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• Geometric structures on a Lie groupoid that are compatible with the
groupoid multiplication are called multiplicative structures.

• Related notions: Poisson groupoids, multisymplectic groupoids, Dirac
groupoids, Glanon groupoids, Pfaffian groupoids, quasi-Hamiltonian
groupoids, etc.

• Universal lifting theorems or Lie theory:
multiplicative structures on Lie groupoids
infinitesimal multiplicative structures on Lie algebroids.
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Plans:

1 Multiplicative multivector fields and characteristic pairs

2 Multiplicative forms and characteristic pairs

3 Multiplicative forms on Poisson groupoids

4 Multiplicative forms on quasi-Poisson groupoids

On the reduced space of multiplicative multivectors, arXiv: 2003. 13384.

Multiplicative forms on Poisson groupoids, arXiv: 2201.06242.

Multiplicative forms on quasi-Poisson groupoids, in progress.
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Multiplicative k-vector fieds

A k-vector field Π ∈ Xk(G) on a Lie group G is multiplicative, if

Πgr = Lg∗Πr +Rr∗Πg , ∀g, r ∈ G, (or m∗(Π×Π) = Π).

Π|e = 0.

Example

For τ ∈ ∧kg, −→τ −←−τ ∈ Xk(G) is multiplicative.

A Poisson Lie group is a Lie group with a multiplicative bivector field Π such that
[Π,Π] = 0.
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Three equivalent definitions

Definition

A k-vector field Π ∈ Xk(G) is multiplicative, if the graph of groupoid
multiplication is a coisotropic submanifold in G × G × G with respect to
Π×Π× (−1)k−1Π.

Definition 2

1 Πgr = Lbg∗Πr +Rb′r∗Πg − Lbg∗Rb′r∗Πx, where bg and b′r are bisections

passing g and r. (iff [Π,−→u ] is right-invariant, denoted by
−−−→
δΠ(u), thus

δΠ : Γ(A)→ Γ(∧kA).)

2 for any ξ ∈ Ω1(M), ιt∗(ξ)Π is right-invariant (
−−−→
δΠ(f) = [Π, t∗f ].)

3 M is a coisotropic submanifold of G. (Π|M (ξ1, · · · , ξk) = 0, ∀ξi ∈ A∗.)
Definition 3
Π] is a groupoid morphism:

⊕k−1T ∗G

����

Π] // TG

����
⊕k−1A∗

π] // TM .
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Lemma

For a Lie group G and any Π ∈ Xkmult(G), there exists c ∈ Z1(G,∧kg) such that

Πg = Rg∗c(g), g ∈ G.

Π|e = 0.

Proposition (Chen-Stienon-Xu)

If Π ∈ Xkmult(G), denote by π = prΓ(TM⊗(∧k−1A))Π|M , then

Π|M = Bπ :=
1− e−Dρ

Dρ
(π)

= π − 1
2!
Dρπ + 1

3!
D2
ρπ + · · ·+ (−1)k−1

k!
Dρ

k−1π ∈ ∧k(TM ⊕A)/ ∧k A,

where Dρ(X + u) = ρ(u).

7/ 29



Lemma

For a Lie group G and any Π ∈ Xkmult(G), there exists c ∈ Z1(G,∧kg) such that

Πg = Rg∗c(g), g ∈ G.

Π|e = 0.

Proposition (Chen-Stienon-Xu)

If Π ∈ Xkmult(G), denote by π = prΓ(TM⊗(∧k−1A))Π|M , then

Π|M = Bπ :=
1− e−Dρ

Dρ
(π)

= π − 1
2!
Dρπ + 1

3!
D2
ρπ + · · ·+ (−1)k−1

k!
Dρ

k−1π ∈ ∧k(TM ⊕A)/ ∧k A,

where Dρ(X + u) = ρ(u).

7/ 29



Characteristic pairs

1→H→ JG → G → 1, 0→ T ∗M ⊗A→ JA→ A→ 0.

