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[OsiveNieM Introduction

of

GlaSgOW Motivations

Our underlying goal is to explore questions related to biology, as
biological systems can actively modify their internal structure in re-
sponse to internal and external factors (e.g. of chemo-mechanical

origin).

Periodic

Mitochondria

— Examples of internal transformations comprise, for instance,
damage, growth, and remodelling.

— They typically induce variations of the mechanical properties

of the media in which they take place, e.g., by varying their
Figure: Dendritic spine stiffness and
morphology correlate with actin fila-
ment activity 2. Figure taken from 3.

stiffness.

o To migrate, the cell body must modify its shape and

stiffness to interact with the surrounding tissue

structures 1.

1P. Friedl and K.Wolf. In: Nat. Rev. Cancer 5 (2003), pp. 362-374.
2Smith BA et al. In: Biophys J. 92 (2007), pp. 1419-30.
3Haleh Alimohamadi et al. In: Front. Physiol. 12 (2021).



@ [OSINS B9 Introduction
: QfGlangW Motivations

e A common feature of damage, growth, and remodelling is their being intrinsically multiscale pheno-
mena.

e This multiscale nature combines with the complex architecture of biological tissues, which consists of
several constituents differing in shape, functionality, and mechanical properties.

Figure: Bone’s multi-scale composite structure 4. Figure: Normal (left) and osteoporotic (right) bone 5,

N\ Our aim is to investigate the impact of microstructural changes on the macroscopic mechanical
properties of a composite medium.

4Elizabeth A. Zimmermann et al. In: Scie wtific Reports 6.1 (2016).

5 Alain Goriely. Springer Berlin Heidelberg, 2017.



OsIonl'al Kinematics
of Glasgow

N\ The evolution of the microstructure is described by introducing a kinematic descriptor, virtually
independent of the changes in the shape of the body.

4 < ey
J %) 0

o Deformation gradient tensor \Trﬂ/ﬁ\] ",

by .40 e

F,(X,t) := I+ Graduy,(X,t) ’

EX,0 5 EX,0

e Bilby-Kroner-Lee (BKL) decomposition of the XX\"
deformation gradient tensor ¢ P mh=EW

Fy(X,t) = Fey (X, t) K (X, t)

Figure: Schematic of the structural rearrangement 7.
with . .
Inelastic processes that do not play a role in pro-

K, - distortions of inelastic nature occur- moting growth 8

ring at the internal structure
— Fey - elastic contribution to the visible
deformation

Jigny =1 or rephrased as K;T:ano

SMilan Miéunovié. Thermomechanics of Viscoplasticity. Springer New York, 2009.
"Salvatore Di Stefano et al. In: International Journal of Non-Linear Mechanics 106 (2018), pp. 174-187.
8M. E. Gurtin and L. Anand. In: In 21 (2005), pp. 2297-2318.

ernational Journal of Plasti



[Oso Sl Governing equations
of Glasgow

— Governing equations

Div(P,) = 0, with P, = (";};—; o (Fen)) KT

Y, =2,

N\ While Y, can be derived from constitutive principles, the external non-conventional force Z. can be
assigned according to the specific phenomenon under investigation 910,

N\ Within this framework (theory of order zero in K,), we do not need to work with the balance of
generalised forces at this point. We can come back to it at a later stage.

— Interface conditions & Isochoricity constraint

PmN - PfN

9 Antonio DiCarlo and Sara Quiligotti. In: Mechanics Research Communications 29.6 (2002), pp. 449-456.

10 Alfio Grillo and Salvatore Di Stefano. In: Mathematics and I

>chanics of Complex Systems 11 (2023), pp. 57—86.



OSIVeSs'll Constitutive assumptions
of Glasgow

M\ Motivated by our scope of providing analytical expressions, we choose De Saint-Venant energy density
By 0 (Fen) = Vim0 (Bey) = 2Een : Gun : Ben, With Eey := 3[(Fen)"Fen — I

N we opt to work under the assumption of infinitesimal elastic deformations and retain non-linear traits

of the solid constituents through the remodelling tensor K.

