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Géry de Saxcé
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”The shoes are a tool to walk ;
the mathematics, a tool to think.
One can walk without shoes,
but one goes less far.”

Jean-Marie Souriau

Grammaire de la Nature (2007)
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State of the Art

Method of Virtual powers
(Lagrange, 1788)

Generalized continua
(Eugène and François Cosserat, 1909)

Affine mechanics (Souriau, 1997)

Affine tensors
(Tulczyjew, Urbañski, Grabowski, 1988)

Affine connections
(Élie Cartan, 1923)
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Affine tensors and Torsors
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The torsor as an affine tensor

the space-time M is a differential manifold

ATXM is the affine space associated to the tangent vector space TXM
A∗TXM is the vector space of the affine functions Ψ on ATXM
(called affine forms)

The torsor is a bilinear and skew-symmetric function on this space
τ (Ψ, Ψ̂) = −τ (Ψ̂,Ψ)
It is real or vector-valued

origin basis

affine frame

affine form
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A fragrance of affine tensor calculus...

Affine tensors [Tulczyjew, Urba~nski & Grabowski 1988]
The simplest ones

Points (1-contravariant) : a = a0 + V α~eα of components V α

in the affine frame (a0, (~eα))

Affine forms (1-covariant) : Ψ = χ1 + Φαeα of components (χ,Φα)

Affine tensors of the Mechanics

Torsors (2-contravariant) : τ (Ψ, Ψ̂) of components (Tα, Jαβ)
= τ (χ1 + Φαeα, χ̂1 + Φ̂βeβ)

= χχ̂ τ (1, 1) + χ Φ̂βτ (1, eβ) + Φαχ̂ τ (eα, 1) + ΦαΦ̂βτ (eα, eβ)

Denoting T 00 = τ (1, 1)= 0, Tα = τ (1, eα), Jαβ = τ (eα, eβ) = −Jβα

As Φ̂β = Φ̂(~eβ)= Ψ̂(~eβ) = ~eβ(Ψ̂), χ = Ψ(a0)= a0(Ψ)

then χ Φ̂β = a0(Ψ) ~eβ(Ψ̂) = (a0 ⊗ ~eβ)(Ψ, Ψ̂)

Decomposition τ = Tβ (a0 ⊗ ~eβ − ~eβ ⊗ a0) + Jαβ ~eα ⊗ ~eβ
Co-torsors (2-covariant)

Momentum Tensors (1-covariant and 1-contravariant)

Géry de Saxcé (LaMcube UMR 9013) Cosserat media in dynamics GAMM 2024 Madrid 6 / 26



Transformation laws of affine tensors (1/2)

Change of affine frames (a0, (~eα)) −→ (a′0, (~e ′β)) given by

−−→
a′0a0 = C ′β~e ′β , ~e ′β = Pαβ ~eα

In matrix form C ′ =

 C ′1

...
C ′4

 , P =

 P1
1 . . . P1

4
...

. . .
...

P4
1 . . . P4

4

 , C = −P C ′

Laws of transformations of affine tensors

point a of components V α : V ′ = C ′ + P−1V

affine form Ψ of components (χ,Φα) : χ′ = χ+ ΦC , Φ′ = ΦP

torsor τ of components (Tα, Jαβ) :

T ′ = P−1T , J ′ = P−1(J + CTT − TCT )P−T

Géry de Saxcé (LaMcube UMR 9013) Cosserat media in dynamics GAMM 2024 Madrid 7 / 26



Transformation laws of affine tensors (1/2)

Affine transformations

Combining two changes of affine frames, we observe that
the set of couples (C ,P) is the affine group GA(4) = R4 oGL(4)

Trick : using the linear representation on R5 of the affine group of R4

P̃ =

(
1 0
C P

)
,

and introducing

Ṽ =

(
1
V

)
, Ψ̃ = (χ, Φ), τ̃ =

(
0 TT

−T J

)
the laws of transformation of affine tensors are reduced to :

Ṽ ′ = P̃−1Ṽ , Ψ̃′ = Ψ̃ P̃, τ̃ ′ = P̃−1τ̃ P̃−T
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Pointwise object

material
particle

object which can be
thought as pointwise

if it is seen from
a long way off
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Galilean structure of the space-time

Event X =

(
t
x

)
∈ R4

The Galilean transformations X ′ 7→ X are the transformations preserving
inertial motions, durations, distances and volume orientations,
then affine of the form X = P X ′ + C with

P =

(
1 0
u R

)
, C =

(
τ0
k

)
where u ∈ R3 is the Galilean boost and R is a rotation

Their set is the Galilei group, GAL
a Lie group of dimension 10 ,
a Lie subgroup of GA(4)

The Galilean geometry is not Riemannian
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Proper frame

[Élie Cartan 1923 Sur les variétés à connexion affine...]
“The affine space at X could be seen as the manifold itself
that would be perceived in an affine manner by an observer located at X”

