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ABSTRACT: The dynamical evolution of a quantum system is assumed to be linear. However, the 

restriction of linear dynamical maps to submanifolds of states, whenever such an operation is 

meaningful, can result in a non-linear dynamical system. Such a procedure will be considered in a 

quantum setting, in order to investigate the possibility of quantum non-linear equations of motion. In 

particular, in the Schrödinger picture we can start with a Hilbert space associated to a given 

quantum system, and consider a non-linear submanifold of this vector space. Even if it is not always 

possible to restrict a vector field to a submanifold (unless it is tangent to it), it is always possible to 

restrict possible covariant differential forms associated with the vector field. Therefore, having in 

mind the restriction to a submanifold of trial states, it seems more natural to consider a Lagrangian 

description, since it involves differential forms which can be pulled-back to submanifolds. In other 

words, starting with a Lagrangian description for the quantum evolution, one induces a Lagrangian 

description on the submanifold of selected states, and the associated Euler-Lagrange equations 

provide a set of equations of the motion for a “restricted system”. In general, this evolution will be 

different from the initial quantum one, since the submanifold need not be preserved under the 

evolution. The proposal is a “dynamical version” of the text-books' “variational method”, used to find 

approximate solutions for eigenvalues of stationary states by means of trial wave functions. In this 

talk I will present some cases in which the two procedures coincide, and the induced dynamics is not 

linear. The first part of this talk, therefore, will be devoted to the Lagrangian formulation of the 

unitary evolution for quantum systems. The second part, instead, will be devoted to some 

applications. The main focus will be on the subspace of squeezed and correlated Gaussian states in 

$L^2 ( \mathbb{R} )$. However, some remarks on more general situations involving also other types 

of action at the quantum level will be provided in the conclusions. 
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