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Let k be a suitable Calderon-Zygmund convolution Kernel in IR :

( Ke S'Rd) s .
t

.
Ke 2

+
(1&03

(ii) 11 Ello = C

cicil (K(y11I Fy
(iv) /by ,Kyl = t

T
*

f(x) : = mp
,
/ Safxye"

"E
kydyo

* EIR

Theorem (Sjolin , 1971(

let ipco .

Then 1T** /LPCR& 1A/PK)



Polynomial modulations

T
*

f(x) : = mp
, /S f(x-y)e" ** kiysdy/

X EIR Ip
&

Stein : Do LP-bounds still hold if Joy is replaced by a

polynomial Py(y) : = z xya of fixed degree N

12141N

and supremum
is taken over all coefficients 1 = (Jc)IN ?



Polynomial modulations

T
*

f(x) : = sup
d
I Sidfixye"8 kiy dyX EIR

Stein : Do LP-bounds still hold if Joy is replaced by a

polynomial Py(y) : = z xya of fixed degree N

12141N

and supremum
is taken over all coefficients 1 = (Jc)IN ?

iP(X ,y)

· Ricci-Stein (1987) : Tpfix = ff(x-3) e kiy) dy,
Ad

where P(x ,y) real polynomial in IR
&
xIR

&

and proved LP-bounds only depending on the degree



Polynomial modulations

T
*

f(x) : = sup
d
I Sidfixye"8 kiy dyX EIR

Stein : Do LP-bounds still hold if Joy is replaced by a

polynomial Py(y) : = z xya of fixed degree N

12141N

and supremum
is taken over all coefficients 1 = (Jc)IN ?

iP(X ,y)

· Ricci-Stein (1987) : Tpfix = ff(x-3) e kiy) dy,
Ad

where P(x ,y) real polynomial in IR
&
xIR

&

and proved LP-bounds only depending on the degree

Above, I Xayc , Nax any
measurable function

1KIN



Polynomial modulations

T
*

f(x) : = mp
, /S f(x-y)e" ** kiysdy/

X EIR Ip
&

Stein : Do LP-bounds still hold if Joy is replaced by a

polynomial Py(y) : = z xya of fixed degree N

12141N

and supremum
is taken over all coefficients 1 = (Jc)IN ?

· Stein (1995) : LPCIR) bounds hold if P
, (y) = Xy?

T
*

f(x) = sup 1 p.r . JA(x-y) eixe dy
↓E IR IR J

using assymptotics for FT of elig



Polynomial modulations

T
*

f(x) : = mp
, /S f(x-y)e" ** kiysdy/

X EIR Ip
&

Stein : Do LP-bounds still hold if Joy is replaced by a

polynomial Py(y) : = z xya of fixed degree N

12141N

and supremum
is taken over all coefficients 1 = (Jc)IN ?

· Stein (1995) : LPCIR) bounds hold if P
, (y) = Xy?

T
*
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Theorem (Stein-Wainger , 2001 (
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Then
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for all P
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9
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The above holds for all Pxlyl = I day"
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Further contributions by Zorin-Kranich (2021)
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*
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where

Cf(x = Geis M, (x - z)f(z)dz
Van der Corput arguments geometric maximal
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function bounds



Introducing curvature

Hilbert transform along the parabola

H f(x
, t) = p .

r . S f(x-y ,
ty d

par
Y

which arised in parabolic PDE (Fabes - Riviere (

Theorem (Nagel-Riviere-Wainger , 1974-1976 (

Let 120 . Then 1HparfIyci DELPCRE)

More general theory in IR" over submanifolds.
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Carleson-Radon like operators

Theorem (Pierce-Lung ,
2015 (

Let d> 3 and NEIN
,
NX 2 · Let

P : = & Ph(y) , Poly) , ..., Pr13) 3

where Pj(y) is homogeneous of degree j , Ply) Cly

For each X = (e
, ..., XN) , let P

,
191 = X

j p,
They

iPyly)
Il sup

= Barnet/ Sia fix-y , t-1yp) e Kigidy//cut
En 1flyp Cre
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Carleson-Radon like operators

Theorem (Anderson - Maldague - Pierce-Lung , 2024)

Generalisation to quadratic hypersurfaces.

