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E=-V¢—-—, B=VxA
c Ot
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A= (58)
Four-dimensional space-time M
Principle bundle with structure group U(1) P—-M
Bundle of connections m:C—>M
First jet bundle: P=J'n

Local coordinates (x*,A,,A,..)
Leyw = — 1’77‘1“ ﬁVFuVFa,B )
4/L0

Fu, =A,, — Ay, is the curvature of A, called electromagnetic tensor field
n"" is the Minkowski metric.
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Multisymplectic form of Lgy

L
Quyy = dE, A d'x — a 2Fen AdA, A dx,
OA v
where E; is the Lagrangian Energy:
OLgy
EL=A,, —L
L My 314“,1/
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Multisymplectic form of Lgy

OLgm
Qev = dE, Ad*x —d
EM L X 3A#,u
where E; is the Lagrangian Energy:
OLgy
EL=A,, —
L Hs OA,.. L

A holonomic section ¢ : M — J'x is a solution if

o 1yQey =0 forevery Y € X(P).

OFaH {V-E:O
0o

__ 1 0E
ax“ VXB*ZE
Moreover
V-B=0
dF =0 & | OB
{VXE_[:@:

ANdA, A dx,
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Constitutive equations

V-D=0
VvV xH= l BD
V- B*O

— OB
VXE=-138
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Constitutive equations
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Linear materials and sources

v v . 1
s g = duag(§(1+Xe)(1+X,,,),—1,—1,—1)

1+Xm

Source: J* = (cp,j) € C(M)

! oH BVFuuFa,B 7Aa-]a )

Lin=——7—
L 4M08 8
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Linear materials and sources

. 1
0 g = diag (5 (1 + x)(1 + xn), =1, ~1,—1)

1
V14 xm c?
Source: J* = (cp,j) € C(M)

1
Lim = ——g*" ¢ F Fog — Aad®
L 4M0g g H af bl

OF _ je (1+x)V-E= 2p
OxH (14 xm)V x B =X I8 _ )5

c

Moreover

V-B=0

dF =0&
{VXE:—
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Non-linear materials: Proca

1 1,
L roca — H BVF VF - = CKﬁAOLA s
P 4M077 n Fuwlap 2m n B
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Non-linear materials: Proca

1 a v
LPmca - = #77B

1 2 af
F, Fos — = AxAg,
4M077 prlap 2m n B

Moreover
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Non-linear materials: Proca

1 a v
LPmm - = #77B

1 2 af
F, Fos — = AxAg,
4M077 prlap 2m n B

OF*# 2 o V -E = —pom*¢
= A
8# Hom @{VXB_:‘%I;I_MOmZA
Moreover
V-B=0
dF =0 & o8
{V X E = _% Bl
Metamaterials
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The Herglotz variational principle

Definition (The Herglotz variational principle)

A curve v : [0, 1] — Q is a solution of the Herglotz variational
principle if it is extremal for the action:

1
A:/O L(t,7,%,2) = z(1) — 2(0) ,

where z : [0, 1] — R satisfies

z= L(tv’%';/az) .

Gustav Herglotz (left) and Steffi (right)
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The Herglotz variational principle for fields

The action of a field ¢(x) is an integral over a domain in space-time, D C M,

A(@) = / L(g)d"x .

The density of action is the Lagrangian density Ld"x.
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The Herglotz variational principle for fields

The action of a field ¢(x) is an integral over a domain in space-time, D C M,

A(@) = / L(g)d"x .

The density of action is the Lagrangian density L d"x.
Consider an (m — 1)-form over M: Z = s*(x*)d"™ 'x,,

yn
dz=d (s“d'"flx#> = %dmx = L(¢)d"x,

(where d"'x, = (=1)*"'dx' A... Adx# A ... Adx"). Therefore, Z is like the potential
of the density of action. The components s* are new fields.
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The Herglotz variational principle for fields

A couple (¢(x), s*(x)) is a solution to the Herglotz variational principle if they are
critical for the action

Ao, s") = /L(x“,qb, Oud,s")d"x ,
D
under the constraint

ost
@ = L(xua ¢7 8ﬂ¢7 SH) .
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The Herglotz variational principle for fields

A couple (¢(x), s*(x)) is a solution to the Herglotz variational principle if they are
critical for the action

A(g,s") = /L(x“,qb, Oud,s")d"x ,
D
under the constraint

ost
@ = L(xua ¢7 8.u¢7 SH) .