O=0

A frame of reference in which an object is at rest
at the origin O of ATXM is called a proper frame attached to this object
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The torsor of a pointwise object

For an object in a proper frame τ̃ ′ =

(
0 T ′T

−T ′ J ′

)
=

 0 m 0
−m 0 0

0 0 −j(l0)



Apply a Galilean boost P̃ =

(
1 0
C P

)
=

 1 0 0
0 1 0
x v 1R3


The transformation law of torsors gives τ̃ = P̃ τ̃ ′P̃T =

 0 m pT

−m 0 −qT
−p q −j(l)


where the invariant (mass) m and

the linear momentum p = mv ,

the quantity of position (or passage) q = mx

the angular momentum l = l0 + x ×mv
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Cosserat media of arbitrary dimensions
Matter manifold N

arch

shell

bulky

body

arch

shell

bulky

body

pointwise

   object
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The torsor of a Cosserat medium of arbitrary dimension

The matter manifold N is the set of material particles ξ
We describe the motion of the matter by an embedding i : ξ 7→ X

A torsor at X is valued in the tangent vector space to N at ξ

matter space-time

Then we defined a bundle map over N
i∗(A∗TM×M A∗TM)→ TN
In an affine frame (a0, (~eα)) of ATXM
and a basis (γ~η) of TξN , it is decomposed into

τ = γτ γ~η,
γτ = γTβ (a0 ⊗ ~eβ − ~eβ ⊗ a0) + γJαβ ~eα ⊗ ~eβ
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Dynamics of a bulky body

As dim(N ) = dim(M) = 4, we can choose for easiness ξα = Xα,
then γTβ = Tβγ , γJαβ = Jαβγ

In a proper frame attached to the elementary reference volume :
If Jαβγ 6= 0, we modelize a 3D Cosserat medium
If Jαβγ = 0, we modelize a 3D Cauchy medium (as supposed in the sequel)

Moreover, in this proper frame, T ′ =

(
ρ 0
0 −σ

)
where ρ is the mass density and σ is Cauchy’s stress tensor

Applying a Galilean boost of velocity v ,
the transformation law of torsors gives

T =

(
ρ pT

p −σ?

)
=

(
ρ ρ vT

ρ v ρ v vT − σ

)
where σ? are the dynamical stresses.
For these reasons, the tensor of components Tβγ

is called stress-mass tensor
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1D Cosserat media

beam, arch or
string if solid

flow in a pipe
or jet if fluid
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Modelization of the matter motion

The motion of a 1D material body can be described
by the embedding of a matter manifold N into the space-time M

i : ξ =

(
t
s

)
7→ X =

(
t
x

)
=

(
t

ψ(t, s)

)
where t is the time and s is the arclength

Its tangent map U is given by a 4-by-2 matrix

dX =

(
dt
dx

)
=

(
1 0
v − vt n n

) (
dt
ds

)
= U dξ

where n is the unit tangent vector to the curve and vt = v · n
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The tensor of force-mass

The components γTβ can be stored in a 2-by-4 matrix. In a proper frame
attached to an elementary segment of 1D material body, it is reduced to

at rest

where ρl is the mass density, F is the statical force density
acting through the cross-section (both per unit arclength)

boost 

at rest moving

Applying a Galilean boost v , the transformation law of tensor gives

T =

(
ρl pT

pt −FT
?

)
=

(
ρl ρlv

T

ρlvt (ρlvtv − F )T

)
It is called force-mass tensor in which appears the linear momentum
per unit arclength p and the dynamical force F?
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3D-to-1D reduction (1/2)

3D slender body
idealized by an 1D body
(approximation)

We define the projection Π of TXM into TξN as where X = i(ξ)

dξ =

(
dt
ds

)
=

(
1 0
0 nT

) (
dt
dx

)
= Π dX such that ΠU = 1R2

The 3D body is described by the

stress-mass tensor T̄ =

(
ρ ρ v̄T

ρ v̄ ρ v̄ v̄T − σ

)
Combining T̄ with Π and integrating on the cross-section S,

we obtain the force-mass tensor of the 1D body T =
∫
S Π T̄ dS

where
ρl =

∫
S ρ dS, ρlv =

∫
S ρ v̄ dS, F =

∫
S (σ n − ρ (vt − v̄t)(v − v̄)) dS

remarking a dynamical contribution to F
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3D-to-1D reduction (2/2)

The torsor of the 3D body (considered as a Cauchy medium) is such that
J̄αβγ = 0 at points x̄ of the cross-section. Applying a spatial translation x̄ ,
the transformation law gives at the mass-center of the cross-section

J̄ i0ρ = x̄ iT 0ρ, J̄ ijρ = x̄ i T̄ jρ − x̄ j T̄ iρ

In the same spirit, we calculate γJαβ =
∫
S
γΠρ J̄

αβρ dS

that is, putting qi = 0J i0, l i? = 1J i0, l i = 0Jkl , M i
? = 1Jkl

we obtain in matrix form for the 1D Cosserat medium
the position quantity q =

∫
S ρ x̄ dS

the angular momentum l =
∫
S x̄ × ρ v̄ dS,

the tangent angular momentum l? =
∫
S ρ v̄t x̄ dS

the dynamical moment M? =
∫
S x̄ × (ρv̄t v̄ − (σ n)) dS

If x is the mass-center, then q = ρlx
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Affine connections

