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Goals

B Generalize both the multisymplectic and the contact frameworks to
introduce the so-called multicontact structures.

B Develop the Lagrangian formulation for field theories in the multicontact
setting.

B Contactify the steady Navier—Cauchy equations.



Outline

Multicontact geometry



Idea

We want to develop a geometric framework to describe non-conservative field
theories generalizing the notion of cocontact manifold and compatible with
the k-contact and k-cocontact formalisms.

This new geometric framework has to lead to the Herglotz—Euler—Lagrange
equations:
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In order to find this new structure, we first consider the fiber bundle J 7 of
m:FE — M.

We also consider A™~!(T*M) which, based on the Herglotz's variational
principle for fields, is the natural structure to define the new variables s* that
represent the dependence of the Lagrangian on the action.



Idea

In these fiber bundles we have several natural forms: the Poincaré—Cartan
m-form associated with a Lagrangian function L in J'7, the tautological
form associated to A™*(T*M), and a volume form on M.

We want to obtain a new form defined in an appropriate extension of the jet
bundle, whose coordinate expression reads
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for a Lagrangian function L defined in that jet bundle extension. The new
variables s* must give account for the “non-conservation”.

This form will be used to characterize the field equations so that we reach the
Herglotz—Euler—-Lagrange equations.



Geometric elements

Let P be a manifold with dim P =m + N and N > m > 1, and two forms
O,w € Q™ (P) with constant rank. These forms play different roles: one of
them, w, is a “reference form”, while the other, ©, is the one that gives the
structure that we want to introduce, properly said.

First, given a regular distribution D C TP, consider I'(D), the set of sections
of D. For every k € N, define

A¥(D) :={a € Q"(P) | 1za=0, VZ € I(D)};
that is, the set of differential k-forms on P vanishing by the vector fields of
(D).
At a point p € P, the point-wise version is
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Geometric elements

Lemma
If D is an involutive distribution and a € A (D), we have

txtyda =0 5
for every X, Y € I'(D).
For a form a € QF(P), with k > 1, the ‘I1-ker of o’ will be simply denoted as

ker o; that is, kera = {Z € X(P) | tza = 0}. With this in mind, the above
definition of A*(D) can be written as

A¥(D) = {a € Q*(P) | (D) C kera}.



The Reeb distribution

For a pair (©,w) we define:

Definition
The Reeb distribution associated to the pair (©,w) is the distribution
D® C TP defined, at every point p € P, as

D) = {v € (kerw)lp | tvd®p € .A;"(kerw)} ,

and D™ = U D?. The set of sections of the Reeb distribution is denoted by
peP

R := (D), and its elements R € 9 are called Reeb vector fields. Then, if

ker w has constant rank,

R = {R € I'(kerw) | trd® € Am(kerw)} .

Note that ker w Nkerd© C fA.

Lemma
If w is a closed form and has constant rank, then R is involutive.



Multicontact structures

Definition

The pair (O, w) is a premulticontact structure if w is a closed form and, for
0 <k < N —m, we have that:

(1) rankkerw = N.

(2) rank D™ = m + k.

(3) rank (kerw Nker® NkerdO) = k.

(4) Am Y(kerw) = {trO® | R € R},

Then, the triple (P, ©,w) is said to be a premulticontact manifold and © is
called a premulticontact form on P. The distribution

C = kerw Nker ©® Nkerd® is called the characteristic distribution of
(P,O,w).

If K =0, the pair (©,w) is a multicontact structure, (P,0,w) is a
multicontact manifold and, in this situation, © is said to be a multicontact
form on P.



The dissipation form og

Lemma
The characteristic distribution of a (pre)multicontact manifold (P, ©,w) is

involutive and
kerw Nker ©® Nkerd® = DX Nker ©.

Associated to a (pre)multicontact structure, we have the following one-form:

Proposition
Given a (pre)multicontact manifold (P, ©,w), there exists a unique 1-form
oo € Q' (P) verifying that

oo ANtr® = 1rdO, for every R € R.

Definition
The 1-form oe is called the dissipation form.



The operator d

Using this dissipation form we can define the following operator, which will be
used later to set the field equations in a (pre)multicontact manifold.

Definition
Let oo € Q' (P) be the dissipation form. We define the operator

d: oF(P) — Q" (P)
Br—df=dB+ce AB.