I\ This choice remains pertinent in biological scenarios, such as in bones 1.

PJ" =4, : Gradu, — %, : Ex,

Gy =%, — 12 (% : Ex,)

@y = ((Ky) ' @(Kn) ™) Gy o ((Ky) " 0(Ky) ™)

1 Louna Z, Goda I, and Ganghoffer JF. In: Continuum Mechanics and Thermodynamics 31 (2019), pp. 1339-1367.



[SshvE O Asymptotic Homogenisation
QkangOW General notes

The technique has been successfully used to investigate various physical systems.

Soft and hard tissues 1213 Tissue engineering 14

e« Homogenised characterisation of the system.

e Cliphers the information at the micro-scale (e.g. geometry, functionality and mechanical properties) in
the so-called effective coefficients.

12Raimondo Penta and Alf Gerisch. In: Computation and Visualization in Science 17 (2015), pp. 185-201.
13William J. Parnell et al. In: Biomechanics and Modeling in Mechanobiology 11.6 (2011), pp. 883-901.

147, Fang et al. In: Applied Bionics and Biomechanics 2.1 (2005), pp. 17-29.




Asymptotic Homogenisation

Separation of scales and formal expansion

¢ We identify two well-separated length scales

¢ — associated with the internal structure of the composite
L — characteristic of the composite as a whole

and introduce the smallness parameter

£<<1
e=—
L

o A given quantity ®,(X,t) is written in a multiscale fashion as
(X, t) = ®5(X,Y,t)

with X := L™1X being the macroscopic variable, and Y := (1 X = 71X the microscopic variable.

e Thus,

0y(X,t) _ 1 (02X V.0) 09XV 0)
- § . ¢
8XA L aXA 8YA



oSl Asymptotic Homogenisation
of G asgow Periodicity and macroscopic uniformity

o Local periodicity: There exists a family of vectors r(a1, a2, a3) = a1 E1 + a2 E2 + a3 FE3, such that

@;(X,Yb,t) = @;(X,Yb + r(a1, a2, a3),t)

o Macroscopic uniformity 13

dx , /@;(X,Y,t)dy :/ 9x , P (X, Y, t)dY
%, %,

n n

N\ Allows to choose the elementary cell (%) independently of the macroscopic variable X, so that it
is representative of the composite’s micro-structure.

2%

Figure: Schematic of the macroscopic uniformity assumption

15M. H. Holmes. Introduction to Perturbation Methods. Springer, New York, 2013.



Asymptotic Homogenisation

Multiscale governing equations

Governing equations Interface conditions Isochoricity constraint
. e _ . € -

’ L (Divx + e~ 1Divy)(Ps") = 0 ‘ Ui = U (K5)"T K5 =0

Y,;}:hn — Zf]hn ‘ P;:rlxinN _ P?linN ‘

where

elin _ 1 e . —1 € _ e . IE
Pyt = 797 (Gradx + ¢ Grady) uj, — 6 1 Ex,

% ;
o = (K5 'w(ky) ) 165, (K5 Taks) ™)

AN Writing of formal expansions for the unknowns and substitution into the model equations
—+o0 —+o0

us (X, Y1) = Z Ful(X,Y,1) and K5(X,Yi 1) = Z S EF (X, v,1)
:=0 k=0



Asymptotic Homogenisation
Cell problems

The first cell problem
2 Divy (%" : Grady u!’) =0
2 — O
%(%&0) 2 Gradyug,)))N = %(gf(o) g Gradyugo))N
where
A = e~ 1aef? B
6 = () TR T b () & )T
By = (KK — 1]
AN\ Under strong ellipticity criteria, we can write 'LL[,;)\')(\X, v,t) = u®(X,t) 16,

N\ Within this framework (zero-grade theory in K, ) together with the above, the evolution law for the
inelastic distortions will not provide further cell problems accompanying the ones stemming from the
balance of linear momentum as these will become an identity.