Approach : follows Stein-Wainger TT*, but not directly

· Replace by smoother variant
,
run (TTY)

· Control square function for the error of the approximation



Carleson-Radon like operators

· Pierce-Lung : one-parameter "model" cubic case dz3

3

iv(ty + ... + tj)
Cf(x , y) = sup 1) ,

fixt
,yese Kit)dt I

↓EIR

· what about d=2 ?

C f(x , y) : = mp /p .
r S fx-ty-te



Carleson-Radon like operators

· Pierce-Lung : one-parameter "model" cubic case dz3

3

iv(ty + ... + tj)
Cf(x , y) = sup 1) ,

fixt
,yese Kit)dt I

↓EIR

· what about d=2 ?

C f(x , y) : = mp /p .
r S fx-ty-te

#m (B .
-Go-Hickman

,
2024 (

For all 120 , 11 CfILPCR E11f/PCIRY



Carleson-Radon like operators

· Pierce-Lung : one-parameter "model" cubic case dz3

3

iv(ty + ... + tj)
Cf(x , y) = sup 1) ,

fixt
,yese Kit)dt I

↓EIR

· what about d=2 ?

C f(x , y) : = mp /p .
r S fx-ty-te

#m /B .
-Go-Hickman

, 2024) Hsu-Lie (2024)

For all 120 , 11 CfILPCR E11f/PCIRY

Very different approaches



Earlier related results

Our result says
that for kpx

irexeit

de lycasPRE11 pr . S fix-t , ytle

for all measurable functions vex , y).

· Guo - Pierce-Lung-Roos (2017) proved it for v(x)

This allows to take Fourier transform in the y-variable



Earlier related results

Our result says
that for kpx
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de lycasPRE11 pr . S fix-t , ytle

for all measurable functions vex , y).

· Guo - Pierce-Lung-Roos (2017) proved it for v(x)

This allows to take Fourier transform in the y-variable
⑧ Roos (2019)

3 partial results on modulation
· Ramos (2021) invariant cases

i Nt + iMt2· Becker (2023, 2024) E
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?

-jex ,+ +et) kit) ItB 12

CeCef(x , y) = 9 k(( ,y) - (z ,u))f(z , u)dzdu

Rd d- 1 d
↳ double integral in IR- integral in I
= integral in 21d-1)-d = d-2 variables



Related phenomenon

spherical averages : Atf(x) = Sgd., f(x-ty) da(y) .....

2x3+tSd-1

spherical maximal function Sfix) = sep /Atf(x)/
t> o

Theorem (Stein
,
d 3 (1976) ; Bourgain , d = 2 (1986) (

11 St /pr * 11f/lypcd) if and only if pf
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· Trade up by
derivatives in LP (FTC + Holder)

P

11 sup /Atfelllp =
*

11(9Aefldt)""IIp
Ith
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Fourier transform (Le-bounds)

-

(d-1)/2
- # it 131

· dr13) = ze (1 + +151) a=
(tz),

-
k(d-2)/2

1lmpfull 2 Ill
2

if supp(E)-(1912% 3

· By Littlewood. Paley theory up
no sup

t>
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Local smoothing estimates

For d= 2
,
one aims to prove

"P

(S
.

"

IA+ fullRadt) <*** HELPCRY

for some 30 and some 2 < pax.

