MBS gl /1EDNBE e + 16 15

If ||g(t)||1/]€| is small enough and k£ > 2, the first term is dominated by
the second term thanks to . Since in the summation of D, it holds that
m +n + [ # 0, the denominator is uniformly bounded from below thanks to

. Unless 7 =2 in and , we can integrate by parts if necessary to
ensure that at most k — 1 derivatives in « hit each factor of j. Then similarly

0 it follows that for k > 5,

(B85 > 3) + (9 > 3) + O] < Bw(t)*. (67)
For j = 2, by symmetry of D, it is clear that
GYj=2=FE85=2) (68)

which according to (50]) equals
D[05(®cha(t) + N[b(t), h(t)] + R(1)), 0;b(t), 070(1)].
Similarly to (65)),
|DJOSR(t), 950(1), 20(1)]| Sk Es(t)*Ex(t)?. (69)
Similarly to (53),
D5 (@b, (1)) — @y 10(1), Db (1), 820(0)]] Sk Es(t)**Ex(t).  (70)
By definition of D,

D [®@.05 1, (t), 08n(t), = > N _1-)\1( )+ Ai(e)

mm/nl#0
21 . o ‘ (71>
X / CI)e (p)eszh(m + sgnm, t)ai—i—lez(m—i—sgn m)x
0
X 6(71 +sgnn, t)a’;ei(n+sgnn)x6(l +sgnl, t)agei(l—&—sgnl)mdx
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where m' +sgnm’ = p+ m + sgnm # 0, £1. We break the summation into
several parts.

Part 1: |p| > |m +sgnm|/3. Then we can transfer the extra derivative
from § to P, and compute as in to get

|Part 1| <, Es(t)>/?Ey(t). (72)

Part 2: |p| < |m+sgnm|/3 but |p| > [n+sgnn|/3. If [n+sgnn| > |m|/3
then |p| > |m|/9, and we get the same bound as before. Otherwise, since the
integral vanishes unless

p+m+n+Il+sgnm+sgnn+sgnl=0 (73)

in which case we have |l + sgnl| > |n + sgnn|/3, and we can transfer the
extra derivative to the factor 92h to get (note that ||D.|lcx Sk |9l /le])

[Part 2| i (Ilg(t)[17n /[e) Ba(t) 2 Ex(t) < Ealt) Eu(t) (74)

provided that ||g(t)||g1/|€| is small enough.
Part 3: |p| < |m + sgnm|/3 and |p| < |n + sgnn|/3. Then sgn(m’ +
sgnm’) = sgn(m+sgnm), i.e., sgnm’ = sgnm, som’ = m+p. By symmetry,

Part 3

1/2 /27T % 2 i(l+sgnl
= b(l + sgnl, )2 ttsende
m%;() Amp(€) + An(€) + Ai(€) Jo

|p|<|m+sgnm|/3
[p|<|n+sgnn|/3

b, (p)e b (m + sgn m, )OI (n 4+ sgu )k

1/2 27 . '
= I +sgnl, t)02e!(mrsanmr
2 S F (@ F () J, U sent)

mnl#0
|p|<|m+sgnm|/3
|p|<|n+sgnn|/3

X Ci)e (p)ezpz{)(m + sgnm, t)a;?ei(m—i-sgn m)mﬁ(n + sgnn, t)al;—&-lei(n—&—sgn n)rdm

Note that the two denominators are uniformly bounded from below. Also,
sgn(m+p) =sgnm and |m+p| > (2|m| —1)/3, and similarly for [. Then by
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Corollary 2] the two denominators differ by O(|m|e*™l/3+3 4 |n|elinl/3+3) o

Part 3

1/2 / 2 il l
= b(l + sgnl, )92l Fsende
PO e CESWOESTT

[p|<|m+sgnm|/3
|p|<|n+sgnn|/3

Xci)e(p)eipxam<6(m + sgnm, t)@l;ei(m—i-sgnm):pﬁ(n +sgnn, t)afei(n+sgnn)a:)d$

27
+ Z O(m|etImI/3F3 4| |tinl/313) / |(1 +sgnl)®h(l + sgnl,t)
@) 0
x®(p)(m + sgnm)*h(m + sgnm, t)(n +sgnn)*h(n + sgnn, t)|

