
Quantum decorated
character stacks

.

joint work w/( D. Jordan
,
I. Le

,

G. Schrader)
S - oriented surface

+
G- reductive group S=
Loca

,

,
:= Hom (Mls)

,
G)

Loca,s:= Loca,s /G - character "

variety
"

E S = ② Loca,s= Glo ←
acts by conj.

⇒ Loca
,
,

is not a variety



Fix 1) Consider GIT quotient :

Loca.si/a:--Spec(0(Locqs)G)

2) Add trivia /isation : s=g⇒ Loca,s= @ ✗ G)g.
= G

(go.gih-lgoh.h-lg.tn ) go - trio.

[Atiyah , Bott] + [Goldman ] + [ Fock, Rosly]
Loca,s is a Poisson variety.

⇒ Loca
,
admits quantisation



Approaches to quantisation :

1) Via R - matrices [Fock
, Rosly ] + [Alekseev GrosseÉchomeirus]

2) Via skein algebras [Prtytycki] + [Turaeu]
3) Via cluster algebra [Fock, Goncharov} -1

[Goncharov
,
Shen ]

4) Via factorisation homology [Ben-Zvi, Brochier, Jordan]

Goal: relate 3) & 4)
.

Remark : 1)
,

2)
,
3) quantise 0(Loca,Ñ

⇒ only
"

see
" affine variety

4) quantises the category of
G- equiv . g. - coherent sheaves

on 0(Loca,s)
⇒
"

sees
" the whole stack



Cluster approach .

1) Instead of G- trir.
,
consider sections

of assoc. % - or % - bundles at marked

pts {×, , . .im } c- OS or punctures
"

bdry camp. w/o
marked pts.

←
in generic poe

- n

•
•

a)② ✗
as
:=( la b) As :=⑥a

2) A- - tr- n of S w/ vertices at marked

pts or punctures . Glue Xqs from ✗
a.



Properties

1) Loca
,
,
has cluster charts w/ Hj,✗ub=eju✗;✗✓,
log - canonical Coo-d-s

2) ⇒ a canonical qaantisation k%=Oq(Loca,s)
along w/ a canonical Hill

.

space rep
- us 9

@ pg : Ka
,
,

×

9s

× - eigenvalues of monodromiee
around punctures

3) g is Ps - equivariant
[
mapping class group of S

4) Conj : g respects cutting & gluing
⇒ yields a modular functor



Note : 1) Can't consider

5=0 ⇒ Loca,s=P%
However Pta → G- equiv Qccpt)

= Rep (G)

⇒ p has a
g-
inv -t2)

flag F : gF=F
puncture monodromy

a) 5- c- Gas
b) F C- Er ⇒g- unipotent



Factorisation homology

Want : Fix G.

surface category←

Zq :S- Zqcs )←

monoidal functor
"
knows " about Ps - action

local in S

⇒ Pg - equivarience, modular functor



Thin :(Ben-Zvi
,
Francis

,
Nadler]

2-(s) : -_fgRepCG) - factorisation homology
w/ coeff- s in Repco)

G- equiv. quasi-
⇒ 2-(s ) = QC(Loca,s )

< coherent sheaves
on #

G.S

[Ben-Zvi
,

☐rockier
,

Jordan ] integrable
Ugly) - modules

1) Quantisation Zqcs) :=SgRepqÉ)
2) Relation to [Alekseev - Grosse - Schomerus]



Then :[ Jordan
,

Le
,

Schrader
,

S
.
]

$ - stratified surface

ZqC$) :=S$Repq(E'%-)
$ - simple, G = Slz / PGLZ

⇒ V1 of S 7 a
"chart " Zq(E)

ZqC$) > Zq (g) = ✗
"(E) - modtg,

open subcategory
↑

quantum forces

& Fa,¢:ZqCE)- ZqCE
'

) is given by
transition functors cluster mut- s



Stratified surfaces
.

