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ABSTRACT. These are lecture notes for a mini course given in El Escorial in June 2025. The
purpose is to cover two results in projection theory which were recently applied by Wang
and Zahl [12] to solve the sticky Kakeya conjecture in R3. The results in question concern
radial projections in R2 and restricted projections in R3.
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1. RADIAL PROJECTIONS

In this section we will study the radial projections πx : R2 z txu Ñ S1 defined by

πxpyq :“
x ´ y

|x ´ y|
, y P R2 z txu.

The purpose of the section is to sketch the proof of the following theorem:

Theorem 1.1. Let E,F Ă R2 be disjoint compact sets with H1pEq ą 0 and H1pF q ą 0.
Assume moreover that H1pE z ℓq ą 0 for every line ℓ Ă R2. Then,

H1ptx P E : dimH πxpF q ě suq ą 0, s P r0, 1q. (1.2)

There is a weaker version of Theorem 1.1, Lemma 1.3 below (proved initially in [6]),
which is needed in the proof of Theorem 1.1. The proof of Lemma 1.3 is elementary but
still so technically challenging that I omit the full details. I instead give a simple heuristic
idea underlying the proof.

Lemma 1.3. The conclusion of Theorem 1.1 holds for s P r0, 12q.

Heuristic idea. The following box-dimension variant is much easier to prove than (1.2):

H1ptx P E : dimBπxpF q ě 1
2uq ą 0. (1.4)

We can do this rigorously. First, it follows easily from the hypothesis H1pE z ℓq ą 0
that there exists τ P p0, 1s such that H1pE z rℓsτ q ą 0 for all lines ℓ Ă R2. Now, let
0 ă r ď 1

2 mintτ,distpE,F qu, and let x0 P E and y0 P F be such that

H1pE X Bpx0, rqq ą 0 and H1pF X Bpy0, rqq ą 0.
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Let ℓ be the line connecting x0 to y0. Since E X Bpx0, rq Ă rℓsτ{2, and H1pE z rℓsτ q ą 0,
we may find another point x1 P E z rℓsτ such that H1pE X Bpx1, rqq ą 0. We claim the
following: if z0 P E X Bpx0, rq and z1 P E X Bpx1, rq, then

max
␣

dimBπz0pF X Bpy0, rqq,dimBπz1pF X Bpy0, rqq
(

ě 1
2 .

The reason is the product set inequality dimBpA ˆ Bq ď dimBA ` dimBB. The set F X

Bpy0, rq is contained in the "product" of the sets πz0pF X Bpy0, rqq and πz1pF X Bpy0, rqq.
Therefore one of the "components" of the product needs to have box dimension at least
1
2dimBpF X Bpy0, rqq ě 1

2 .
From the claim above it follows that either dimBπxpF q ě 1

2 for all x P E X Bpx0, rq, or
the same holds for all x P E X Bpx1, rq. Both cases give (1.4). □

To prove Theorem 1.1, it would be great if we could prove the following "Proposition":

"Proposition". For every s P r0, 1q there exists η “ ηpsq ą 0 such that the following holds. Let
E,F Ă Bp1q be disjoint compact sets with H1pEq ą 0 and H1pF q ą 0. Assume σ ě 1

4 , and

HσpπxpF qq ą 0 for H1-positively many x P E, (1.5)

and
Hσ`ηpπxpF qq “ 0 for H1 a.e. x P E. (1.6)

Then σ ě s.

I’m not sure if the "Proposition" is literally true: a more technical version is the "key
lemma" in [9], see [9, Lemma 2.9]. The plan is nonetheless to use the "Proposition" to
complete the proof of Theorem 1.1. A more complicated version of this argument allows
one to prove Theorem 1.1 with the aid of [9, Lemma 2.9].

Once this is done, I will rigorously prove a δ-discretised version of the "Proposition"
(this is still different from [9, Lemma 2.9], which would be too technical for these notes).