Definition

A characteristic pair of (k, 0)-type is a pair

(c, π) ∈ Z1(JG,∧kA)× Γ(TM ⊗ (∧k−1A)),

such that, for all ξ, η ∈ Ω1(M), [hx] ∈ Hx, x ∈M ,

ιρ∗ξιηπ = −ιρ∗ηιξπ, ( ρ-compatible)

c([hx]) = (Bπ)x − L[hx](Bπ)x (:= Mπ([hx]),Mπ ∈ Z1(H,∧kA)).

Theorem (Chen-L-Liu)

There is a 1-1 correspondence between multiplicative k-vector fields Π, and
characteristic pairs (c, π) of (k, 0)-type on G such that

Πg = Rg∗c([bg ]) + Lbg∗(Bπ)x

holds for all g ∈ G and bisection bg passing g and x = s(g).
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Example

For τ ∈ Γ(∧kA), −→τ −←−τ ∈ Xkmult(G) corresponds to (c = −dJGτ, π = ρ ◦ τ), where

dJG : ∧kA→ C1(JG,∧kA).

Define two quotient space

Xkmult(G)/ ∼, Rkρ := {[π]},

where Π ∼ Π +←−τ −−→τ and π ∼ π + ρ ◦ τ , where π ∈ Γ(TM ⊗ ∧k−1A) is
ρ-compatible for any τ ∈ ∧kA.
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Classification theorem of k-vector fields

Theorem (Chen-L-Liu)

The quotient space of multiplicative k-vectors Xkmult(G)/ ∼ is the pullback of maps
I∗ and U . I.e., the diagram

Xkmult(G)/ ∼� _

K

��

I!
// Rkρ� _

U

��
H1(JG,∧kA)

I∗ // H1(H,∧kA)

is commutative and the map

Θ : Xkmult(G)/ ∼
∼=−→ H1(JG,∧kA) I∗×URkρ

[Π = (c, π)] 7→ ([c], [π])

is an isomorphism.
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Transitive case

For a transitive groupoid G over M , define

Qk := Z1(G,∧k ker ρ)× Γ(∧kA).

Two pairs (F ,Λ) ∼ (F ′,Λ′), if there exists some ν ∈ Γ(∧kkerρ) s.t.

F ′ = F + dGν, Λ′ = Λ + ν.

Theorem

We have a 1-1 correspondence

Qk/∼ ∼= Xkmult(G),

[(F ,Λ)] 7→
−−→
F(·) +

−→
Λ −

←−
Λ .

Moreover,
Xkmult(G)/∼ ∼= H1(G,∧kkerρ).
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A graded Lie 2-algebra structure

For τ ∈ Γ(∧lA), −→τ −←−τ ∈ Xlmult(G).

Proposition (Bonechi-Ciccoli-Laurent-Gengoux-Xu)

There is a natural strict graded Lie 2-algebra on the complex

Γ(∧•A)→ X•mult(G), τ 7→ −→τ −←−τ .

[Π,−→τ −←−τ ] =
−−→
δΠτ −

←−−
δΠτ .

[Π, τ ] = δΠ(τ) ∈ Γ(∧k+l−1A), Π ∈ Xkmult(G), τ ∈ Γ(∧lA).

See also Berwick-Evans-Lerman, Ortiz-Waldron’s work.
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Lie 2-algebras

A Lie 2-algebra (Baez-Crans) is a 2-term L∞-algebra (Schlessinger-Stasheff). It
has the data

• d : g−1 → g0;

• the 2-bracket [·, ·]2 : g0 ∧ gi → gi, i = 0,−1;

• [·, ·, ·]3 : ∧3g0 → g−1

s.t., for all w, x, y, z ∈ g0 and u, v ∈ g−1,

(1) [du, v]2 = −[dv, u]2, d[x, u]2 = [x, du]2;

(2) [[x, y]2, z]2 + [[y, z]2, x]2 + [[z, x]2, y]2 = d[x, y, z]3;

(3) [[x, y]2, u]2 + [[y, u]2, x]2 + [[u, x]2, y]2 = [x, y, du]3;

(4) “dCE [·, ·, ·]3 = 0”, i.e.,

−[w, [x, y, z]3]2 − [y, [x, z, w]3]2 + [z, [x, y, w]3]2 + [x, [y, z, w]3]2

= [[x, y]2, z, w]3 − [[x, z]2, y, w]3 + [[x,w]2, y, z]3 + [[y, z]2, x, w]3

−[[y, w]2, x, z]3 + [[z, w]2, x, y]3.