16 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied Sciences (2024), Accepted.



Asymptotic Homogenisation

Second cell problem

The second cell problem related to the balance of linear momentum is

D1Vy( 7 Gradyu( )) = - 1 > Divy (¥, 7\") . Gradxu(® — L‘K,go) : E(Ig)n)
I\ The existence of a solution requires the average of the hand-right-sides to be zero (e.g. €, and KE,O)
are assumed to be Y -constant for each n =m,f).

(1)

Owing to its linear nature in u,,

<

, we represent u,, ) by the ansatz 17

ul(X,Y,8) = €,(X, Y, 1) : Gradxu'?) (X, 1) + w, (X, Y1)

The third-order tensor field £, is solution of The vector field wy, is solution of
L2 DlVy( 75 ) TGradygn) = —%DiVy (g,,go)) #DiVY (5%50) 3 Gradywﬂ) = #DiVy((g,go) 2 Egg))
£m = £f Wm = Wr
L0 . TCrady €, - % : TGrady &) N L@l? : Gradywm — % : Gradywi)N
0 0 0 0
— -3 - )N = 1@ By 6" B )N

17 Ariel Ramirez-Torres et al. In: International Journal of Non-Linear Mechanics 106 (2018), pp. 245-257.



Asymptotic Homogenisation technique

Second cell problem

N\ In the absence of inelastic distortions, i.e. K, = I, the cell problem reduces to the classical one in
homogenisation theory 18, i.e.

ﬁDivY (Con + Con - TGradyén) =0
$m = £f

+(Gum : TGrady &, — G, : TGrady &;) =| —+ (Gom — Cur)

I\ Nontrivial solutions are not driven by prescribed tractions or displacements, but due to the interface
loadings which appear in the stress jump conditions.




Asymptotic Homogenisation technique

Homogenised problem

e The homogenised balance of linear momentum reads
Divx (%o : Gradxu'Y) 4+ Deg) =0
A Concerning the original balance of linear momentum, the contribution of the elastic and inelastic

properties at the lower scales, alongside the geometrical features of the internal structure, are encoded

in Yo and Deg.

e The effective coefficients are

Yo = (9O 1+ 9O TGrady€)

Degt = (9 : Gradyw — ¢ :| B )

The average over the cell & = %y, L% of @°(X,Y,t) = @5, (X, Y, 1) Tm (V) + @ (X, Y, 1) Y¢(Y), with Ty (Y)
being the indicator function of %, is

Z / @5 (X,Y, 1) dV(Y)

1 1

P) (X, t) i = — P5(X,Y,t)dV(Y) = —
(®) (X, 1) ‘@'/@/m,)()‘@| ’
ne{m,f} n



[Oshve Do Asymptotic Homogenisation
Qf Glasgow Challenges

One of our key motivations is to circumvent the computational complexities involved in determining the
effective properties of such active composites which requires addressing the interactions across different
scales of the cell and homogenised problems 19.

E(X2,Y), w(Xa.Y)

ol

E(X1.Y), w(Xy,Y)

u, £

Figure: Macro-scale dependence Figure: Transfer of information (properties, unknowns, etc.)

o t i
‘ ‘ Tt ‘

Figure: Time-dependent way.

19 Ariel Ramirez-Torres et al. In: International Journal of Non-Linear Mechanics 106 (2018), pp. 245-257.



UnlverSItY Benchmark problem I
0 G ASZOW Multilayered elasto-plastic composite

For the statement of the flow rule, we rely on the framework established in 20-21

DevSym{oymnKn K, ' — Jk, vy} =0
Y, =2, <+ K, ":K,=0
K,K;'-K,"K, =0

where
e 0y, is a constant having physical units of stress and representing the initial yield stress of the material

e Ty is a characteristic time scale of the remodeling distortions

o Xy = J K TFTP,,K}; is the Mandel stress tensor associated with the natural state

N The DevSym operator extracts only 5 linearly independent scalar equations. Thus, we solve explicitly
the kinematic constraints of isochoricity (in differential form) and of null spin of the remodelling distortions.