Proof of Theorem 1.1 assuming "Proposition". Let E,F Ă Bp1q be the compact and disjoint
sets from Theorem 1.1. Write

s :“ inftσ ą 0 : HσpπxpF qq “ 0 for H1 a.e. x P Eu.

By Lemma 1.3 we know that s ě 1
2 . We claim that s “ 1. Assume to the contrary that

s ă 1, and let η :“ ηpsq ą 0 be the parameter given by the "Proposition". Then we may
find σ P r14 , sq such that σ ` η ą s. By the definition of "s",

HσpπxpF qq ą 0 for H1-positively many x P E,

and
Hσ`ηpπxpF qq “ 0 for H1-a.e. x P E.

Now the "Proposition" implies that σ ě s, which is immediately a contradiction. □

I proceed to state a δ-discretised version of the "Proposition" which can be proved in
these notes without introducing too many technicalities. I emphasise that Proposition
1.10 does not imply the "Proposition" (as far as I know), but the proof of Proposition 1.10
will nonetheless display the key ideas present in the proof of [9, Lemma 2.9].

First, a definition:
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Definition 1.7 (pδ, s, Cq-set). Let δ ą 0. A δ-separated set P Ă Rd is called a pδ, s, Cq-set if

|P X Bpx, rq| ď Crs|P |, x P Rd, δ ď r ď 1. (1.8)

A set of δ-tubes Tx all containing a common point x P R2 is called a pδ, s, Cq-set if the
directions of the tubes form a pδ, s, Cq-subset of S1.

If the value of the constant C is irrelevant, a pδ, s, Cq-set will be called a pδ, sq-set.

Remark 1.9. A good way to think about a pδ, s, Cq-set is to note that the normalised count-
ing measure ν :“ |P |´1H0|P satisfies the Frostman condition νpBpx, rqq ď Crs on scales
δ ď r ď 1. It is also useful to note that if P is a non-empty pδ, s, Cq-set, then |P | ě C´1δ´s:
this follows by applying (2.16) to any x P P with r :“ δ (then |P X Bpx, rq| ě 1).

Proposition 1.10. For every s P r0, 1q there exist δ0 “ δ0psq ą 0 and η “ ηpsq ą 0 such that
the following holds for δ P p0, δ0s. Assume that E,F Ă Bp1q are non-empty pδ, 1q-sets with

distpE,F q ě 1
2 ,

Let σ ě 1
4 . Assume that for every x P E there is a family Tx of δ-tubes such that:

(a) Tx is a pδ, σq-set, the tubes in Tx contain x, and F Ă
Ť

TPTx T .
(b) |Tx| ď δ´σ´η.
(c) T ÞÑ |F X T | is roughly constant on Tx.

Then σ ě s.

Remark 1.11. To see the correspondence between Proposition 1.10 and the "Proposition",
note that (a) is roughly a δ-discretised counterpart of (1.5), and (b) is a counterpart of (1.6).
It would be nicer to state Proposition 1.10 without the additional technical condition (c),
but this is not straightforward: the problem is that a simple "pigeonholing" argument to
make T ÞÑ |F X T | roughly constant may end up (seriously) breaking property (a). In
the actual version of the proposition, [9, Lemma 2.9], property (a) is replaced by a more
robust (but technical) condition which stays intact in such pigeonholing.

The proof of Proposition 1.10 uses two ingredients. The first one is a simple inci-
dence bound, Lemma 1.12 below. The second one is a non-trivial estimate on the size of
Furstenberg sets, stated as Theorem 1.14.

Lemma 1.12. Let P Ă Bp1q Ă R2 be a pδ, 1q-set, and let T be any δ-separated family of δ-tubes.1

Then,
|IpP, T q| ≲ logp1{δq|P ||T |1{2 ` |T |. (1.13)

Proof. Write

|IpP, T q| “
ÿ

TPT
|P X T | ď |T |1{2

˜

ÿ

TPT
|tpp, qq P P 2 : p, q P T u|

¸1{2

.