9/12



Field equations for an action-dependent Lagrangian

Given a Lagrangian L(x*,y",y!,, s*), the functions (y'(x), s*(x)) are a solution to the

Herglotz variational principle for fields if, and only if,

OL d oL OL OL Os*

Ay dxw Qyl, | 9sm Ay, O Oxm
These are the Herglotz—Euler—Lagrange equations. New terms:

OL OL 9L ds”
Ost Oy, 7 Osvyi, Ox+
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Field equations for an action-dependent Lagrangian

Given a Lagrangian L(x*,y",y!,, s*), the functions (y'(x), s*(x)) are a solution to the
Herglotz variational principle for fields if, and only if,

OL d oL OL OL Os*

Ayl dww dyl, | 9sk Dy, O Oxm

These are the Herglotz—Euler—Lagrange equations. New terms:

OL OL 9L ds”
Ost Oy, 7 Osvyi, Ox+

@ Not linear on the Lagrangian.

@ The sum of a total derivative does not leave to an equivalent Lagrangian.
@ Symmetries are related to dissipated quantities.

@ The s* variables can appear in the equations.

@ The background geometry is multicontact.
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Changing the geometry of the system: multicontact
New manifold: P = J'7 xu A"~ (T*M)
Coordinates: (x*,A,,Ap,v, ")
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Changing the geometry of the system: multicontact
New manifold: P = J'm xy A" (T*M)
Coordinates: (x*,A.,Auu,s")

ap Bv

1
Lyc=——— FuFog — Yas®,
MC 4M077 n prlap — Yas

Multicontact form

OLuc

=dE, Ad*x—d
Oumc L Nd'x A,

AdA, Adx, 4 ds* Adx,

«
OOue = Yadx
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Changing the geometry of the system: multicontact
New manifold: P = J'm xy A" (T*M)

Coordinates: (x*,A,,Ap,v, ")

1
Luc = ——1*"0"" FuFas — Yas®
MC 4M077 n prlag = Yas

Multicontact form

Ouc = dE, N d'x — dgj’”c AdA, A dx, + ds* A dPx,
v

«
OOue = Yadx

A holonomic section ¢ : M — P is a solution if

¢ty (dOuc + ooy A Ouc) =0,

forevery Y € X(P)
¢ Ouc =0

o
OxH
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Changing the geometry of the system: multicontact

OF°

V.E=—uy-E
o —poyuF* <:>{ Hoy

VxB+yxB=1(% 1,E)

v = (y0,7). Moreover

V-B=0

VxE=-13

dF—O<:>{
c Ot
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Changing the geometry of the system: multicontact

OF >
OxH

V~E:f,u0'y'E
VXxB+yxB=

= —uo’yMFaM <~ {

1
v = (y0,7). Moreover

V-B=0

VxE=_-12%

dF—O<:>{
c Ot

Generalised Poynting’s theorem:

ou

1 B

u=2E.E+-—B-B, S=Ex —
2 20 Ho

(% +7E)

—dVJr/ S~ﬁdS:f/E-jde/E-(ewE—'yxg)dV,
y Ot S=oV v v Ho
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Changing the geometry of the system: multicontact

HFoH V- E=—pyy-E
=— F" <
B HoYu {VxB—l—'yxB—

(% +7E)

1
c

v = (y0,7). Moreover

VxE=-13

dF_O@{V'B_O
c Ot

Generalised Poynting’s theorem:

@dv+/ S~ﬁdS:f/E-jde/E-(ewEf'yxE)dV,
y Ot S=oV v v Ho

u=2g.E+-'B.B, sS—Ex>
2 20 Ho

Examples:Lorentz Dipole Model, Highly Resistive Dielectric
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