20M. E. Gurtin and L. Anand. In: International Journal of Plasticity 21 (2005), pp. 2297-2318.
21 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied S

ces (2024), Accepted.



ReveS'M Benchmark problem I
Qf Gl’ISOOW Multilayered elasto-plastic composite

The homogenised flow rule reads 22
DevSym{q/eﬁI((O)(I((U))*1 — En:1,2<21</0n>1in>77} =0
(K(U))fT KO —
KO (KO0)-1 _ (K0)-T(KO)T = 0

where ~°ff .= anl 5 PnOnTy denotes the effective viscosity and

2 1
Z <E'(2])Hn>n :77“])(1{0),1“{%65 : Gradxu'Y) 4+ Deg + = { Z nL ‘K(U) E<0))

Lo det K
n=1,2 n=1,2
- Z ({)(0) (8071]14 +(TGrady§, )y ) : Gradxu(®) — Z (o’( ) : (Grady wy)y }}(K(O))T
n=1,2 n=1,2

N\ Interaction between remodelling and displacement in the (averaged) Mandel stress tensor.

M\ The micro-structural fields &, and wy concur to determine the macroscopic remodelling distortions.

22 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied Sciences (2024), Accepted.



ESNESloM Benchmark problem I

Multilayered elasto-plastic composite

* of Glasgow

==

v We restrict our investigation to the case of isotropic constituents
3
IQI+1IQI
Cvn = )\7,I®I+2un*f
Furthermore, we set
1{{ > (KO = [K@]5=1/y/p and [K@]33=p
A Y2

Then, since

6 = (KO Q) ™Y) : Gy 2 (KO) (k)T
igure: Multilayered structure of the
So%nposilt\i rlx;czlltc}]rial.d et o we have that

[(ﬁr(,())hlll = [’57(,())]2222 = (A + 2p9)p%, [<57§())]3333 = Ay + 2un)p~*
[(40)}1122 = App?, [?fr(,o)]lzslzs = [‘5750)]2323 = pnp "

[(6'7<]0)}1133 = [(&7750)]2233 =X\pp 1, [(6'50)]1212 = (W



We simulate a stretch test and require (9.7 — boundary of the lower surface of the body)

[w]1 (X, ) = [u)2(X, 1) =0, VX € 0.7 x [0, Lo]
[u]3(X,t) =0, VX €05
[u];;(X, t) = uLTilt7 at X3 = Lo

The homogenised equations are

) w(0)
X, {[%rﬂs;}az [Bng LANE [Dcﬁ]sg} =0
off D
70— [(DevSymE[, s =0
with
I[€, |333
[Yert]3333 = {([(550)]3333 A Eg)]m) (@n + <+> ) }
2 )
Own]:
[Deff}SS = Z {([(ﬁ,&o)hggg — [Wé()) : E(Ig>}33>< Eﬂ%}d> - SDWLO [%;s[)) : E;?]SB}
n=1,2 n

7 = Yroim + (1 — Yp)oars



In accordance, the cell problems become 23
0%[€,]333 ?lwylz
=0 and !
O ovs0v;s O ovsoys

with Qﬂ = [(ﬁ.,go)]gggg — [%750) : E(Ig)]gg

General solutions
[€,,]333(X3, Y3, t) = [Xn]3333(X3, 1) Y3 + [Ey]333(X3, )

[wn]3(X3,Ys,t) = [Wy]33(X3, )Y + [2y]3(X3, 1)

Ao, = ;— [ » —s( +%>\J>p +3(1+2“’7)} > 0f Ay > 0 and §2 €10, (g /An)ee, with (uy /An)er

A (52) ~ 2376

by

23 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied Sciences (2024),

Accepted.

>0



AN Periodicity, no jump and solvability ([§,]333 and [wy]3 have null average) conditions are used.