Concerning the factor inside the brackets, we exchange the order of summation, and
extract the "diagonal" terms tpp, pq : p P T u:

ÿ

TPT
|tpp, qq P P 2 : p, q P T u| “

ÿ

p‰q

|tT P T : p, q P T u| ` |IpP, T q|.

1This means that the central lines of any pair of distinct tubes have distance ě δ in some natural metric
of the affine Grassmannian Ap2, 1q.
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For p, q P P with p ‰ q, we note that |tT P T : p, q P T u| ≲ |p ´ q|´1, using the fact that T
consists of δ-separated elements. Now, using the pδ, 1q-set property of P ,

ÿ

p‰q

1

|p ´ q|
≲

ÿ

pPP

ÿ

δď2´jď1

2j ¨ |P X Bpp, 2´jq| ≲ logp1{δq ¨ |P |2.

This concludes the proof. □

The following theorem is the main result in [8]. It is an "ϵ-improvement" towards
the Furstenberg set conjecture, which was fully resolved in 2023 by Ren and Wang [11].
In particular, the full strength of [11] is not required to prove Theorem 1.1, and in fact
Theorem 1.1 is used (implicitly) in [11].

Theorem 1.14 (Baby Furstenberg set theorem). For every σ P p0, 1q, there exist δ0 ą 0 and
ϵ :“ ϵpσq ą 0 such that the following holds for all δ P p0, δ0s. Assume that P Ă Bp1q is a pδ, 1q-
set, and for every x P P , there is a non-empty pδ, σq-set Tx of δ-tubes, each of which contains x.
Then,

Ť

xPP Tx contains a δ-separated subset of cardinality ě δ´2σ´ϵ.
Moreover, if I Ă p0, 1q is compact, then inftϵpσq : σ P Iu ą 0.

Remark 1.15. To understand where the numerology δ´2σ´ϵ comes from, let’s see what
Lemma 1.12 would imply in the context of the Furstenberg set theorem. Note that |Tx| ě

δ´σ by the pδ, σq-set hypothesis, so |IpP, T q| ě |P |δ´σ. On the other hand |IpP, T q| ⪅
|P ||T |1{2 ` |T |. Combining these estimates yields |T | ⪆ δ´2σ.

This argument works whenever |Tx| ě δ´σ. Theorem 1.14 says that the ensuing δ´2σ-
bound can be improved by exploiting the pδ, σq-set hypothesis in a less trivial way.

Proof of Proposition 1.10. Fix s ă 1, and let

ϵ0 :“ inf
␣

ϵpσq : σ P r14 , ss
(

ą 0,

where ϵpσq ą 0 is the parameter given by Theorem 1.14. Then, let

η :“ ηpsq :“ mintϵ0{4, p1 ´ sq{2u. (1.16)

We claim that Proposition 1.10 holds with this constant η, and for δ ą 0 sufficiently small.
Fix σ ě 1

4 as in the statement of Proposition 1.10. Counter assumption: σ ă s.
Let Nx be the constant from property (c). We would prefer Nx to be independent of x,

and this can be achieved by a simple pigeonholing argument: for every ϵ ą 0, assuming
that δ ą 0 is small enough, there exists a pδ, 1, δ´ϵq-subset E1 Ă E such that Nx „ N
for all x P E1. There is no significant difference between E and E1 during the rest of the
proof, so we assume that Nx ” N for all x P E to begin with.