_1/2 / 2 l l
= Dy ( l+s nl,t)0je il+sgnl)a
2 Mt (€) + Ane) + No(e gul,t)

mnl#0
|p|<|m+sgnm|/3
[pl<|n+sgnnl|/3

XD (p)e™*)h(m + sgnm, )0k MTE T (4 sgnn, t)9kel M TET gy

+ZO(64)/0 ' (14 sgnl)?6(l +sgnl, t)

x b (p)(m + sgnm)*h(m + sgnm, t)(n + sgnn)*h(n + sgnn, t)|
where we integrated by parts in the first integral and used the bounds
im|e!!™/3+3 and |n(n + sgnn)el?/33| < ¢t in the second. Then as in it
follows that
[Part 3| <i. (lg()l[7/lel) Ea(t) /2 Bu(t) + € (lg ()17 /lel) Bs(8) "/ Eu(t)
S Eu(1)Ex(t)
(75)
provided that e and ||g(t)||H1/|e| are small enough.
Combining , and . shows that
|De[@§(q’ebx(t)) ( ), 20| Sk Ea(t)(1+ Ea(t)?) Ex(t)  (76)
provided that € and ||g(t)|| g1 /|€e| are small enough.
We now turn to D [05N[h(t), b(t)], 05 (t), 026(t)]. Similarly to (53),
[De[or Nl (1), (1)), 2:(2), 95h (1)
=Dc[(¢ 0 1) 0:((1+ W) THh(1)) (0 (1 + W) Th(1)), 0:h(¢), 026 (1)]|
Swlel Ba(t) 2 Ex(t)*°.
(77)
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Since W, /€ is of class S uniformly in €, so is ((1 + W,)™' — 1)/, so

IDel(6 0 6.)2(0a(1+ W) h(1)(0; (1 + W) ™" = 1)b(#)), 97(2), 76 (1)]|
i lel Ba(t)2 By (1)1

(78)
Finally, D[(¢. 0 ¢.)*(0x(1 + We)~'h(1)) (0570 (t)), 9:h(t), 02(1)] is of the
same form as the left-hand side of , so we trace the same argument to
get

|Part ]_| Sk Eg(t)Ek(t),
\Part 2’ Sk E4(t)Ek(t),
|Part 3| <, E,(t)E,(t) + *Es(t)Er(t) < Ey(t)Ey(t)

provided that € is small enough. Hence

[ Dl(¢ 0 621 (0u(1+ W) T0())(0,0(1)), 05b(), 920 (1)]| Sk Ea(t) Ex(t)

(79)
Combining , and shows that, for k > 4,
DOENH(L), (1), 0:0(1), O20(1)]| Se Ea(t)/*Br(t)** (80)

provided that € is small enough.

Combining , and shows that, for k > 4,
(B8] = 2)| Sk Ba(t) 2(1 + Ea(t)/?) By(t)*2. (81)

provided that € and ||g(t)||z1/|e| are small enough.

Finally, combining , , and shows that, for £ > 5,

k/2)+1

[
d
7 kD1 n;(t) — Eni(t)| Sk (1+ Ea(t)?)Ey(t)? (82)
=2

provided that € and ||g(t)||z:/|€| are small enough.

5.2 Lifespan when < ¢

In this section we will obtain a preliminary bound for EFys = En — En; and
show a lifespan of % when ||go||msm) = 0 < €, i.e., § < ce for some ¢ > 0
independent of e.
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Recall from (56) that
Bx(t) =3 [ 0300 5 (0 + W b0
Similarly to (53), for & > 3,
Bx(t) = [ (010 6 PO+ 17 0u(0)")e] e eFA(1

Since ((1+ W,)~* —1)/e is of class S uniformly in e,

/0 "6 0 62O (1 -+ W) ha(t) — ba(0))?)de

Sk EQE’C (t>3/27

2 / (60 67100 (((1 + W) balt) — b ()ba(t))da

- /0 W(¢20¢21)2((1+W6)‘1bx(t)—bx(t))a'ih(t)ai“b(t)dw Sk el Br(t)¥2.