- Integration constants for [{7]]333

Qo — Q1 _ Yr(1—Yr) Qo — Q4
x 3=(1-Y] , 1333 = —
Filssss = 1 =Y0) TS50 v, [E1lsss 2 (1-Y1)Qi + 7102
(Xa]s335 = —V; Qs — O (Ea]sss = Yr(1+Yr) Q2 — Q1
T Yr)Q1 + Y10y 2 (1-Yr)Qi+YrQs
- Integration constants for [wy]3
(0 0 (0 0 (0 0 0 0
[201]33 = Lo(1 — Yp) [%1( " E;{)}BS - [%2( . E<K>}33 [Q1]3 =—Lo Yo - Yr) [{1( " E(K)]gs - [%;2( - E;{)}Sg
(1=Yr)Q1 + Y1 Qo ’ 2 (1-=Yr)Q1 + Y1 Qo
[22]33 = —LoYr [%fO) : Egg)]% — [(’5/2@) : E;?]BB [Q22]3 =Lo Yr(1+Yr) [(i”()l(O) : Eg)}% - [(’5)2<O> : Eg)]iﬁ
(1=Y1)Q1 +Y1 Qo ' ‘ 2 (1=Yr)Q1 +Y1Q2

24 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied Sciences (2024), Accepted.



OV S A Benchmark problem I
Qf Gl’ISO’OW Multilayered elasto-plastic composite

The homogenised equations are
)]

Olu Tl + [Defr]ss} =0

0
G ] ann-
{[ Jeft] 3333 e

0X3

P
~° o [(DevSymEWIhn}]g; =0

with 0,0
G onnn — 192
[“Yest]3333 1 V)0 170,
(Do L (1—YF)Q1[(5<0) E(0>]33+YFQ2[ E(O)]zfs
off]33 = —

(1—=Yr)Q1+YrQ2
v = Yioim 4+ (1 — Yp)oam
N 1t is through the averaged Mandel stress tensor that the micro-structural fields and wy concur to
n n
determine the macroscopic remodeling distortions.
N The coupling of the homogenised equations is given through the dependence of [(Devbyme,nlm)]Ss on
[u 0>]3 and of the effective coefficients on K.

25 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied Sciences (2024), Accepted.



OV S A Benchmark problem I
Qf GlaSgOW Multilayered elasto-plastic composite

N\ Initial condition for the homogenised flow rule

pin(X3) = o + Beos(wX3)

x10° x10*
T T T T 10 f—=rt : T T T T —s
28l ->=lup Is (¢ = 0s)
8 = [u]; (t =0s) R
o= [uf']s (t =20s) o
_26f B—Qm‘i”h(r:m)
£ o= [uf']s (t =505)
T24r - e [u")]3 (t = 505),
& 22p e - o 1 S R
g
3 “o.
Sl | -
220 o
£ R
180" ]
£ 1.8
161 ; 2 TRy,
> b B,
14 i )
PP i L L L L L 0 L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.4 0.5 0.6 0.7 0.8 0.9
Axis coordinate [1] Axis coordinate [1]
Figure: Spatial distribution of [¥.g]3333 (left) and of the displacement field (right) with @ = 1.1 and 8 = 0.1.

N\ In the absence of inelastic distortions, the

effective coefficients are time and space independent. The
cell and homogenised problems are decoupled.



OV S A Benchmark problem I
Qf GlaSgOW Multilayered elasto-plastic composite

S T T T T T T 1db
118
116 1
IPRRTIS ]
B
k1
ERREL 1
E
E1a0F O 1
o o
o
1.02
1.00( . . . . . . . I e .
0 01 02 03 04 05 06 07 0 o1 02 03 04 05 06 07 08 09 1

Axis coordinate [1] Axis coordinate [1]

Figure: Spatial distribution of the remodelling parameter p (left) and of [Dgg]33 (right).



