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21 − 23 August 2024, Madrid, España

Non-Holonomic Micromorphic Placements and their Induced
Geometry and Static Equations

Mewen Crespo∗1, Guy Casale2 and Löıc Le Marrec3
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The kinematics of a micro-structured material is geometrically modelled, as in [1, 2, 3],
through the framework of fibre bundle geometry. The material continuum is a fibre bundle
B ! B where B is compact and orientable. It is commonly agreed that connections with
curvature and torsion can describe defect densities in micro-structured materials. The first
goal of this work is to introduce a method to derive the connection from the kinematics in
an intrinsic way and derive the generic form of a frame invariant energy in such a model.
Then, in the remaining time, it will be shown how the principle of virtual work can be
used to derive static equilibrium equations for this model.

The material bundle B is placed in the Euclidean fibre bundle E ≡ TE ! E using
a punctual placement map φ : B ! E . A first-order placement map F : TB ! TE
generalizing Tφ is then introduced. This placement has a macroscopic, a microscopic and
a mixed part as in [4]. A macroscopic metric on E, a connection on E and a solder form
on E are canonically prescribed from the Euclidean structure on E (see [5, 6, 7]). Using
those, a generalisation of the notion of metric is prescribed on E . This later takes the form
of a pseudo-metric, defined as the only one satisfying a certain compatibility condition
with the connection, solder form and macroscopic metric. Finally, using F, a metric on
B, a connection on B, a solder form on B and a pseudo-metric on B are inferred.

A generalisation of the group of Euclidean displacements is proposed, and the orbit of all
possible first-order placement maps F under this group are computed. Invariance of the
energy under this group, analogous to the notion of frame indifference, is then shown to
be equivalent to the expressibility of the energy as a functional of the induced material
connection, material solder form and material microscopic metric (canonically obtained
from the material pseudo-metric). In the micro-linear holonomic case, it is proven that
the data of these tensors is equivalent to the data of the pseudo-metric on B.
It is then shown how the kinematic of the proposed model includes the kinematics of some
well known models such as Eringen microcontinua [4], Cosserat media [2] and Timoschenko
or Euler-Bernoulli beams. Following the methodology of P. Germain [8, 9], it is shown
how the principle of virtual work can be successfully used to derive the static equilibrium
equations of this model. It is then shown how the static of the proposed model includes
the static of some well known models.
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The authors would like to emphasise their desire to establish a thorough comparison of
this model with other models of generalised continua, especially those allowing for the
emergence of non-holonomy and defects. They therefore encourage every participant of
this workshop to come and exchange with them regarding this matter.
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