If [·, ·, ·]3 = 0, then it is called a strict Lie 2-algebra.

We always denote by . := [·, ·]2 : g0 ∧ g−1 → g−1.
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Definition

Let g and g′ be Lie 2-algebras. A Lie 2-algebra homomorphism consists of

a chain map F0 : g0 → g′0, F1 : g−1 → g′−1 such that F0 ◦ d = d′ ◦ F1,

a skew-symmetric bilinear map F2 : ∧2g0 → g′−1,

such that, for x, y, z ∈ g0 and u ∈ g−1.

(1) F0[x, y]2 − [F0(x), F0(y)]′2 = d′F2(x, y),

(2) F1[x, u]2 − [F0(x), F1(u)]′2 = F2(x, d(u)),

(3) F1[x, y, z]3 − [F0(x), F0(y), F0(z)]′3 = [F0(x), F2(y, z)]′2 − F2([x, y]2, z) + c.p..

g−1

d

��

F1 // g′−1

d′

��
g0

F0 //

F2

77

g′0.
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Multiplicative forms and characteristic pairs

Definition

A k-form Θ ∈ Ωk(G) on a Lie groupoid G is multiplicative if

m∗Θ = pr∗1Θ + pr∗2Θ,

where m, pri : G(2) → G, i = 1, 2 are the multiplication and the projections.

Equivalently,

(1) The graph of multiplication {(g, r, gr); s(g) = t(r)} is an isotropic
submanifold of G × G × G w.r.t Θ⊕Θ⊕Θ;

(2) Θ] : ⊕k−1TG → T ∗G is a groupoid morphism.

Example

For a Lie group G, we have Ωkmult(G) = 0, k ≥ 2.

Θ(Xgr, Ygr) = Θ(Rr∗X̃g , Lg∗Ỹr) = Θ(X̃g · 0r, 0g · Ỹr) = Θ(X̃g , 0) + Θ(0, Ỹr) = 0.
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Example

If V is a vector space,

Xkmult(V ) = Hom(V,∧kV ), Ω1
mult(V ) = V ∗.

Example

A vector bundle E →M is a Lie groupoid. Multiplicative multivector fields and
forms are indeed linear multivector fields and forms. So Π ∈ Xkmult(E) if it is
locally of the form

Π =
1

k!
Π
i1···ik
j (q)pj

∂

∂pi1
∧· · ·∧

∂

∂pik
+

1

(k − 1)!
Πi1···ik−1,j(q)

∂

∂pi1
∧· · ·∧

∂

∂pik−1
∧
∂

∂qj
.

Similarly, a k-form Θ ∈ Ωkmult(E) if

Θ =
1

k!
Θi1···ik,j(q)p

jdqi1 ∧· · ·∧dqik +
1

(k − 1)!
Θi1···ik−1,j(q)dq

i1 ∧· · · dqik−1 ∧dpj ,

where {qi} are the coordinates on M , and {pj} are coordinates of the fiber.
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Lemma

For Θ ∈ Ωkmult(G), let θ = prΓ(A∗⊗(∧k−1T∗M))Θ|M . Then

Θ|M =
eDρ∗ − 1

Dρ∗
(θ) = θ +

1

2
Dρ∗θ +

1

3!
D2
ρ∗θ + · · ·+

1

k!
Dk−1
ρ∗ θ, (=: Bθ)

where Dρ∗ (ξ + χ) = ρ∗ξ.

A↔ T ∗M, TM ↔ A∗.

Definition

A characteristic pair of (0, k)-type is a pair (e, θ) with

e ∈ Z1(JG,∧kT ∗M), θ ∈ Γ(A∗ ⊗ (∧k−1T ∗M)),

satisfying

ιuιρ(v)θ = −ιvιρ(u)θ, ρ− compatible,
e([h]) = R∗h(Bθ)−Bθ, [h] ∈ H,
ρ∗ ◦ e = −dJGθ.
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Theorem

There is a 1-1 correspondence between multiplicative k-forms Θ ∈ Ωkmult(G) and
characteristic pairs (e, θ) of (0, k)–type, s.t.