Let T be a maximal family of distinct elements in
Ť

xPE Tx. Then, by putting together
property (c) and Lemma 1.12,

N |T | ≲ |IpF, T q| ≲ logp1{δq|F ||T |1{2 ` |T |. (1.17)
Note that since F Ă YTx (for any x P E), we have

N „ |F |{|Tx| ≳ δ´1`σ`η ě δ´1`s`η (2.17)
" 1. (1.18)

Consequently the second term in (2.13) cannot dominate the left hand side. We may
therefore deduce from (2.13), and using |Tx| ď δ´σ´η, that

N |T | ⪅
a

δ´1|F ||T | ùñ |T | ⪅
|F |2

N2

(1.18)
≲ δ´2σ´2η.
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(Here ⪅ hides factors of type plogp1{δqqC). On the other hand, the families Tx satisfy the
hypotheses of the Baby Furstenberg set theorem, therefore |T | ě δ´2σ´ϵpσq ě δ´2σ´ϵ0 .
Since 2η ă ϵ0{2 by (2.17), a contradiction ensues for δ ą 0 small enough. Therefore σ ě s,
and the proof of Proposition 1.10 is complete. □

2. RESTRICTED PROJECTIONS

The purpose of this section is to study linear projections (as opposed to the radial
projections in Section 1). We will prove something called a restricted projection theorem in
R3. The version here (Theorem 2.2) was originally established in [3], but the proof here
is simpler (modulo using heavier machinery) and based on [2].

We set up some notation. For θ P r0, πq, let πθ : R2 Ñ R be the map πθpx, yq :“ px, yq ¨

pcos θ, sin θq. Up to isometry, πθ is the orthogonal projection to the line spanpcos θ, sin θq.
We will also consider the maps ρθ : R3 Ñ R defined by

ρθpx, y, zq :“ px, y, zq ¨ pcos θ, sin θ, 1q “ πθpx, yq ` z, θ P r0, πq.

Up to isometry, these are the orthogonal projections to the 1-dimensional subspaces

ℓθ :“ spanpcos θ, sin θ, 1q Ă R3

contained in the cone C “ tpz, tq P R2 ˆ R : |z| “ |t|u. This observation will be important
when we use the decoupling theorem for the cone to study the projections ρθ.

Theorem 2.1 (Marstrand’s projection theorem). Let K Ă R2 be a compact set with dimHK “

1. Then there exists θ P r0, πq such that dimH πθpKq “ 1.

Theorem 2.2 (Restricted projection theorem in R3). Let K Ă R3 be a compact set with
dimHK “ 1. Then, there exists θ P r0, πq such that dimH ρθpKq “ 1.

Remark 2.3. In fact, Theorem 2.2 holds for much more general (1-parameter) families of
projections to lines in R3, see [10]. Here we just treat the family tρθuθPr0,πq for simplicity.

Remark 2.4. Theorem 2.2 implies Theorem 2.1: for K Ă R2 compact, apply Theorem 2.2
to K̄ :“ K ˆ t0u, and note that

πθpKq “ ρθpK̄q, θ P r0, πq.

Of course using Theorem 2.2 to prove Theorem 2.1 is rather overkill: Theorem 2.1 has
several simpler proofs, see for example [5, Corollary 9.4].

We proceed with the proof of Theorem 2.2. The plan is to reduce matters to a δ-
discretised incidence result, Theorem 2.5. First, a word on terminology: a δ-slab is a
rectangle of dimensions 1 ˆ 1 ˆ δ in R3. If W is a (finite) family of δ-slabs, a point p P R3

is called m-rich relative to W if |tW P W : p P W u| ě m.

Theorem 2.5. There exists an absolute constant c ą 0 such that the following holds. Let δ P

p0, 12 s, and let H ‰ Θ Ă r0, πq be a δ-separated set. For every θ P Θ, let Wθ be a collection of
disjoint δ-slabs perpendicular to ℓθ. Assume that there exists a radius R ě 1 such that

|tW P Wθ : W X Bpx, rq ‰ Hu| ď cpδ{rq, x P R3, Rδ ď r ď 1. (2.6)