A stratified surface $ is

an oriented surface along with

1) collection of 1-dimensional "walls "

2) colouring of each 2-dim
. region

with G or T

3) collection of
"

gates
"

I

F-× :

↳



A stratified local system is a

1) G- local system on

2) T - local system on

3) B- reduction of the B.↳ G

Get - local system on \ B→T=B/[13,13 ]

4)

TririalisationatDaa@frCha.s
,

:= stratified local system w/
trivialisatin at gates

Cha,$:=Ch%/G$✗T$

r④• ☒ ①• ①
@✗T)=4~ 9,3 Pta PIB



Springer

← nnipotent←
resolution

⑧ 1cg, E.nl/gF-=F- }⑧
'% .
• % I %

•

÷
.

⇔..⇔⇔.

{Cgt, E) /gE=t
- '

F-%
A A A

G T %

↑

multiplicativeit :% → % Steinberg
variety



stratified factorisatin homology
(Ayala - Francis - Tanaka]

Consider sym.
monoidal 2- category

Start:

Obj = stratified surfaces

e-Mor = stratified embeddings
2-Mor = isotopies
④ = U



1) iskcsurf - the full subcategory
generated by

IDG = ⑥ ID
,]
= ID

,

sym ⊕
functor

/DiskÉ Cat

stratified

\ 1^7! Zq ← facto - isatin

homologySturt



structures on coefficients

¥0 ⇒ FUDD - braided ⊕
a category

ICIDT) - - n-

⑧0 ⇒
IUDs ) - ⊕ category

0 FUDD ☒ FAD,-)→FKD☐)
↑

⊕ functor

w/ E- braiding



We set

FCIDG ) :=RepqCG) w/ R-matrix braiding
IUDs ) :=RepqCT) - "- ,

i. e.

u

v - spanned by weight vectors

0 : vi. ④ Ie - g
"

'M%⊕I

FCIDB ) := Repay (B) Repay /G) Repqct)
¥ ↓#

Repay /B)1-2 - braiding : ✓c- Repqccr)
permutation

\ c- 6915-7×06915+1
⇒ i*(✓)⊕M

P⊕R
> M⊕i*(✓ )



Factorisation homology is

1) functional :

$
,

- $2 ⇒ ZqC$, ) → Zqcslz )

2) satisfies excision :

)xZqcsl, ), Zqcslz ) -

module cat- s for Zqcc) $
,

c

$2

& Zq($ ) = ZqC$, ) ☒ Zqcslz)
Zqcc)

"'

Ex : Zq(1Dz)=Zq6D☐ ) ☒ ZqKD☐)
2-qHDo)



Repay (B) as Repqca) -module

classically, Rep /B)→ QCC#B)
M 1- @ ✗M)/☐

Qc(Has )=QC(avant )
↑

G- equiv . sheaves (G✗T) - equiv. sheaves
on GIB on %

E G = Slz
,
% = ÉL /0,0]

Qc(*Gmt )→ %
') -modaxt

QC(%) = right orthogonal in Qccciz)
to sheaves

, supported at 0



9- version :

consider algebra 0g%) in Repqcaxt)

091GW) =a+Vx⊕✗_x

Subcat
.

Tors ↳ 091GW) -modaxt
torsion modules (M c- Tons ⇔ V-mc-MFMC-NS.tk

≥µ V
,
.m=O)

Than :(Jordan - Le - Schrader - 5.)

Repay (B) = Taste 0qCGw) - mod@×,
"

{ Obj : ME 0g%) -modaxtl
V-NC-tortlomtr.nl = 0}



Computation of Zq /$)

09% ) = ⊕
✗eat

↳ ④✗
→ braided ⊕

↓

Schur 's lemma ⇒ (Oq%)⊕Oq⇔)%
I
E[A

>
Idea

"

]

2-qADz ) - Oq%)⊕2 - modaxtz
\ ⊕, ⇐ act invertible
091GW) [Dii] - modaxt

12 takingG- shuts
← conservative

① [ AF'] - mod,z
Facts freely
on (E) 2 in
generic pos

- n



In a similar
way

Zq(ID, )
u

EG)[ iii. is :S.is?i3-modts
quantum torus Arby = 992343

Zq 1117, )
o u

2-9%-13 ) Zq(A- <g)

By Dzq = 9-
"
☐12934 + 9923914



Concluding remarks :

- quantises stacks

- a priori functorial construction

-

open subcat
. ZQCE ) allow to calculate

- can treat
"

Ga at punctures
"

- can open more T-gates
⇒ more elaborate "cluster " charts

- not applicable to cluster

Hilbert space oepn
-s