Finally, by integration by parts,

(¢ 0 o )2 ((1 4+ We)~'ha(t) — ha(£)O5b(1) 05+ (1) da

e

/O 0:((¢ 0 &P ((1 4+ W) "0 (1) — b2 () (950 (6)) dx| S el Ex(t)*?.
Combining the bounds above shows that, for k£ > 3,

|En, ()] = |En(t) — Eny ()] S lel E(8)? (83)

provided that € is small enough.
Now combining , and shows that, for k& > 5,

[k/2]+1

Z cik Dy (t) = Ex(t)| Sk (1+ Ea(t)'?)Ex(t) + [e| Ee(£)*2. (34)

dt

provided that € and ||g()||5:/|€| are small enough. Hence

[k/2]+1

Ex(t) = Ex(0) = > cju(D1g;(t) — Digj(0))

j=2
1/2 3/2
+O0,(1(1+ BB+ el B 2 o)-
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Similarly to (65)),
Dk (1) = [Dey[050(1), 0572770(1), 92b(1)]| Si Bi ().

Now we are able to show a lifespan longer than what follows from local
wellposedness. Assume that the initial data is

f(,0) = u(x) + g(x)

where |e| < € is small enough, the energy Fj(0) computed from g is Ey(0) =
62, and |§/¢ is also small enough. Let

T = sup{T : 3 a solution f(z,t) = ucy) (v + a(t)) + gz +a(t),t), (85)
t € [0,T] such that |e|/2 < |e(t)] < 2le|, Ep(t) < 46%}. (86)

Then the above conditions hold for all ¢ < T™*. Moreover, the energy estimate
implies that

Ei(t) = 6% 4+ OR(0° + t(6* + |€|6%)) = 6% + Or(3*(1 + tle])).
Then there is ¢ > 0 such that if T* < ¢;./]€|d, then E(t) < 262, Also,

()2 = Nluellza| = [[1f (2, 0)llz2 — [Juellz2] < llgllze S 0.

by conservation of the L? norm. Meanwhile ||| f(z,¢)|[z2 — |[uewl z2] S 0, so
ey |l 2 = ||well 22| S 6. When || is small enough, [Juc|| 2 is differentiable in
¢ with nonzero derivative at € = 0. Since |d/¢| is small enough, |e(t) —¢| < 6.

By local wellposedness, the solution can be extended to a time t* > T™,
with

1f (@, t) = @, T2 S (¢ = T)(1f (@, )2 + 11 f (@, 1) [[7gs) < (= T7)e]

for t € [T*,t*]. Then || f(z,t) — uecr)(x + a(T*)) ||z S (t* —T%)|e| + 9. Take
t* = T* + &/le|. Then f(z,t) satisfies the conditions in Proposition [f], so
holds up to time t*. Since f(z,T*) is small in H*, f(z,t) is uniformly
bounded in H* on [T*,#*], so it stays within a compact set in H2. Since ¢ is
differentiable in f € H?, |e(t) — e(T*)| < (t* — T*)|e] < 6, so |e(t) — €| <6,
so |€|/2 < |e(t)| < 2l|el holds up to time t*. The energy estimate then implies
that E; < 362 also up to time t*, so holds up to time t*, contradicting
the definition of 7. Hence the lifespan 7™ 2 1/|e|0.
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5.3 Longer lifespan when § < ¢

When the perturbation g is very small compare to €, i.e., ||go|| s = 0 < €2,
we can obtain a longer lifespan by applying the normal form transformation
to

Eno = En — En1 = Eno1 + Enoe + Enog + Enaa,
[k/2]+1

Bvu= 3 A A AT (RS TAREC)
 B1((6 0 6L+ W) ()

k/2]4+1 k4+2—j

EN22 - Z Z Ck]z/ ak 8Z ¢ (b )ak+2 - Jb()

x@’(((b ¢ ) (1+ W) 'h(t))de

[k/2]4+1

B 3 o | a0 - nat s
({60 6L+ W) ()