Write W :“
Ť

θPΘWθ, and let H Ă R3 be a set of |Θ|-rich points relative to W . Then,

LebpHq ≲ϵ,R δ´2´ϵ ¨ |W|{|Θ|6, ϵ ą 0. (2.7)
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Before proving Theorem 2.5, I discuss why it implies Theorem 2.2. The proof employs
the following useful "covering theorem" due to Katz and Tao [4, Lemma 7.5] (the state-
ment in [4] is a tiny bit different, but see [7, Lemma 2.4] for this version):

Lemma 2.8. Let A Ă Rd be a set with HspAq “ 0. Then, for every dyadic scale δj “ 2´j

there exists a set Pj (which can be taken to be a union of δj-cubes) satisfying the following non-
concentration condition

|Pj X Bpx, rq|δj ď pr{δjq
s, x P R, δj ď r ď 1. (2.9)

Moreover, A Ă
Ť

j Pj .

Remark 2.10. The non-concentration condition (2.9) is often called the Katz-Tao pδj , sq-set
property, in contrast to the pδ, sq-set property introduced in Definition 1.7.

Proof of Theorem 2.2 assuming Theorem 2.5. Assume, to reach a contradiction, that there ex-
ists a compact set K Ă Bp1q Ă R3 with dimHK “ 1 such that nonetheless

dimH ρθpKq ă s ă 1, θ P r0, πq.

In particular HspρθpKqq “ 0 for all θ P K for all θ P r0, πq, so we may apply Lemma
2.8 to each set A “ ρθpKq. This produces, for each θ P r0, πq, a countable sequence
of sets Pjpθq, each of which satisfies the Katz-Tao pδj , sq-set property (2.9). After some
pigeonholing, one may reduce matters to the following situation: there is a single set
P pθq Ă R covering ρθpKq for each θ P r0, πq, and indeed each P pθq is a Katz-Tao pδ, sq-set
for a common (arbitrarily small) scale δ ą 0. We take this situation as our starting point.

Now we proceed to apply Theorem 2.5. For θ P r0, πq, recall from Lemma 2.8 that P pθq

is a union of δ-intervals. Denote this family of intervals Ppθq. Let

Wθ :“ tBp1q X ρ´1
θ p2IquIPPpθq

be the family of 2δ-slabs obtained as ρθ-pre-images of the (doubled) intervals in Ppθq.
Then Wθ satisfies the non-concentration condition (2.6) for all R ě 1 large enough, de-
pending only on s ă 1, since

|tW P Wθ : W X Bpx, rqu| ≲ pr{δqs, x P R3, δ ď r ď 1,

due to the Katz-Tao pδ, sq-set property of P pθq.
Let Θ Ă r0, πq be a maximal δ-separated subset, and let W :“

Ť

θPΘWθ. Note that each
point x P H :“ rKsδ (the δ-neighbourhood of K) is |Θ|-rich relative to W . Therefore, (2.7)
yields (for any ϵ ą 0)

LebpHq ≲ϵ δ
´2´ϵ|W|{|Θ|6 ≲ δ´2´ϵ ¨ δ´1´s{δ´6 “ δ3´s´ϵ. (2.11)

However, LebpHq “ LebprKsδq ⪆ δ2 since dimHK “ 1, so (2.11) cannot hold for δ, ϵ ą 0
small enough. □

We then move towards the proof of Theorem 2.5. We need a few pieces of information
about the geometry of the Fourier transform. If R Ă Rd is a rectangle, then

|x1R| « LebpRq ¨ 1R˚ ,

where R˚ is the dual rectangle of R centred at 0. The rectangle R˚ has the same orientation
as R, but the side-lengths of R˚ are the reciprocals of the side-lengths of R, see Figure 2
for an illustration in R2. Thus,

LebpRq “ LebpR˚q´1.
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0 0

R

R˚

FIGURE 1. A rectangle R Ă R2 and its dual rectangle R˚.

Moreover, R˚ is always centred at 0, no matter where R lies: if R1, R2 are translates of
each other, then R˚

1 “ R˚
2 .