We have that HQ =0 if, and only if, doe = 0. In this case, it induces a
Lichnerowicz—Jacobi cohomology. One consequence is that, locally, there exists
a function such that e = df and d3 = e~ fd(ef8). In this case, we say that
the pair (©,w) is a closed multicontact structure. This is also the condition
required in order to consider variational higher-order contact Lagrangian field
theories.



Adapted coordinates

A premulticontact manifold (P, ©,w) has three associated distributions: ker w,
the Reeb distribution D%, and the characteristic distribution C. They are all
involutive and are nested: C C D™ C kerw. We can use these facts to obtain
adapted coordinates.

Theorem
Around every point p € P of a premulticontact manifold (P, ©,w), there exists
a local chart of adapted coordinates
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For multicontact manifolds, since C = {0}, there are no coordinates (w’).



Local Reeb vector fields

On these charts, the coordinates (z*) can be chosen in such a way that the
form w reads w|y = dz' A--- Adz™ = d™x, and so we shall do henceforth.

Then we denote d™ 'z, = (i) d™z.
Ozt

Taking into account these results, we can give a local characterization of the
Reeb vector fields.

Proposition
If (P,©,w) is a multicontact manifold, in the above chart of coordinates, there
exists a unique local basis {R,} of R such that

LR, © = dm_lxu .
In addition, [R,,R,] = 0.
Definition

The above vector fields R, € R are the local Reeb vector fields of the
multicontact manifold (P, ©,w) in the chart U C P.



Local Reeb vector fields

There exist local functions I', € ¢°°(U) associated with the basis {R,}, which
are given by

tr,dO® =Ty w, Vpu,

because tr,dO € A7 (kerw) = (w). As a consequence, the dissipation form
can be locally expressed as
oo =TI'udz*

because 0o Ad™ 'z, =T, w =T, d™z, for every .

Proposition

If (P,©,w) is a premulticontact manifold, there exist local vector fields {R,.}
of R such that R = (R,) + C and 1r,© = d™ 'x,. They are unique up to a
term in the characteristic distribution. Moreover R, R,] € T'(C).

Using adapted coordinates, the local Reeb vector fields read R, = e



Bundle structures

Associated to a (pre)multicontact structure (0, w) in a manifold P there are
the two involutive distributions: kerw and the Reeb distribution D™, with
DR C kerw. We can consider the corresponding quotient sets, M = P/kerw
and £ = P/D®.

From now on we assume we will assume that the quotients M and £ are
smooth manifolds.

We have the natural projections

T @ P — M
( ul, s* w") — (z"),
G : P — &
(* ul, s" w") —  (z*,ul),
€: & — M
(z#,ul) — (z").

Furthermore, the form w is obviously 7-projectable to a form w,, € Q™ (M),
which is a volume form in M.



Bundle structures

Proposition

Every (pre)multicontact manifold (P, ©,w) is locally diffeomorphic to a fiber
bundle 7: P — M, where M is an orientable manifold with volume form w,,,
and w =T w,,.

From now on, we assume this as the canonical model for (pre)multicontact
manifolds since, in addition, this is the situation which is interesting in field
theories.

Thus, we consider a fiber bundle 7: P — M, with dim M = m,
dim P = m + N, and such that M is an orientable manifold with volume form
w,, € QM(M).

Let w = 77w,, € Q™(P). We always take local coordinates (z*, 2*) in P
(1<pu<m,1<A<N), adapted to the bundle structure, and such that
w=dz' A Ade™ = d™a.



Bundle structures

The 7-vertical bundle is defined as

V(r) = JVin) = | JIveTpP | Tpr(v) =0}

pEP peP

Let V(") (P) denote the ¥°°(P)-module of T-vertical vector fields and V(1)
the corresponding 7-vertical distribution.

A form o € Q*(P) is T-semibasic if ty o = 0, for every Y € V(7 (P).

Let A*(V (7)) denote the ¥°°(P)-module of 7-semibasic k-forms and
AE(V (7)) the corresponding fiber at p € P. We have that

D(kerw) = XV (P).

Taking this forms w € Q™ (P) and © € Q™ (P), the definition of
(pre)multicontact structure adapted to this context (where condition (1) holds
automatically) is:



Multicontact bundles

Definition
The pair (©,w) is a multicontact bundle structure and (P, ©,w) is said to be
a multicontact bundle if:

(1) rank D% = m.

(2) kerw Nker ® Nkerd© = {0}.

(3) A™ Y(kerw) = {trO | R € R}.