Θg = R∗
b−1
g

(
e([bg ]) +Bθy

)
,

where bg is a local bisection through passing g and y = t(g).

This result is a reformulation of Proposition 4.1 in

M. Crainic, M. A. Salazar and I. Struchiner, Multiplicative forms and
Spencer operators, Math. Z. 279 (2015), no. 3-4, 939-979.

Example

In the group case, the characteristic pair of Θ ∈ Ω1
mult(G) is (0, θ), where θ ∈ g∗G

and Θg = R∗
g−1θ.

Example

Let γ ∈ Ωk(M). Then s∗γ − t∗γ ∈ Ωkmult(G) and its characteristic pair is
(dJGγ,−ρ∗γ).
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Transitive case

Proposition

Let G be a transitive Lie groupoid over M .

(1) If k > 2, then all multiplicative k-forms are of the form s∗γ − t∗γ for
γ ∈ Ωk(M);

(2) All multiplicative 1-forms Θ on G are determined by some θ ∈ Γ(A∗) such
that ιa(dJGθ) = 0 for a ∈ ker ρ in the way

Θg(R[bg ](u+X)) = θt(g)(u+ v)− θs(g)(Ad[bg ]−1v), ρ(v) = X.
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Multiplicative forms on Poisson groupoids

Definition

A Poisson groupoid is a groupoid G with a P ∈ X2
mult(G) such that [P, P ] = 0.

On Ω1(G), we have a Lie bracket:

[α, β]P = LP ]αβ − LP ]βα− dP (α, β).

Extending to all forms, one obtain the Koszul bracket on Ω•(G):

[α, β]P = (−1)k−1(LP (α ∧ β)− LP (α) ∧ β)− α ∧ LP β, α ∈ Ωk(G), β ∈ Ωl(G).

Here LP : Ωn(G)→ Ωn−1(G) is defined by LP = ιP ◦ d− d ◦ ιP .

Are multiplicative 1-forms closed w.r.t [·, ·]P ?

Are all multiplicative forms closed w.r.t the Koszul bracket?

Obstacle: Multiplicative forms are not closed under the wedge product.
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Define Ω•emult(G) := {s∗γ − t∗γ; γ ∈ Ω•(M)}.

Proposition

For a Poisson groupoid (G, P ), w.r.t. the Koszul bracket [·, ·]P , we have that

(1) Ω•mult(G) ⊂ Ω•(G) is a graded Lie subalgebra;

(2) Ω•emult(G) ⊂ Ω•mult(G) is an ideal;

(3) The map
P ] : (Ω•mult(G), [·, ·]P )→ (X•mult(G), [·, ·])

is a graded Lie algebra homomorphism.
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Theorem (Chen-L-Liu)

For a Poisson groupoid (G, P ), we have a natural strict graded Lie 2-algebra

Ω•(M)
e−→ (Ω•mult(G), [·, ·]P ), γ 7→ s∗γ − t∗γ,

where the action is determined by

s∗(Θ . γ) = [Θ, s∗γ]P , ∀Θ ∈ Ω•mult(G), γ ∈ Ω•(M).

Moreover, (P ], p]) is a graded Lie 2-algebra homomorphism:

Ω•(M)

e

��

p] // Γ(∧•A)

T

��
Ω•mult(G)

P ] // X•mult(G)

.

Question: What about quasi-Poisson groupoids? Can we get weak Lie 2-algebras?
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Quasi-Poisson case

A quasi-Poisson groupoid is a Lie groupoid G with P ∈ X2
mult(G) and Φ ∈ Γ(∧3A)

s.t.
1

2
[P, P ] =

−→
Φ −

←−
Φ , [P,

−→
Φ ] = 0.