[Élie Cartan 1923 Sur les variétés à connexion affine...]

sliding

LINEAR CONNECTION

sliding

rolling

AFFINE CONNEXION

rolling with origin initially at 0

To define a covariant derivative
∇̃ of an affine tensor,
we consider an infinitesimal
affine transformation :
dX 7→ (dC , dP) = (ΓA(dX ), Γ(dX ))

Γ = (ΓαµβdX
µ)

is the gravitation

ΓA = (ΓαAµdX
µ)

represent the infinitesimal
motion of the observer
ΓA(dX ) = dX −∇dXC

[Kobayashi & Nomizu 1963 Foundation of Differential Geometry]
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Covariant divergence of the torsor

The affine covariant divergence of the torsor is decomposed into

D̃iv τ = γ∇̃ γTβ (a0 ⊗ ~eβ − ~eβ ⊗ a0) + γ∇̃ γJαβ ~eα ⊗ ~eβ
with

γ∇̃ γTβ = ∂( γTβ)
∂( γξ) + γ

γρΓ ρTβ + γT ρ
γU

σ Γβσρ

γ∇̃ γJαβ = ∂( γJαβ)
∂( γξ) + γJρβ γU

σ Γασρ + γJαρ γU
σ Γβσρ + γ

γρΓ ρJαβ

+ γU
σ ΓαAσ

γTβ − γTα
γU

σ ΓβAσ

Gravitation in relativity :
40 Christoffel symbols

Galilean gravitation :
6 non vanishing Christoffel symbols

g i = −Γi
00 is the classical gravity

Ωi
j = −Ωj

i = Γi
0j is the spinning,

responsible of Coriolis’ force
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Dynamics of 0D and 3D Cosserat media

To be compatible with Galilei principle of relativity,
the physical laws must be covariant

Principle : the covariant divergence of the torsor vanishes D̃iv τ = 0

dynamics of a bulky body (3D) : balance equations

of the T components. Euler’s equations of fluid : balance equations

of the mass
∂ρ

∂t
+ div (ρ v) = 0

of the linear momentum ρ

[
∂v

∂t
+
∂v

∂x
v

]
= div σ + ρ(g − 2 Ω× v)

of the J components. Tαβ = Tβα

dynamics of a pointwise object (0D) : balance equations

of the mass ṁ = 0

of the linear momentum ṗ = m (g − 2 Ω× v)

of the position quantity q̇ = p

of the angular momentum l̇ + Ω× l0 = x ×m (g − 2 Ω× v)
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Dynamics of 1D and 2D Cosserat media

From the principle D̃iv τ = 0 , we deduce

the dynamics of 1D Cosserat media : balance equations

of the mass
∂ρl
∂t

+
∂

∂s
(ρlvt) = 0

of the linear momentum ρl

[
∂v

∂t
+
∂v

∂s
vt

]
=
∂F

∂s
+ ρl(g − 2 Ω× v)

of the position quantity
∂q

∂t
+
∂l?
∂s

= ρlv

of the angular momentum
∂l

∂t
+ Ω× l + l? × (Ω× n) = −∂M?

∂s
+ n × F

the dynamics of 2D Cosserat media [de Saxcé & Vallée 2003]

This principle of divergence free torsor is abstract
but covers a broad spectrum of applications

To know more... [de Saxcé & Vallée 2016

Galilean Mechanics and Thermodynamics of Continua]
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Perspectives

Perspectives

Affine tensors of the Mechanics

Torsors (2-contravariant) : (Ψ, Ψ̂) 7→ τ (Ψ, Ψ̂) ∈ TξN (skew-symmetric)

Co-torsors (2-covariant) : (a, â) 7→ γ(a, â) ∈ T ∗ξN (bi-affine, skew-sym.)

Describe the kinematics, in duality with torsors

Momentum tensors (mixed 1-1) : ( ~V ,Ψ) 7→ µ( ~V ,Ψ)) ∈ TξN (bilinear)

Decomposition µ = γµ γ ~η,
γµ = eβ ⊗ ( γΣβ a0 + γMα

β ~eα)
Components : (γΣ, γM) ∈ (Rm)∗ × gl(m) ∼= (ga(m))∗ (m = dim(M))
The law of transformation is just the coadjoint representation of the GA(m)
The system of components of µ can be considered as
the value of the momentum map in symplectic mechanics

Strain tensors (mixed 1-1) : (Φ, a) 7→ ω(Φ, a) ∈ T ∗ξN (linear and affine)

Generalized deformations, in duality with momentum tensors
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Perspectives

Thank you very much for your attention !

¡Muchas gracias por su atención !
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