Exercise 1. Let P,R Ă Rd are rectangles such that P Ă R. Show R˚ Ă λdP
˚, where λd ě 1

only depends on the ambient dimension d.

Example 2.12. The dual rectangle of a δ-slab W is a rectangle W ˚ of dimensions 1 ˆ 1 ˆ

δ´1 centred at 0. Recall that the slabs Wθ, in Theorem 2.5, were all perpendicular to ℓθ “

spanpcos θ, sin θ, 1q, so in particular they are translates of each other. This implies that (a) all the
slabs in Wθ have the same dual rectangle W ˚

θ , and (b) the long δ´1-side of the W ˚
θ is parallel to

ℓθ. Thus, the dual rectangles W ˚
θ , θ P r0, πq, are contained in Bpδ´1q X rCs1.

Another useful fact from Fourier analysis is that xfg “ f̂ ˚ ĝ. In particular, if R is a
rectangle, then

|yf1R| ď |f̂ | ˚ pLebpRq ¨ 1R˚q “ |f̂ | ˚ pLebpR˚q´1 ¨ 1R˚q “ |f̂ | ˚ φR˚ . (2.13)

Here φR˚ “ LebpR˚q´1 ¨ 1R˚ is an "approximate identity adapted to R˚" (note that
}φR˚}L1 ” 1, independently of R). A slightly imprecise way to interpret (2.13) is the
following principle:2 multiplying f by R corresponds to averaging |f̂ | over translates of R˚. In
practice, we will apply this observation in the following form: if R Ă Rd is a rectangle,
and fR is the function with Fourier transform f̂R “ f̂1R (i.e. fR is the Fourier restriction
of f to R), then

|fR| “ |
ˇ̂
fR| “ |pf̂1Rqq| ď |f | ˚ φR˚ .

In particular, Fourier-restricting f never increases its L8-norm.

Proof of Theorem 2.5. We start by defining the function(s)

f :“
ÿ

θPΘ

fθ :“
ÿ

θPΘ

ÿ

WPWθ

χW .

2This informal statement is pretty accurate if R is a rectangle centred at 0, but fails to take into account
the effect of translating R.
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Here χW P C8
c pR3q satisfies 1W ď χW ď 12W , so yχW has rapid decay outside W ˚. In

particular, recalling Example 2.12, and ignoring Schwartz tails,

spt f̂ Ă
ď

θPW

ď

WPWθ

W ˚ Ă Bpδ´1q X rCs1.

We then start by observing that

|Θ|6 ¨ LebpHq ď

ż

H
f6 dx,

since each point in H was assumed to be |Θ|-rich. The power "6" will enable us to use the
sharp decoupling theorem for the cone.

We now define the following high-low decomposition of f :

f̂low “ f̂ ¨ χBppRδq´1q and f̂high “ f̂ ´ f̂low. (2.14)

Here R ě 1 is the constant for which the non-concentration condition (2.6) holds, and
χBppRδq´1q is a non-negative smooth cut-off to the ball of radius pRδq´1 centred at the
origin. Let us be a bit more precise. We require

1BppRδq´1q ď χBppRδq´1q ď 1Bp2pRδq´1q. (2.15)

We can further define χBppRδq´1q as the Fourier transform of φRδpxq :“ pRδq´3φpx{pRδqq,
where φ P SpR3q. The proof now splits into the low case and high case, depending on
whether

|Θ|6 ¨ LebpHq ≲
ż

H
|flow|6 or |Θ|6 ¨ LebpHq ≲

ż

|fhigh|6.

