
Union of tubes Joint with Zahl

O SCC a small scale at
s tube T length 1 radius 8

two S tubes T and T2 are distinct
if lintel Til

LT a set of distinct 8 tubes contained in B R

Question

how large is the volume of union of tubes in T

14T
why do we care Kakeya problem

Geometry of wave packets

Bourgain Demeter decoupling theorem



Kakeya Conj If IT contains a s tube in each S separated

eection.hn YIQT
T 8
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up to a factor
of SE oas

s 70

Question For what T

14T
min T.IT 1

Enemy example for
U B rectangularbox that contains 8 tube

T all distinct 8 tubes in U

Then T and 101



In 1123

a
c b b a7083 1

1 Max of distinct v Max of distinct
1S tubes in Ta is Ta in an axbxl plank

514 11 1 111100800
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i
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Max of distinct 8 tubes in an axbx 1 plank

914 1 12 ft0800



What are other enemy examples 1 in dim 4

Focus on n 2 3 TCU TET TE UY

Def T is a set of 8 tubes B R

T satisfies Katz Tao Wolf Axiom if

rectangular box U B

TITUS 1 T ITI

IT satisfies Frostman Wolff Axiom if
box U B

Ttu 101 T T ITT

RMI Allows parallel 8 tubes

U E T all distinct 8 tubes

in dirention O T is both and

Kakeya assumption both and



Thm n 2 Cordoba 19705 n 3 W Zahl 2025

If T is then T.IT

If T is then I 1 1

Proof for n 2

T ITI 1 1T

14T E.ee tintal

fix T Eg tintal

s af.ee tyapltintal

If Tritz P Tintz to then
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Tz E Np T

Npt
if T is



1 11 10
p T if T is

no
Exercises

T S tube Y TI E T a union of s balls 0

S ball is YITI a 8 tube T through x d

and Angle T TI 1
0

Let T T
ay

then T is kt

2 Generalize KT and for 8 slabs 18 1 Éi i

and prove an analogue of Cordoba s theorem

3 Suppose S is a 8 slab 8 ball x E S

8 slab S through a and

Angle Sx S I 1 then

Use it
3155



dim 3
T 52 0

Wolff If T is and then 0
11995

14T st

O

Heisenberg group in G 3 Katz taba Taoooo

H 12112 12212 12312 13

Through p 1 0,0 12212 12312 0 is cone

contains IR dim set of C lines
H contains a 4 IR dim set of C line µ
It satisfies an analogue of and in 3

dimp H 5 Ez dimp C



Q

F grain
Graininess

US
slabs

Em
I Graininess for Heisenberg group

H 12112 12212 1231 1

p 1,010

Ns H n Bip 8 5k
p i 8

Sp Z It ks i 1221,12 8

2 Later we'll see extremalexamplesof stinky Kakeyesets

have the same picture



Projection theory

Sticky sets vs General sets

sets with similar properties Arbitrary sets

at all scales rigid structure

I Ideas of Orponen Shmerkin's

Bourgain's discretized sum product Ruse multi scale decomposition

Theorems proved using this scheme sticky general

1 Baby Furstenberg set estimate 1s improvement Orponen Shmerkin

2 Furstenberg set conjecture in R Orponen Shmarkin Ren W

sticky case general case3 Kakeya set conjecture in 1123



Sticky TT satisfies F at all scales

T satisfies F but not F at all scales T satisfies F at all scales

00 8 00 0000 885 0000

000 888

38 0 00 0008

00000

so



Def T satisfies F at all scales



Thm W Zahl 20224

If T B R is F at all scales then 14T 1

Proof ideas

Let o so be the smallest number s

14T 8 for all T satisfy in at all scales

Goal 0 0

Let T be at all scales

I I so 7 8

Iffyextremal multiplicity at all scales

graininess reduction to sum product type problem

projection theory radial projertion restricted projection



1 Multiplicity

o AI
o o

o 0
holds in general

o o

B

extremal examplefor

sticky case
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right pinture for extremal

sticky Kakeye sets
o



2 graininess reduction to sum product type problem

so
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can be parametrized as

E txt fizly y z y z e on

7C E Az 0,1
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ZA
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HTTP
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Since E
ftp.lt

is

an extremal set of tubes

satisfy F at all scales



localgrain
and global grain

Tarealigned
p a

7
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p 1
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5 A to
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fiz fizzy y 9191122 Z A

F fitt z Ze oil G 19,919 ye.to

At F F G A where F F G fit fize y 9191122 z

Zi Zz Y E to i

Apply Radial projeition theorem

to show either dim A 1 14T 1

or F and G lies on orthogonal lines

Apply Restricted projection theorem

See Tuomas Orponen's talk