The pair (O, w) is a premulticontact bundle structure and (P, ©,w) is said to
be a premulticontact bundle if, for 0 < £ < N — m, we have that:

(1) rank D™ = m + k.

(2) rank (kerw Nker® NkerdO®) = k.

(3) A™ Y(kerw) = {trO | R € R},

In classical field theories we will be specially interested in the situation in which
P=£&x A™H(T*M), where £ — M is a (pre)multisymplectic bundle and,
in particular, a jet bundle or a bundle of forms.



Multicontact structures of variational type

We are going to restrict the kind of (pre)multicontact structures we are
interested in.

This is motivated by the following fact: If (P,©,w) is a (pre)multicontact
manifold, we can introduce a system of PDEs associated with the
(pre)multicontact structure.

We want these equations, when expressed in coordinates, to coincide with those
derived from the variational Herglotz principle for fields, which are also those
obtained in the k-(co)contact formulation of non-conservative field theories.

In the particular case when P — M are certain kinds of fiber bundles, we can
formulate Lagrangian and Hamiltonian descriptions for these systems and the
PDEs associated with the “variational” multicontact structure are the
corresponding Euler-Lagrange (Herglotz) equations and the Hamilton—de
Donder-Weyl (Herglotz) equations (we will maintain the usual terminology of
the Lagrangian and the Hamiltonian formalisms of multisymplectic field
theories).



Multicontact structures of variational type

Definition
If (P,©,w) is a (pre)multicontact manifold such that

{(X)i(Y)e =0, for every X,Y € I'(kerw), (1)

then (O, w) is said to be a variational (pre)multicontact structure and
(P,©,w) is a variational (pre)multicontact manifold.

The terminology comes from the above comment and from the fact that this
condition (1) is precisely what is imposed to the multisymplectic potential
forms in the multisymplectic formulation of field theories in order to ensure
that the theory is variational and, hence, it comes from a Lagrangian (in these
cases, kerw is just the vertical distribution on the corresponding bundles).



Darboux coordinates

Now, from previous results, we can state a Darboux-like theorem for this class
of (pre)multicontact manifolds:

Theorem

If (P,©,w)is a variational (pre)multicontact manifold, then there exist local
charts of adapted coordinates (U;z*,u’, s*,w") (1 < p < m,
1<I<N-m-—k, 1<r<k)inP such that the local expression of the
(pre)multicontact form © is

Oly = H(z",u",s")d™z + f*(«",u”)du" Ad™ 'a, +ds" Ad™ 'z,
Furthermore, in these coordinates,

OH
U(—)|U = FH dx“ = @dmu .

In most physical models of field theory, (z*) are spacetime coordinates, (u')
are coordinates related to the physical fields, (w") are gauge variables, and (s*)
are the ‘contact variables’ related to ‘damping’ or ‘dissipative’ phenomena and
also to the variational action.



(Pre)multicontact variational systems: field equations

The equations for variational multicontact and premulticontact bundles can be
stated using different geometric elements as follows:

Definition

Let (P, ©,w) be a variational (pre)multicontact bundle.

(1) The (pre)multicontact field equations for sections ): M — P are
Lym) (@ 09) =0, Ly(m) (dO 0 ) = 0. (2)

(2) The (pre)multicontact field equations for 7-transverse, locally
decomposable multivector fields X € X™(P) are

Lx@ = 0, an@ = 0, (3)

where the condition of T-transversality is txw = 1.

(3) The (pre)multicontact field equations for Ehresmann connections V
on P — M are

wO=(m-1)0, tvyd® = (m — 1)dO. (4)



(Pre)multicontact variational systems: field equations

The relations among all these field equations are given by the following results:

Theorem

If X € X™(P) is a representative of a class of T-transverse and integrable
m-multivector fields {X} C X™(P) satisfying the (pre)multicontact field
equations for multivector fields (3), then the integral sections of X are
solutions to the (pre)multicontact field equations for sections (2).

Conversely, if : M — P is a solution to the (pre)multicontact field equations
for sections (2), then there exist a tubular neighborhood U C P of Im1) and a
T-transverse and integrable multivector field X € X" (U) such that:

(1) % is an integral section of X.

(2) X is a solution to the (pre)multicontact field equations for multivector
fields (3) on Im ).



(Pre)multicontact variational systems: field equations

Theorem

The (integrable) Ehresmann connections V which are the solutions to the
(pre)multicontact field equations for Ehresmann connections (4) are locally
associated with classes of (integrable) T-transverse, locally decomposable
multivector fields {X} C X™(P) which are solutions to the (pre)multicontact
field equations for multivector fields (3), and conversely.