= k(d-1)/2 I it 151·f (5) = 2 Ze a = (t5)(3)
E

· Essentially equivalent to Soboler space-time estimate fer

eit* f(x) := ) gix3rit (3)d
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Local smoothing estimates

Space-time Fourier transform supported in

~ 1

#
↑

I
2 1 I 1512]
·

-

2512

A useful technique (but not the only one) has been decoupling

Theorem (Bourgain- Demeter, 2015) For 2p >2
itFA

11 I eit fr I - 2/2 le El (2
LP(IR*[1 ,27/

2 & (R*x [1 ,2])
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LP-approach to cubic maximal modulations for H par

irte
C f(x , y) := SUPSu, Sim f(x-t . y-t2/e 125 %t) Il B

↑T
*
method of Pierce-Lung/Stein-Wainger does not seem to work

Theorem (B .
-Guo-Hickman(

There exists ps2 and Eoso sit.

- lEs
1) GefILPCIRY-2 DELPCRY

· Interpolation with 11C11, 111fIly =D also holds for po = 2

· Don't know how to
prove (2-bounds directly.
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Fourier analytic approach

Cf(x , y) : = sup
l jestMPj) fix-ty-t , eir(25t
-

Fourier multiplier m(5
, 1) = ) -ilt

+ Eytrlp ,a t) d
t

Since Ite2j+ and It'rl = 23

· Littlewood - Paley theory + rescaling :Sep j
=0

· Sobolev embedding
: sep -o 24pg pare

(FTC + Holder) Iw1
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,
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YPo - 32/pr-180-k So2
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for all K
,-G , K23-G2
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,
k1

,
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Multiplier behaviour

mi (3 , 4) : = -gi2
"

Paint pat
where ↑ (t) := -3-Ey + tr = -clt ,t

,
1

,%

stationary points : (In) Ht) = - 3-2ty+ 3tr = 0

if t = E
_ (v ; 3 , 2):= 1

and derivative : (7)
"

(t) = -2 + Str = 12.3

2 - zu 2k2-2n

Dyadically decompose (AIV ; 3 , 111 = 17) 2 = 2

with n = 0, ..., l + kz
- matching VdC with end der's
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Bad L2-decay but smaller - support !

2kz - 2n

19(v ; 3 , y)) =
2 =D Ime (3 ,
31

2kz-2nAcr ; 3 ,4) = y+ 3r Y = (r+ kz- 2n

2

ID(V ; 3 , 7)/ = 22522n small
support

-3/2 - N/2

192 im 13
, 4) /dr)"-a 2

2-le-L2-bound if n > &El .
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mi (3 , 4) : = -gi2
"

Paint pat
where ↑ (t) := -E3-Eyt

non-stationary case

-L2-methods
give satisfactory bounds

a stationary super high freq
Y

11 OCD freq
with bad decay but

improved v - support

-31/2

LP-methods : · region
near miss decay 2

· 131I or/and 171 ? I
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Variable Schrodinger-type propagators

al

i(x3 + yy + 2p= N ; 3
,
4)

UEf( , 3 ,
% =Se a (x ,y ,r ; 3 , y)Y(5 ,2) didy

1911
1411

How is the phase function ?

(i) det283
,
) p10;3,

4) 0

For each fixed to , (3
,
4) /13

, 4 ,
Or /50 ; 3 , 41/

is a hypersurface in IP3 with non-vanishin Gaussian curr-

(ii) eigenvalues of Ov82371P(V ; 3 ,71 have opposite signs
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Universal local smoothing bounds

↳ hStein 11 UFPCRETE dec2-111yP(4
for 2 p&

4·

- eEp)
· We aim for an 2 gain !

· In the variable coef . hyperbolic case
,
this is not always possible.

I Stein's bound is sharp for the above class of phases (

Framework of Marina's talk !
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Nikodym non-compression bounds

Theorem (Chen-Gan-Guo-Hickman- Iliopoulou-Wright , 2024)

If di /r ; 3 , 41 satisfies Nikodym non-compression hypothesis,

there exist Pot (2 ,4) , ECPo) >O S . t.

11 UIfIpPocXtio) 2- Elbe PCR

· the phase &1 mostly satisfies that hypothesis

· the freq region where the condition fails/degenerates has small support

· decoupling can be used in that region , gain coming from the

small support.



IGRACIAS !