Important formulas:

[Θ1, [Θ2,Θ3]P ]P + c.p. = −
1

2
L[P,P ](Θ1,Θ2)Θ3 + c.p.+ d

(
[P, P ](Θ1,Θ2,Θ3)

)
;

P ][Θ1,Θ2]P − [P ]Θ1, P
]Θ2] =

1

2
[P, P ](Θ1,Θ2), Θi ∈ Ω1(G).
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Theorem (Chen-L-Liu)

Let (G, P,Φ) be a quasi-Poisson groupoid. Then the triple

Ω1(M)
J−→ Ω1

mult(G), J(γ) := s∗γ − t∗γ,

is a weak Lie 2-algebra, where the bracket on Ω1
mult(G) is [·, ·]P , the action and

3-bracket

. : Ω1
mult(G) ∧ Ω1(M)→ Ω1(M), and [·, ·, ·]3 : ∧3Ω1

mult(G)→ Ω1(M)

are determined by

s∗(Θ . γ) = [Θ, s∗γ]P ,

s∗[Θ1,Θ2,Θ3]3 = L←−
Φ(Θ1,Θ2,·)

Θ3 + c.p.− 2d
←−
Φ (Θ1,Θ2,Θ3).
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Proof.

For Θi ∈ Ω1
mult(G),

s∗
(
Θ1 . [Θ2,Θ3,Θ4]3 + c.p.−

(
[[Θ1,Θ2]P ,Θ3,Θ4]3 + c.p.

))
= ι

[P,
←−
Φ](Θ1,Θ2,Θ3,·)

dΘ4 + c.p.+ d[P,
←−
Φ ](Θ1,Θ2,Θ3,Θ4).
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Theorem (Chen-L-Liu)

Let (G, P,Φ) be a quasi-Poisson groupoid. Then the following statements are true:

(a) The triple Ω•(M)
J−→ Ω•mult(G) is a graded Lie 2-algebra, where the bracket

on Ω•mult(G) is [·, ·]P , the action . : Ωpmult(G)× Ωq(M)→ Ωp+q−1(M) and

the 3-bracket [·, ·, ·]3 : Ωpmult(G) ∧ Ωqmult(G) ∧ Ωsmult(G)→ Ωp+q+s−2(M) are

s∗(Θ . γ) = [Θ, s∗γ]P ,

s∗[Θ1,Θ2,Θ3]3 = dιιι←−
Φ

Θ1
Θ2

Θ3 +
(
ιιι←−

Φ
Θ1

Θ2
dΘ3 + c.p.).

(b) There is a weak morphism of graded Lie 2-algebras

Ω•(M)

J

��

∧•p] // Γ(∧•A)

T

��
Ω•mult(G)

∧•P ] // X•mult(G)

,

where ν : Ωpmult(G) ∧ Ωqmult(G)→ Γ(∧p+q−1A) is defined by

ν(Θ1,Θ2) = (id⊗ ∧p+q−2p])
(
ιΦ(θ1 ∧ θ2)

)
.
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For a tensor field T ∈ T k,l(G) on G and Θ ∈ Ωp(G), define ιTΘ ∈ T k−1,l+p−1(G):

ιTΘ = ιX1∧···∧Xk⊗βΘ :=
∑
i

(−1)k−i+1X1 ∧ · · · X̂i ∧Xk ⊗ (β ∧ ιXiΘ). (1)

Lemma

(a) For all T ∈ T k,lmult(G) and Θ ∈ Ωpmult(G), we have ιTΘ ∈ T k−1,l+p−1
mult (G);

(b) For u ∈ Γ(∧kA), γ ∈ Ωl(M) and Θ ∈ Ωpmult(G), we have

ι←−u⊗s∗γΘ =←−v ⊗ s∗µ,

for some v ∈ Γ(∧k−1A) and µ ∈ Ωl+p−1(M).
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Corollary

If (G,P,Φ) with Φ ∈ ∧3g is a quasi-Poisson Lie group, then

(Ω1
mult(G), [·, ·]P ) is a Lie algebra, although Ω1(G) is not;

(P ], 0, ν) is a weak homomorphism between two strict Lie 2-algebras:

0

0

��

0 // g

T

��
Ω1

mult(G)
P ] // X1

mult(G)

,

where ν : ∧2Ω1
mult(G)→ g is given by

ν(Θ1,Θ2) = −Φ(θ1, θ2), θi = prg∗Θi.

More examples: Action Lie groupoids
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Thanks for your attention!
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