For the statement of the flow rule, we rely on the framework established in 26

26, ysym (((K71)71Kn) (Cn)fl) = (Cy)~dev(Sy + Zy)
Y, =2, < K, T:K,=0
2¢,nskew (((Ky,)*lf('n) (C’n)’l) =0
where by, ¢y > 0 are material parameters with physical units of stress per time.

The homogenised evolution law 27

s {5 (00079 [1~ ) = B ( (40 - 5000 52) )
o ((¢9:BQ)) + 1 {[1Baev(s® : B - 20)] s 11) + dev ((2))

with

I, (X,Y,t) := [IQI + TGrady &, (X, Y, )] : Gradx u'? (X, t) + Gradywy, (X, Y, t)

26 Alfio Grillo and Salvatore Di Stefano. In: Mathematics and Mechanics of Complex Systems 11 (2023), pp. 57—86.
27 A. Ramirez-Torres et al. In: Zeitschrift fuer Angewandte Mathematik und Mechanik (ZAMM) Under review (2024).




As an initial step

sy = [uSlz = 0
[ugls = [ug]s(X1, X2, Y1, Y2,t)

0!
— s + e(fgaan T2 + )

The elasticity tensor is prescribed as

3km K + 2um A, in %n

€ (X,Y) = Cm(Y1,Ya) =
vn(X,Y) n(¥1,¥2) {3nf%+2m./z, in %

and consider

[K(D)]11 _ [K(O)h? =1/\/p and [K(O)]ss =p

.. 3{;){,
( B[ )

Figure: The elastoplastic composite under study
possesses a uniaxially, fibre-reinforced structure.



N\ The assumptions made so far imply that the only non-null components of the second order tensor Il,
are [I1,]31 and [I1,]32.

N\ As per the constraints on KS,“),

EN Y

3 py
II,]31 =0 and — —[II,]32 =0
T A

Since pn = 0 would imply no evolution in the inelastic distortions, it is necessary that
[II,]31 =0 and [II,]32 =0.
N\ The homogenised flow rule becomes

— 5.2 2 (16 : BQ ) — (6 : EQ)]53) = dev ((29)) I

where for solvability issues (resulting from the specific form of K(0>), we require that

[dev (<Z(O)>)]11 = [dev <<Z(O>>)]22 and [dev (<Z<O>>)]33 = —2[dev (<Z<O)>)]11

28 A. Ramirez-Torres et al. In: Zeitschrift fuer Angewandte Mathematik und Mechanik (ZAMM) Under review (2024).



The homogenised equations are

B Au'?)3
= | [Yertlspsp — 7 + [Dentl: =0
x5 {[ #]3B3D oXp + [Dert]3n
p 1 /2 (0)
T (ggT—i-[dev ((Z >)]ll

with
or 1= (@ : B — (€0 : B)las)

O¢s:
[YertlsBap = <[%<0)]333D + [g(O)]BBngv“D>

a5
Ows
Deglss = { [9O)3530 —
[Derlsn <[ ]3B5QayQ

VAN o s the only surviving contribution stemming from Mandel stress tensor.

A p is driven by the imbalance between o1 and additional interactions encoded in [dev ((Z(O)>)]11.

29 A. Ramirez-Torres et al. In: Zeitschrift fuer Angewandte Mathematik und Mechanik (ZAMM) Under review (2024).



[OIVESIA Benchmark problem I1
QthSOOW Fibre-reinforced elasto-plastic composite

As per our prior considerations, the cell problem associated with [5,,]]33D7 with D = 1,2, is given by

2
1 o [ 09&,lssp
Iz Z {[%0)]3333% (JYB) } =0

B=1
[ﬁm]33D = [Ef}33D
2
0 : 0
{1085 Lm0 0y, ZE01090 Y = 2 L1 O, — 9N | N

BYB 8)/B
B=1

N Buen though we are dealing with inelastic distortions that make the cell problem depends on the macro-
scopic variable, its solution can be found by invoking complex variable methods 3031,

30N. I. Muskhelishvili. Some basic problems of the mathematical theory of elasticity. Dordrecht: Springer, 1977.
31Reinaldo Rodriguez-Ramos et al. In: Mechanics of Materials 33.4 (2001), pp. 223-235.



