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1. Introduction and motivation

The conjecture of Birch and Swinnerton-Dyer was formulated by the mathematicians Bryan
Birch and Peter Swinnerton-Dyer in the sixties in the papers [BSD]. It has become a milestone
of modern algebraic number theory and a dominant theme of research, as well as a millennium
prize problem of the Clay mathematical institute (click here if you want to know what you
need to prove to win the million dollar prize!).

Let us write some details! An elliptic curve E over Q can be (more or less) described as the
zero locus of the following equation:

(E) : y2 = x3 + ax + b, with a, b ∈ Q and 4a3 + 27b2 6= 0.

The set:
E(Q) := {(x, y) | (E) is satisfied }

has a natural structure of abelian group and the Mordell-Weil theorem states that it is finitely
generated. For this reason, E(Q) is often called the Mordell-Weil group of E. In particular, it
has a free part of rank r ∈ Z≥0 and a torsion part T .

To the elliptic curve E we can associate an L-function, i.e. a function L(E, s) of complex
variable s (similar to the Riemann zeta function) which is defined as an Euler product in the
following way:

L(E, s) =
∏
p

(1− app
−s + p1−2s)−1.

Here p runs over all prime numbers (a finite number of factors is here incorrect, in order to ease
the exposition). The product is only convergent for complex numbers s for which Re(s) > 3/2.

Conjecture 1.1 (Birch, Swinnerton-Dyer). The following are true:
(BSD0) The function L(E, s) admits an analytic continuation and a functional equation relating

its values at s and 1− s;
(BSD1) ords=1L(E, s) = r (analytic rank and algebraic rank are equal)
(BSD2) The first factor in the Taylor expansion of L(E, s) at s = 1 is given by:

Ω ·
(∏

p

cp

)
· #X

#T 2
·R

where each letter represents an interesting arithmetic invariant of E.
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The formula (BSD0) is usually stated separately and it is called modularity conjecture. In
this specific case it is a theorem. It was proved by Andrew Wiles in 1993, but there was
a mistake; it was subsequently corrected by Wiles himself and one of his students, Richard
Taylor. This was the final stone that completed the proof of the very famous Fermat last
theorem.

The formula (BSD1) implies that the elliptic curve E has an infinite number of points if
and only if a complex analytic function is zero at s = 1! What a miracle? Yes and no... the
miracle is being revealed, little by little. Euler systems have provided proofs for cases of rank
0 and 1, but the general case still seems out of reach.

The formula (BSD2) is a refinement of (BSD1) and its statement needs the non-trivial
assumption that #X is finite (widely open conjecture). This formula has a shape very similar
to that of the famous analytic class number formula of Dirichlet and Dedekind. The equivariant
Tamagawa number conjecture (ETNC) is a vast generalization of these formulas and it is
expressed in terms of motives.

2. Possible projects

The theory of Euler systems is increasingly becoming a very attractive tool throughout
the number theory community. The main reason is that recent works have proven that they
furnish a systematic tool that allows the attack of the BSD conjecture (and other cases of
the ETNC as well). In fact, all of the known cases of the BSD conjecture were proven using
Euler systems. The goal of the two projects is to understand one sixth of the survey article
[BCDDPR] or, at least, parts of it.

2.1. Project one: elliptic units. The section 1.2 of the [BCDDPR] describes the Euler
system of elliptic units, the first to be used in order to prove the BSD conjecture for elliptic
curves having complex multiplication (the first systematic proof about BSD). This was first
the achievement of John Coates and Andrew Wiles and the result was subsequently by Nicole
Arthaud (cf. [CW77], [Art78]). The survey article [Rub99] of Karl Rubin contains most of the
main ideas that are needed to get a proper understanding of the problem. It also provides a
nice reference for the theory that is needed to fully understand the topic.

The main goals of this project would be:

1) learn the basic algebraic number theory that is needed to understand the constructions,
including the arithmetic of Dedekind domains, local fields and some elements of class
field theory (see [Neu91], [CF67], [Lan70]);

2) learn about elliptic curves (see [Sil], [Kob], [Mil]) and understand the theory of complex
multiplication (see [Sil94], [Cox89]);

3) learn some elements of elliptic modular forms and modular curves (see [DS], [Mia76],
[Ser], [Zag08]);

4) understand the construction of the elliptic units and how they form an Euler system
(see [Gro], [DD06, sec. 1], [Rub99]);

5) see how everything can be connected to the BSD conjecture using (p-adic) L-functions
(see [BCDDPR, sec. 1.2], [Kay76], [deS87], [Rub99], [Rub92]).

2.2. Project two: Heegner points. The section 1.3 of the [BCDDPR] describes the Euler
system of Heegner points. It was used by Kolyvagin in order to prove the BSD conjecture for
all modular elliptic curves of analytic rank 0 and 1 (cf. [Kol89]). The book [Dar04] of Henri
Darmon beautifully presents the main ideas of Kolyvagin proof. It also displays a very long
and complete bibliography providing references chapter by chapter.

The main goals of this project would be:
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1) learn the basic algebraic number theory that is needed to understand the constructions,
including the arithmetic of Dedekind domains, local fields and some elements of class
field theory (see [Neu91], [CF67], [Lan70]);

2) learn about elliptic curves (see [Sil], [Kob], [Mil]) and understand the theory of complex
multiplication (see [Sil94], [Cox89]);

3) learn some elements of elliptic modular forms and modular curves (see [DS], [Mia76],
[Ser], [Zag08]);

4) understand the construction of the Heegner points and how they form an Euler system
(see [Gro], [Dar04]);

5) see how everything can be connected to the BSD conjecture using (p-adic) L-functions
(see [BCDDPR, sec. 1.3], [Dar04], [Rub99], [BDP13], [Cas16]).

3. Remark on the projects

The projects are very long and complicated, so it is important to set a reasonable bar.
In both cases, the suggestion is that the candidate should achieve the understanding of the
construction of the chosen Euler system. Anyway, because of the vastness of the topic and the
many ramifications it presents, the direction of the projects is yet to be decided, according to
the candidate personal inclinations and his/her background.

The two themes are highly connected, although different. Since the first three parts of the
two projects are practically identical, in case there is more than one candidate, collaboration
will be highly recommended and encouraged. Also, the two Euler systems are strictly related,
too, as shown for instance in the article [Rub92].

A good base to work on the advanced parts are the first three chapters of the book [Dar04],
which contains a plethora of references. The exposition of [Rub99] is quite self-contained and
highly recommended, too. If the candidate already have a solid background in many of these
themes, I would also suggest the book [Rub00]. The algebraic geometry needed is well covered
in the references relative to the elliptic curves, but in case other references will be provided.
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