As a last result, the field equations for sections can be expressed in an
equivalent way which is analogous to what is commonly used to write such
equations in the multisymplectic formulation of classical field theories (see
Saunders):

Proposition
The (pre)multicontact field equations for sections (2) are equivalent to

PO =0, ¥ 1yd® =0, for every Y € X(P). (5)



(Pre)multicontact variational systems: field equations

Definition
A variational (pre)multicontact bundle (P, ©,w) along with some of the field
equations (2), (3) or (4) is said to be a (pre)multicontact system.

Remark

In the premulticontact case, in general, for the premulticontact system
(P,©,w), the field equations for sections v: M — P, multivector fields

X € X™(P), and Ehresmann connections V on P are not compatible on P
and a constraint algorithm must be implemented in order to find a submanifold
P; < P (when it exists) where there are integrable distributions whose
associated multivector fields X and Ehresmann connections V are solutions to
the premulticontact field equations on Py and are tangent to Py.

In this situation note that the constraint algorithm and the final solutions are
independent of the Reeb vector fields selected for the premulticontact system,
as a consequence of the construction of oo .



(Pre)multicontact variational systems: field equations

Summarizing,

we have introduced different ways of setting the field equations in classical
field theories: for sections, fields, and connections.

The equations for sections, written in its two equivalent forms (2) and (5),
give straightforwardly the system of PDEs to be solved to describe the
behaviour of the system.

On the other hand, the equations for multivector fields and connections
give a more geometrical interpretation of the solutions (as distributions)
that often make it easier to study and characterize qualitative properties of
such solutions.

In particular, these geometric characterizations are the most suitable in
order to apply the constraint algorithms in the case of premulticontact
theories.

Note that one can write these equations for a general (pre)multicontact
system although, if the structure is not variational, the resulting equations
may not correspond to those of the Herglotz principle for fields.



Outline

Multicontact Lagrangian formalism



Geometric elements

Let 7 : E — M be a fiber bundle over the spacetime M, where dim M = m,
dim E = m + n, and hence dim J'm = m + n + mn. In the Lagrangian

setting, consider the bundle

P=Jwxy A"HT*M) ~ J'r x R™,
whose natural projections are presented in the next diagram:

P=Jr XM Amfl(T*M)

T

A™=L(T* M)




Geometric elements

If (z*,y%) are natural coordinates in E, then the induced natural coordinates in
P are (z,y", Y}, s") where, taking {d" 'z, } as the local basis of
A™H(T* M), we have that £ = s*d™ 'z, for every £ € A"~ (T*M).

Note that, since A™}(T*M) is a bundle of forms over M, it is endowed with
a canonical structure § € Q™ H(A™!(T*M)), the tautological form, which
is defined as follows: for every &€ = (z,¢) € A™~*(T*M) and
Xgooo, X071 € Te(A™ (T M)),

Oe(Xd, X0 1= (Tera(XD), .. Tera(X¢ 7).

Its local expression in natural coordinates is = s* d™ 'x,,.



The canonical action form S

Definition B
The canonical action form is the differential form S € Q™ *(P) defined as

S:=170,
or, what is equivalent, at every point p € P,
Ep(Xpln t aX:)n_l) = Tl(p)r(p) (TPT(X}'l))7 ceey TPT(X]T_I)) )

for every Xé, cee X{,”*l e T,P.

Note that every section v : M — P of T defines the (m — 1)-form

To € A™"(T*M) and then 1*S = 71 0 1p. It is also immediate to check
that S is a T7-semibasic form, whose expression in coordinates is

< -1
S=s"d"""z,.

The terminology is justified because this form S is closely related to the action
of the system: in fact, dS is the Lagrangian action that appears in the action
functional.



Holonomic sections

Definition
Let ¢: M — P be a section of the projection 7. Then % is a holonomic
section in P if the section ) := pop: M — J'7 is holonomic in J'x.

We also say that 1 is the canonical prolongation of ¢ to P.

Then, we can write ¥ = (¢,5) = (j'¢,s), where s: M — A™ 1 (T*M) is a
section of the projection 79 : A™ H(T*M) — M.



SOPDEs

Definition

An m-multivector field I' € X™(P) is a second-order partial differential

equation (or SOPDE) in P if

(1) it is 7-transverse,

(2) it is integrable,

(3) the multivector field X := A™Tp o I', which is obviously integrable and
7tl-transverse, is a SOPDE in J'7.