ROASANES Benchmark problem II

= QfGlEngOW Fibre-reinforced elasto-plastic composite

We set [671]331 and [En}ggg to be expressed as No

[én(Xv Y, t)]331 = %{‘P}](Xv Z, t)}

Yo
(€, (X, Y, t)]s32 = S{e2(X, Z,t)}
with Z = Y + iYs and < é h

4000 ( ) T ‘ \I‘
£—1
. - Nl )
PR(X.Z1) =af (X,0Z+ ) af (X,0)Z -t
=1
+oo 0 , "/7-
PP(X,Z,t)= > P (X,)Z
=1

Figure: The unit periodic cell.

AN ¢U=1 denotes the (¢ — 1)-th derivative of the quasi-periodic
Weierstrass zeta function of periods w1 = 1 and wa = 1.



The substitution into the first interface condition yields

—+o0 o +o0 o

R }:@wxﬂ —ANX,1Z'] b =% E:Qunmf
=1 =1
—+o0 o +o0 o

3 E:@MXQ ~A2(x0z'] b =3 E:ﬁunmf
=1 =1

where
400 0

AP(x,t) = Z mAL aD(X,t) (Obtained from the Laurent series of ¢®)(Z) about Z = 0)

)=l +m — D)Sp i, flm > 1,

D .
tm T
(—=1)P+1x, ifl=m=1
Sttm = E w- ™ = {w = rwy + sws | w1, w2 Li., r,s € Z} (Lattice)

weL\{0}



OSIeSs'Al Benchmark problem 11T
QkangOW Fibre-reinforced elasto-plastic composite

The substitution into the second interface condition yields, for each £ =1,3,...

“+o0 o

1l———— 1 1
ZOP (X 1) + ()P X (X, { Y VEmARRTTOR(X, t)} = S ()P OVER
m=1

where b/{? = a?R*l ¢ and

[ (X, 1)]3131 — [%;0)()(-,?5)]3131
G4 (X, 6)]3131 + [5%(0)()(, )]3131

[<¢7§°)]3131 = [5450)}3232 = [‘@50)]3131 - [‘Ké‘” : Eﬁgl]‘ss

X(X,t) :=

Or equivalently
113 O
L|O 7

with [28P],,, = VIm AR R4™ P = (6P ,b0,.. )T and VP = ((-1)P*+1xR,0,...)T.

+ (~1)PH I, 1)

L —s{2wP}  —Rr{awP} L

R{WP} —s{wP} R{bP (X, 1)} 1
D [S{bD(X, t)}:| =zV7%0
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The cell problem associated with [wy]3 is

2
1 (0) 0 (8[&),,]3)}

E @G\ N0 papn —— =0
L2 {[”’ laz35 aYp \ 9Yp

B=1

[wm]B = [wf}S

2
1 (0) Olwm]s (0) Olws]3 }
- AN — — ¥ : ———— ¢ N
I Bz: {[/ |3B3B Ve [%; 13B3B Ve B
=1

3
1 i ,
=-7 E ([‘5}<0)}3BJJ[E$1.]JJ - [%15?)]SBJJ[E;22D]JJ) Np
J—1

I\ Due to the characterisitcs of ‘ﬁ,sm, the hand-right hand side of the second interface condition is zero.
ince we are assuming that the average of wy, is zero, by the uniqueness of the solution [wy]3 = 0.
A si ing that th 0 i by the uni the solution [wy]z = 0

N\ This result is analogous, to what we found in 32, for which the solutions to the cell problems in the
direction of ‘no changes in material properties’ are the trivial ones.