Low case. We claim that if the absolute constant c ą 0 in Theorem 2.5 is small enough,
then it is impossible that

|Θ|6 ¨ LebpHq ≲
ż

H
|flow|6. (2.16)

In fact, we will prove that
}flow}L8 ≲ c ¨ |Θ|, (2.17)

where the implicit constants arise from the non-concentration condition (2.6). Once this
has been established, we have

ż

H
|flow|6 ≲ c6 ¨ |Θ|6 ¨ LebpHq,

and it is evident that (2.16) cannot hold for c ą 0 small enough.
To prove (2.17), start by noting that

flow “
ÿ

θPΘ

fθ,low,

where f̂θ,low “ f̂θ ¨ χBpδ´1{Rq. It suffices to show that }fθ,low}L8 ≲ c. Recalling the defini-
tion of χBpδ´1{Rq from below (2.14), we may write

fθ,low “ fθ ˚ φRδ “

´

ÿ

WPWθ

χW

¯

˚ φRδ,
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Thus, fθ,low is obtained by "averaging" fθ over balls of radius Rδ. By the non-concentration
condition (1.13), the number of δ-slabs W P Wθ meeting any fixed ball of radius Rδ is
bounded as follows:

|tW P Wθ : 2W X Bpx,Rδq ‰ Hu| ≲ cR.

Since sptχW Ă 2W , and LebpW X Bpx,Rδqq ≲ R2δ3, we obtain

fθ,lowpxq ≲ pRδq´3

ż

Bpx,Rδq

´

ÿ

WPWθ

χW

¯

dy

≲
R2δ3 ¨ |tW P Wθ : 2W X Bpx,Rδq ‰ Hu|

R3δ3

(2.6)
≲ c.

(The estimate above ignores the Schwartz tail of the function φRδ. In a rigorous version
of the proof, the non-concentration condition (2.6) needs to be applied at many scales
r ě Rδ.) This proves (2.17) and completes the "low case".

High case. To handle the high case, we employ the ℓ2-decoupling theorem for the cone C,
proved by Bourgain and Demeter [1]. This theorem says the following. Let g be a func-
tion with

spt ĝ Ă rCs1 X t|ξ| „ δ´1u.

In particular, g “ fhigh is admissible (to be precise spt f̂high Ă t|ξ| ě pRδq´1u), but f itself
is not: f̂ is supported on rCs1 (up to Schwartz tails), but not in the annulus t|ξ| „ δ´1u.

Let P be a boundedly overlapping cover of rCs1 X t|ξ| „ δ´1u by δ-plates. These are, by
definition, rectangles of dimensions 1ˆδ´1{2 ˆδ´1 whose longest side is parallel to some
ℓθ, see Figure 2. As another piece of notation, for θ P Θ, let θ˚ :“ W ˚ be the (common)
dual rectangle all the slabs in Wθ. Recall that θ is a rectangle (or a "tube") of dimensions
1 ˆ 1 ˆ δ´1 parallel to ℓθ. For P P P , we write θ˚ P P if θ˚ X t|ξ| „ δ´1u Ă P .

 

P

θ˚

x ` P ˚

W P Wθ

FIGURE 2. On the left: the plate P P P and the dual rectangles θ˚ with
θ P ΘpP q. On the right: a translate of the p1 ˆ δ1{2 ˆ δq-rectangle P ˚, and
some δ-slabs W P Wθ with θ P ΘpP q which intersect x ` P ˚.

A few words on numerology. Note that |P| „ δ´1{2, and a single δ-plate P P P may
contain up to „ δ´1{2 rectangles θ˚. For P P P fixed, define the function gP by ĝP :“ g¨1P .
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With this notation, the ℓ2-decoupling theorem for C says the following:

}g}6L6 ≲ϵ δ
´ϵ
´

ÿ

PPP
}gP }2L6

¯3
, ϵ ą 0. (2.18)

To save space, I will abbreviate the "δ´ϵ" in the sequel by the notation "⪅". To estimate
(2.18), we first apply Hölder’s inequality, and recall that |P| „ δ´1{2:

}fhigh}6L6 ⪅
´

ÿ

PPP
}fhigh,P }2L6

¯3
ď |P|2

ÿ

PPP
}fhigh,P }6L6

≲ δ´1

ˆ

max
P

}fhigh,P }4L8

˙

ÿ

PPP
}fhigh,P }2L2 . (2.19)