An Ehresmann connection V in P is a second-order partial differential

equation (or SOPDE) in P if

(1) it is integrable,

(2) the natural restriction of V to J' is a SOPDE in J'm.



Local expressions of SOPDEs

The local expression of a SOPDE multivector field in P verifying the
transversality condition trw =1 is

0 ;0 0
r= A(aqury”a +FW8 +g“8sv)'

=1
On the other hand, the local expression of a SOPDE connection is

O g, O a)
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As usual, multivector fields and connections in P which have these local
expressions but are not integrable are called semi-holonomic.

A straightforward consequence of the above definitions is that I' € X™(P) and
V are SOPDEs in P if, and only if, their integral sections are holonomic in P.



Canonical endomorphism

Since P = J'm xr A™ 1 (T* M), the canonical endomorphism J of J'7 can
be extended to P in a natural way and has the same coordinate expression.

Denoting this extension with the same notation J, in natural coordinates

® 0
oy, ~ Oxzv '

J= (dyi - y;dx“) ®

Now we can state the Lagrangian formalism of field theories with dissipation in
the multicontact setting.



Lagrangian density, function, form, and energy

A Lagrangian density is a 7-semibasic form £ € Q™ (P). If w,, is the volume
form in M, we have that £ = L7"w,,, where L € ¥°°(P) is the Lagrangian

function associated to L.

Definition
The Lagrangian form associated to L is the form

O, = —1ydL — L +dS € Q™(P),

and then 59,; =dO, + oo, N\ Or.
In natural coordinates, the expression of the form © is
aL 1 m—1 8-[/ i m m—1
@£:78yf‘dy Ad :v#Jr(ayLyuL)d r+ds* Ad Ty,

oL
y,, — L is called the Lagrangian energy

and the local function E. 1= ——
% om
£ dz*

associated with L. Therefore, 0o, = Dar
S




Alternative definition of the Lagrangian form

The (pre)multicontact form ©, in P can also be obtained in an equivalent way
which is based on using the multisymplectic formalism for Lagrangian field
theories:

Taking the restriction of the Lagrangian function L € €°°(P) to the fibers of
the projection 71 (considering L with s ‘freezed’), since

P = J'm xp A™TH(T* M), these fibers are identified with J'7, and hence this
restricted function is Ly € €°°(J 7).

We can construct the Poincaré—Cartan m-form ©., € Q™(J'r) associated
with the Lagrangian density £, = L, 7'*w, which has local expression

O, = OLs dy’ A dmflxu — (aLS vl — LS) d"z.

° Oyl oyl "

Proposition
The Lagrangian form associated with L is O, = —p*©,, +dS.



The Legendre maps

Definition

The Legendre map associated with the Lagrangian function L € ¢°°(P) is the
i ; OL

map FL: P — P* given by FL(y',y,,s") = (y’, 0 “).

— .5
Oyp
Proposition

For a Lagrangian function L € €°°(P), the following conditions are equivalent:

(1) The Legendre map FL is a local diffeomorphism.

2
(2) The Hessian matrix (W};") = (88 8L ~ ) is regular everywhere.
Yoy

(3) The Lagrangian form O is a multicontact form in P and (O.,w) is a
multicontact structure.



Multicontact Lagrangian systems

Definition

A Lagrangian function L € ¢°°(/P) is said to be regular if the above equivalent
conditions hold. Otherwise L is a singular Lagrangian. In particular, L is said
to be hyperregular if FL is a global diffeomorphism.

As we have seen, L is regular in P if, and only if, Ls is regular in Jir, for
every s € A" (T*M).

Remark

Note that non-regular Lagrangians can induce premulticontact structures but
also structures which are neither multicontact nor premulticontact. For

example, the Lagrangian L = Z y;s” yields a structure (©,w) which has no
i=1

Reeb distribution associated to it.

Definition

The premulticontact bundle (P, 0., w) is called a (pre)multicontact

Lagrangian system.



Local expressions

Given a multicontact Lagrangian system (P, O,,w), the Reeb vector fields
(Re)u € B C X(P) are the only solutions to t(r,),© = dm™z,.

Since L is regular, there exists the inverse (W[/V) of the Hessian matrix, namely
2
i _O°L 5io

v : , and thUS,
" oyl oyk g

i 0°L 0
R =— -W) — —.
(fe)w Ost " dsndyl Oyl

Therefore, we have that

If (P,©,) is a premulticontact Lagrangian system, the Reeb vector fields are
not uniquely determined from the equation ¢(g,),0 = d™z,.