[k/2]4+1

2m
Bra= 3 o | oo oo o)+ Wt — s

where ¢, ¢j; and cyj; € R are constants and we integrated by parts to get

rid of the terms with k£ 4 1 derivatives falling on a single factor of h, except

for the term with 7 = 1 in En91, in which the £+ 1 derivatives do not matter

in view of the fact that the operator (¢! o ¢71)((1+ W,)™! —1) is of class S.
Now we define

[k/2]+1 2

621 f17f27f3 Z )\ )+)\l(€) i f1<m+sgnm)ei(m+sgnm)x

mnl;éO

X P ((¢ro g7 ) (14 Wo) ™ = 1) fo(n + sgnn)eltrHeenme)
x R((@L 0 ¢ )1+ W)™ fa(l + sgnl)e’Tenbr),
D21(t) = De,21[b(t)> h(t)a h(t)]
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and similarly define Dgs, Doz and Dsy. Then
d

EDzl( ) — Enai(t) = €(t)(0cDe21)[h(1), b(t), h(1)] (87)
+ De,21[<at - Ae)b(t)a h(t)v h(t)] (88>
+ Dear[b(t), (0; — Ao)b(t), b(t)] (89)
+ Dean[b(t),b(t), (0: — Ac)b(2)]. (90)

We estimate these terms one by one.

For , still holds, but there are non-trivial actions on § in the
slots, so no frequency restriction such as exists. When m—+n+1#0,
we are in Case 1 of Proposition I SO ., and hence , still hold. When
m+n+1=0, by Case 2 of Proposition 4] when e is small enough,

A (€) + An(€) + Ni(€)] > €2/2 (91)
which, combined with , shows that the multiplier in 0.D, is bounded by

[Am(€) + A (€) + Aie)] o
[Am(€) + Anle) + Aule)[> ™

instead of (64)). Since both (¢Lo¢ 1) ((1+W,)™' —1)/e and d(¢Lod 1) ((1+
W,)~! — 1) are of class S uniformly in e, it follows that, for & > 3,

(BT Sk 1€/ (1€ 2B < €2 Ea(t) By ()2 (93)

provided that € is small enough.

The terms , and are like , (59) and respectively,
execpt that instead of the uniform lower bound of A, (€)+ A\, (€)+A;(€) we now
have , which loses two factors of €, but we are helped by the e-smallness
of (pLop ) ((1+W)™! ) which wins back a factor of e. All told we lose
a factor of € compared to , so for k > 5,

(88D + (9 + (90)] S lel (1 + Ea(t)/?) Ex(t)? (94)

provided that € and ||g(t)||z1/|e| are small enough.
Combining and shows that for k > 5,

(92)

d

—Dan(t) = Enan(t)| S lel (1 + Ey(t)"?)Ex(t)? (95)
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provided that € and ||g(t)|| g1/|€| are small enough. We can also save a factor
of € in the other terms FEnoo, Eno3 and Eyg4 thanks to the e-smallness of
(¢ o 1) and ¢, o ¢ — 1. Hence the bound . 95| also holds for Engg, Enos
and EN24

Combining ([55)), and shows that, for k > 5,

[k/2]+1 4
Ex(t) = Bx(0) = > cir(Drg;(t) — Digj(0)) + > (Da;(t) — Doj(0))
Jj=2 J=1

_ 1/2
+ On(lel 1L+ By Bl o)
provided that e and ||g(t)|z1 /|| are small enough. Similarly to (83)), for
k> 3,
| Doy (D)) S €(t)*[e()| Br(t)? = Ex(t)*?/lel-
Hence if Ex(0) = 6% <1 and Ej, < 262 on [0,¢] then
Er(t) = 0% + |e| 710 + Op(tle|10%).

Assume 6/¢? is small. Then the second term on the right-hand side < 6°/2,
so we close the estimate for a time ¢t <, || /2, which is also the lifespan in
this case.
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