The rightmost "L2-part" will eventually be estimated by L2-orthogonality, but let us first
find an upper bound for }fhigh,P }L8 for P P P fixed. The function fhigh,P is the Fourier
restriction of fhigh to the p1ˆδ´1{2ˆδ´1q-plate P , so fhigh,P is (roughly speaking) obtained
by averaging fhigh over translates of the dual p1ˆδ1{2ˆδq-plate P ˚. Moreover, since fhigh
is the Fourier restriction of f , we have |fhigh| ď f . All in all,

|fhigh,P pxq| ≲
 
x`P˚

f. (2.20)

We need to do a little better than (2.20). Let ΘpP q :“ tθ P Θ : θ˚ X P ‰ Hu and

fΘpP q :“
ÿ

θPΘpP q

fθ “
ÿ

θPΘpP q

ÿ

WPWθ

χW .

Then, since spt f̂θ Ă θ˚ (we ignore Schwartz tails), we have

f̂high,P “
ÿ

θPΘ

f̂θ ¨ χR3 zBppRδq´1q ¨ 1P “
ÿ

θPΘpP q

f̂θ ¨ χR3 zBppRδq´1q ¨ 1P “ f̂ΘpP q,high,P .

It follows (from the argument leading to (2.20)) that (2.20) remains valid if we replace "f"
on the right by fΘpP q. To estimate the ensuing average integral, recall that if θ P ΘpP q

is fixed, then θ˚ X P ‰ H. This implies by elementary geometry that θ˚ Ă ΛP for an
absolute constant Λ ě 1, see the left hand side of Figure 2. Consequently (see Exercise 1)

P ˚ Ă Λ1θ˚˚

for another absolute constant Λ1 ě 1. Here θ˚˚ is a translate of (any) slab W P Wθ, so
we may deduce that P ˚, and x ` P ˚, can be covered by ≲ 1 translates of W . Thanks to
the disjointness of Wθ, it follows that x ` P ˚ only intersects Op1q elements in Wθ. The
geometry of x ` P ˚ vs. W P Wθ is depicted on the right hand side of Figure 2.

Since we just argued that |tW P Wθ : W X px ` P ˚q ‰ Hu| ≲ 1 for θ P Θ fixed,

|fhigh,P pxq| ≲
 
x`P˚

fΘpP q ≲
ÿ

θPΘpP q

1 ≲ δ´1{2.

Plugging this information into (2.19), we find that

}fhigh}6L6 ⪅ δ´3
ÿ

PPP
}fhigh,P }2L2 . (2.21)
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Finally, we estimate the L2-norms. The main observation is that the functions fθ,high have
Fourier supports of bounded overlaop, where the overlap constant only depends on R.
Indeed, recalling (2.15), and ignoring Schwartz tails,

spt f̂θ,high “ spt f̂θ ¨ p1 ´ χBppRδq´1qq Ă θ˚ X pR3 zBppRδq´1qq.

Now, since Θ is δ-separated, we have

|tθ P Θ : x P θ˚ X pR3 zBppRδq´1qqu| ≲ R, x P R3.

Using this, and Plancherel, and noting that }fθ}2L2 „ |Wθ| ¨ δ,
ÿ

PPP
}fhigh,P }2L2 “

ÿ

PPP

ż

ˇ

ˇ

ˇ

ÿ

θPΘpP q

f̂θ ¨ χR3 zBppRδq´1q ¨ 1P

ˇ

ˇ

ˇ

2

≲ R
ÿ

PPP

ÿ

θPΘpP q

}fθ}2L2 ≲ R
ÿ

θPΘ

}fθ}2L2 „ R|W| ¨ δ.

Combining this bound with (2.21), and recalling that we are in the high case, we obtain

|Θ|6 ¨ LebpHq ⪅ Cδ´2|W|.

Dividing by |Θ|6 completes the proof of Theorem 2.5. □
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