In general, the natural coordinates in P are not adapted coordinates for the
(pre)multicontact structure (O, w).



Multicontact Lagrangian field equations

Let (P,O,,w) be a (pre)multicontact Lagrangian system.

(1)

The (pre)multicontact Lagrangian equations for holonomic sections
P: M — P are

Lpm) (O£ o) =0, 1y,m)(dO£ 0) =0. (6)
or equivalently
Y O, =0, YP*1ydO,s =0, for every Y € X(P). (7)

The (pre)multicontact Lagrangian equations for 7-transverse, locally
decomposable multivector fields X, € X™(P) are

1x,0, =0, 1x,d0, =0, (8)

where the condition of T-transversality is t1x ,w = 1.

An m-multivector field solution to these equations is called a Lagrangian
multivector field.

The (pre)multicontact Lagrangian equations for Ehresmann connections V¢
on P — M are

1v,.0,=(m—-1)0¢, tv,dOz = (m —1)dO, . (9)

An Ehresmann connection solution to these equations is called a Lagrangian
connection.



Multicontact Lagrangian field equations

Proposition
Let (P,©,,w) be a multicontact (i.e., regular) Lagrangian system. Then:

(1) The multicontact Lagrangian field equations for multivector fields (8) and
for Ehresmann connections (9) have solutions on P. The solutions are not
unique if m > 1.

(2) The Lagrangian m-multivector fields X . solution to equations (8) and the
corresponding Ehresmann connections V . in ‘P which are associated with
the classes {X} and are solutions to (9), are semi-holonomic.

(3) In addition, if Xz and ¥V . are semi-holonomic and integrable solutions,
namely SOPDEs, their integral sections are solutions to the multicontact
Euler—Lagrange field equations (6) or (7).

In this case, these SOPDEs X, and V. are called the Euler-Lagrange
multivector fields and connections associated with the Lagrangian
function L.



Multicontact Lagrangian field equations

Of course all these equations are the same as those obtained in the k-cocontact
formulation of non-conservative field theories and also match those of
k-contact formalism when the Lagrangian function does not depend on the
spacetime variables z*. In coordinates, they read

as*

W:LO"JM (10)

9 (0L ot = OL n oL oL -
ozt \ Oy, T\ 0yt Os+ Oy, ’
Furthermore, equation (10) relates the canonical action form with the

variational formulation through the Lagrangian density. In fact, we have the
following.

Corollary
If 4 is a holonomic section such that ¥»*O, = 0, we have that

d(Sop)=Lop.



A note on the singular case

As in the case of premultisymplectic field theories, when L is not regular and
(P,Oc,w) is a premulticontact system, the field equations (6), (7), (8), or (9)
have no solutions everywhere on P, in general.

In the most favourable situations, these equations have solutions on a
submanifold P which is obtained by applying a suitable constraint algorithm.

Nevertheless, solutions to equations (8) or (9) are not necessarily SOPDEs and,
as a consequence, if they are integrable, their integral sections are not
necessarily holonomic; so this requirement must be imposed as an additional
condition.

Hence, the final objective consists in finding the maximal submanifold Sy of P
where there are holonomic distributions whose associated Lagrangian
multivector fields X~ and connections V2 are SOPDE solutions to the
premulticontact Lagrangian field equations on Sy and are tangent to Sy.



Outline

Application to Navier—Cauchy equations



Navier—Cauchy equations

The steady Navier—Cauchy equations
A+ ) V(V-u)+ pAu=0,

where A, i are Lamé parameters, can be obtained from the Lagrangian function

L' o)) = (5 +4) (@D + (037 + (03)?)
+ £ () + ) + (1) + (03) + (1)° + (03)%)
+ (A + ) (013 + viv3 +v303)

with 4,5 =1,2,3.
Contactifying this Lagrangian function by adding an extra term, namely

Lc(qivv;'?sj) =L +7jsj ’

where v = (71,72,73) € R3, we obtain the following modified Navier—Cauchy
equations:

A+ V(Y -u) + pAu=~vA+ p)V - u+ py - Vu,

where we understand ~y - Vu = (71 - Vul,y2 - Vu?, v3 - Vu®).



Further work

B Find out whether this dissipation term (or other possible ones) have a
physical meaning.

B Extend this to time-dependent Navier—Cauchy equation.

B Run computer simulations of these equations.
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