32 Giammarini A, Ramirez-Torres A, and Grillo A. In: Mathematical Methods in the Applied Sciences (2024), Accepted.



The homogenised equations
19} %] Au')]s 0
— 4. —
eff |3B3D oXp

) 1 2

p__ 1 ( o7 + [dev(<Z“”>)hl)
p by \3

with

0 1 ;
[Dost]s1s1 = ([9©)] 3131> <[rg(0)]3131 @> — ‘ [%5]0)]3131 (1 _ 27“%{“{})

oY, 7|
0
(4Ol T2 ) = — 2 (00 S al)

2 0Y; 7
o] 2T
[eit]s132 = { [9D]3131 f332> =- |”7/|[ (0)]3131 3{al}

{
eff]3231 = <
<
{

1 ) .
— [{5&”]3131 (1 -+ 27r3R{af})

a
(95 + <[(g(0)] §3Y32> - 7
- ‘

[Yerr|3232 =

N\ We used the local periodicity property of &, and the orthogonality properties of sin(©f) and cos(©L)
with respect to the inner product (f(©), g(©)) = 027T f(©)g(©)de.
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N Fort=m= 1, we can express af) in closed form and depending on the elastic properties through €y

and on the remodelling tensor KO, Specifically,
x(X, t)R?

Rap (X.0) = () T e

and S{aP(X,1)} =0

The relevant effective coefficients are

Dot (X, )]s131 = — (49 (X, t)]s131 (

1 — x(X,t)mR?
1]

1+ x(X,t)TR?
[Zerr (X, t)]3231 =0

[Gerr (X, t)]3132 = 0

(Do (X, t)]3232 = i[fﬂglo)(X, t)]3131 (

17

1 —x(X,t)mR?
1+ x(X,t)mR?

with
[%glm]slsl = [%)élo)]sml = [?félo) 3 E(Ig>]33
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N\ Initial condition for the homogenised flow rule

p(X1,X2,0) =1+ Bexp | —

(X1 —L/2)*> (X2 —L/2)*
2(71)2

t=01s)

2(72)?

t=501s)

0.2

0.1

1.00
02
01 ot
Xs [om] 00 X1 [om]

X, [em]
B = 0.001 and 71 = 79 = L/10.

02 02

01 : 0.1
00 X, [em] Xs [om] 00
Figure: Distribution of the remodelling parameter p at three distinct time steps. For the initial condition we have set

X fem]
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t=0f t=25 t=50[s

' In the absence of inelastic distor-
tions, namely, for p = 1, the ef-
E fective coefficient reduces to the
< 0.088
£ constant
_% 0.086
0 - - 0 - 0 - - 1 1 — x|%]
01 4 02 01 . 02 01 ! - 02 (0) XI f
02 L 01 02 L 01 02 . 01 € = & — AT
X, [em 0 X, fem X [em o X, [em) X, [em] o X, [em] [ 6313131 |WJ| [ “m ]3131 (]_ + X|%‘
Figure: Distribution of the effective coefficient [“cg]3131 at three distinct time steps. = 0.093908 Pa.
e
20092 \/
g 00w N When the remodelling pa-
§om rameter reaches a particularly
£ high value, it triggers a situa-
0.086

tion where the material experi-
000 005 00 pie 020 0 10 I ) 50 ences gains in [geff}?)l:il‘
Figure: (Panel on the left) Distribution of the effective coefficient [¥.g]3131 at three

distinct time steps with Xo = L /2. (Panel on the right) Time evolution of [4.g]3131
at the point of (L/2,L/2) in By,.
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o The scheme is valid for a zero-order theory for K, (with some considerations).

¢ The framework can be extended, with modifications, to describe other specific biological situations

(such as growth) where the microstructure and the inelastic distortions play an important role. A first
step towards requires reconceiving the constraint in the form 33
-T. g —
K, " :Ky=Rgy

where Rygy is referred to as growth law.

¢ The approach offers several challenges

— Existence and uniqueness of the solutions of the local problems
— Derivation of suitable evolution laws
— Development of computational algorithms

33 Alfio Grillo and Salvatore Di Stefano. In: Mathematics and Mechanics of Complex Systems 11 (2023), pp. 57—86.
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